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Low-Latency Multiuser Two-Way Wireless Relaying
for Spectral and Energy Efficiencies
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H. Vincent Poor

, Hoang Duong Tuan

Abstract—This paper considers two possible approaches, which
enable multiple pairs of users to exchange information via multi-
ple multiantenna relays within one time-slot to save communication
bandwidth in low-latency communications. The first approach is to
deploy full-duplexes for both users and relays to make their simul-
taneous signal transmission and reception possible. In the second
approach, the users use a fraction of a time slot to send their infor-
mation to the relays and the relays use the remaining complemen-
tary fraction of the time slot to send the beamformed signals to the
users. The inherent loop self-interference in the duplexes and inter-
full-duplexing-user interference in the first approach are absent in
the second approach. Under both these approaches, the joint design
of the users’ power allocation and relays’ beamformers to either op-
timize the users’ exchange of information or maximize the energy-
efficiency subject to user quality-of-service (QoS) constraints in
terms of minimal rate thresholds leads to complex nonconvex op-
timization problems. Path-following algorithms are developed for
their computational solutions. Numerical examples show the ad-
vantages of the second approach over the first approach.

Index Terms—Full-duplex, time-fraction allocation, relay beam-
forming, power allocation, spectral efficiency, energy efficiency,
multi-user communication, path-following methods.

I. INTRODUCTION

ULL-DUPLEXING (FD) [1]-[5] is a technique for si-
multaneous transmission and reception in the same time
slot and over the same frequency band while two-way relaying
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(TWR) [6]-[9] allows pairs of users to exchange their infor-
mation in one step. FD deployed at both users and relays thus
enables the users to exchange information via relays within a
single time-slot [10]. This is in contrast to the conventional
one-way relaying which needs four time slots, and the half-
duplexing (HD) TWR [8], [11]-[13], which needs two time slots
for the same task. Thus, FD TWR promises to be a very attrac-
tive tool for device-to-device (D2D) and machine-to-machine
(M2M) communications [14], [15] and low latency communi-
cation [16]-[18] for Internet of Things (IoT) applications.

The major issue in FD is the loop self-interference (SI) due
to the co-location of transmit antennas and receive antennas.
Despite considerable progress [3]—[5], it is still challenging to
attenuate the FD SI to a level such that FD can use techniques of
signal processing to outperform the conventional half-duplexing
in terms of spectral and energy efficiencies [19], [20]. Similarly,
itis not easy to manage TWR multi-channel interference, which
becomes double as compared to one-way relaying [21], [22].
The FD-based TWR suffers even more severe interference than
the FD one-way relaying, which may reduce any throughput
gain achieved by using fewer time slots [10].

There is another approach to implement HD TWR within a
single time slot, which avoids FD at both users and relays. In
a fraction of a time slot, the HD users send the information
intended for their partners to the relays and then the relays
send the beamformed signals to the users within the remaining
fraction of the time slot. In contrast to FD relays, which use
half of their available antennas for simultaneous transmission
and reception, the HD relays now can use all their antennas for
separate transmissions and receptions. Thus, compared with FD
users, which need two antennas for simultaneous transmission
and reception, the HD users now need only one antenna for
separate transmission and reception.

In this paper, we consider the problem of joint design of
users’ power allocation and relays’ beamformers to either max-
imize the user information exchange throughput or the network
energy efficiency [23] subject to user quality-of-service (QoS)
constraints in terms of minimal rate thresholds. As they con-
stitute optimization of nonconvex objective functions subject
to nonconvex constraints under both these approaches, finding
a feasible point is already challenging computationally. Never-
theless, like [13] we develop efficient path-following algorithms
for their computation, which not only converge rapidly but also
invoke a low-complexity convex quadratic optimization prob-
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lem at each iteration for generating a new and better feasible
point. The numerical examples demonstrate the full advantage
of the second approach over the first approach. Some transfor-
mations proposed in [13] to transform nonconvex constraints to
convex constraints for computational tractability are also used
in this paper. However, compared to [13] this paper offers the
following further developments:

¢ To address the optimization problems in an FD-based TWR

setting, we propose a new and tighter bound for the non-
concave objective functions, which is based on one step of
approximation instead of multiple steps of approximation
as in [13]. This helps to expand the search area for lo-
cating an optimal solution to accelerate the computational
convergence.

® The presence of time fractions as an additional optimiza-

tion variable in the optimization problems in time-fraction
(TF)-wise HD TWR setting makes the transformations
proposed in [13] no longer sufficient for transforming all
nonconvex constraints to convex constraints. We develop
new complementary transformations for transforming
the nonconvex-still constraints to convex constraints,
preserving the convexity of the existing convex constraints
and making the objective functions more computationally
tractable. Novel lower bounding approximations for
the new objective functions, which are based on newly
obtained inequalities, are then derived for developing the
corresponding efficient path-following algorithms.

The rest of this paper is organized as follows. Section II
considers the two aforementioned nonconvex problems under
an FD-based TWR setting. Section III considers them under the
TF-wise HD TWR setting. Section IV verifies the full advantage
of the TF-wise HD TWR over FD-based TWR via numerical ex-
amples. Section V concludes the paper. The appendix provides
some fundamental inequalities, which play a crucial role in the
development of the path-following algorithms in the previous
sections.

Notation: Bold-faced characters denote matrices and col-
umn vectors, with upper case used for the former and lower
case for the latter. X (n,-) represents the nth row of the ma-
trix X while X (n,m) is its (n,m)th entry. (X) is the trace
of the matrix X. (-)7 and (-)¥ respectively are the transpose
and complex transpose operators. The inner product between
vectors z and y is defined as (z,y) = zy. ||.|| denotes ei-
ther the Euclidean vector squared norm or the Frobenius matrix
squared norm. Accordingly, || X ||? = (X X) for any complex
X. Lastly,z ~ CN(Z, R;) means that z is a vector of Gaussian
random variables with mean Z and covariance R, .

II. FULL-DUPLEXING BASED TWO-WAY RELAYING

Fig. 1 illustrates an FD TWR network consisting of K pairs
of FD users (UEs) and M FD relays indexed by m € M £
{1,...,M}. Each FD user uses one transmit antenna and one
receive antenna, while each FD relay uses Ny receive antennas
and Ny transmit antennas. Without loss of generality, the kth UE
(UE k) and (k + K)th UE (UE k + K) are assumed to exchange
information with each other via the relays. The pairing operator
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Fig. 1. Two-way relay networks with multiple two-antenna users and multiple

multi-antenna relays.

is thus defined as a(k) = K + kfork < K and a(k) =k — K
if k > K.Foreachk € K = {1,...,2K}, define the set of UEs
that are on the same side of the relays as kth UE as

U(k) = 1,2,...,. K for
| K+1,....,2K for

1<k<K
k>K+1.

