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ĥ2
�B�O�E EH 1 (uh ) =

ku � uh k1

ĥ
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 �+�� �3�� �4�I�F�X�D�I�V�L�
 �B�O�E �+�� �'�� �0�Ý�#�S�J�F�O��
���������� �%�Z�O�B�N�J�D �M�P�D�B�M �S�F�N�F�T�I�J�O�H �G�P�S �F�M�B�T�U�P�Q�M�B�T�U�J�D �T�J�N�V�M�B�U�J�P�O�� �*�O�"�$�. �5�S�B�O�T�B�D�U�J�P�O�T
�P�O �H�S�B�Q�I�J�D�T �	�5�0�(�
�
 �7�P�M�� ������ �"�$�.�
 ������

�$�� �8�P�K�U�B�O �B�O�E �(�� �5�V�S�L�� ���������� �'�B�T�U �W�J�T�D�P�F�M�B�T�U�J�D �C�F�I�B�W�J�P�S �X�J�U�I �U�I�J�O �G�F�B�U�V�S�F�T���"�$�.
�U�S�B�O�T�B�D�U�J�P�O�T �P�O �H�S�B�Q�I�J�D�T �	�5�0�(�
�����
 �� �	���������
�
 ������

�9�� �8�V�
 �.�� �4�� �%�P�X�O�F�T�
 �5�� �(�P�L�U�F�L�J�O�
 �B�O�E �'�� �5�F�O�E�J�D�L�� ���������� �"�E�B�Q�U�J�W�F �O�P�O�M�J�O�F�B�S 
W�O�J�U�F
�F�M�F�N�F�O�U�T �G�P�S �E�F�G�P�S�N�B�C�M�F �C�P�E�Z �T�J�N�V�M�B�U�J�P�O �V�T�J�O�H �E�Z�O�B�N�J�D �Q�S�P�H�S�F�T�T�J�W�F �N�F�T�I�F�T�� �*�O
�$�P�N�Q�V�U�F�S �(�S�B�Q�I�J�D�T �'�P�S�V�N�
 �7�P�M�� ������ �8�J�M�F�Z �0�O�M�J�O�F �-�J�C�S�B�S�Z�
 �������×��������

�)�� �9�J�B�P �B�O�E �;�� �(�J�N�C�V�U�B�T�� ���������� �" �O�V�N�F�S�J�D�B�M �B�M�H�P�S�J�U�I�N �G�P�S �U�I�F �D�P�O�T�U�S�V�D�U�J�P�O �P�G �F
Y�D�J�F�O�U
�R�V�B�E�S�B�U�V�S�F �S�V�M�F�T �J�O �U�X�P �B�O�E �I�J�H�I�F�S �E�J�N�F�O�T�J�P�O�T���$�P�N�Q�V�U�F�S�T �� �.�B�U�I�F�N�B�U�J�D�T �X�J�U�I
�"�Q�Q�M�J�D�B�U�J�P�O�T�����
 �� �	���������
�
 �������×��������

�)�� �9�V �B�O�E �+�� �#�B�S�C�J�Í�� ���������� �1�P�T�F���4�Q�B�D�F �4�V�C�T�Q�B�D�F �%�Z�O�B�N�J�D�T���"�$�. �5�S�B�O�T�� �P�O �(�S�B�Q�I�J�D�T
�	�4�*�(�(�3�"�1�) ���������
�����
 �� �	���������
��

�2�� �;�I�P�V �B�O�E �"�� �+�B�D�P�C�T�P�O�� ���������� 	_�J�O�H�J�����,�� �" �%�B�U�B�T�F�U �P�G �����
������ ���%���1�S�J�O�U�J�O�H �.�P�E�F�M�T��
�B�S�9�J�W �Q�S�F�Q�S�J�O�U �B�S�9�J�W�����������������������	���������
��

�2�� �;�I�P�V�
 �+�� �1�B�O�F	R�B�
 �B�O�E �%�� �;�P�S�J�O�� ���������� �8�P�S�T�U���D�B�T�F �T�U�S�V�D�U�V�S�B�M �B�O�B�M�Z�T�J�T���"�$�. �5�S�B�O�T��
�(�S�B�Q�I�������
 �� �	���������
�
 �������×����

