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Applying parabolic Peterson: affine algebras and
the quantum cohomology of the Grassmannian

JONATHAN COOKMEYER AND ELIZABETH MILICEVICH

The Peterson isomorphism relates the homology of the affine Grass-
mannian to the quantum cohomology of any flag variety. In the
case of a partial flag, Peterson’s map is only a surjection, and one
needs to quotient by a suitable ideal on the affine side to map iso-
morphically onto the quantum cohomology. We provide a detailed
exposition of this parabolic Peterson isomorphism in the case of
the Grassmannian of m-planes in complex n-space, including an
explicit recipe for doing quantum Schubert calculus in terms of the
appropriate subset of non-commutative k-Schur functions. As an
application, we recast Postnikov’s affine approach to the quantum
cohomology of the Grassmannian as a consequence of parabolic Pe-
terson by showing that the affine nilTemperley-Lieb algebra arises
naturally when forming the requisite quotient of the homology of
the affine Grassmannian.
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1. Introduction

The theory of quantum cohomology was developed in the early 1990s by
physicists working in the field of superstring theory, who were able to pro-
vide a partial answer to the Clemens conjecture counting the number of
rational curves of a given degree on a general quintic threefold. A mathe-
matical formulation of quantum cohomology pioneered by Givental formally
proved the answer proposed by the physicists [Giv96], and simultaneously
introduced the Gromov-Witten invariants in joint work with Kim [GK95].
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The (small) quantum cohomology ring is a deformation of the classical co-
homology by a sequence of quantum parameters ¢, and the Schubert basis
elements then form a Z|[g|-basis for the quantum cohomology. The theory of
quantum Schubert calculus seeks non-recursive, positive combinatorial for-
mulas for expressing the quantum product of two Schubert classes in terms
of the Schubert basis.

The Grassmannian has emerged as a favorite test case among all ho-
mogeneous spaces for carrying out the quantum Schubert calculus program.
In the type A Grassmannian Gr(m,n), the Schubert classes are indexed by
the elements of S, /(Sy, X Sp—m), or equivalently by Young diagrams fitting
inside an m x (n — m) rectangle. The product of two quantum Schubert
classes in QH*(Gr(m,n)) is a Z>o[q]-linear combination of the Schubert ba-
sis elements, and the associated quantum Littlewood-Richardson coefficients
count the number of puzzles corresponding to a certain 2-step flag variety,
as proved by Buch, Kresch, Purbhoo, and Tamvakis in [BKPT16].

In a series of lectures delivered at MIT in the late 1990s, Peterson de-
veloped a deep connection between the equivariant quantum cohomology
of any partial flag variety G/P and the equivariant homology of the affine
Grassmannian Grg [Pet96]. This result, later proved by Lam and Shimozono
[LS10], says that there is a surjective homomorphism of Hopf algebras

H{ (Gr) — QH7(G/P),

up to localization. In the case of the complete flag variety G/B, the map
above is in fact an isomorphism, and otherwise, one needs to mod out
by a suitable ideal Jp on the affine side in order to map injectively onto
the smaller ring QH7(G/P). Peterson’s isomorphism also admits a non-
equivariant shadow, and it is one goal of this paper to provide a detailed
account of the parabolic Peterson isomorphism for the type A Grassman-
nian, which says that after a suitable localization,

H.(Grsr,)/Jp = QH*(Gr(m,n)).

In the type A setting, the Schubert classes in the homology of the affine
Grassmannian were shown by Lam to be represented by the k-Schur func-
tions of Lapointe and Morse [LMO05]. The approach in [Lam08] proves that
the non-commutative k-Schur functions defined in [Lam06] span the affine
Fomin-Stanley subalgebra B of the nilHecke ring of Kostant and Kumar
[KK86], and in turn that H.(Grsr,) = B. The non-commutative k-Schur
functions are indexed by minimal length elements in the quotient of the
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affine symmetric group S, /Sp. Any such w € S, /Sp, corresponds bijectively
to a k-bounded partition A\(w) having first part no larger than k = n — 1.
The fundamental goal of affine Schubert calculus is to combinatorially de-
scribe the multiplication of two affine Schubert classes, as modeled by the

(k)

non-commutative k-Schur functions s A(w) OF some other variation; see the

book [LLM™14] for a comprehensive survey.
1.1. Statement of the main results

The first part of this paper is devoted to explaining how to perform calcula-
tions in QH*(Gr(m,n)) using the parabolic Peterson isomorphism, which we
suitably rephrase in Theorem 1.1 for this purpose. The following statement
combines Propositions 3.5 and 3.9 with Theorem 3.11.

Theorem 1.1. Let P be the maximal parabolic subgroup such that SL,(C)/P
= Gr(m,n), and let v be any minimal length coset representative in Sy, /(S X
Spn—m). The Peterson isomorphism gives a correspondence between (repre-
sentatives of) mon-commutative k-Schur functions and quantum Schubert
classes:

Up o (Ha(Grse,)/ )y ny) ] — QH*(Gr(m,n))[g ™"

(1)
_(k _
Sg\(lur) — q o,
where
(2) U = Sm,m+1,....n—1,m—1,...,1,0

is an element of the affine symmetric group S, whose corresponding k-
bounded partition A(u) is a hook shape. Here, r is any positive integer such
that vu” is a minimal length coset representative in Sn/Sn Moreover, if
w € S’n/Sn supports a braid relation, then SE\]&) € Jp so that 5&120) = 0.

We illustrate the ideal Jp corresponding to Gr(1,3) in Figure 1. See Section
2 for the definitions of all terms appearing in the statement of Theorem 1.1,
the proof of which is found in Section 3.

Our primary motivation in proving Theorem 1.1 is not simply to re-
produce formulas for quantum Schubert products in QH*(Gr(m,n)). We
further aim to demonstrate that certain existing results about the quantum
cohomology of the Grassmannian which were discovered independently can
be reinterpreted as corollaries of the parabolic Peterson isomorphism. To
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Figure 1: The elements of Jp for the parabolic P corresponding to Gr(1,3)
are colored blue. The minimal length coset representatives which do not lie
in Jp are colored pink.

provide a concrete example, our primary application in Theorem 1.2 recasts
Postnikov’s affine approach to quantum Schubert calculus from [Pos05] as a
consequence of Theorem 1.1.

In [Pos05], Postnikov proves that a localized subalgebra of the affine
nilTemperley-Lieb algebra generated by the elements €' and fl,’? is isomor-
phic to the localization QH*(Gr(m,n))[q~1]. Moreover, under this isomor-
phism, the generators e;' and fl? map to the Schubert classes o(;-) and o),
respectively. In Section 4, we prove that Postnikov’s isomorphism is the com-
position of the parabolic Peterson isomorphism in Theorem 1.1, followed by
two duality isomorphisms. The following result combines Theorems 4.7 and
4.9 with Corollary 4.10.

Theorem 1.2. Let P be the mazimal parabolic subgroup such that SL,(C)/P
= Gr(m,n). The subalgebra X of the localized affine nil-Templerley-Lieb al-

gebra nm generated by €' and/or fl? s isomorphic to the quotient of the
affine Fomin-Stanley algebra B appearing in Theorem 1.1:

(3) X (Ho(Grse,) [ Te)[S50) 1] — X,
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and the isomorphism x is induced by the natural projection B — X killing
any element which supports a braid relation.

