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Abstract It is one of fundamental theorems in graph theory that every even graph
has a circuit decomposition. This classical result for ordinary graphs is extended in
this paper for uniform bridgeless hypergraphs if the degree of every vertex is even.
One of major open problems for shortest circuit cover was a conjecture proposed by
Itai and Rodeh (Automata, Languages and Programming, Lecture Notes in Computer
Science, vol. 62, pp. 289-299. Springer, Berlin, 1978) that every bridgeless graph G
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has a circuit cover of total length at most | E| 4 |V | — 1. This conjecture was solved by
Fan (J Combin Theory Ser B 74:353-367, 1998) for ordinary graphs, and is extended
in this paper for bridgeless hypergraphs.
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1 Introduction

Let H = (V, £) be a hypergraph with the vertex set V and hyperedge set £. Let r be
a positive integer. A hypergraph H is r-uniform if every hyperedge of H contains r
vertices. An ordinary graph is a special case of hypergraphs, a 2-uniform hypergraph.

In this paper, some classical results in graph theory about circuit decomposition
and circuit covering are extended to r-uniform hypergraphs. We use Berge’s definition
for a circuit in a hypergraph [3].

Theorem 1.1 (See [6] Theorem 2.1.7 and [24] Proposition 1.2.27) Let G be a graph.
If the degree of every vertex is even, then G has a circuit decomposition.

Theorem 1.1 is to be generalized for all »-uniform hypergraphs.

Theorem 1.2 Let r > 2 be an integer and H = (V, ) be an r-uniformed hyper-
graph. If 'H is bridgeless and the degree of every vertex is even, then H has a circuit
decomposition.

In [2], the circuit decomposition problem was verified for the cases that r is even
or ¥ = 3. In this paper, Theorem 1.2 (and its stronger version Theorem 3.6) provides
a complete solution that extends Theorem 1.1 for hypergraphs.

A family F of circuits of a graph (or a hypergraph) is a circuit cover if every edge
(or hyperedge, respectively) is contained in at least one member of F. Find a circuit
cover with minimum total length is not only an optimization problem but also has a
very closed relation with some mainstream research problems, such as, integer flow
theory, circuit double cover problem, etc. (see [1,4,7-11,15,17]).

The following result was originally proposed by Itai and Rodeh [13] in 1978 as one
of two major conjectures for optimal circuit covering problem, and, was later proved
by Fan [11] in 1998.

Theorem 1.3 (Fan [11]) If G = (V, E) is a bridgeless graph, then G has a circuit
cover of total length at most |E| + |V | — 1.

Theorem 1.3 is extended to hypergraphs as follows.

Theorem 1.4 If H = (V, &) is a bridgeless hypergraph, then H has a circuit cover
with total length at most |E] + |V] — 1.

2 Preliminary

An ordered pair H = (V, £) is called a hypergraph where V is the set of vertices and
€ is the set of hyperedges where each E; € £ is a subset of V' [3]. Let k be a positive
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integer. A hypergraph is k-uniform if each hyperedge consists of precisely k vertices.
Note that a 2-uniform hypergraph is an ordinary graph.

Definition 2.1 Let H = (V, £) be a hypergraph. A hyperedge E is a bridge of 'H if
‘H — E has more components than H.

Definition 2.2 A circuit of a hypergraph H = (V, £) is an alternative sequence of
vertices and hyperedges vg, Eo, v1, E1, ..., Ur—1, Er_1, vo such that

1. vi,viy1 € E;j (mod r);
2. vg, v1, ..., vy—1 are all distinct vertices;
3. Eg, Eyq, ..., E,_ are all distinct hyperedges.

And the length of a circuit is the number of hyperedges in the alternative sequence.

Definition 2.3 Let F be a family of circuits of a hypergraph H = (V, £) and k be a
positive integer.

1. F is a circuit k-cover of H if every hyperedge of H is contained in precisely k
members of F. And a 1-cover is also called a circuit decomposition.

2. Fisa shortest circuit cover of H if it is a circuit cover of H with minimum total
length.

Definition 2.4 Let H = (V, &) be a hypergraph. The incident graph of 'H, denoted
by B(H), is a bipartite graph constructed as follows: the bipartition of the vertex set
is {V(H), £(H)} and two vertices E; € £(H) and v; € V(H) are adjacent in B(H) if
and only if v; is contained in the hyperedge E; in H.

By the construction of B(’H), we have the following observation which will be used
through our proof.

Observation 2.5 A hypergraph H = (V, €) has a circuit k-cover if and only if its
incident graph B(H) has a set of circuits that covers every vertex of € precisely k
times.