Under simultaneous transmission and reception, FD UEs in
U(k) interfere each other. This kind of interference is called
inter-FD-user interference.

Let s = [s1,...,%K] € C%K be the vectors of information
symbols s, transmitted from UEs, which are independent and
have unit energy, i.e. E[ss’’] = Ix. For h;,, € CV as the
vector of channels from UE / to relay m, the received signal at
relay m is

Tm = Z \/p[h[,msl + ELI,m + NR.m, (1)

ekl

where np ., ~CN(0,0%1y,) is the background noise, and
p=(p1,...,p2k) is a UE power allocation vector, while
err,m € CNe models the effect of analog circuit non-ideality
and the limited dynamic range of the analog-to-digital converter
(ADC) at FD relay m.

The transmit power of UEs is physically limited by PY-max
as

Di < PU,max7 Lek. (2)

The total transmit power of UEs is bounded by P2 to pre-

sum
vent their excessive interference to other networks as

Ps[{nn (p) = Zpk < Ps[{ﬁ?lmx- 3)
kek

Relay m processes the received signal by applying the beam-
forming matrix W,,, € CV#*"N# for transmission:

Tmb = Wm T'm

= Z Vv DPe W m hf,m S¢ + Wm (eLIJn, + Nnr.m ) (4)

lek

For simplicity it is assumed that W, er; »,, ~ CN(0, 0?9 IP,‘,‘}
(p,W,,)In, ) with the relay channel’s instantaneous residual
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SI attenuation level og;." This gives
E[[[Waerrmll’] = 0§ P (0, W),

in calculating the transmit power at relay m in a closed-form as

P,ﬁ( Wm) =E

m"‘vn.bw]

= ZP[HWthMHQ + ‘7122||Wm||2
lek
+ E[me ELI.m HQ]

ZW”Wth-,m ‘ |2 +U}2? Wi ||2 /(1_U§I)~

lek
&)

This transmit power at relay m must be physically limited by a
physical parameter P4™2% ag

PA(p,W,,) < PA™M™ m e M,

m

(6)

and their sum is also bounded by PZ:2% to control the network
emission to other networks:

Z m (p WTVI

meM

Su IIl

=X | Dol Wkl P +o Wl P|/(1-0%))

meML ek
PR.max

sum @)
The relays transmit the processed signals to all UEs. For the
vector channel g,, . € CNr from relay m to UE k and channel
Xy,k from UE n € U(k) to UE k, the received signal at UE k is

given by
Z gz;,,krm-,b + Z XU-,k\/@]gn + g

meM nel(k)

Yk =

= Z gzr;,k Z \/p[” mhf,msé’ +Wm (eLI,m +nR,m)

meM ekl
+ D Xk /PyEy + s ®)
neu(k)

where ny ~ CA (0, 07) is the background noise, and | x|* =
0% as Xk 5k represents the loop interference at UE k. We can
rewrite (8) as

Uk = /Pai) D Gk Winhg

meM

+ /Dk Z g;n,,kw'rnhk:,rrzsk

memM

+ Z gﬁ,k

meM

mS(J

> VDWinhems

tek\{k,a(k)}

't is more practical to assume er 7, ~ CN(O,FT%IP,‘,‘}( W) Ing )
SO Woenrm ~ CN(O,&%,P,;?( W OW,, WHY resulting in
E[[[Wmerrm I1?) = 5’?@1]3713 W)W []?. Usually |[W,|? <v
can be assumed so E[[|W . e 1 |°] = Uglp,f}( W, ) for U?g] = V5§'1~
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+ Wm (6L1,m + nR,m)

+ > Xy Ey + i ©)

neU (k)

Note that the first term in (9) is the desired signal component, the
third term is the inter-pair interference and the last two terms
are noise. UE k can cancel the self-interference represented
by the second term using the channel state information of the
forward channels hy, ,,, from itself to the relays and backward
channels g, ;. from the relays to itself as well as the beamform-
ing matrix W,,,. The challenge here is that the loop SI term
Zneu( k) Xn.k \/]37] 5y, which may be strong due to the proxim-
ity of UEs in U(k), cannot be nulled out. This means more
power should be given to the relays, but that leads to more FD
SI at the relays.

Furthermore, for f% mk = gﬂ,k, the signal-to-interference-
plus-noise ratio (STN R) at UE £’s receiver can be calculated
as

2
( 7W Z fm kW h
meM
2
/ S n| > Wb,
Lel\{k,a(k)} meM
+012?, Z ||f7anWm||2
meM
(Zpl|Wmh€,m||2
I mem lekC
+U%2||Wm||2> + Z |Xn~,k|2pn +013 (10)
neu (k)
Under the definitions
LreW)E > fI Wy,
meM
Ly(W) & [fEWy W, L f W], D

it follows that

Vi <p7 W) = Pa(k)

/

|Lhar) (W)

)I? + oglILr(W)]?

Z pe| Ly o (W

rexy
)
(me ho |
I mem lek
+U}2%||W771,||2> + Z |X7/7k|2p71+0'1%
neu(k)

12)
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In FD TWR, the performance of interest is the information
exchange throughput of UE pairs:

Rk’ (P, W) = hl(l + Yk (P: W)) + ln(l + Ya (k) (pa W))7

k=1,...,K. (13)

The problem of maximin information exchange throughput opti-
mization subject to transmit power constraints is then formulated
as

max _min(In(1 + 7 (p, W)
+In(1 +7ax) (0, W))] (14a)
s.t. (2), (3), (6), (7). (14b)

Another problem, which has attracted recent attention in 5G
[23], [24] is the following problem of maximizing the network
energy-efficiency (EE) subject to UE QoS in terms of the infor-
mation exchange throughput thresholds:

K

max > [In(1+ (5, W) + In(1+ 70 (. W)

P —1
/[C(PL (P) + Pl (0, W)) + M P
+ 2K PY] (15a)
st (2),(3),(6),(7), (15b)
Ri(p,W)>rp k=1,... K, (15¢)

where ¢, P® and PV are the reciprocal of the drain efficiency
of power amplifier, and the circuit powers of the relay and UE,
respectively, and 7, sets the exchange throughput threshold for
UE pairs.

The next two subsections are devoted to computational solu-
tions for problems (14) and (15), respectively.