Let T be the transpose map and ¢ the strange duality involution reviewed
in Theorem 4.4. The following composition is also an isomorphism and maps
the generators as follows:

ToLoWp: (Hu(Grsw,)/Ip)[(Sy) "] — QH*(Gr(n—m,n))[g™"]

(4) & > o(1r)

h, — O(r)-

Therefore, if P' is the maximal parabolic subgroup such that SL,(C)/P" =
Gr(n — m,n), then Postnikov’s isomorphism is in fact the composition of
these isomorphisms

(5) ToroWp oy : X — QH (Gr(m,n))g" ],
providing an independent proof of Theorem 4.3 from [Pos05].

1.2. Directions for future work

We provide several examples of results concerning QH*(Gr(m,n)) which
would be interesting to understand through the Peterson lens, and for which
we expect that the machinery developed in this paper might be especially
useful. In [Pos05], Postnikov argues that the affine nilTemperley-Lieb algebra
is a Grassmannian analog of Fomin-Kirillov’s quadratic algebra from [FK99],
in which the Dunkl elements encode the multiplication in QH*(SL,(C)/B).
Reverse engineering the analog of the subalgebra of the affine nilTemperley-
Lieb algebra considered in Theorem 1.2 is thus a likely first step toward
extending Fomin and Kirillov’s approach to other partial flags.

Lee has proved that cylindric skew Schur functions are cylindric Schur
positive, and that these expansions contain all Gromov-Witten invariants,
using a result of Lam from [LamO06] that the cylindric skew Schur functions
are precisely those affine Stanley symmetric functions which are indexed
by permutations which do not support braid relations [Leel7]. It would be
interesting to further explore these connections between the cylindric Schur
functions of Postnikov and the affine Stanley symmetric functions indexed
by 321-avoiding affine permutations, perhaps using the crystal structure
developed by Morse and Schilling [MS16].
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2. Background on Schubert calculus

The majority of the material reviewed here is discussed in more detail in
the book [LLM™14], which presents a comprehensive exposition based on
the original papers. For a more leisurely treatment of this background, we
invite the reader to consult the version of this paper available on the arXiv.

2.1. Quantum cohomology of the Grassmannian

Throughout the paper, we fix an n € N and define kK = n — 1. The Grass-
mannian of m-planes in C" is the set Gr(m,n) of all m-dimensional sub-
spaces of C". The quantum cohomology of the Grassmannian is a ring
QH*(Gr(m,n)) which admits a Z[q]-basis of Schubert classes indexed by
the elements of S, /(S X Sp—m)-

Every element w € S,, can be written as a product w = s;, - - - s;,, where
s; is the simple transposition exchanging j and j+ 1 in [n] = {1,2,...,n}.
When the product w = s;, ---s; uses the minimum possible number of
generators, we call this a reduced expression for w and define the length
of w to be ¢(w) = r. We often abbreviate w = s;, -+ 8; as W = $;,iy.i, -

As permutations in one-line notation recording only the image of [n]
under the bijection w, minimal length coset representatives of S, /(Sy, X
Sp—m) have the form [a1 ag -+ @ | Gmt1 -+ ap] With a unique (possible)
descent a,,+1 > a,,. To each such permutation, we can associate a 01-word,
by recording whether each element of [n] is in the right or left batch in the
one-line notation. Equivalently, this 01-word traces out a Young diagram
which fits inside an m x (n — m) rectangle by starting in the bottom left
corner and taking a right step for each 0 and an upward step for each 1. A
Young diagram is often recorded as a partition which lists the number of
left-justified boxes in each row of the diagram. We denote by Py, the set of
all such Young diagrams or partitions.

Example 2.1. We illustrate the reduced expression, the one-line notation,
the 01-word, the Young diagram, and the partition for a minimal length
coset representative in Sg /(S5 x S4):

S$124354765 — [23568[1479] «— 011011010
|

— —  (3,2,2,1,1).
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2.2. Homology of the affine Grassmannian

Let F' = C((t)) be the field of Laurent series with complex coefficients, and
let © = C[[t]] be the ring of integers in F. The type A affine Grass-
mannian is defined to be Gr = SL,(F)/SL,(O), and this space admits
a decomposition into affine Schubert cells indexed by minimal length coset
representatives in the quotient of the affine symmetric group S,, by the sym-
metric group S,,. As in the non-affine case, the (co)homology classes of the
affine Schubert varieties form a Z-basis for the (co)homology of the affine
Grassmannian.

The affine symmetric group is obtained from S,, by adding a single
additional generator sy which satisfies the following relations with the simple
transpositions of Sj,:

5? =1
(6) 5i8; = 5;5; < (i—j)modn & {—1,1}

SiSi+18; = Si+15iSi+1 for all ¢ with indices modulo n.

Denote by SO the set of minimal length coset representatives in S, /S,. As
in the non-affine context, there are also several combinatorial indexing sets
for the affine Schubert cells. The k-bounded partitions are all Young dia-
grams with width less than k. Any box in a Young digram has an associated
hook, consisting of all boxes to the right and below the given box, including
the box itself. A hook containing n boxes corresponds to an n-rim hook,
consisting of the n contiguous boxes running along the border of the diagram
which connect the top and bottom most boxes of the n-hook. The n-cores
are all Young diagrams with no removable n-rim hook.

There are bijections between the elements of S, the k-bounded parti-
tions, and the n-cores. We review these bijections via example, referring the
reader to Section 1.2 of [LLMT14] for the details.

Example 2.2. Let n = 4 so that £k = 3, and let A = (2,1, 1) be a 3-bounded
partition. Since the top left box has a hook length of four, slide the top row
to the right until there are no hook lengths of four or more to obtain the
corresponding 4-core p = (3,1, 1). Now, removing boxes:

012} 0f1]2 - I1 2. [0]1 2 012
3/0 1+ 82 [3]0 1 828 O 1+ 828183 3 0 1--- 82818350, 3 0 1
N4 — o U U T

2] 230-. 230-. 230 230

30

The 4-core p = (3,1,1) thus corresponds to s2515350 € 5’2
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Let c(\) denote the n-core corresponding to a k-bounded partition A,
and define the k-conjugate of A\ to be the k-bounded partition \“* =

c_l[(c(/\))T].NNote that k-conjugation maps the reduced expression w =
o I
12yeeeyly i

The ring of symmetric functions A C Z[x1,x2,...] is generated by the

Sy, 0 E 52 to w' = 8§l if,...,ir,0 Where 4 n—i; forall1 <j <.

homogeneous symmetric functions

(7) h”r = Z Xj 1 Ljy *** Tj,.+

0<iy <ip<--<i,

Following [LMO07], we consider the ring A®¥) = Z[hy, ..., hi], which has a
basis given by the k-Schur functions, denoted sg\k). We define the k-Schur
functions recursively via the weak Pieri rule.

Theorem 2.3 (Weak Pieri rule, Section 2.2 [LLM™*14]). Let \ be a k-
bounded partition, and fix an integer 1 < r < k. Then

(8) B s =3 s

where the sum is over all k-bounded partitions v satisfying two conditions:
v is obtained from A\ by adding exactly r boxes, no two of which were added
i the same column, and v** is obtained from \“* by adding exactly r bozes,
no two of which were added to the same row.