3 Circuit Decomposition of Hypergraphs and Proof of Theorem 1.2

Definition 3.1 Let G be a graph and v be a vertex of G. Suppose that F C E(v), then
we denote by G|y, | the graph obtained from G by splitting the edges of F away from

v, that is, adding a new vertex v” and changing the end v of the edges in F to be v

Lemma 3.2 (Fleischner [12]) Let G be a 2-edge-connected graph. Suppose v is a
vertex of G with dg(v) > 4 and let e, e1, ez € E(v). Then either Gy;(eq,e()] OF
Glv:{ep,er}] IS 2-edge-connected or Giy. (e, e1,e,)] has more components than G. (See
Fig. 1.)

Lemma 3.3 (Petersen [19]) Every 2k-regular graph is 2-factorable.
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Fig.1 G and G[v;{el,ez}]: °
splitting {eq, ep} away from v :
and suppressing the degree 2
vertex v’

Lemma 3.4 (Bollobas, Saito and Wormald [5]) Let G be an r-regular multigraph of
edge-connectivity A = M(G) > 1. Then G has a k-factor for the following values of
k:

1. if r is even, all even numbers at least 2 and at most r — 2, together with, if V(G)
is also even, all odd numbers at least % and at mostr — £,
2. ifrisodd, » > 2, and \* = ZL%J + 1, all positive even integers not more than

*_ .
(kx# and all odd integers at least 55 and at most r — 2.

For no other value of k, | < k < r — 1, can a graph G be guaranteed to have a
k-factor.

Theorem 1.2 and its stronger version Theorem 3.6 are corollaries of the following
lemma.

Lemma 3.5 Letr > 3 and G = (V, E) be a graph (not necessary bipartite) with a
partition {U,, US} of V(G) such that

1. dg(v) =rifvelU,
2. dg(v) is even ifv € Uf.

If G is bridgeless, then G has a spanning subgraph F such that

(@) dp(v) =2ifv e U,
(b) dr(v) isevenifv € Uf.

Proof If US = 0, then G is an r-regular bridgeless graph. By Lemma 3.4, the graph
G contains a 2-factor F. Hence, we assume that US # § and prove the lemma by
induction on e d(v).

Letx € Uf. If d(x) = 2, we may apply the induction to the suppressed graph G.
So, letd(x) > 4. By Lemma 3.2, one may split a pair of edges e, ex away from x, and
the resulting graph Giy.(¢,,e,}] remains bridgeless. Again, applying induction to the
suppressed graph G’ = G{y:{e, e,}]» We Obtain an even subgraph F’ with dp/(v) = 2
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for every v € U,. Hence the subgraph F of G induced by edges of F’ also has the
property dr (v) = 2 for every v € U, since the split vertex x is in US. O

In this section, we prove the following theorem which is stronger than Theorem 1.2.

Theorem 3.6 Let r be a positive integer r > 2 and H = (V, £) be an r-uniform
hypergraph. If the degree of every vertex is even and the incident graph B(H) is
bridgeless, then H has a circuit decomposition.

Proof We apply Lemma 3.5 to the incident graph B(H), where B(H) is G, £ is U, and
Vis Uf. A spanning even subgraph F of B(H) (described in Lemma 3.5) corresponds
to a circuit decomposition of H (by Observation 2.5). O

Note that the condition “bridgeless” of B(H) is not in consideration if r is even
since the incident graph B(H) is even and therefore it has no odd-edge-cut.

However, even degree of every vertex of an r-uniform hypergraph is not a neces-
sary condition for circuit decomposition. That is, Theorem 3.6 can be further extended
for some hypergraphs with some odd-degree vertices (with a similar proof of Theo-
rem 3.6).

Theorem 3.7 For a given odd integer r > 3, let H = (V, £) be an r-uniform hyper-
graph. If B(H) is bridgeless and, for every v € V), either d1(v) is even or at least r,
then 'H has a circuit decomposition.

Similar to the proof of Theorems 3.6 and 3.7 is an immediate corollary of the
following lemma.

Lemma 3.8 Let r > 3 and odd. And let G = (V, E) be a graph with a partition
{Uy, UF} of V(G) such that

1. dg(v) =rifveU,

2. dg(v) is either even or at least r if v € Uf.

If G is bridgeless, then G has a spanning subgraph F such that

(@) dr(v) =2ifv e U,
(b) dr(v) isevenifv € Uf.

Proof The proof of the lemma is similar to Lemma 3.5, in which the induction is on
the total degree of the following vertex subset {v € UfS : dg(v) # r} instead of the
entire subset Uy O

Together with Theorems 3.6 and 3.7 generalizes some earlier result in [2] for r-
regular 7-uniformed hypergraphs.

4 Shortest Circuit Cover of Hypergraph and Proof of Theorem 1.4

It is obvious that a hypergraph admitting a circuit decomposition has a circuit cover
with total length |€], which is certainly the best bound for shortest circuit cover prob-
lem. Note that not every hypergraph admits a circuit decomposition. Theorem 1.3 is
an attempt to estimate the upper bound.

It is obvious that a circuit cover of a hypergraph is equivalent to a family of circuits
that contains all vertices of £(H) in the incident graph B(H).

