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1 | INTRODUCTION

It is known that super integrable systems provide interesting and important models in the supersymmetry theory.
Supersymmetry originated in the 1970s when physicists have proposed simple models with supersymmetric colors in
string models and mathematical physics. After that, Wess and Zumino' applied supersymmetry to the four-dimensional
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space-time. Unfortunately, the supersymmetry partners of any particle have not been found so far, and it is generally
believed that this symmetry is spontaneous rupture. To unify two kinds of particles with different spin and statistical
properties—Boson and Fermion—theoretical physicists proposed the concept of hyperspace in the study of unified field
theory and quantum field theory. Inspired by this, mathematicians developed the super analysis, hypergeometric, and
superalgebra.

Because of the importance of supersymmetry in physics (especially in the exploration of the relationship between
supersymmetric conformal field and chord theory), which have aroused growing attentions by many mathematicians
and physicists to study of super integrable systems associated with Lie superalgebra, many classical soliton equations
have been extended to be the super completely integrable system. For example, the super Ablowitz-Kaup-Newell-Segur
(AKNS) hirearchy,** super Dirac hierarchy,*''"!* super Kaup-Newell (KN) hierarchy,'**¢ and others.'”** Among those,
Hu?” and Ma* have made a great contribution. Hu?”” proposed the super-trace identity at the first time, which is an effec-
tive tool to constructing super Hamiltonian structures of super integrable systems. Ma gave the proof of the super-trace
identity in 2008, and a lot of the super Hamiltonian structures of the super integrable systems are established by using
of the super-trace identity.* Recently, the study of integrable couplings of the well-known integrable hierarchy associated
with enlarging matrix Lie superalgebra has also aroused growing attentions by many mathematicians and physicists.?3*
Meanwhile, the research of super integrable couplings generalizes the classical integrable couplings theory and provides
clues toward complete classification of super integrable systems.*>*

In literature,* You considered that an enlarged super AKNS matrix spectral problem is given by

Ap O roa b1 p
q-i s 0 b2 q
be=MpM=|0 0 1 p+rol.o=|¢s|u= ; , (1)
0 0 g+s -4 0 b4 v
p-a —f a 0 ¢s !

where 4 is the spectral parameter; p, q,r, and s are even potentials, and « and f are odd ones. Take « = f = 0, the
hierarchy (1) reduces to a nonlinear integrable couplings of the classical AKNS hierarchy,* whose super Hamiltonian
structure is furnished by super-trace identity. Recently, Shen et al.** considered a generalized spatial spectral problem of
AKNS integrable coupling as follows:

At+o p 0 r 1 p

_ _ q A—w s 0 b, _1q
¢X_U¢3U_ 0 0 /1+w p 9¢_ ¢3 ’u— r ) (2)

0 0 q —-1-w b4 s

where w = e(ps + qr); A is the spectral parameter; and p, g, r, and s are commuting variables. Obviously, when ¢ = 0, this
generalized spatial spectral problem (2) is reduced to a new case of AKNS integrable couplings,* whose bi-Hamiltonian
structures were constructed by using the component-trace identity in.** Inspired by those spatial spectral problems, in
this paper, we would like to construct nonlinear super integrable couplings of a generalized super AKNS hirearchy.

The rest of this paper is organized as follows. In Section 2, we will review the Lie superalgebra sl(2,1) enlarged to the
Lie superalgebra sl (4,1). In Section 3, we will construct a generalization of the super AKNS integrable coupling hierarchy
from zero curvature equations, based on the above-mentioned generalized spatial spectral problem (1). In Section 4, the
super bi-Hamiltonian form will be presented for the obtained super integrable couplings of the generalized super AKNS
hierarchy by making use of the super-trace identity. For the sake of convenience, we will use the mathematical software
Maple to deal with some complicated symbolic computations. And Section 5 is devoted to conclusions and discussions.

2 | ENLARGEMENT OF A LIE SUPERALGEBRA

In this section, we recalled the Lie superalgebra sl(2,1) enlarged to the Lie superalgebra sl(4,1).%3 Consider that the Lie
superalgebra sl(2,1) is given by
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where E;,E,,E; are even elements and Eg4, Es are odd ones; and [.,.] and [.,.]; denote the commutator and the
anticommutator, which satisfy the following operational relations:

E,

E4

[E1, Ez] = 2E3, [Ey, B3] = —2E;3, [E,, B3] = Eq,
[E1, E4] = [E», Es] = By, [E1, Es] = [Es, E3] = —Es, [E, E4] = [E3,Es] =0, 3)
(E4, E4ly = —2E5, [Es, Es]y = 2E3, [E4, Es]y. = [Es, E4]4 = E1.