To begin the recursion, first note that ng)) = h, for all » < k. Then
use the following lemma, the inductive proof for which is a straightforward
generalization of Example 2.11 in [LLM™14].

Lemma 2.4 (Section 2.2 [LLMT14]). Let A = (A1,...,\p) be a k-bounded
partition. Then,

'fl—].—)\l
k k
(9) S = hay s Y by | Y st
=1

J

for some finite number of k-bounded partitions p;; and constants c;; € Z.

The homology of the affine Grassmannian is isomorphic to a subalge-
bra of the affine nilCoxeter algebra, in which the affine Schubert classes
correspond to the non-commutative k-Schur functions.
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Definition 2.5. The affine nilCoxeter algebra (A,)o is generated by 1
and A; for i € {0,1,...,n — 1} satisfying the following relations:

A7 =0
(10) AZA] = A]Az <~ (’L — j) modn € {—1, 1}
AiAi+1Ai = Ai+1AZ’Ai+1 for all ¢+ with indices modulo n.

More generally, we write Ay = Ay, Aw, -+ Aw, Where w = sy, -+ 8y, is a

reduced expression, or equivalently w = (wy, ..., w,) is a word, for w € S,,.

Definition 2.6. Let A be an algebra with generators ug, u1, ..., u,—1 that
satisfy

(11) wiu; = uju; <= (i —j)modn ¢ {—1,1},

with indices taken modulo n. Let I = {iy,...,i,} € Z/nZ be any proper
subset. Define the cyclically increasing (resp. cyclically decreasing)
element of A corresponding to I, denoted u; (resp. u}), to be the unique
element satisfying uy = w;, wi, - - - w;, (vesp. u} = u; w;, - - - ;) if and only if
iq = iy + 1 implies @ > b (resp. b > a).

This notion of cyclically increasing and decreasing elements in (A,f)g

permits a generalization of the notion of the homogeneous and elementary
symmetric functions in the affine nilCoxeter algebra.

Definition 2.7. For any r € {1,...,n — 1}, define the non-commutative
homogeneous and elementary symmetric functions in (A,f)o by

h, = Z A, and e,= Z Ay

w € Sy, L(w) =71 w € Sy, L(w) =1
A, is cyclically decreasing A, is cyclically increasing

By replacing each of the homogeneous symmetric functions h; with their
non-commutative counterpart h;, we obtain the non-commutative k-Schur
functions.

Definition 2.8. Let sg\k) = f(h1,..., hg) be a k-Schur function and f(x1, .., zx)
€ Z[xy, ..., z]. The non-commutative k-Schur function sg\k) € (Aaf)o is

defined to be sg\k) = f(fll, ey flk) That is, simply express sg\k) in terms of h;,

and then replace h; by h;.

Proposition 2.9 (Proposition 8.8, Theorem 8.9 [LLM*14]). The subalgebra

B C (Agf)o generated by hy,..., hn_q is isomorphic to the subalgebra A®) of
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(k)

symmetric functions. Further, the non-commutative k-Schur functions sy
form a basis of this subalgebra.

The subalgebra B defined in Proposition 2.9 is called the affine Fomin-
Stanley algebra. The affine Fomin-Stanley algebra has another basis, which
is often referred to as the j-basis.

Theorem 2.10 (Theorem 8.2 [LLMT14]). There is a basis {70 | w € SO}
for B which is uniquely defined by the following property

(12} .72; = Aw + Z C&Ava

for some constants cy, € Z, and j,, s the unique j-basis element containing
the term A,.

The j-basis is the one which Peterson identifies with the Schubert basis
for H,(Gr), and Lam then proves in [Lam08] that the j-basis and the basis
of non-commutative k-Schurs coincide.

Theorem 2.11 (Theorems 7.1 and 7.4 [Lam08]). For w € S9, let A(w) de-
note the k-bounded partition corresponding to w. As elements of the affine

(k)

Fomin-Stanley algebra, 70 = S\(w)* Moreover, both bases represent the Schu-
bert classes under the isomorphism H,(Gr) = B.

2.3. The parabolic Peterson isomorphism

This section aims to restate the Peterson isomorphism in the special case of
a partial flag variety. In the case of G = SL,,, the quotient G/P is a partial
flag variety, indexed by a strictly increasing sequence i = (iy,...,7,) € N".
The partial flag variety for i is the set of all r-step flags

EZ({O}CEz'lCEZ'IC"'CEZ'TCCTL),

where dim Fj;, = i;. It is occasionally useful for the flag vector i to indicate
the existence of the zero subspace and the whole space as part of the flag,
and so we define ¢g = 0 and i,+1 = n by convention. Each choice of r-step
flag vector i = (iy,...,4,) for some 1 < r < n corresponds to a choice of
standard parabolic subgroup P C SL,(C), and vice versa. The extreme
case of the Grassmannian with i = (m) is the primary example we study in
the next section.
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We first require some additional terminology associated to the underly-
ing root system. Since we are working in type A, the roots and coroots coin-
cide, and so we phrase everything in terms of roots. Let {é1,...,¢€,} be the
standard orthonormal basis of R™. The vectors «; = €; — €;41 are called the
simple roots for type A,,_1. The root lattice, denoted by @), is the Z-span
of the set A of simple roots. Let V' C R" be the (n — 1)-dimensional hyper-
plane of R™ in which the «; all reside. For a vector v = ¢1€1 + ... + ¢, €, € R”
and a simple generator s; € S,,, define

ooy c1€1 + -+ Ci€iy1 + Cit1€ + - + Cnéhp, i€{l,2,...,n—1}
! (Cn + 1)51 + co€o + -+ Cp_1€p_1 + (Cl — 1)5,17 1=0.

For w € Sn, choosing a reduced expression w = s;, - -+ s;, and iterating this
definition provides an action of any w € S, on any vector v € R™, which
restricts to an action of S, on V. Further restricting this action to one of
Sy, on the simple roots A C V defines the set of all (finite) roots

(13) R:{w-ai|w€Sn,ai€A}:{€i—€j|z'7éj}.

The set of positive roots is defined as R™ = {¢, — €; | i < j}. The set of
negative roots is then defined to be R~ = R\R™. There is a distinguished
root

n—1
(14) 0="> ;=& —é,
=1

which is called the highest root.

Denote by Ap = A\{ey, | 1 < j < r} the simple roots corresponding
to P. For ease of notation, we occasionally refer exclusively to the indexing
set Ip = {i € N| a; € Ap}, which is a subset of I = {1,...,n — 1}. The
parabolic subgroup P also corresponds to a subset of finite roots

(15) Rp ={€ —¢€j | iq—1 <i,j <ig for some 1 <a <r+1}.

By R; we denote the roots in Rp which are also positive, and by R, those
which are negative. The root lattice Q) p associated to the parabolic subgroup
P is the Z-span of the roots in Rp. Define np : @ — Q/Qp to be the natural
projection.