A. FD TWR Maximin Information Exchange Throughput
Optimization

By introducing new nonnegative variables

Br = 1/pi > 0,k € K, (16)
and functions
\I}k‘f(wvavﬂ) = |£k/(W)‘2/ V aﬁv (ka‘e) € K x ,Cv
T(W,a) £ ||L:(W)[|?/Va, k € K,
(I)Am(wmvavﬁ)é||hngmH2/\/a ) (gam)EICXM»
(I7)
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which are convex [25], (12) can be re-expressed as

Y@ W) = Ly 0y W)I* [/ Bair)
X Z \Ilk,f(Walaﬁf) +U?~?,Tk<wa 1)
ek {ka(k)}
+ Z ||gm k|| (Z(I)Z,m(wnulaﬁl)
I'em lek
R (WaW ) > + Z X2 /\/ By +
nel(k)

(18)

Similarly to [26] and [13, Th. 1] we can prove the following
result.

Theorem 1: The optimization problem (14), which is max-
imization of nonconcave objective function over a nonconvex
set, can be equivalently rewritten as the following problem of
maximizing a nonconcave objective function over a set of con-
vex constraints:

N
ez, fW.a,B) =
i [0 o W)/ fonf)

(L + Lok W)/ yfan Be)] (19)

s.t. >

rel\k,a(k)}

+ Z ‘X77,k|2/\/ akﬁn

Vo (W,ag, B) + o5 Tu(W, ay,)

neU(k)
<Z(I)1/m nnalmﬂé’)
I mem lek
+ 0| W /W>+0k/f<1 (19b)
ﬂk Z 1/(PU,max)27k c ’C (19C)
PYL(B) ==Y 1/3/Br < PO, (19d)
kek
> @en (Wi 1, 50) + 03 (W |
lek
<(1- USJ)PA M Im e M, (19e)

m laﬁf) + 0'12~2||W"71 HZ

Z Z qjé,m (W

meM Llek

< (1 _ U%I)PR max.

sum

(19f)

As in [13] the main issue is how to handle the nonconcave ob-
jective function in (19a). Indeed, one can use [13, Th. 2] for
lower bounding the objective function in (19a) by a concave
function, which is a reciprocal of a positive linear function over
a complex trust region involving all concerned variables. By the
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following theorem we provide a new and better lower bound un-
der a simpler trust region involving only the beamforming matrix
‘W, which results in expanded local search areas, accelerating
convergence of the designed algorithm. This is a one-step ap-
proximation that is in contrast to the multi-step approximation
in [13].

Theorem 2: At any (W) a(%) B(%)) feasible for the con-
vex constraints (19b)—(19f), it is true that

In(1+ [Ly o) W) /1 Bag)) =

B W, B (20)
over the trust region
2R{ Ly o (1) W) (L o) WH))*}
~ Lty WP >0, 1)

for

f]ifél)(k)(W?akaﬂa(k)) =
In(1 + ng()z(k)) + a,(:g(m [2—

|‘Ck,a(k)(W(N)>‘2
2R{Ly o (1) W) (Lig a1y WD) ) — | Ly oy (W) 2

— /akﬂa(k)/ Oé](:)ﬂ{gf({z,)‘| 22)
with 2}") 2 Ly W)/ Jaf B and off) ) 2

(%) (%)
xk"aw/(xk’a(m +1)>0.

Proof: (22) follows by applying inequality (59) in the
appendix for

z=1/|Lpaey W),y = \/ Bagi)

T = 1/|£k,a(k)(W<ﬁ))|2’§ =

and

and then the inequality
1Lk ) WP <1/ (2R Lx g (W) (L (W)}

L0y (W) 23)

over the trust region (21). [ |

By Algorithm 1 we propose a path-following procedure for
computing (19), which solves the following convex optimization
problem of inner approximation at the «th iteration to generate
the next feasible point (W51 q(++1) glrt1)):

. (k)
pnax, k:r{}_l_l}K[fk,a<k>(W7ak,ﬂam)
+ fé?;z)‘,k(W,Oéa(k),ﬁk)]
s.t. (19b) — (19f), (21). (24)
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Algorithm 1: Path-Following Algorithm for FD TWR Ex-
change Throughput Optimization.

initialization: Set x = 0. Initialize a feasible point
(WO a9 B30) for the convex constraints (19b)—(19f)
and Ry — f(W(O), a0, g0)),
repeat
e Ry = R;.
e Solve the convex optimization problem (24) to obtain
the solution (W (<+1) q(rt+1) glr+1))
e Update R = f(W(H+1)’a(N+1),ﬂ<K+1>).
e Reset k — Kk + 1.
until Rl%ﬂm < ¢ for given tolerance ¢ > 0.

Similarly to [13, Alg. 1], it can be shown that the sequence
{(W) (%) B(<))} generated by Algorithm 1 converges at
least to a locallly optimal solution of (19).2

B. FD TWR Energy-Efficiency Maximization

We return to consider the optimization problem (15), which
can be shown similarly to Theorem 1 to be equivalent to the
following optimization problem under the variable change (16):

v%,na)% FW,a,8) st (19b) — (19f), (25a)
R.(W,a,8)>r,k=1,... K, (25b)
for
K ~
k=1

Ri(W,0,8) 2 1 (14 g W)/ fow b))

+1In (1 + \Ea(m,k(W)\Q/ O‘a(k’)ﬁk) J
and

T(BW) 2> /B + (/1 —0%)))

kek
X Z I:Zcbé,m (Wmalaﬁ/f)
meM =1lek

+ 0123||Wm||2} + MPR +2KPY. (26)

The objective function in (25a) is nonconcave and the constraint
(25b) is nonconvex.

Suppose that (W) a#), (%)) is a feasible point for (25)
found from the (x — 1)th iteration. Applying inequality (58) in
the appendix for

T = 1/|£ka(k)(W)|2ay =\ ak‘ﬁa(k)at = ﬂ-(ﬂ7W)

and

= 1/|£k,a(k)(W(K))|23g = ai;n)ﬁiiz,i),t_z (B, W)

2 As mentioned in [27, Remark] this desired property of a limit point indeed
does not require the differentiability of the objective function.
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and using inequality (23) yield the following new and tighter
bound compared to [13, (36)] for the terms of the objective
function in (25a), which involves only one approximation step:

(L + Loy W)/ \farBui)| /7(8.W) =

Fliiz,)(k) (W, o, B) 27

over the trust region (21), where

(k) " (W, a,B) 2
(k) (k)
Dy a(k) +qk,a(k,) [2

| L0 () (WH))[2
2R{ Ly a(k) W) (L a(r) (WE))* ) —

|L ) (WD) 2

o/ amz.)] (B W),
and
) = Lk WO /o8
%) = 7 (B, W),

P =2 [+ 2 )| 8 > o,

(28)

Furthermore, we use fk deﬁned from (20) to provide the
following inner convex approx1mat10n for the nonconvex con-
straint (25b):

f}EZB(k;)(Waakvﬁa(k)) + f(i?]?: 7ﬁ]€) > T

By Algorithm 2 we propose a path-following procedure for
computing (25), which solves the following convex optimization

problem at the xth iteration to generate the next feasible point
(W(m+1)7a(n+1)7ﬁ(n+1)):

)Jg(Waaa(k) (29)

.
Joax, F(H(W,a,ﬂ)ékz_;[ Mk (W, oy, B)

+ ) (W, 0y, B)] (30a)

st (190) — (19f)7(21)7(29)- (30b)

Analogously to Algorithm 1, the sequence {(W(*) a(*)
B )} generated by Algorithm 2 converges at least to a locally
optimal solution of (25).