Then the corresponding loop superalgebra is defined by
sI(2,1) =s1(2,1) ® C[4, A71]. 4)

Let us enlarge the Lie superalgebra sl(2,1) to the Lie superalgebra sl(4,1) with a basis

10000 01000 00000
0-100 0 00000 10000
ee=[00100|e=]l00010|,es=|/00000],
000-10 00000 00100
00000 00000 00000
00100 00010 00000
000-10 00000 00100
es=[001 0 0f,es=l00010|es=|00000
000-10 00000 00100
00000 00000 00000
00001 000 00
00000 00001
e;=]10 0000es=|000 00
00000 000 00
0-1010 10-100

Similarly, here, ey, e, e3, e4, es, e are even elements and e;, eg are odd ones; [.,.] and [.,.]; denote the commutator and the
anticommutator, which satisfy the following operational relations:

[e1, e2] = 2ez, [e1, €3] = —2e3, [e1, e5] = —[ea, e4] = [e4, €5] = 2e5, [€2, €3] = ey,

[e1, e6] = —[e3, es] = [es, 6] = —2e5, [e1, 7] = [e2, €3] = €7, [e1, €3] = —[e3,€7] = —es,

[ea, €] = —[es, es] = [es, 6] = ea, [e1, e4] = [e2, 5] = [e2, €7] = [e3, 6] = [e3,€5] =0, ©)
[es, e7] = [es, €3] = [es, e7] = [es, es] = [e6, €7] = [e6, €3] = O

[e7,es]y = e1 — eq, [e7,e7]4 = 2es — 2e;, [eg, €3]y = 2e3 — 2es.

Define a loop superalgebra corresponding to the Lie superalgebra sl(4,1) and denote by
sl(4,1) =sl4,1) @ C[4, A ] =A™, e, €581(4,1),i=1,2, ... ,8;m=0,%1,+2, ... (6)
The corresponding commutative and anticommutative relations are defined as

[e; A", e;A"] = [e;, ¢]]A™*", Ve, ¢ € sl(4,1). @)
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3 | NONLINEAR GENERALIZED SUPER INTEGRABLE COUPLINGS OF THE
SUPER AKNS HIERARCHY

In this section, we shall construct nonlinear integrable couplings of a generalized super AKNS hierarchy from an enlarging
matrix Lie superalgebra. Consider the following spatial spectral problem

A+h p 0 rooa P p
q -A-h s 0 p b 9
br=Mp,M=| 0 0 A+h p+r 0. p=|¢s |lu= Z i (8)
0 0 gq+4s—-A-ho P4 .
f -« - @ 0 ¢s .

where h = u(ps+ qr+rs —2af) with y being an arbitrary even constant; A is the spectral parameter; p, g, 7, and s are even
potentials; and a and # are odd potentials. Obviously, the spatial spectral problem (8) with x4 = 0 reduces to the standard
nonlinear integrable couplings of super AKNS hierarchy case.*

To derive super integrable couplings of a generalized super integrable hierarchy associated with the spatial spectral
problem (8), we must solve the stationary zero curvature equation

N, =[M,N], )
where
A B E F
CcC-A G -E 6§
N=|0 0 A+E B+F 0], (10)
0 0 C+G-A-EO0
6 —p =6 p 0

in which the corresponding A, B, C, E, F, G are even elements and p, 6 are odd elements.
Substituting M in (8) and N in (10) into Equation 9 yields

(Ax =pC —qB—as + fip,

By = 2AB — 2pA — 2ap + 2hB,

Cy = —2AC +2qA + 26 — 2hC,

E.=p+rG+rC—-sB—-(q+s)F—ad—fp, 1)
F, =2AF — 2(p + r)E — 2rA + 2ap + 2hF,

Gy = —2AG+2(q + S)E + 2sA — 285 — 2hG,

px = Ap +pé — aA — B+ hp,
[ 6x = =46 + A —aC +qp — hé.