The action of the affine symmetric group on R" yields a realization of
each element in S, as an affine transformation on V. Define a hyperplane
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HOél,—l al,o HOLl,l H(Xg,l HQQ,O H(l;g,—l

Figure 2: The type Ay root lattice, affine hyperplanes, and alcoves for Ss.

in V indexed by a root o and an integer p by
(16) Hop={veV|(v,a) =p}

where (-,-) is the standard Euclidean inner product on R". The action of
s; corresponds to a reflection across the hyperplane H,, o, and acting by sq
reflects across the hyperplane Hp 1. Defining

"= |J Hap

a€R* peZ

the set V'\'H consists of disjoint convex regions called alcoves. We will single
out a particular alcove as the fundamental alcove

(17) Ao={v eV |0< (v,a)<1foral ac R},

which we can identify with the identity of the group Sp,.

Each alcove A then corresponds bijectively to the element w € S, which
maps Ap to A when we reflect Ag over the sequence of hyperplanes associated
to any reduced expression for w. Certain elements w € S, simply translate
Aoy by a vector A € Q. We denote these translation elements as t) € S,,.
This identification provides a natural embedding of the root lattice @ =
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{tx | A € Q} as a normal subgroup in S,. In fact, S, = S, x Q, and we
frequently use this decomposition to write wty € Sy, where w € S, and
A € Q. Note that the action on roots corresponds to conjugation in the
group, in the sense that t,., = wtow ™' for all @ € R and w € S,.

An element A\ € @ is called dominant if (\,«;) > 0 for all a; € A,
and we denote the set of all dominant elements by Q*. Similarly, an el-
ement A € @ is called antidominant if (A, «;) < 0 for all a; € A. The
antidominant elements of the root lattice will play a special role in the Pe-
terson isomorphism, and so we denote this set by (Q~. We refer to the set of
translations ¢y € S’n where A € Q~ as the antidominant translations.

To define the ideal with which we form a quotient in the parabolic Pe-
terson isomorphism, we require some additional terminology involving the
affine roots in the type A,_1 root system. Define the null root 6§ = ag + 6
where «q is formally added to our collection of roots R. We then define the
set of affine roots and positive/negative affine roots as:

Ry ={a+pd|ac RandpcZ}
(18) Riy={a+pi|laecRandpe Zso} URT
R :Raf\R;rf-

We occasionally denote 8 > 0 and f < 0 for § € R:f and 8 € R;f, re-
spectively. Denote the projection § — 0 on an affine root 8 = a + pd by
B =a € R. We can also extend the definition of Rp from (15) to the affine
root system:

(19) (Rp)f; = {8 € R, | f € Rp}.

We now define the level-zero action of S,, on the affine roots in R,y
by declaring that s; - = . Let the action of s; € ), on any simple root
a; € A and ag = 9 — 0 be defined by

7 if ¢ 2]
(20) sjro; =< a;+a; if (i—j)==+1modn
o otherwise.

Since this action is linear, Equation (20) determines an action s; - 3 for all
affine roots 8 € R,y which extends to all w € S,. The inversion set of a
word w € S, is defined in terms of this action of w on the positive affine
roots as follows:

(21) Inv(w) ={a € R(jf |w-a€ R}



142 Jonathan Cookmeyer and Elizabeth Mili¢evi¢

It is a standard fact that the length of the word is equal to the number of
its inversions.

In general, the homology of the affine Grassmannian H,(Gr) admits only
a surjection onto the quantum cohomology of a partial flag variety. In order
to map isomorphically onto the smaller ring QH*(SL,,(C)/P), we will need
to select certain affine Schubert classes to mod out by. The Weyl group
(Sp)p for the Levi subgroup of P is the product of the symmetric groups
generated by the simple reflections {s;, | 1 < j < r} corresponding to Ap.
The partial flag variety SL,(C)/P admits a decomposition into Schubert
cells indexed by the elements of the quotient S, /(S,)p, where we denote
the set of minimal length coset representatives by S. The Schubert classes
indexed by SZ form a Z[g; : i € I\Ip]-basis for QH*(SL,(C)/P).

Definition 2.12. Define an ideal in H,(Gr) by
(22) Jp= Y Lj,

weSH\SE
where

(23) Sy ={we S, |w-p Ry, forall § € (Rp)S}.

The following lemma permits a factorization of every element in S, into
a product, the first component of which lies in this distinguished subgroup
SP the second of which lies in the subgroup

(24) (gn)p = {’Ub\ S gn | ANEQRp, vE (Sn)p}.

Lemma 2.13 (Lemma 10.6 [LS10]). For all w € Sy, there is a unique
factorization w = wiwe where wy € Sf and we € (Sy)p-

Use Lemma 2.13 to define a projection onto the first factor
(25) mp: S, — SP by  7wp(w) =w;.

Theorem 2.14 (Parabolic Peterson Isomorphism [Pet96], [LS10]). Let v €
SPand suppose that vrp(ty) € SO. Then there is a Z-algebra isomorphism

n’

Up : (Ho(Gr)/Tp) (Gapen) | 1€ Q7] — QH*(SLy(C)/P)[g;* | i € I\Ip]

=0 A
j’l}?Tp(t)\) = q"YP( )Uva

where 32] denotes the image of 70 in the quotient H,(Gr)/Jp.
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Here, writing v = ) .. NIy Gt € Q/Qp, the corresponding quantum pa-
rameter is ¢¥ = Hiel\lp g

3. The parabolic Peterson isomorphism for the
Grassmannian

This section presents an effective means for using the parabolic Peterson iso-
morphism to do quantum Schubert calculus in the Grassmannian Gr(m,n).
The special case of the parabolic Peterson for the choice of i = (m) appears
as Theorem 3.11.

3.1. The ideal Jp in the affine Fomin-Stanley algebra
We first aim to understand the set SO\ S? to find which classes get killed in

the quotient H,(Gr)/Jp. To visualize this set in a concrete example where
n = 3, refer to Figure 3.

7

SOO

SQO 810

Figure 3: The elements of SP for the parabolic P corresponding to Gr(1,3)
are colored blue. The shaded blue alcoves are the elements of S3 NSY, which
are also minimal length coset representatives.

To understand the set SP , we need to check a positivity condition on
all of the affine roots in (Rp);r . The following lemma provides a significant



144 Jonathan Cookmeyer and Elizabeth Mili¢evi¢

reduction step to determine whether or not an element lies in 5’5 , enabling
us to verify the positivity condition only on finitely many roots.

Lemma 3.1. A word w € gff if and only if for all a € R}, we have
w-a€RTU(R™ +9).

Proof. We prove both statements by contrapositive.

(<=) Since w & S there exists 3’ € (Rp):f such that w-8"=n € R .
By definition, 8/ = S+ nd with n > 0 and 8 € R]JS U (Rp + 0). Then
w-B=w- (8 —nd) =n—nd € R}, so there exists 3 € R5U(Rp +6) such
that w-f € R ,. If B € R}, then we have found w- 8 ¢ RT U (R~ +6) as
R;f contains no positive roots. Otherwise, § = —a+ ¢ for some « € R]t. By
definition of R, either w - B=—y—mdorw-f=vy—(m+1)J for some
v € RT and m > 0, which implies that either w-a = w-(—8+0d) = v+ (m+
1) ¢ RTU(R™+d) orw-a=w-(—f+0) = —y+(m+2)d € RTU(R™ +9).
In any case, we have found § € R}; ora=—F+4¢€ R; such that either
w- B orw-aisnotin RTU(R™ + ).