An initial feasible point (W (%), (%) B(0)) for initializing
Algorithm 2 can be found by using Algorithm 1 for comput-
ing (14), which terminates upon

Ja™) gy > 1 31)

to satisfy (25b).
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Fig. 2. Two-way relay networks with multiple single-antenna users and mul-
tiple multi-antenna relays.

Algorithm 2: Path-Following Algorithm for FD TWR
Energy-Efficiency.

initialization: Set x = 0. Initialize a feasible point

WO o BO) for (25) and e; = F(W®) a0, B(0),
repeat
®c)y—=e€q.

e Solve the convex optimization problem (30) to obtain
the solution (W (#+1) qr+1) glet1)y,
e Update e; = F(Wr+1) qletl) gletl)y
e Reset Kk — K + 1.
until % < ¢ for given tolerance € > 0.

III. TIME-FRACTION-WISE HD TWO-WAY RELAYING

Through the FD-based TWR detailed in the previous sec-
tion one can see the following obvious issues for its practical
implementation:

e [t is difficult to attenuate FD SI at the UEs and relays to

a level that realizes the benefits of FD. The FD SI is even
more severe at the relays, which are equipped with multiple
antennas;

e Inter-FD-user interference cannot be controlled;

e [t is technically difficult to implement FD at UEs, which
particularly requires two antennas per UE.

We now propose a new technique for UE information exchange
via HD TWR within the time slot as illustrated by Fig. 2, where
during time-fraction 0 < 7 < 1 all UEs send information to the
relays and during the remaining time fraction (1 — 7) the relays
send the beamformed signals to the UEs. This alternative has
the following advantages:

e Each relay uses all available 2Ny antennas for separated
receiving and transmitting signals;

e Each UE needs only a single antenna to implement the con-
ventional HD, which transmits signal and receive signals
in separated time fractions.

Suppose that UE k uses the power 7p; to send information

to the relay. The following physical limitation is imposed:

i < Pug,k €K, (32)

where Pyp is a physical parameter to signify the hardware
limit in transmission during time-fractions. Typically, Pyg =
3PUmax for pUmax defined from (2).
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As in (3), the power budget of all UEs is PU;nax:

sum

@um =T Zpk = Pq[{ugldx' (33)
kel
The received signal at relay m can be simply written as
rm = Z vV Tplfh[,m S¢ + ng}m ) (34)

lek

where nﬁq € CN(0,70%Isy, ) and by, € C?V7 s the vec-
tor of channels from UE / to relay m.

Relay m processes the received signal by applying the beam-
forming matrix W,,, € C2Nr*2NR for transmission:

Tmbp = Wm'rm - Z AV Tpé” h/’ .m S¢ + W nR )m

ek

(35)

Given the physical parameter P*™2 as in (6) and then P =
3PAmax the transmit power at relay m is physically limited as

m(me’ =T Zpk‘|wmh€,m||2+0122||wm||2

ek

< Pp, me M. (36)

Given a budget PZ;m4% ag in (7), the sum power transmitted by

the relays is also constrained as

(1_7—) Z Pé(pﬂwmﬂ_)

meM

=(1-7)r Z (Zw”wmhf,m”Q

meM \lek

R
Psum

(Tvp7W) =

+ U?%HWmHQ)

PR max

sum

(37

The received signal at UE k can be expressed as

= \/TDPa(k) Z gm kW h

meM

+ TPk Z gg;L,kW’m,hk,msk

meM

+ ) g%,k,<

meM

,m s(]

Z vV Tp[” mh(f,msf,

tek\{k,a(k)}

+ Wmngfm) + 1. (38)

Under the definitions

‘Ck‘,Z(W) = Z f{i,kwmh/.ma
meM

Ly(W) = [fI W [ Wa o i W], (39)
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the SINR at UE £k can be calculated as

'Yk(Pava) =

pelLi o (W)

>

k)|£k,a(k)(W)|2/l
ter\{ka(k)}

+ oR|Le W) > +of/7|. (40)

Thus, the throughput at the kth UE pair is defined by the fol-
lowing function of the beamforming matrix W = {W, },,em,
power allocation vector p and time-fraction 7:

Rk(Tap7 W) = (1 - T) 11’1(1 +'Yk(p,W,T)>
+ (1 - T) 111(1 + Va(k) (p7Wa7))7
k=1,... K. A1)

Similarly to (14), the problem of maximin information exchange
throughput optimization subject to transmit power constraints
is formulated as

o max o min (1—7)[n(1+7(W,7)
+In(1+ 7y, (. W,7))]  (42a)
s.t. (32), (33), (36), (37), (42b)

while the problem of maximizing the network EE subject to UE
QoS in terms of the information exchange throughput thresholds
is formulated similarly to (15) as

K

0<Tr£11a§}V7p ];(1 —7) [In(1 + v (p, W, 7))
+In(1 + Yo (2, W, 7))] /[C (P (7, D)
+ PR (7,p,W)) + MP® 4 2KPY] (43a)
s.t. (32),(33),(36), (37) (43b)
Ry(r,p,W) >rp,k=1,..., K. (43c¢)

The next two subsections are devoted to their computation.