Choosing

A= iami"",B = ibm/l‘m,c = icmi‘m,E = iemﬂ"”,

m>0 m>0 m>0 m>0 (12)

n n n n
F= mefl_m, G= ngfl_'",p = meﬁ‘m,é = Z&mﬂ‘m
m>0 m>0 m>0 m>0
and comparing the coefficients of the same powers of 4 in Equation 11, we have

( Amx = PCm — qbm + aém + Ppm,
€mx = FCn = Sby + (P +1)gm — (q + )fn — €6 — Ppm.
bpy = Ebm,x + pam + apm — hby,
Cm+1 = _écm,x'i'qam'i'ﬁ(sm _hcm, (13)

fm+l = %fm,x +ray, + (P +rem — apy, — hfm’
8mi1 = —38mx + 5Am + (q + 5)em — Pom — hgm,

Pm+1 = Pmx + 0Qpy + ﬂbm - pém - h—pms
Ome1 = —Omx + Pam — aCp + qpym — Wy,
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which results in the recurrence relations

A = 07 (rey — by + abm + Ppn), (14)

{ (Cm+1, bm+l’ Om+1, pm+l’gm+1,fm+1)T = L(cp, b, 6m, Pms gm,fm)T,
em = 07 (repm — sby — by — Ppm + (D + 1)gm — (@ + S)fin)s

where the recursion operator L has the following form
Ly L, 0
L=(L; Ly 0 |, (15)
Ls —L; L

with

L _(9'p=30-h  —q'q L (a0 a+p go'p

1 pa—lp _pa—lq_,’_ %a—h 5 L2 pa—la pa—1ﬂ+a s
L= po'p—a —poiq L= pota—0—-h polp+q

} ad”'p  —aolg+p ) ala—p adf+o—h )’
L= $07Ip+ (g +8)07r —s07'q — (g + )07 s

5 o lp+(p+rotr —rolq—(p+rots )’
[ - q+s)0p+r - %a -h —(q@+s)0 g +5s)

°T @+ndlp+r  —@E+no g+ +30-h )

Upon choosing the initial conditions ag = ey = 1,by = ¢y = ey = f; = g, = po = 6o = 0, all other a;, b;, ¢;, pj»0;(j = 1) can
be worked out uniquely by the recurrence relations (14) and by using of symbolic computation software (Maple). We list
the first three sets as follows:

ap=e=0,by=p,ai=qfi=p+r.gi=q+s,pp=a,6=p,
1 1 1
a; = —E(pq+2aﬁ),bz = pr —hp,c; = —qu—hq,
1 1 1
e = —<ps+qr+rs+ qu—aﬂ),f2= pr+§rx—hp—hr,
& = _%qx_ %Sx_hq_hSaPZ =ay—ha,6; = _ﬂx_hﬁa

1
az = —(pqx — pxq) + afx — axf + h(pq + 2ap),

4
1 1 1 2
b; = qPe Ehxp — hpy — E(pq + 2af)p + aax + h°p,
1 1 1
€3 = Zqu + Sheq + hax = (g +2a)q - PP + hq,

€3 = % <pr —PxS+Qxl — QFx T 1Sy — IS + %pr - %pr)
— (afx — axf)+2h (ps +qr+rs+ %pq - aﬂ) ,
f5 = JPoct 31— Shalp +20) = hpy = 2hr = 2(pq + 2ap)r
—aax+h2(p+2r)—(p+r)(%pq+ps+qr+rs—aﬁ>,
&= %qxx + %sxx + %hx(q + 25) + hqy + 2hs, — %(pq +2ap)s
+ BPx + h3(q+25) — (@ +59) (%pq+ps+qr+rs—aﬂ>,
ps = o — hxat = 2ha = 5 (pg + 2ap)a + Ko+ Spaf + b,