(=) Let a € R withw-ag RTU(R™+6). Ifw-a=8—(n+1)J
orw-a=—8-nd for € R" and n > 0, then w & 5'5 Otherwise, either
w-a=p+Mn+1)dorw-a=—-F+(n+2)d for 5 € RT and n > 0, whence
w-(—a+d8)=-B-—ndorw-(—a+08)=pF-(n+1)d s0w¢SE. O

Using Lemma 3.1, we can now identify a large family of words which lie
in SZ.
Lemma 3.2. Let Ip = I\{m}, and let w = s;, ---5;,50 € SY be a reduced
expression with i, # m for all a. Then, w € SE.

Proof. Because i, # m, the element w corresponds to an n-core which fits
in an (n —m) x m rectangle. The hook length of the upper-leftmost box
is thus at most n — 1, and so we know that the n-core coincides with the
k-bounded partition. Suppose that the k-bounded partition has parts A =
(A1, oes An—m). Then for all 1 <i < n —m, define a word w; as follows

(26) Wi = Sx,—iS\;—2—i """ S—it25—it1,
with indices taken modulo n. Define their product

(27) w = w) w) cowq,

n—m-—1 n—m-—1

which is the word constructed from the n-core A using the algorithm dis-
cussed in Section 2.2. Here, since the shape fits inside the (n —m) x m
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rectangle, we have proceeded by removing only one box at a time, going row
by row, removing rows from bottom to top.
Consider a root = & — €; € R}, with 0 < i < j and j < k. Then,

é%—é} if A\ <1
(28) w1 - = gi—l_gj lijAlzl
€i-1—€y\—1 ifA1>7

For each additional w; applied to w; - «, we know that, because Ay > A\g41
for all a, the resulting root will always be of the form e, — €, for some
i >x>m—nandy = max({j, \1 —1}). Indeed, the maximum possible value
for A1 is m. Furthermore, applying w; to €, — €, will give either €,_1 — €y

or €; — €y, so the minimum possible value for z in w-a = € — €, is
t—n+m >m—mn.In any case, w-a = f or w-a = —fF + § for some
B € RT. Indeed, if > 0, we have w-a = ag; + -+ ay_1, and if < 0 then
m<zx+n<n-—1,and we have w- o = —ay —ayp1 — -+ — Qpqp_1 +90

since z +n —1>m —1 and y < m — 1. Therefore, w-« € R U (R~ + ).

Similarly, if o = €; — €; € R}, with i < j <n and i > m + 1, we instead
consider the transpose A having parts A7, and we write w = w],w/, ;- w}
where

/
(29) W; = 8i—ATSi—AT+1 " Si-25i—1-

That is, we insert boxes column by column. The same argument then shows
that w-a € RT U (R~ +9).

Having checked all of the elements of RJIS, by Lemma 3.1 we know that
w e S’TI; . U

Lemma 3.3. Let Ip = I\{m}. Then w = s,_1,-2,.10 € 55 if and only
if r <m <n—1. Similarly, w = Sp—r41n—r42,. n—1,0 € S,]LD if and only if
r<n—m<n-—1.

Proof. («<=) In both cases this direction follows from Lemma 3.2 since w
does not use s,,.

(=) Let n > r > m. Consider the root f = o, + ...+ ap—1 = €, — €, €
(Rp)jf. Then for w = s,_1,-2,.1,0, We can calculate that

(30) w-B=sr—1-(p+ - +an1+ag+ar+-+ar2)=a_1+0.

Therefore, w - (=8 + J) € R, and so w ¢ SP by definition.



146 Jonathan Cookmeyer and Elizabeth Mili¢evi¢

For n > r > n—m, we consider the root 5 = a1+...+ @, = €1 —€p_ €
(Rp);”f. Then for w = Sy—y+1,n—r+2,....n—1,0, We can calculate that

(31) wﬁ = 8n—r+1'(a1+' R L€ R @ o N6 T | +050) = Qn—r+1 +9.

Therefore, w - (=8 +0) € R_;, and so w ¢ SP by definition. O

Remark 3.4. Note that, because r < n — 1, then w = s,_1,-2_.10 is
a cyclically decreasing element in 52, and so jg = h,. Lemma 3.3 then
says that h, € Jp if and only if 7 > m. For the second family of elements
W' = Sp_r+1n—rt2,.n—1,0 considered in Lemma 3.3, we then have &, = jg,,
and e, € Jp if and only if r > n — m.

The next lemma identifies a different family of elements in Jp; namely,
those which support braid relations.

Proposition 3.5. Let Ip = I\{m}. If w € 52 and W = wW18;S;+1S8;W2 1S G
reduced expression for w so that {(w) = £(w1) + £(sisi+15:) + L(w2), then
w ¢ SE.

In order to prove Proposition 3.5, we need two technical lemmas.

Lemma 3.6. Let w = wiw; € S, where £(w) = L(wy) + £(ws). If w e SP,
then wy € ST

Proof. We argue by contradiction. Suppose there exists 8 € (Rp);ff such
that wy - 8 € R ;. This means that 8 € Inv(ws). Since § ¢ Inv(w) by
hypothesis, then after applying some s; which is a subexpression of w;, the
root B will no longer be in the inversion set. Therefore, since /(w) = |Inv(w)|,
the length of the expression has not increased with the addition of s;, and
so wiwg = w cannot satisfy £(wq) + £(ws) = £(w). O

Elements of a certain form will arise throughout the next argument, and
so we define

p — .. ) . ) D — g . . . .
(32) SI,i,j = 8ii+1,i+2,....5—1,j and SD,i,j = Sii—1,i—2,....j+1,j

to be a sequence of cyclically increasing, respectively decreasing, elements
starting with s;, ending with s;, and containing p copies of sy. For example,
if n = 6, then

1 2
31,173 = 817253 31,4,2 = 847576305172 SD,3,5 = 83727150767554737231507675'
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Lemma 3.7. Let w € S’g Suppose that w = w18;8;118,w2 s a reduced
expression with £(w) = £(wy) +€(si8i+18:) + L(w2) for some i € {0,1,...,n —
1}. If i is chosen such that the braid s;s;+1s; is as far right as possible in the
reduced expression, then wy = si1243,  n—1,i—1,i-2,.1,0 and i & {0,n —1}.

gereydly

Proof. Let ws = s;8;+15;wz. Note that wy must begin with either s;1o or
si_1, since otherwise we could move the braid further to the right. Suppose
wy begins with s;19. Because we cannot move the four terms s;5;415;8;+2 to
the right, either s;_; appears to the right or s; 3 does. Suppose that s;_1 does
not appear, so s;43 is to the right of s; ;11 +2. Now assume that this same
case occurs at each step where s, appears to the right of s.. Ultimately,
we will get the word wg = 5i,i+17i,i+25?,¢+3,n7150- If a # 0, then we can
slide s; to the right until we have 5i,z’+15},”271;1Si,z'fl,iSEiLn,lSO7 which is
a contradiction since this subexpression of w contains a braid farther to the
right than the original. Therefore, ws = Si7i+1ai78?,i+2,n—1807 but this is also
a contradiction as the second s; commutes with everything to its right and
w ¢ 5’2, unless i = 1,7 =n—1, or ¢ = 0. In the first case, wy has the claimed
form. In the second case, w3 = $,—1,0n—1,0 = So,n—1 and so w & 5’2 In the
third case, we slide so to the right to get a braid sg,—1,0, which is another
contradiction. Therefore, wg = qu.1’18?71-_’_2’08%&-717(1’080 where a > 0, b > 0,
and v € S'n.