A. TF-Wise HD TWR Maximin Information Exchange
Throughput Optimization

Similarly to (19), problem (42) of maximin information ex-
change throughput optimization is equivalently expressed by
the following optimization problem with using new variables
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B=(B1,...,0x)" defined from (16):
max min (1 —7)
L S S

X [ln(1+|£k,a(k)(W)|2/ arBak))
)/

Uy (W, o, Be) + 0p T (W, o)

=+ 111(1 + |[’a(k),k (W

S.t. Z

vek\{k,a(k)}

a (k)ﬁk)} (44a)

+ ol /mar <1,k€K, (44b)
By > 1/(Pyg)*, k€K, (44c¢)
SN 7/ B < PUmex, (44d)
kel
T Z ¢l,m (Wm ) 17 Bl)
lekl

+O’?{HW”L||2 < Pp,meM, (44e)

(]— - T)T Z (Z(I)f,m (Wm»]-aﬁf)
meM lek

< PR ,max

sum

+ o*%llen?) (44f)

In contrast to the power constraints (19e) and (19f), which are
convex, the last constraints (44e) and (44f) are no longer convex
due to the presence of the new time fraction variable 7, which
also makes the objective function in (44a) much more complex
compared to that in (19a). To address (44) properly we now pro-
vide a new variable transformation to transform (19e) and (19f)
to convex constraints, preserving the convexity of constraints
(44b)—(44d) and even making the objective function in (44a)
more computationally tractable, for which we will provide a
new bounding technique. To this end, recalling the definition
(17), rewrite (44d)—(44f) by

> 1/VBe < PG /r

kel

Wmalaﬂf) +0—%2‘|Wm||2 S PR/T7 m e Mv

Z(I)Z,m(

lek

> (Low

ms 1756) + (712?,||Wm||2>
meM \lek

< PR max (1

sum - T)T'

Introduce the new variables ¢; > 0 and ¢y > 0 to express 1/ 72
and 1/(1 — 7), which satisfy the convex constraint

1Vt + 1/t < 1. (45)
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Then, (44) is equivalent to
max @(WaaaﬂatQ) é
W oeeN XN ¢ty
aERiK B e’RiK
,—IP;I.I.I,K(l/tQ) [ln (1 + |['k,a(k)(W)|2/ Olkﬁu(k))
+In (1 + Loy s (W)P/ ﬂk)} (46a)
s.t. Z Ui (W, o, Be) + 05 L (W, o)
Lek\{k,a(k)}
+oi/T\ar <1, (46b)
B > 1/(Pyg)*. k € K, (46c)
> 1B < PUR™VE,  (46d)
kek
Z(I)({,m (Wm»]-aﬂ({) +012?||Wm||2 S pR\/tTa (466)
lek
m e M,
\/— Z (Z(me m71 ﬁ€)+UR|Wm|2>
meM \leK
< ty PRmax o (46f)

where all constraints (46b)—(46f) are convex. Therefore, the next
step is to approximate the objective function in (46a).

Suppose (WW,a(”>,,8(”),t§'{'),té“)) is a feasible point for
(46) found at the (x — 1)th iteration. Applying (58) in the
appendix for

T = 1/|Ek,a(k) (W)|27y -

and
T =1/|Lpq

oWy = Ja B 1= 157

and using inequality (23) yields

(1/t2)In (1|£k,a(k)(W)|2/ ak:@;(@) >
Fgcl,{zi(k)(w7akw6a(k)7t2) 47

over the trust region (21), for

iy = Lra W2\l 810

) >0,

A = @) (1427,
) = x,ﬁ 5:3(1@) + 1)t >0,

k,a(k) -ﬁa(k')/(x

eﬁfﬁl(m = (1/t§"°))2 In (1 + x,(:g(k)) >0,
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Algorithm 3: Path-Following Algorithm for TF-Wise HD
TWR Exchange Throughput Optimization.

initialization: Set x = 0. Initialize a feasible point
WO a0 30 tg[)) , t<20> )) for the convex constraints
(46b)—(46f) and Ry = o(W(©) a0 BO) 1{0)).
repeat
° R() = Rl.
e Solve the convex optimization problem (49) to obtain
the solution (W(+1) qlrt+1) gls+l) t(wl) t(;“)).
e Update R; = @(W<”+1>,a(”+1),ﬂ(”+1)7t;'”l)).
e Reset k — v + 1.
until mR;ﬂR“ < ¢ for given tolerance € > 0.

and

: k)(Wv ak‘vﬁa(k:)th) =

(k) (k)
lea(k) + dk}.ta(k) [2

|£k,(1(k) (W(N))P
2R{ Ly a(k) W) (L, a(r) (WE))} —

|£k,a(k:) (W(H))‘Q

ot/ a,i%ﬁ:‘z)] — et (48)
By Algorithm 3 we propose a path-following procedure for
computing (46), which solves the following convex optimization
problem at the xth iteration to generate the next feasible point
(W(KJrl),a(HJrl)"B(erl),tg"l""l),téﬁ""l)):

[Gk a(k) (W akvﬁa tlatQ)

max min
W .a. k=1,...
B.ty.ty

+G(<1,Z/>c)‘k(W’ Qg (k) ﬁk ) 3] ) t2>:|

s.t.  (45), (46b), (46c), (46d), (46e), (46f), (21).  (49)

Analogously to Algorithm 1, the sequence {(W %), a(®) B(%)
(k) 4(r)
) ¢

,t5"))} generated by Algorithm 3 converges at least to a
locally optimal solution of (46).

B. TF-Wise HD TWR Energy-Efficiency Maximization

Similarly to (46), problem (43) of TF-wise HD TWR energy
efficiency can be equivalently expressed as

W,gl,i}fa,ﬂ OW,B,ts) (50a)
st (46b), (46c), (46d), (46¢), (46f), (50b)
In (1 + | Lpay W)/ Oékﬁa(k))
+1In (1 + [ Loy W)/ ka)ﬁk) > tory,
k=1.... K (500
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where
K
A |£k a(k)(W)|2
ow, = e

+1In (1 £

with the consumed power function 7 (8, W

Tr(:BaWatl) é

1 1
¢ ——t |1 - —= D, (W
L;C VBt ( \/E) ,,g/, (;« !

+012?,||Wm||2/\/a>

>] [tam(B, W, 1)

) defined by

m717ﬁé‘)

+ MP®R 4 2KPY. (51)

Using the inequalities

(I)Zm (Wm ) 17 ﬂ/)/\/a >

(I)[,m( m 7 7ﬂ[ /\/7
+2(WYNY by B W, W W\/W

_(I)Zﬁm( m7 aﬁg )(t —t )/2( )3/2

12208 (82

_(65 - ﬁlg,q)”hf ngrlZ

and
Wl _ (Wi |2 W(R)
H tlH > H (n)H —|—2 Wm Wnl;
1 ty tl
W/j) 2 K
— w(tl — ")
(t")?

which follow from the convexity of functions defined in (17),
one can obtain

(ﬂaW t1)<7T (IBaW tl) (52)
where
7T(M)(ﬁ7watl) £
1
¢ [z Ly (z By W0 1,60)
rer VBt =\ TR
m” ) (I)ém m 7176( )
+cr%3 Z Z
meM Lelk tg ~)
nglf) Hh ’VTLhH
+2<( ) hemhin W, — W >
ﬁ((n)tgﬁ)

B (I)E,m (ng) 3 17 ﬁ[K))
2

(t — 1)
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||hg “)\P (%)
(5( - ﬁg ’ )
21/ 3/2
w2 W<
- Z 0-12% <|| (n) || +2< W”L Wm >
meM tl tl

(k)2
fw(tl t“”)) + MP® +2KPY,
(112

which is a convex function.