85 = o+ hafl + 20 = 500 + 2aP)f + 120 + S ea + s
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Let us consider the spectral problem (8) with the following auxiliary spectral problem:
¢tn = N(n)¢’
where
A b €m fm Pm
n | Cm —Qm 8m —€m Om
N®=N"+8,=)10 0 an+en bu+fu 0 |1 +A, (16)
m=01 0 0 cp+8m —am—=€en O
Om —Pm  —Om Pm 0
with 4, being the modification term. We set
ab e fk
c-ag el
A,=[0 0 a b o],
00 ¢ —-ao
Il k-1 kO
and substitute Equations 8 and 16 into the following zero curvature equation
M, - N +[M,N™] =0, a7)
where n > 0. Making use of Equation 11 yields
h'tn =ax’b=c=e=f=g=k=l=0’
Dt, = bux +2pay + 2ap, — 2hby, + 2pa = 2b,4; + 2pa,
q:, = Cnx — 2qan — 2P6, + 2hc, — 2qa = —2¢p41 — 2qa,
2 &, = pux +aay + pby — péy — hpy + @@ = pyy1 +aa, (18)
Bi, = Onx — Ban + acy — qpn + hé, — fa = —6p41 — pa,
ry, = fox + 2ran — 2ap, — 2(p + rje, — 2hf, + 2ra = 2fy41 + 2ra,
St, = 8nx — 28Qy + 2P0, — 2(q + S)e, + 2hg, — 2sa = —2g,11 — 2sq,
which guarantees the following identity:
(ps+ qr +rs —2ap);, = —2(rcpe1 — Shpy1 + (P + 1)gns1 — (q + $)fnta 19)
— AOp41 — PPn+1) = —2€un41x.
Choosing a = —2ue,,;1, we can obtain the following hierarchy:
2bpy1 — 4upenp
—2¢n41 +4pugens
—2uae
u, = Pn+1 H&Epy1 n>o0. (20)

—On+1 + 2uPenyt
2fn41 — dprens
‘, —28n+1 + 4usen1

I S N -
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When n = 2 in Equation 20, we obtain the first nontrivial flow as follows

(pzz = %pxx — p*q — 2paf + 2aax + u(ppxq — PPxS — 3PTqx — 3PTSx + PIxq + Prys
—2pxqr — 2psST — P*qx — 3p*Sc + 4pafy — Apaxf + Ap.af) — 2u*p(2p*sq + 2pgPr
+3q%r? + 35%r% + 3p2s? + 6ps?r + 6sqr? + 8psqr) + 16> paf(ps + qr + sr + %pq),

q, = —%qxx +pq® +2qap + 2B, + u(pqxq + pgsx — 3qspx — 3qsrx + qrax + qrsx
—2pSqx — 257Qx — q*Px — 3G%1 — 4qafy + Aqaf + 4graf) + 2u*q(2p3sq + 2pgir
+3q°r2 + 35%r% + 3p%s® + 6ps*r + 6sqr? + 8psqr) — 16u>qaf(ps + qr + sr + %pq),

&, = G + 3G + g — PG + H(3aqDP; — SaPYx — 2aPSy — 2arSy
—2arqy — 2psay — 2qray — 2sray + 2aayf) — pla(2p3sq + 2pq*r
+3¢°r? + 3s%r? + 3p2s? + 6ps?r + 6sqr? + 8psqr),

d B = =B — 3DxB — PP + 5paB + H(5BPx — 3 BqDx — 2B5Px — 257 1)
—2pqry — 2pspPy — 2qrPy — 2s¥Px + 2apcf) + 12 f(2p*sq + 2pg°r
+3q2r? + 35%r% + 3p%s? + 6ps’r + 6sqr? + 8psqr),

=TIt %pxx — p*q + 2paf — 2aay — 2r’s — 2qr? — 2p>s — Apsr — 4pqr + p(—3pspsx
—2prqy — pqry — qQ¥Py — SPISy — 5pSty — 25Dy — 4qrry — 4srry, — 412y
—4r2s, — p*sy + Apyaf + drafy — Araf + 4raf) + 8ulaf(riq + r’s — ps)
—212(pg?r? — p3s® + 2r3q* + 2r3s% + 3ps?r? + 4r3gs + 4r’psq),

St, = —Sex — %qxx + pq? — 2qaf — 2P + 2rs® + 2rq® + 2ps® + 4pgs + 4qrsp(—3qrqy
—25rqx — pqSx — PSQx — 5qrSy — 5qSrx — 25qpx — 4pSSx — 4rssy — 4s2px
—45%r, — @1y + A — 4safy + 4saf + 8sxaf) — Sutaf(ris + p?s — r}q)
+242(qp?s? — @3r? + 2531 + 25°p? + 3qsr? + 4s3pr + 4s2prq),

whose Lax pair consists of M and N®. M is defined by (8) and N®
NN NN N
N N N N
N®=] 0 o NZ N? o [ (22)
0 0 N2 -N? o
Ny =N SN N0

with

N? =2 - %(pq +2af), N2 =pi+ %px —~hp, N = 12— <ps +qr+rs+ %pq - aﬂ),

Nﬁ) =(p+2nNi+ %px + %rx — hp — hr, Ni? =al+ %ax - ha,Nﬁ) =qi— %qx - hq,

1 1 1
Ng)=(q+2S)/1—§qx—Esx_hq_hs’Né?=ﬂ/{_Eﬂx_hﬁ’
N2 =222 - (ps+ @ _ Lo o
337 q}’+r‘S+pq),N34 =2(p+rA+pc+ 2rx 2hp r,