Now consider ws expressed in this form. We can always increase ¢ or
decrease d if there are still terms to the right of S%,i—l, 4 (besides sg). Note
that if we can slide sll’)’ide to the right, then since we cannot slide sCIL’HQ’C to
the right without shortening w2, we have w3 = Si7i+17is?,i+27c80+1SbD,i—l,dv/SO
for some new v’ € S,, with £(v') = £(v) — 1 as any other term would cause
a braid farther right (or would commute with everything). If we cannot
move slb,ifl’d to the right, there must be an s4;_1 to its right. Therefore,
we increase the lengths of these chains at every step until we have w3z =
Si,i+1,i361l,,i+2,c/311):/),2'—1,(1'30 for some new a’, V', ¢, and d'.

If d # 1 then w ¢ S, and so d’ = 1. If ¥’ > 0, we know that by sliding
s¢ to the right, we will encounter the subexpression s 11, , which gives us
a braid further right than the original. Therefore, we also have that &’ = 0.
Similarly, ¢ = n — 1, since otherwise we can slide s to the right until we
have s¢ o410 f0<¢ <i+1,orw¢ Sg as s commutes with everything
to its right. Finally, @’ = 0 by the same argument as before. Therefore,
w3 = 5i,z’+1,i5([)77;+2’n,130D7i,17150 = 8i41,i,i+2,...n—1,i—1,..,1,0, and wa has the
desired reduced expression.

Finally, notice that, because 7 + 2 and ¢ — 1 must appear to the right
of the braid, 7 cannot be 0 or n — 1. If both 3?7i+2’n_1 and 3%’2-_1,1 appear,
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we will have cancellation between the increasing and decreasing portions
(if i« = 0) or a braid appearing further right (if ¢ = n — 1). If only the
increasing or decreasing portion appears instead, the expression will not be
forced to end in sg. Therefore, when the braid is farthest right, we know
that i ¢ {0,n — 1}. O

With these two lemmas in hand, we are now prepared to prove Propo-
sition 3.5.

Proof of Proposition 3.5. By Lemma 3.7, we can write w = w;8;8;418;wa,
where we have moved the braid as far right as possible, and so therefore
W2 = 8i42i43..n—1,i—1,—2...,1,0- Consider the following pair of affine roots:

Since Ip = I\{m} we only remove one root to obtain Ap, namely a,,. Thus,
one of the two roots 31 or 32 is guaranteed to be in (Rp):f.

Now, calculate that we- 81 = —;4+1+9 and ws - fa = —a; + 6. Therefore,
when we act next by the braid s;s;y1s;, we obtain s;8;+18;w2 - 1 = a; + 6
and s;si415;ws - P2 = ajq1 + 0. Therefore, s;s;115,w2 - (—f5; + ) € R.; for
both 7 = 1,2. We have thus proved that there is a root g € (Rp);rf such
that s;s;r18,we - B € R;f. By Lemma 3.6 we have that w ¢ 5’5 O

3.2. The projection wp on the affine symmetric group

This section is be devoted to understanding the map mp in the case of
Gr(m,n). We begin by recording several useful facts about how 7p behaves
on translation elements.

Lemma 3.8 (Proposition 10.10 [LS10]). Let A\,u € @, and let v € Qp.
Then,

1) wp(tasn) = mp(tr)mp(ty)

2) mp(tasy) = mp(ty).

In practice, to use the parabolic Peterson isomorphism to do quantum
Schubert calculus, it suffices to understand the image under 7p of a single

translation element, namely wp(t_g), where 6 is the highest root. The next
proposition identifies this element explicitly.

Proposition 3.9. For Ip = I\{m}, we have

(34) TP(t—6) = Smm+1,..n—1,m—1,..,1,0-
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Example 3.10. We illustrate the element 7wp(t_g) for P such that SLg(C)/P =
Gr(3,8) below.

The red dots indicate the boxes which belong to the 7-bounded partition cor-
responding to u = mp(t_g) = S34567210, and the 7-bounded partition outlined
by taking both the red and blue dots together corresponds to the element
u? = wp(t_90). In general, the powers of the element 7p(t_g) for Gr(m,n)
correspond to the k-bounded partitions obtained by adding successive n-rim
hooks, each of which start in column 1 and end in column m; compare the

construction of A(\) in [LMOS].

Proof of Proposition 3.9. Using Lemma 3.8, since a;,, —0 € QQp, we compute
Wp(t_am) = 7Tp(t_9>.

It is easy to observe geometrically that t_y = sgsg, where sy = 711,
is the reflection in S,, corresponding to €, which is the transposition that
interchanges positions 1 and n. Then, writing down a reduced expression for
Tln, We obtain

t_g = T1nSo = S1,2..n-2,n—1,n—2,...2,1,05
Note that t_,, can be found using t,.o = wtow ™. Letting
UV = SmA41,m42,..,n—1,m—1,m—2,..,1,
it is straightforward to verify that
(35) ve(=0)=v-(—a; — ... —ap_1) = —Qm,

andsot_q, = vt_gv~ . We claim that vt_g = Smm+1,..n—1,m—1,..,1,0- Using

3oty
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the notation of Equation (32), we can compute that

_ .0 0
vl_g = VST 1 325D ,n—1,150
_ 0 0 0
- Sl,m—l—l,n—lSI,m,n—QSD,n—l,ISO
_ 0 0 0
= SI,m+1,n—251,m,n—35n—1,n—2,n—1,n—25D n—3,150
0 0 0
Sl,m—|—1,n—2SI,m,n—38n—2,n—1SD,n—P),lSO
0 0 0
ST m+1,b+15I,mn—15D,b,0
0 0 0 0
STm+1,b5T,m,b—15b+1,b,b+1,5T b+2.n—15D,b—1,0
= 8 11657 mn15D 510 (which we repeat until b = m + 1)

= Sm+1,mm+1,m+2,...n—1,mm—1,...,1,0

Smm+1,...n—1,m—1,m—2,...,1,0,

as claimed. The idea is that the decreasing part of v cancels immediately,
and, one-by-one, we can braid the terms in the increasing part of v to get a
cancellation.