Suppose that (W) al%) B#), t(f) , t(;')) is a feasible point
for (50) found from the (x — 1)th iteration. Applying inequality
(61) in the appendix for

@ =1/|Ly a0 W),y = W

and

and using inequality (23) yield

In (14 |Lg gy W)/ /0 Bar )

tzﬂ(ﬂ,w t1)

F o (W ar, B, ) (53)
over the trust region (21) for
T = |£k,a<k><w<“>>\2/ a2“>@5*‘2>>
) =3 [1n(1 + i) )} /il
(k) _ (k) (k) () 1(r
Uatk)y = Trary/ @p oy T D2 t") >0,
T}iﬁi(k:) = {hl(l +$1(:«2(k))} /(tgn))Qt(K') > 0,
S = {m(l +x§;jj(k))} SO S0, (54)
and
) a (k) (k)
k)(Waak7ﬂat2) 2 Drea(k) + k. a(k) [2_
“Ck,a(k) (W<h>)|2
2R{ Lo, () W) (Lia () W)} = [La iy (W) 2
B/ aff)ﬁifff»] 7
— sy T (B W 1), (55)

By Algorithm 4 we propose a path-following procedure for
computing (50), which solves the following convex optimization
problem at the «th iteration to generate the next feasible point
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Algorithm 4: Path-Following Algorithm for TF-Wise HD
TWR Energy-Efficiency Optimization.

initialization: Set ~ = 0. Initialize a feasible point
WO a0 B30 t§°> , t(QO) )) for the convex constraints
(50a)~(50c) and e; = O(W©) () BO) 7).
repeat
®cy)y — €.
e Solve the convex optimization problem (56) to obtain
the solution (W (*+1) q(s+1) glst1) tg”H) , té’”l)).
e Update e; = @(W““ﬁa“*”,ﬂ“*”,téml)).
e Reset k — K + 1.
until % < ¢ for given tolerance € > 0.

(W(K+l)7a(n+1),ﬂ(/{+l)’t(1’$+1) t(”“)):

» Y2
K
()
max F
W ti.ts [ k,a(k
a.p k=1

)(ankugvt?)

=)
+F, )1 (W 0

(46f), (21),
féZ)(k)(W, ar, Ba(ry) + f,i?k),),k (W, aquy, Br) > tars,
k=1

k)7ﬂ7 t2)] (563-)

st (45), (46b) — (56b)

, K, (56c)

) are defined from (20).

Analogously to Algorithm 1, the sequence {(W
B tgﬁ),téﬁ'))} generated by Algorithm 4 converges at least

to a locally optimal solution of (50).
An initial feasible point (W (%), (0 B(0) t(10> , tém) for ini-

tializing Algorithm 4 can be found by using Algorithm 3 for
computing (46), which terminates upon

; [m (1 + | Lgar) W)/ akﬁa<k>)

where fk

(%), "),

10 (14 | Lagey 1 W)/ 8] /=1 67

to satisfy (50a)—(50c).

IV. NUMERICAL RESULTS

In this section, simulation results are presented to demon-
strate the advantage of the TF-wise HD TWR consid-
ered in Section III over FD-based TWR considered in
Section II and HD TWR considered in [13]. The channel hy ,,
from UE / to relay m and the channel g, ; from relay m to
UE k are assumed to be Rayleigh fading, which are modelled
by independent circularly-symmetric complex Gaussian ran-
dom variables with zero means and unit variances. The power
of the background noises np ,, at relay m and n; at UE £k are
normalized to 0% = o} = 1. The tolerance for Algorithms 1-4
is set as € = 10~*. Each point of the numerical results is the
average of 1,000 random channel realizations. Other settings
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TABLE I
MINIMUM PAIR EXCHANGE THROUGHPUT BY TF-WISE TWR FOR 7 = 1/2

(K, M,Ng) | (2,1,8) | (2,2,4) | (2,4,2) | 3,1,8) | (3,2,4) | (3,4,2)
miny, Ry, 6.29 6.11 5.78 5.66 5.38 478
TABLE II

AVERAGE NUMBER OF ITERATIONS FOR COMPUTING (14) BY ALGORITHM 1 WITH K = 2

o
T
!

©
T

FD (MN,)=(1,8) o—— FD (MN_)=(2.4) -B— FD (MN_)=(4.2)
| |-%= = HD (M,N)=(1,8) D= = HD (MN_)=(24) 4= =HD (MN_)=(4.2)
- = —TF(MN=(1,8) Q= = TF (MN)=(24) <= = TF (MN)=(4.2)

Min pair throughput among user pairs (bps/Hz)

Fig. 3.

Minimum pair exchange throughput versus ag ; with K = 2.

are: PU,max — KPU,maX and PR.max — MPA’maX/2, where

sum sum

PpUmax and plimax are fixed at 10 dBW and 15 dBW; the drain
efficiency of power amplifier 1/ is 40%; the circuit powers of
each antenna at the relay and UE are 0.97 dBW and —13 dBW.
In the algorithms’ implementation, the convex solver CVX [28]
is used to solve convex optimization problems. Also, the per-
formance graphs are plotted against the self-interference atten-
uation level 0% as the latter is the most decisive parameter in
FD technologies.

The scenarios of K € {2,3} pairs and (M, Ngp) € {(1,8),
(2,4), (4,2)} are simulated.