1
Nfé) =2(q+S)A—qx — Esx — 2hq - hs.

4 | SUPER BI-HAMILTONIAN STRUCTURES

In what follows, we shall find super bi-Hamiltonian structures of the nonlinear super integrable couplings of a generalized
super AKNS hirearchy (20). To this end, we shall apply the super variational identities, which were discussed in Ma et al.*
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where Hyyy = -2 [

where R is given by

i/Str(Nﬂ)dxz (

Su 04

where Str denotes the super trace. It is not difficult to find that
=4A + 2E, St

A ) r< op

) =2B+F+2yr(2A+E),Str( :
> = _2p— 4ua(2A + E), Str( e

)=B+F+2y(p+r)(2A+E).

Substituting Equation 24 into 23 and comparing the coefficient of 17"

/ (4apir +2ep)dx=(y —n—1)

The identity with n = 0 tells y = 0. Thus, we have

2Cn41 + 8na1 + 20182011 + €n11)
2bpy1 + frar + 2urangs + enq1)
25n+1 + 4ﬂﬁ(2an+1 + en+1)
—2pn41 — 4pa2any1 + €ny1)
Cn+1 + 8nt1 + 2u(q + 8)(2ap41 + €n41)
bps1 + fus1 + 2u(p + N(2aps1 + en41)

—1”*2dx. Moreover, a direct calculation yields to the following recursive relationship

Cn+1
bn+1
6n+1
Pn+1
8n+1

Jar1

1+2uqo~'p —2uqo~'q

2upo~'p  1-2upo~'q

> =2C + G+ 2us(2A + E),

) = 26 + 4up(A + E),

)=C+G+2M(q+s)(2A+E),

2 of both sides of Equation 23 yield

2Cn11 + 8ne1 + 2482041 + €nt1)
2byy1 + fusr + 2ur(2ans1 + ent1)
26p41 +4uP2an+1 + ent1)
—2pn41 — 4pa2api1 + eny1)
Cnt1 + gni1 + 2p(q + 8)(2an41 + €ny1)
bns1 +fn+1 +2u(p + r(2ans1 + eny1)

2¢p41 + 8nt1 + 2u8(2an41 + €nt1)
2bpiq +fn+1 + 2ur(2aps1 + eny1)
20p41 + 4ufan1 + eny1)
—2pp+1 — 4pa(api1 + €p41)
Cn+1 + 8nt1 + 2p(q + 5)(2ap41 + €nt1)
bpi1 + fos1 + 2u(p + 1) (2ans1 + €ny1)

Ri1 Rz Ry
Ry1 Ry Roz
R31 R3z Ra3

Hqo~'a —uqo~'p
Hpo~ta —upo~'p

(23)

(24)

(25)

(26)

(27)
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R = —1+2uqo~'r —2uqo~'s R = —2ufo~'p 2upolq
B 2upd~lr  —1-2upo~ls )" T \ —2ua0~p 2uadlq )’

3ompola wponp o\ <—2ﬂﬂ6_1r 2/4/36‘1.9)
—padla —§+ua0‘1ﬂ o —2uad~r 2uao~ls |-

R (1 2u2q+5)07'p  2u(2q +5)07q
TN —2u@p+rolp —1+42u@p+roiq )’

Re — —u(2q +8)07ra u(2q +s)0~'p
27\ —u@p+rota u@p+roip )’

Rue — 2-2u2q+95)07r  2u2q +s)07 s
BTN\ —2u@p+nolr 242up+1)0ls )