Clearly v=! € (Sn)p C (Sn)p, and so if we can show that vt_g € SP,
then we have factored t_,, asin Lemma 2.13. As in the proof of Lemma 3.2,
we consider 8 =e; —e; = a; + -+ aj—1 with 0 <7 < j and j < m. Then,

Qi1+ -+ a2 if i > 1,
SmmA+1,..m—1m—1,.,1,0 B = o

Om + - +ap1+og+--+aj_o ifi=1,
since j < m, we see that vt_g-8 € RTU(R™ +6). With a similar calculation,
if instead we have 8 = ¢; —e; with ¢ < j <n and ¢ > m + 1, we can shpw
that vt_g-3 € RTU(R™ +0). By Lemma 3.1, we then know that vt_g € SZ
and 8o t_,,, = (vt_g)(v!) is a factorization as in Lemma 2.13. Therefore,

7"-P(t—e) = 71-P(t—ocm> =vl_g = Sm,m+1,...,n—1,m—1,...,1,0,
as desired. O
3.3. The Peterson isomorphism for the Grassmannian

We are now prepared to present the statement of the parabolic Peterson
isomorphism for the special case of the Grassmannian Gr(m,n). Recall that
the map np : Q — Q/Qp sends «; — 0 for any a; € Ap. In particular, for
Ip = I\{m}, this map preserves only a,,. We denote ¢,, simply by ¢ and
suppress the notation np, since there is only one quantum parameter in this
case.
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Theorem 3.11 (Peterson Isomorphism for the Grassmannian). For Ip =
I\{m}, there is a Z-algebra isomorphism

Up o (Ho(Gr)/Tp)[(F) Y] — QH*(Gr(m,n))[q "]

(36) - .
j’uu’" — q Oy

for v € ST a minimal length coset representative and any v € N such that
vu” € 5’2 Here, u € 52 1s the hook shape corresponding to the element

(37> U = Smm+1,....n—1,m—1,...,1,0-

Here we need only invert the single class jﬁp(hg) since by Lemma 3.8
this class generates the entire set around which we localize on the affine side.

Example 3.12. We illustrate how to use Theorem 3.11 to reproduce the
multiplication table for QH*Gr(1, 3):

(38) O'D * GD = O’ED O'D * UD:I =q0y O'ED * UD:‘ = qUD‘
First note that since i = (1), then here Ip = {1,2}\{1} = {2}. The elements

of S¥ are those which are forced to end with an element of (s1) on the right,
corresponding to each of the three Schubert classes in QH*(Gr(1,3)):

(39) o1 = 0y 05, = 0[] Osy = O[T

From Proposition 3.9, mp(t_g) = u = s129. Using Theorem 3.11 we have
that

-0 -0 —1
-]u = ]8120 — q 0'@
(4()) jS1u = 351'5120 = j820 — q UI:‘

=0 o =0 o -0 -1
j321u - j521'8120 - jSo q UD:"

Since jgo = h; and jgm = €2, we can use Definition 2.7 to compute the
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following affine products:

0 =0
Tane * Jsay = (Aoo 4+ A12 + Ao1)? = Asp12 + A1201 + Aoi20

-0
= ]50120
0 =0
Jsno " Jsy = (A20 + A12 + A1) (Ao + A1 + Az)
(41) = Ago1 + Aap2 + A120 + A121 + Ao1o + Aor2
0
= 35120
-0 -0
Tay Jeo = (Ao + A1+ A2)? = Ag1 + Aoz + Arg + A1 + Agg + A
0 -0
= ']310 + ']820

Next, recall from Lemma 3.1 that we can easily verify whether an element
w € Sy lies in S3 by checking whether or not the two positive affine roots
ag and —ag + 0 = g + «aq are inversions of w. As seen in Figure 3, we have
that

&P ~ &0
(42) {s0, 520, 5120, S0120, 520120, S120120} C S3 N S3

are all of the elements in 5”5 N Sg of length six or less. Note that s19 ¢ gf,

which means that jﬁm =0 mod Jp. We can now map our products in (41)
via Theorem 3.11 to QH*(Gr(1,3)):

=0 =0 =0 =0

-1 -1
q UD *q UD N ]520 ’ -]820 = ]50120 - ]821'8120120
=0 -2
(43) ~ Jonnritoa) T 4 O
-1 -1 -0 Z0 _ =0 -1
q o*q oy 3320 330_35120 —q "0y

¢l O e Tayde = Jsw + s —— 00 o
Multiplying everything through by ¢? to clear denominators, we exactly
recover the three products in QH*(Gr(1,3)) from (38).

4. Posnikov’s approach and the affine nilTemperley-Lieb
algebra

As an application of the parabolic Peterson isomorphism, we recast Post-
nikov’s affine approach to the quantum cohomology of the Grassmannian
from [Pos05] as a corollary of Theorem 3.11. In particular, we demonstrate
that Postnikov’s isomorphism is the composition of the parabolic Peterson
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isomorphism, followed by two duality isomorphisms which correct for the
fact that the parabolic Peterson isomorphism itself does not map h;, — o,
or €, — O(1r)-

4.1. The affine nilTemperley-Lieb algebra

Definition 4.1. The affine nilTemperley-Lieb algebra n'lfL\n is the quo-
tient of the affine nilCoxeter algebra formed by sending A;A;+14; — 0 for
all 2 mod n.

To distinguish the elements h,, &, € (Agf)o from their images in this
quotient, we denote by flf and €' the images of the non-commutative ho-
mogeneous and elementary symmetric functions in the affine nilTemperley-
Lieb algebra. Following [Pos05], we further define certain products of the
elementary and homogeneous functions as follows:

Lemma 8.4 in [Pos05] shows that the elements z; are in the center of nTL,.

Definition 4.2. For any fixed 1 < m < n — 1, define the algebra
(45) nTL,y, = nT/I;l[z;ll]/(zl, ooy Zon—1s Bt 1y - Zn—1),s

and then let X C nm be the subalgebra generated by the €)' and/or fl,’?
foralll<r<n-—1.

Postnikov proceeds to prove that the subalgebra X generated by the fl,’?
and/or € is isomorphic to the quantum cohomology of the Grassmannian,
localized around the quantum parameter.

Theorem 4.3 (Proposition 8.5 [Pos05]). For any fized 1 < m <n — 1, the
following map is an isomorphism of Z-algebras which maps the generators
as follows for all 1 <r <n—1:

Opo: X C N T Ly — QH* (Gr(m,n))[qg !

(46) h? — U(r)

Zm — (.
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4.2. Duality isomorphisms

The cohomology of the Grassmannian admits a natural duality isomorphism
arising from the fact that Gr(m,n) = Gr(n — m,n). Given a partition \ €
Pinn, define the transpose of A by interchanging the role of the rows and
columns, and denote it by AT € Pn—mn- The map

e T:QH"(Gr(m,n)) — QH*(Gr(n —m,n))
( ) O) > O)\T

is an isomorphism. Note in particular that the transpose interchanges the
classes o(;) and o).

We now review the strange duality involution appearing in [Pos05],
which was discovered independently in the special case of ¢ = 1 by Hen-
gelbrock [Hen02], and later generalized by Chaput, Manivel, and Perrin to
other (co)miniscule homogeneous varieties [CMP07].

Theorem 4.4 (Theorem 6.5 [Pos05]). There is an involution

t: QH*(Gr(m,n)) — QH"(Gr(m,n)) by

(48) O\ — q_diagm(A)a-H
g —q!
where if the 01-word corresponding to X is b = iyig - - -1y, then the 01-word
corresponding to p is b’ = ipmim_1 - i1inin_1- - ims+1, and diag,,(\) is the
number of boxes on the main diagonal.

Example 4.5. Consider Gr(5,9) and the partition A = (3,2,2,1,1). The
01-word for A is given by b = 011011010. Therefore, the image p has the
0l-word 101100101, and the corresponding shape is u = (4, 3,1, 1,0).

X | X X | X
X | X X | X

(49) A= =

Similar to the transpose map on quantum cohomology, the k-Schur func-
tions admit an automorphism under k-conjugation.

Theorem 4.6 (Theorem 38 [LMO7]). The k-conjugation map is an involu-
tion on the subalgebra of symmetric functions spanned by the homogeneous
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symmetric functions:

w: AF) 5 AR

Sg\k) — Sg\kw)k .