�#�� �;�I�V�
 �.�� �4�L�P�V�S�B�T�
 �%�� �$�I�F�O�
 �B�O�E �8�� �.�B�U�V�T�J�L�� ���������� �5�X�P���4�D�B�M�F �5�P�Q�P�M�P�H�Z �0�Q�U�J�N�J�[�B�U�J�P�O
�X�J�U�I �.�J�D�S�P�T�U�S�V�D�U�V�S�F�T���"�$�. �5�S�B�O�T�� �(�S�B�Q�I�������
 ���
 �"�S�U�J�D�M�F �������C �	�+�V�M�Z ���������
��

�:�� �;�I�V�
 �&�� �4�J�G�B�L�J�T�
 �+�� �5�F�S�B�O�
 �B�O�E �"�� �#�S�B�O�E�U�� ���������� �"�O �&
Y�D�J�F�O�U �.�V�M�U�J�H�S�J�E �.�F�U�I�P�E �G�P�S �U�I�F
�4�J�N�V�M�B�U�J�P�O �P�G �)�J�H�I���S�F�T�P�M�V�U�J�P�O �&�M�B�T�U�J�D �4�P�M�J�E�T���"�$�. �5�S�B�O�T�� �(�S�B�Q�I�������
 ���
 �"�S�U�J�D�M�F ����
�	�"�Q�S�J�M ���������
�
 ���� �Q�B�H�F�T��

�" �8�&�"�, �%�&�3�*�7�"�5�*�7�& �"�/�%Hm �/�0�3�.
�-�F�Uf (x1; : : :xd ) 2 Hm �C�F �B �G�V�O�D�U�J�P�O �E�F
W�O�F�E �P�O
 �
g �J�T �U�I�F�X�F�B�L
�E�F�S�J�W�B�U�J�W�F�P�Gf �X�J�U�I �S�F�T�Q�F�D�U �U�P �U�I�F �W�B�S�J�B�C�M�F�Tx1; : : :xm �
m � d �J�G

¹



f

@mv
@x1 : : :xm

= ( � 1)m
¹



gv

�G�P�S �B�O�Z �G�V�O�D�U�J�P�Ov 2 C1 �W�B�O�J�T�I�J�O�H �P�O �U�I�F �C�P�V�O�E�B�S�Z �P�G
 ��
�-�F�U� = ( � 1; : : :� m ) �B�O�Ej� j =

Í m
i =1 � i �
 �U�I�F�O �G�P�S �B �G�V�O�D�U�J�P�O

f 2 Hm �
 �U�I�F �O�P�S�Nkf km �J�T �E�F
W�O�F�E �B�T

kf km =
Õ

j� j � m

k@�
x f kL2 ;

�X�I�F�S�Fk � kL2 = (
¯

 j � j2)1/2 �J�T �U�I�F �T�U�B�O�E�B�S�EL2���O�P�S�N �B�O�E@�

x f =

@� 1

x1
: : : @� d

xd
f �
 �X�J�U�Id = 2 �J�O ���% �B�O�Ed = 3 �J�O ���%�� �'�P�S �J�O�T�U�B�O�D�F�


H0 �J�T �U�I�F �T�Q�B�D�F �P�G �J�O�U�F�H�S�B�C�M�F �G�V�O�D�U�J�P�O�T�
 �X�J�U�I �U�I�F �V�T�V�B�ML2���O�P�S�N
kf kL2 = kf k0��

�# Pk �#�"�4�*�4
�8�F �V�T�F �-�B�H�S�B�O�H�F �Q�P�M�Z�O�P�N�J�B�M�T �U�P �J�O�U�F�S�Q�P�M�B�U�F �C�F�U�X�F�F�O �U�I�F �O�P�E�F�T �J�O
�U�S�J�B�O�H�V�M�B�S �B�O�E �U�F�U�S�B�I�F�E�S�B�M �F�M�F�N�F�O�U�T�� 	_�F �D�P�F
Y�D�J�F�O�U�T �P�G �U�I�P�T�F �Q�P�M�Z��
�O�P�N�J�B�M�T �D�B�O �C�F �Q�S�F���D�P�N�Q�V�U�F�E �C�F�G�P�S�F�I�B�O�E �G�P�S �B 
W�Y�F�E �E�F�H�S�F�F �C�Z �T�P�M�W��
�J�O�H �B �M�J�O�F�B�S �T�Z�T�U�F�N �G�P�S�N�F�E �C�Z �U�I�F �7�B�O�E�F�S�N�P�O�E �N�B�U�S�J�Y �P�G �F�B�D�I �Q�P�M�Z��
�O�P�N�J�B�M �C�B�T�J�T �F�W�B�M�V�B�U�F�E �B�U �U�I�F �O�P�E�F�T �P�G �U�I�F �S�F�G�F�S�F�O�D�F �F�M�F�N�F�O�U�� �'�P�S