A. Maximin Information Exchange Throughput Optimization

To confirm the negative effect of the FD SI attenuation level
osr, Figs. 3 and 4 plot the achievable minimum pair exchange
throughput versus SI 0%, with K € {2, 3}. For small values of
o that put FD ST at the level of the background noise, the min-
imum pair exchange throughput achieved by FD-based TWR
still enjoys the gain offered by FD as is better than that obtained
by HD TWR. However, FD cannot offset for larger values of
ogr that make FD SI larger than the background noise, so the
former becomes worse than the latter. In contrast, the minimum

Ué[ (dB) -150 -140 -130 -120 -110
(K, M,Np) = (2,1,8) | 13.02 | 1436 | 13.24 | 15.60 | 18.83
(K,M,Ng) = (2,2,4) | 18.16 | 17.92 | 16.80 | 17.06 | 19.53
(K, M, Np) = (2,4,2) | 2325 | 18.03 | 21.00 | 1957 | 21.61
12<;::::::(‘>::::::z‘)::::::‘Q::::::$ ”<;::::::&:::::%::::::é::::::
<Gt ----- <t+----- q------ q4------ 10
" I S----- <+----- <4------ q------ <

FD (MN_)=(1,8) o—— FD (MN,)=(2.4) -B— FD (MN_)=(4.2)
7 = = HD (MN,)=(1.8) 4€O= = HD (M.N_)=(2,4) 4= = HD (MN_)=(4.2)
b = = TF(MN)=(18) O = TF MNL)=(24) (= = TF (MN)=(42)

Min pair throughput among user pairs (bps/Hz)

Minimum pair exchange throughput versus ag ; with K = 3.

Fig. 4.

pair exchange throughput by TF-wise HD TWR is free of FD SI
and it is significantly better than that achieved by the other two.
Certainly, using all antennas for separated reception and trans-
mission in time fractions within the time unit is not only much
easier to implement but is much better than FD with simultane-
ous reception and transmission. It has been also shown in [29]
and [30] that separated information and energy transfer in time
fractions within unit time is more efficient and secure than the
simultaneous information and energy transfer. Table I provides
the achievable minimum pair exchange throughput attained by
TF-wise HD TWR at 7 = 0.5, where the users use half of a time
slot to send their information to the relays and the relays use the
remaining half of the time slot to send the beamformed signals
to the users. Comparing with Figs. 3 and 4 reveals that TF-
wise HD TWR under this suboptimal time-fraction allocation
still outperforms FD TWR slightly and outperforms HD TWR
essentially.

Tables II and IIT provide a computational experience in im-
plementing Algorithm 1, which converges in less than 23 and
36 iterations in all considered FD SI scenarios for solving (14)
with K = 2 and K = 3, respectively. A computational expe-
rience in implementing Algorithm 3 is provided by Table IV,
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TABLE III
AVERAGE NUMBER OF ITERATIONS FOR COMPUTING (14) BY ALGORITHM 1 WITH K = 3

oél (dB) -150 -140 -130 -120 -110
(K,M,Ngr)=(3,1,8) | 3049 | 27.81 | 30.26 | 35.76 | 26.22
(K,M,Ngr)=(3,2,4) | 24.86 | 26.02 | 26.31 | 27.05 | 31.33
(K,M,Ngr)=(3,4,2) | 36.10 | 24.85 | 3347 | 3435 | 22.96
TABLElV @ 00000 Ee ekt A - A-—-—====-
EEEEE SRR Rk g=====: 3
AVERAGE NUMBER OF ITERATIONS FOR COMPUTING (42) BY ALGORITHM 3 14 oo F----- q------ g------
Iterations K=2 =3
(M, Ng) = (1,8) | 23.55 | 22.42 21 1
(M, Ng) = (2,4) | 25.64 | 25.75 < FD (MNg)=(1,8) ——— FD (M\N)=(2.4) -B— FD (MN_)=(42)
(M,Ng) = (4,2) | 2532 | 2143 510 4= = HD (MN_)=(1,8) ©= = HD (MN_)=(24) -T= = HD (MN;)=(4.2)
S ||l = =TFMNQ=(1.8) O =TF(MN)=24) = = TF (MNg)=(42)
2
S 8t
05 —————-= E—— — —————— §
S Al St Fs | =
045 . g 6
=
wn
041 1
FD (MN,, 713) ——— FD (MN_)=(2.4) -B— FD (MN,)=(4.2)
0.35 ] i
%= = HD (M,N;)=(1,8) €O= =HD (M,N;)=(2,4) <= = HD (M\N_)=(4,2)
0.3l = = TF(MN)=(1.8) O = TF (MNp)=(24) = = TF (MN)=(42) |

Energy efficiency (bps/Hz/W)

Fig. 5.

Energy efficiency versus (7% ; With K = 2.

which shows that Algorithm 3 converges in less than 25 itera-
tions for solving (42) with K = 2 and K = 3.

B. EE Maximization

To include a comparison with HD TWR [13], the exchange
throughput threshold r, in (15) and (43) is set as the half of the
optimal value of the maximin exchange throughput optimization
problem for HD TWR that is computed by [13, Alg. 1].

Fig. 5 plots the energy efficiency attained by the three schemes
for K = 2. As expected, the two other schemes cannot compete
with FT-wise HD TWR. The corresponding sum throughput and
transmit power plotted in Figs. 6 and 7 particularly explain the
superior performance of TF-wise HD TWR. The sum through-
put achieved by TF-wise HD TWR is more than double that
achieved by FD-based TWR and HD TWR thanks to its using
more power for relay beamforming. In contrast, Fig. 7 shows
that the transmit power in FD-based TWR must be controlled
to make sure that its transmission does not too severely inter-
fere with its reception. Nevertheless, FD-based TWR always
achieves better EE than HD TWR in the considered range of

Fig. 6.

Sum thoughput versus 0%1 with K = 2.

29

g
[=1
.2
a
£ o
7]
: L
8 25 T
e
2 o4f 1
o
St 8
S
2 22 FD (MN,)=(1.8) 4—— FD (MN,)=(2.4) B— FD IMN;)=(42)|1
o1 L= = HD (MN)=(1,8) ©= = HD (MN, )=<24) - = HD (MNNc(4.2)||
— — —TF(MN_)=(18) .Q__TF(MN 4) - - TF (MNL)=(
0 i i
-150 -140 -130 -120 110
‘751 (dB)

Fig. 7. Total power versus 0'2;1 with K = 2.

0%, though the gap becomes narrower as o%;. For small 0%,
FD-based TWR achieves higher sum throughput with less trans-
mit power as compared to HD TWR. For larger 0%, the former
achieves almost the same sum throughput as the latter does but
with much less transmission power, keeping its EE higher than
the latter. Fig. 8§ for K = 3 follows a similar pattern.