Thus, the hierarchy (20) possesses the following super Hamiltonian structure

Cnt+1 2Cn41 + 8ny1 + 215(2an41 + €ny1)
b 2bpiq +fn+1 +2ur(2ans1 + €ny1)
On+1 20441 + 4P (2an41 + €ny1) 5Hn
U = =QR =J X 28
fn Q Pn+1 Q —2pn41 — 4pua(2ap41 + €pg1) ou (28)
8n+1 Cny1 + 8ns1 +2u(q + 5)(2an41 + €ny1)
Jor1 bpi1 + fusr + 2u(p + N(2aps1 + eny1)
where
Q11 Q2 Q13
Q=| Q2 Qxn QO
Q31 Q32 Q33
with
Oy = —4upo~tr 2+ 4upols 0p = 4upo~ta  4upolp
U\ 2+ 4ugotr —4pgols )P T\ —4pgola —4ugoip )
Ons = —4upo~t(p+71) 4upd~l(q+>s) Ot = —2uad~r 2uad's
BTN dugoip+r) —augoiq+s) )M T\ 2upoir —2upols )
0y = 2uad e 14 2uadlp
27\ —1-2upota —2upoip
Oy = —2uad ' (p+r) 2uad~'(q+s) 0s = —4uro~'r 4uro~ls
27N 2upoip+r) —2upoiq+s) ) T\ dusolr —dusols )’
Ony = Auro~'a 4uro~'p Ons = —4uro Y (p+r) 2+4uroi(q+s)
27\ —apsota —4uso1p ) T \ =2+ 4usol(p+r) —4duso~l(q+s) )’
and

Ji L =N
J=Qr=| 0 L I
=J =J; Js
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with

y =

< 8upo~'p  2—4upo~'q )
Ji = ,

4upo~—a —4upo~'p
—2-8uqo~'p 8uqd'q ’

—4uqo~a 4uqo~'p

J 0 —3 he <—4ya6_1(p+r) dpad~(q +s) >
~1o ) 4upo~ (p+r) ~4upoi(g+s) )’

- —8uro Y (p+r)—8upd~'r 4+ 8uro~'(q+s)+ 8upo's
T\ =4+ 8uso X p+r)+8uqolr —8uso~l(q+s)—8ugols )

It could be proved that J is a super Hamiltonian operator.
Specially, by making use of the recursive relationship (14), the hierarchy (20) possesses the following super
bi-Hamiltonian structure

Cn 2¢, + gn + 2us2ay, + ey)
by 2b, + f, + 2ur(2a, + e,)
1) 1,
ut — QL n — QLR 25;1 + 4Mﬁ(2an + en) - P%, n Z 2 (29)

" Pn —2pn — 4uaCay, + ey) ou
&n Cn+8n+2u(q+95)Qa, +e,)
fn by +fa + 2u(p + 1)(2an + €y)

where the second compatible super Hamiltonian operator P = QLR = (Py)exs,1,j = 1,2, ... , 6 is given by

P1y = 2p0~'p — 4upa~'p (%a + h) +24(0 — 2h)pa~"p — 4upAd~'p,
Py, =-2p0~'q —4upd~'q (%d - h) — 2u(d — 2h)pa~'q + 4u’pAdT'g,

P13 =po~ta —2upota(d + h) + u(@ — 2h)po~ta — 24*pAd~'a,
Py =—a—potp —2upd~ (0 — h) — u(d — 2h)po~ p + 2u*pAd~1 B,

Pis = —2p0~'p + 4upd~'2p + 1) (%a +h) +2u(0 = 20)po~'r — 4uPpAd7'T,
Pis = 2p0~'q + 4upd~'(2q + 5) (%a - h) —24(0 — 2k)pd's + 4 pAds,
Py = —2q0~'p + 4ugo~'p (%a + h) +2u(0 + 2h)q0~"'p + 4uPqAdp,

Py = 2q07'q + 4uqo'q (%a - h) —2u(0 + 2h)qo~1q — 4uPqAd'g,

Py =—f—qo 'a+2uqoa(d + h) + u(0 + 2h)qo~ a + 24*qA0 ™ a,
P2y =q07'f +2uq0™" (0 — h) — (0 + 2h)qo~" f — 2u*q A0~ B,

Pys =2q0~'p —4uqo'(2p + 1) (%a + h) +24(0 + 2h)qo~'r + 4u*qAo'r,

Py = —2q0~'q — 4uqo~'(2q + ) (%a - h) — 20(0 + 2h)qd~\s — 4uPqAdls,

Py = a0~'p — 2uad'p <%a + h) + 4uppo'p — 2u(0 — hyad~'p — 22ardp,

Py == a07'q ~ 2ua07'q (30— h) - 4uppo'q + 2u(0 — a0 ™'q + 24Pab™q,
Py = —%p + %ad‘la — uad (@ + h) + 2uppo—ta — u(d — hada — p*aAda,