�D�P�O�W�F�O�J�F�O�D�F�
 �X�F �Q�S�P�W�J�E�F �U�I�F �F�Y�Q�M�J�D�J�U �G�P�S�N�V�M�B�U�J�P�O �G�P�SP1 �B�O�EP2
�C�P�U�I �J�O ���% �B�O�E ���%�
 �X�I�J�M�F �I�J�H�I�F�S���P�S�E�F�S �C�B�T�F�T �B�S�F �Q�S�P�W�J�E�F�E �J�O �U�I�F
�T�P�V�S�D�F �D�P�E�F��

P1 �J�O ���%��

' 1 = 1 � x � y

' 2 = x

' 3 = y

P2 �J�O ���%��

' 1 = ( x + y � 1)(2x + 2y � 1)

' 2 = x(2x � 1)

' 3 = y(2y � 1)

' 4 = � 4x(x + y � 1)

' 5 = 4 xy

' 6 = � 4y(x + y � 1)

P1 �J�O ���%��

' 1 = 1 � x � y � z

' 2 = x

' 3 = y

' 4 = z

P2 �J�O ���%��

' 1 = ( x + y + z � 1)(2x + 2y + 2z � 1)

' 2 = x(2x � 1)

' 3 = y(2y � 1)

' 4 = z(2z � 1)

' 5 = � 4x(x + y + z � 1)

' 6 = 4 xy

' 7 = � 4y(x + y + z � 1)

' 8 = � 4z(x + y + z � 1)

' 9 = 4 xz

' 10 = 4yz

�$ L2���&�3�3�0�3 �&�4�5�*�.�"�5�& �'�0�3 �1�0�*�4�4�0�/ �&�2�6�"�5�*�0�/
�5�P �N�B�L�F �U�I�F �P�S�J�H�J�O �P�G �U�I�F �T�I�B�Q�F �Q�B�S�B�N�F�U�F�S �E�F�Q�F�O�E�F�O�D�F �J�O� �
 �X�F
�J�O�D�M�V�E�F �B �T�I�P�S�U �E�F�S�J�W�B�U�J�P�O �P�G �U�I�F �F�T�U�J�N�B�U�F �J�O �U�I�F �T�Q�F�D�J�B�M �D�B�T�F �P�G
�U�I�F �1�P�J�T�T�P�O �F�R�V�B�U�J�P�O �X�J�U�I �I�P�N�P�H�F�O�F�P�V�T �%�J�S�J�D�I�M�F�U �C�P�V�O�E�B�S�Z �D�P�O��
�E�J�U�J�P�O�T�
uj@
 = 0 �� �8�F �F�N�Q�I�B�T�J�[�F �U�I�B�U �U�I�J�T �E�F�S�J�W�B�U�J�P�O �J�T �O�P�U �1�%�&��
�T�Q�F�D�J
W�D�
 �B�O�E �F
V�F�D�U�J�W�F�M�Z �U�I�F �T�B�N�F �T�U�F�Q�T�
 �J�O �B �H�F�O�F�S�B�M�J�[�F�E �B�O�E �I�F�O�D�F
�M�P�O�H�F�S �G�P�S�N �B�S�F �G�P�M�M�P�X�F�E �J�O �U�I�F �H�F�O�F�S�B�M �D�B�T�F��

�"�O �J�N�Q�P�S�U�B�O�U �B�T�T�V�N�Q�U�J�P�O �S�F�R�V�J�S�F�E �G�P�S �U�I�J�T �E�F�S�J�W�B�U�J�P�O �J�TH2���S�F�H��
�V�M�B�S�J�U�Z �P�G �U�I�F �E�P�N�B�J�O�
 �U�I�B�U �J�Tf 2 L2�
u 2 H2 \ H1

0 �B�O�Ekuk2 �
C1(
) kf k0��

�8�F �E�F
W�O�F �U�I�F �J�O�O�F�S �Q�S�P�E�V�D�U�T

hv;wij0 =
¹



v w �B�O�E hv;wij1 =

¹



r v � r w;

�B�O�E �E�F�O�P�U�F �C�ZVh = �T�Q�B�O' i �U�I�F 
W�O�J�U�F �E�J�N�F�O�T�J�P�O�B�M �T�Q�B�D�F �T�Q�B�O�O�F�E
�C�Z �U�I�F �C�B�T�J�T �P�O �U�I�F �U�S�J�B�O�H�V�M�B�U�J�P�O �X�J�U�I �T�J�[�F �Q�B�S�B�N�F�U�F�Sh �B�O�Ejf j1 =

�"�$�. �5�S�B�O�T�� �(�S�B�Q�I���
 �7�P�M�� �����
 �/�P�� ���
 �"�S�U�J�D�M�F �������� �1�V�C�M�J�D�B�U�J�P�O �E�B�U�F�� �/�P�W�F�N�C�F�S ����������



������������ �T �4�D�I�O�F�J�E�F�S�
 �5�� �F�U �B�M��

kr f k0�� �'�J�O�B�M�M�Z�
Ihu �J�T �U�I�F 
W�O�J�U�F �F�M�F�N�F�O�U �J�O�U�F�S�Q�P�M�B�O�U �P�Gu�
 �P�C�U�B�J�O�F�E
�C�Z �T�B�N�Q�M�J�O�Hu �B�U �U�I�F �O�P�E�F�T��

�8�J�U�I �U�I�J�T �O�P�U�B�U�J�P�O�
 �U�I�F �1�%�& �B�O�E �J�U�T 
W�O�J�U�F �F�M�F�N�F�O�U �E�J�T�D�S�F�U�J�[�B�U�J�P�O
�D�B�O �C�F �X�S�J	R�F�O �B�T�
 
W�O�Eu �T�V�D�I �U�I�B�U

hu;v ij1 = hf ;v ij0; �G�P�S �B�O�Zv 2 H1;

huh ;vh i j1 = hf ;vh i j0 �G�P�S �B�O�Zvh 2 Vh :

�-�F�Ue = u � uh �C�F �U�I�F �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �F�S�S�P�S�
 �C�Z �V�T�J�O�Hv = vh �B�O�E
�T�V�C�U�S�B�D�U�J�O�H �U�X�P �F�R�V�B�U�J�P�O�T �X�F �P�C�U�B�J�Ohe;vh i j1 = 0 �G�P�S �B�O�Zvh 2 Vh
�X�I�J�D�I �J�T �U�I�F�F�S�S�P�S �P�S�U�I�P�H�P�O�B�M�J�U�Z �Q�S�P�Q�F�S�U�Z��

�	���
 �&�T�U�J�N�B�U�F �G�P�Sjej1�� �'�P�S �B�O �B�S�C�J�U�S�B�S�Z �G�V�O�D�U�J�P�O �J�Ovh 2 Vh �


jej21 = he;u � uh i j1 = he;u � vh i j1 + he;vh � uh i j1:

	_�F �M�B�T�U �U�F�S�N �W�B�O�J�T�I�F�T�
 �C�Z �F�S�S�P�S �P�S�U�I�P�H�P�O�B�M�J�U�Z�
 �B�Tvh � uh 2 Vh �� �#�Z
�$�B�V�D�I�Z���4�D�I�X�B�S�[ �J�O�F�R�V�B�M�J�U�Z�


jej21 = he;u � vh i j1 � j ej1 ju � vh j1;

�G�P�S �B�O�Zvh 2 Vh �� 	_�F�S�F�G�P�S�F�


jej1 � �J�O�G
v h 2Vh

ju � vh j1 � j u � Ihuj1;