Lastly, Tables V, VI and VII provide a computational ex-
perience in implementing Algorithm 2 for solving (15) and
Algorithm 4 for solving (43). Algorithm 2 needs less than
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TABLE V
AVERAGE NUMBER OF ITERATIONS FOR COMPUTING (15) BY ALGORITHM 3 WITH K = 2

o2, (dB) 150 | -140 [ -130 | -120 | -110

(K, M,Ng) = (2,1,8) | 2485 | 26.18 | 21.02 | 26.63 | 29.43

(K,M,Ng) = (2,2,4) | 2649 | 27.76 | 26.04 | 24.18 | 27.09

(K,M,Ng) = (2,4,2) | 2387 | 23.24 | 2431 | 24.65 | 22.83
TABLE VI

AVERAGE NUMBER OF ITERATIONS FOR SOLVING (15) BY ALGORITHM 3 WITH K = 3

0%, (dB) -150 | -140 | -130 | -120 | -110
(K,M,Ng) = (3,1,8) | 29.40 | 28.59 | 30.42 | 37.31 | 40.46
(K,M,Ng) = (3,2,4) | 2781 | 28.17 | 30.65 | 32.45 | 31.19
(K,M,Ng) = (3,4,2) | 3175 | 2444 | 26.13 | 2537 | 30.38

06f == === = = = = = = = o= === === = ===
----- FIIiIIgeIoIzgEsaias

0.55
ost----- <+----- S R

0.45 .

FD (MNp)=(1.8) &—— FD (MN_)=(24) -B— FD (MN_)=(4.2)

0.4

)

[l%= = HD (MN_)=(1,8) O= = HD (MN_)=(2.4) 4= = HD (MN;)=(4.2)||
He = = TF MNQ)=(1.8) <O = TF (MNg)=(2:4) = = TF (MN.)=(42)

Energy efficiency (bps/Hz/W)

Fig. 8.

Energy efficiency versus Ug ; with K = 3.

TABLE VII
AVERAGE NUMBER OF ITERATIONS FOR COMPUTING (43) BY ALGORITHM 4

Iterations K=2 K=3
(M,Nr) =(1,8) | 20.25 | 19.38
(M,Nr) =(1,8) | 21.51 | 21.19
(M,Nr) =(1,8) | 23.13 | 24.08

29 and 40 iterations on average for K = 2 and K = 3, while
Algorithm 4 need less than 23 and 24 iterations.

V. CONCLUSION

This paper has considered two possible approaches for mul-
tiple pairs of users to exchange information via multiple re-
lays within one time slot. The first approach is based on
full-duplexing at the users and relays, while the second ap-
proach is based on separated time-fraction-wise half-duplexing
signal transmission and reception by the users and relays.
It is much easier to implement the second approach than
the first approach. In order to compare their capability, we
have considered two fundamental problems of joint design of
UE power allocation and relay beamforming to optimize the
spectral efficiency and energy efficiency. Path-following op-

timization algorithms have been devised for their computa-
tion. Simulation results have confirmed their rapid convergence.
TF-wise HD TWR has been shown to easily outperform FD-
based TWR and HD TWR. The throughput of a network is not
only dependent on the bandwidth but is also dependent on the
transmit power and interference and noise. Certainly, one does
not need to double bandwidth to achieve the same throughput
within a half time slot, but one needs to manage the transmit
power and interference, as our proposed TF-based approach
particularly shows. Additionally, the TF-based approach could
exploit more the relay’s diversity as it enables the use of all relay
antennas for receiving and transmitting signals, which signifi-
cantly helps to improve the network throughput.

APPENDIX

Let RY £ {(21,...,25): 2, >0, i=1,2,...,N} and
R, £ (0,+00). In [31], it was proved that the function
Y(z,y,t) = (In(1 4+ 1/zy))/t is convex on R? . Therefore [32]

In(1+1/zy)

; =(x,y,t)
> Y(Z,7,1)

+ <V¢(f7?7j)v (l’,y,t) - (f,:l%i»

_ 21n(1 —|—_1/:cy) n 771 (s i _g
t (zy + 1)t T g
In(1+1/zy)

V(z,y,t) € R}, (2,7,) € R]. (58)
The right-hand-side (RHS) of (58) agrees with the left-hand-side
(LHS) at (7,7, 7).

Particularly,
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Lemma 1: If a function f(x,t) is convex in x and ¢ € R
and also is decreasing in ¢, then the function f(x, \/yZ) is convex
inxand (y,z) € R?%.

Proof: Since ,/yz is a concave function, it is true that

V(ay + Bye)(ar21 + asz) > ai/yizs + aoy/1az

VOZ{ 2070‘1 + :]-ayl Zoazi 20712172

Therefore

flarx; + aoxa, /(a1ys + aaya) (21 + an2e)
< flanxy + coXo, a1\/y121 + a2\/y222)
< ay f(x1,Vy121) + o f(X2,\/)222),

showing the convexity of f(x, /yz).
Lemma 2: The Function f(x,y,t) =
convex on R .
Proof: One has

(In(1 + 1/ay))/t* is

2
Vi f(@,y,t)
2wy+1 1 2
2?2 (zy+1)2t2  (zy+1)%¢t2 t3(zy+1)x
1 2zy+1 9
(zy+1)2¢2  y?(zy+1)%¢t? t3 (zy+1)y
2 2 6In(1+1/zy)
t3 (zy+1)z t3 (zy+1)y t1

1Y

(@*y? (zy + 1)°t") !
(2zy + 1)y*t? 2?12 2t (zy + 1)zy?
(2zy + 1)2%t* 2t(xy + )2’y |, (60)
2t(zy + V)zy? 2t(zy + 1)2?y 6(xy + 1)z%y?

x2y2t2

because In(1+1/¢t) >1/(t+1) V t>0 [3], Lemma 1].
Here A = B for real symmetric matrices A and B means that
A — B is positive definite.

Then, calculating the subdeterminants of the matrix on the
RHS of (60) yields

(2zy + 1)y*t? > 0,

1,2 y2 t2

(2zy + 1)x2t?

(2zy + 1)y?t?

.’BQ yZ t2

22yt (32%y? + 4oy + 1) > 0,
and

(2zy + 1)yt x2y2t? 2t(zy + 1)zy?
2y 12 (2xy + 1)2?t? 2t(xy + D)aly | =
2t(zy + 1)zy? 2t(zy + )22y 6(xy + 1)2?y?

12(zy + 1)22°y°t* > 0.
Therefore the matrix on the RHS of (60) is positive definite,
implying that the Hessian V2 f(x,y, ) is positive definite too,
which is a necessary and sufficient condition for the convexity
of f [32]. |
By applying Lemmas 1 and 2, the function ¢(x,y, z,t) =
(In(1+ 1/zy))/zt is convex on R?. Therefore, for all
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(z,y,2,t) € RY, and (7,7, z,1) € R, itis true that [32]
In(1+ l/xy)

Y

w(m Y, 2, t)
Y(, 75+<V1¢J($y,zf)(rﬂy,zt) (Z,7,2,1))

3ln(l +1/zy) < T y)
zZt (zg+1)z x Y
~In (1+1/$y) In 1—|—1/xy)
2 a TR
(61)
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