P3y = %h - %a - %aa‘lﬂ — uadf(0 — h) — 2uPppo"p + u(d — h)ad™' p + p*aAd™'p,
Pss = —ad~'p + 2uad~'(2p + 1) (%a + h) + 4uppotr — 2u(0 — h)ad ™' — 24Pa A0,

P = —f + ad~'q + 2uad~'(2q + ) (%a - h) — 4uppa~s + 2u(0 — Wad s + 2uPaAd s,
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Pyt = a— po'p+2upo'p (%a + h> + 4uaqo~'p — 2u(0 + h)Bo~'p + 2u* A" p,

Pax = P07+ 2up071q (50~ h) = 4uaqd™q + 2u(0 + PO~ q - 27 pA0 g,

Py = %h + %a - %ﬂd‘la + upo (@ + h) + 2uaqo™ a — u(d + h)po~ a + u? A0 a,

Pas =3+ 3007+ upo™ B0 — ) = 2@ p+ (0 + PO~ p - w2 pAd71p,

Pas = —a + f0~p — 2upo~'2p + 1) (%a + h) + 4uaqo'r — 2u(0 + h)BO~\r + 242 AT,

Pas = —P0~'q — 2up0~'(2q + 5) (%a - h) — 4uaqo's + 2u(0 + W)Po~s — 22 BA0 s,

o
|

= —2pd~'p — 4uro'p (%a + h) — 200 = 2h)[(2p + 10 ~'p] — 4uPrAd ",

o0
|8}
I

—0+2h+2pa'q — 4uro~'q (%a - h) +2u(0 — 2h)[(2p + O~'q] + 4uPrAd g,

Ps3 = —po~ta — 2urd a(d + h) — u(d — 2h)[(2p + )0~ ta] — 24’rAd  a,
Psy =po™'p —2urd™ f(d — h) + u(0 — 2W)[(2p + 1)~ p1 + 24°rAd™ B,

Pss = 2Q2p+ 10~ p+ 2(p + 1)~ r + 4urd'2p + 1) (%a + h)
—2u(0 — 2h)[(2p + )0~ 'r] — 4pPrAo'r,
Pss = 20 — 4h + 229 + 5)07'q + 2(q + 5)0™'s + 4urd~"(2q + s) (%a ~h)
+2u(0 — 2h)[(2p + 1)o7 's] + 4u*rAols,
Pg1 = —0 —2h +2q0~'p + 4uso~'p (%a + h) —2u(0 + 2h)[(2q + 5)071p] + 4u>sA0~p,
Pey = —2q0~'q — 4usd'q (%a - h) +2u(0 + 20)[(2q + )07 q] — 4u’sAd'q,
Pg3 = —pota — 250 a(0 + h) — u(0 + 2h)[(2q + s)0 a] + 2usA0 " a,
Py = po™'f — 2us0™' (@ — ) + (@ + 20)[(2q + )0~ B] — 2u>s20 7,
Pes = 20+ 4h + 202p + 10"'p + 2(p + 19~ 'r + 4uso~'2q + 5) (%a + h)
—2u(0 4 2h)[(2q + $)07'r] + 4uPsAd !,
Pes = 20 — 4h + 220 + $)0'q + 2(q + )05 + 4us0~'(2q + 5) (%a - h)
+24(0 + 2h)[(2q + 5)0~'s] — 4u*sAd7's,
with
A=0"12q+s)dp+ 07 2p+1)dq+ 0 (q+5)0r+ 07 (p + r)ds + 207 poa — 20 adp.

5 | CONCLUSION AND DISCUSSIONS

In this paper, we presented an approach for constructing nonlinear super integrable couplings of super soliton equations
through enlarging matrix Lie superalgebras. We took the Lie algebra sI(2, 1) as an example to illustrate the introduced idea
to extend Lie superalgebras. Based on the enlarged Lie superalgebra si(4, 1), we worked out nonlinear integrable couplings
for a generalized super AKNS soliton hierarchy. The presented method in this paper can be applied to other generalized
super integrable hierarchies, which will be our future problems to construct super integrable couplings.
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