�G�P�S �U�I�F �Q�B�S�U�J�D�V�M�B�S �D�I�P�J�D�Fvh = Ihu 2 Vh ��

�	���
 �"�Q�Q�M�Z �J�O�U�F�S�Q�P�M�B�U�J�P�O �H�S�B�E�J�F�O�U �F�S�S�P�S���0�O �B�O �F�M�F�N�F�O�UE�


ju � Ihuj1;E � C0h2
E

� E
kuk2;E = C0hE

� E
kuk2;E;

�X�I�F�S�FhE �J�T �U�I�F �N�B�Y�J�N�B�M �F�E�H�F �M�F�O�H�U�I �B�O�E� E �J�T �J�O�T�D�S�J�C�F�E �D�J�S�D�M�F �P�S
�T�Q�I�F�S�F �S�B�E�J�V�T �	�<�$�J�B�S�M�F�U �B�O�E �3�B�W�J�B�S�U ���������>�
�� 	_�F�S�F�G�P�S�F�
 �U�I�F �U�P�U�B�M �J�O��
�U�F�S�Q�P�M�B�U�J�P�O �F�S�S�P�S �J�T �C�P�V�O�E�F�E �C�ZC0�N�B�YE

hE
� E

kuk2�� 	_�J�T �Z�J�F�M�E�T �U�P �U�I�F
H1 �F�S�S�P�S �F�T�U�J�N�B�U�F

jej1 � C0�N�B�Y
E

hE

� E
kuk2:

�	���
L2 �F�T�U�J�N�B�U�F �W�J�B �B�V�Y�J�M�J�B�S�Z �1�P�J�T�T�P�O �Q�S�P�C�M�F�N���-�F�U �V�T �D�P�O�T�J�E�F�S �U�I�F
�B�V�Y�J�M�J�B�S�Z �T�Z�T�U�F�Nhw;v ij1 = he;v ij0 �G�P�S �B�O�Zv 2 H1�
 �U�I�B�U �J�T�
 �U�I�F
�1�P�J�T�T�P�O �F�R�V�B�U�J�P�O �X�J�U�I �U�I�F �S�J�H�I�U���I�B�O�E �T�J�E�F �F�R�V�B�M �U�P �U�I�F �F�S�S�P�S��

�"�Q�Q�M�Z�J�O�H �U�I�F �E�F
W�O�J�U�J�P�O �P�Gw �X�J�U�Iv = e �G�P�M�M�P�X�F�E �C�Z �F�S�S�P�S �P�S��
�U�I�P�H�P�O�B�M�J�U�Z�
 �X�F �H�F�U

kek2
0 = he;eij0 = hw;eij1 = hw � Ihw;eij1 � j w � Ihwj1 jej1:

�6�T�J�O�H �J�O�U�F�S�Q�P�M�B�U�J�P�O �F�S�S�P�S �U�I�F �T�F�D�P�O�E �U�J�N�F�
 �X�F �H�F�U

kek2
0 � C0�N�B�Y

E

hE

� E
kwk2;E jej1: �	���


�'�J�O�B�M�M�Z�
 �C�ZH2 �S�F�H�V�M�B�S�J�U�Z�
kwk2 < C1(
) kek0�
 �B�Te �J�T �U�I�F �S�J�H�I�U���I�B�O�E
�T�J�E�F�� �4�V�C�T�U�J�U�V�U�J�O�H �U�I�J�T �F�T�U�J�N�B�U�F �B�O�E �U�I�F �F�T�U�J�N�B�U�F �G�P�Sjej1 �J�O�U�P �	���
�
 �B�O�E
�D�B�O�D�F�M�M�J�O�H �U�I�F �G�B�D�U�P�Sjej0 �X�F �P�C�U�B�J�O

kek0 � C1

�
C0�N�B�Y

E

hE

� E

� 2

kuk2;

�X�I�J�D�I �J�T �U�I�F �F�Y�Q�F�D�U�F�E �F�T�U�J�N�B�U�F��

�"�$�. �5�S�B�O�T�� �(�S�B�Q�I���
 �7�P�M�� �����
 �/�P�� ���
 �"�S�U�J�D�M�F �������� �1�V�C�M�J�D�B�U�J�P�O �E�B�U�F�� �/�P�W�F�N�C�F�S ����������
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