@ Springer



370 Graphs and Combinatorics (2018) 34:365-372

Lemma 4.1 (Fan [11]) Let G be a 2-edge-connected graph. The vertices of G can be
covered by circuits of total length at most 2(| V(G) | —1).

The following result is stronger than Theorem 1.4.

Theorem 4.2 Let H = (V, £) be a hypergraph such that the corresponding incident
graph B(H) is 2-edge-connected. Then 'H has a circuit cover with total length at most
1+ 1V -1

Proof Since B('H) is 2-edge-connected, by Lemma 4.1, the incident graph B(H) has a
family Fp of circuits covering all vertices with total length at most 2(|V (B(H))| — 1).
Note that each 2¢-circuit Cp of the incident graph B(H) corresponds to a ¢-circuit of
the hypergraph H. Hence, Fp corresponds a circuit cover F74 of H, which is of total
length at most |[V(B(H))|—1=|E|+ |V| - 1. O

For shortest circuit cover problems of ordinary graphs, it was proved independently
by Bermond et al. [4] and Alon and Tarsi [ 1] that every bridgeless graph G has a circuit
cover of total length at most %|E (G)|.

Beyond Theorem 1.3, we have an analog result for hypergraphs.

Theorem 4.3 Let H = (V, £) be a hypergraph. If B(H) is bridgeless, then H has a
circuit cover of total length at most 2(| E(H) | —1).

Proof Let B(H) = (X, Y) be the incident graph with the partition {X = E(H), ¥ =
V(H)}.
Let G be a subgraph of B(H) (by deleting edges) such that

(a) G remains bridgeless,

(b) V(G1) = V(B(H)) (with the same bipartition {X, Y}), and dg, (v) > 2 for every
veEX,

(¢) |E(G)] is minimized.

Then, repeatedly apply Lemma 3.2 to every vertex of {v € ¥ : dg, (v) = 4} in G.
Let G, be the resulting graph. The suppressed graph G has the following properties.

1. G remains bridgeless,
2. The vertex set V(G3) = X U Y3 where Y3 C Y and dez(v) = 3 forevery v € 13.

By Lemma 4.1, let 7 & be a family of circuits of G covering all vertices of G, with
total length is at most 2(|V (G2)| — 1) = 2(|X |+ |Y3| — 1) because V (G,) = X U Y3.

We claim that each vertex of Y3 is passed through by at least two members of F.
If not, the uncovered edge can be deleted from G1. This contradicts (a) (the choice of
Gy).

Let F be the circuit cover of H corresponds to F. Since, in the calculation of
total length of the circuit cover of F, these vertices of Y3 are not included. By our
claim, the total length of circuit cover of F is at most

2(1V(G)l = 1) = 2|3 = 2(X| +|¥3| = 1) = 2|Y3| = 2(1X| = 1) = 2(IE(H)| = 1)

because X = E(H) O
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5 Remarks

Note that Theorem 1.1 is an “if and only if” statement for ordinary graphs, while
Theorem 3.6 is not an “if and only if”” statement for hypergraphs. Theorem 3.7 indicates
that even degree of every vertex of a hypergraph is not a necessary condition for circuit
decomposition. It is a natural question to ask the following problem.

Problem 5.1 Find a necessary and sufficient condition for circuit decomposition of
hypergraphs.

For ordinary graphs, “bridgeless” is a necessary condition for circuit covering. For
hypergraphs, we adapted the same definition of “bridge” in Definition 2.1. However,
for circuit covering problem, a different definition of bridge might be more appropriate.

Definition 5.2 An hyperedge of H is an acyclic bridge if it is not contained any circuit
of H.

Itis evident that, for ordinary graphs, the concepts of “bridge” and “acyclic bridge”
are equivalent. However, for hypergraphs, a bridge may not be acyclic.

The following is a straightforward observation for acyclic bridges of a hypergraph.

(*) For a hypergraph H, a hyperedge E; is an acyclic bridge if and only if the vertex
E; is a star-cut of the incident graph B(H) (where a vertex v is called a star-cut of a
graph G if (1) the vertex v is a cut-vertex of G, and (2) every edge incident with v is
a cut-edge of G.)

For shortest circuit cover problems of ordinary graphs, Alon and Tarsi [1] conjec-
tured that the total length can be further reduced to %|E (G)|. Beyond Theorem 4.3,
we would like to propose an analog problem for hypergraphs.

Problem 5.3 Find a constant ¢ < 2 such that every hypergraph H without acyclic
bridge has a circuit cover of total length at most c|E(H)|. Particularly, is ¢ < %?

The famous circuit double cover conjecture was proposed in [13,21-23] for bridge-
less ordinary graphs. It is natural to propose an analog problem for hypergraphs.

Problem 5.4 Is it true that every hypergraph H without acyclic bridge has a circuit
double cover (i.e. circuit 2-cover)?
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