(50)

4.3. Relationship to the parabolic Peterson isomorphism

In the remainder of this section, we aim to show the following isomorphism
naturally relating the subalgebra considered by Postnikov to the localized
affine Fomin-Stanley algebra

(51) (Ho(G)/T) Fape_0) "] 2 X C 0T Ly,

where Ip = I\{m}. As a first step, we prove that the composition of the
parabolic Peterson isomorphism Wp, followed by the strange duality invo-
lution and the transpose isomorphism, map the generators in the same way
as the map ¢p, from Theorem 4.3.

Theorem 4.7. Let Ip = I\{m}. The following composition is an isomor-
phism which maps the generators as follows for all1 <r <n — 1:

Toro \I/p : (H*(gr)/JP>[(E?TP(L(,)>_1] — QH*(GT(H - m, n))[q_l]

h, —
(52) G(T)
€ — o(1r)

Zn—m = én—m : hm —q.

Proof. This map is obviously an isomorphism since it combines the parabolic
Peterson isomorphism with two duality isomorphisms. In addition, recall
from Definition 2.8 and Theorem 2.11 that for every w € S9, we have j0 =
f (fll,ﬁg, ...,fln,l), and so it is sufficient to check that the generators are
mapped as claimed.

First note that h, = jS)(T), where w(r) = s,—1,-2,..1,0, which corre-
sponds to a k-bounded shape given by a horizontal row of r boxes since
r < n — 1. Now recall Lemma 3.3, which says that h, € 5'5 if and only if
r < m. Therefore, flr € Jp if and only if m > r > n — 1, which means that
Up : h, — 0 if the horizontal strip (r) does not fit in Ppy,y,.

Now for h, with 1 < r < m, recalling the notation of Eq. (32), we can
clearly see that

_ _ 0 0 0 0
w(r) = Sr—1,..,0 = Sl,r,m—lSD,n—l,mSI,m,n—lSD,m—l,lso
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0 0
= SI,r,m—lsD,n—l,mﬂ'P (t—9)7

so using the statement of the Peterson isomorphism from Theorem 3.11, we
have

=0 _
(53) Up: Jue) — 4 O

where p is a hook shape with width n —m and height m —r 4+ 1. The main
diagonal of u has 1 box, the first row has full width in P,_, 5, and the first
column of is missing » — 1 boxes. Therefore, when we map next by ¢, the
shape will have one box in the first row and r boxes in the first column; i.e.
t(p) = (1"). Summarizing the composition, we have proved that

(54) flT P—‘I}—P—> q_lau > o(1r) FI—) O(r)-

Finally, since one can write o(;-) in terms of products and sums of oy,

and since sf\k) = sy if A € P,un, we know that €, will be mapped as claimed.
In addition, one can easily check that, modulo the ideal Jp,

(55) Fnm =&n—m =70, and  O(nm) - On) =q

in QH*(Gr(n —m,m)), as desired. O

Our final goal is to directly relate Theorems 4.3 and 4.7. We require one
last technical lemma.

Lemma 4.8. Let Ip = I\{m}. Suppose that 3% € Jp, where w = wimp(t_g)
with wy € SO and (w) = £(w1) + (mp(t_g)). Then,

(56) Tu =0 € (HAG)/TP) [ (Fape_ o)1)

Proof. Recall by Theorem 2.10 that jO = A, + > cy A, for some
ug 59, 6(u)=((v)
¢y € Z. Thus,

Jon 'J}?P(t_g)
= | Aw, + Z C%;Aw’ Aﬂp(t_e) + Z Cz/p(t,e)AU/

w' ¢ §° v g S0
£(w') = £(w1) £v') = £(mp(t-o))
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= Awﬂrp(t,g) + Z Cg;Aw/ﬂp(t,g) + Z du,wAu

ug Sy,
_ 40 " -0
(57> - ]wlﬂp(t,g) + Z szjw’ﬂp(t,g)‘
’lUITI'p(t,Q)egg
Aw’WP(tig);éO

Now, since w’ ¢ 52, then each w’ appearing in the sum must end in a letter
s; with 7 # 0. Note that, for i < m — 1, we have by Proposition 3.9 that

5;mp(t—6) = SiSmm+1,..n—1,m—1,...,1,0

(58) = Sm,m+1,...n—1,m—1,....i,i+1,i,...,1,0
= Sm,m+1,...n—1,m—1,...,i+1,i,i+1,...,1,0

_ &0
= Smm+1,...n—1,m—1,....i+1,,....1,0,i+1 & S

which shows that w’ cannot end in s; with 0 < ¢ < m — 1. A similar
calculation shows w' cannot end in i > m 4 1. If i = m, then Az, ,) =0
since we have two adjacent generators A,,. Therefore, the only remaining
possibilities are that w’ ends in either s,,_1 or s;,+1. However, in either of
these two cases, the element w'mp(t_g)) supports a braid relation. Therefore,
by Proposition 3.5 and our hypotheses, the sum in Eq. (57) lies in Jp. The

claim follows by the invertibility of jﬁp (t_o)- 0
Theorem 4.9. Let Ip = I\{m}. There is a Z-algebra isomorphism

(59) X 2 (Ho(Gr) /Tp) G )Y 2 X C 0T Ly,

where X is the subalgebra of the affine nilTemperley-Lieb algebra defined in
Theorem 4.3.

Of course, the existence of this isomorphism follows immediately because
it can be expressed using Theorem 4.3 and Theorem 4.7 as the following
composition of isomorphisms

(60) X:¢I;iOTOL0\PP.

However, our goal is to prove that this isomorphism arises independently
of Postnikov’s work, so we provide a proof which does not use the map
¢ po, but rather only the parabolic Peterson isomorphism. Indeed, the nat-
ural projection B — B/Jp induces an isomorphism between the localiza-
tion of the affine Fomin-Stanley algebra and the subalgebra X of the affine
nilTemperley-Lieb algebra considered by Postnikov.
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Proof of Theorem 4.9. Consider the natural surjection

— ~ ~

61)  p:HAG) (Fope ) ] = 0TLy—n by by — R

By a standard localization theorem, we have

(62)  (HW(Gr)/Te) Fape_o)) ™' = HA(GD)G2, 0 ) 1/ TP LG ) )

To prove the isomorphism in Equation (59), it thus suffices to show that

(63) ker(p) = JP(ja, ) ']

Since p is the natural surjection, we know that ker(p) is the localization
of the ideal that contains all elements a satisfying the condition that for
every monomial A, occurring in a, the element w necessarily supports a
braid relation by the definition of nT m,n. Since the element of the j-
basis indexed by w € 5’2 at least contains the term A,, then all the j-
basis terms that appear in the expansion of a support braids and are in Jp
by Proposition 3.5. Therefore, ker(p) C JP[(ng(LG))_l] since localization
respects inclusion.

Conversely, suppose that jO € J p[(jgp(t_e))_l], and suppose by contra-

diction that jO ¢ ker(p). Further suppose that ¢(w) is the minimum length
of any word satisfying this condition. By Lemma 3.2, we know that s,,
appears in every reduced expression for w. Pick the rightmost instance of
sm among all reduced expressions for w. There are clearly three cases: w =
W1Sm,m—1,...,1,0 OT W = W1Sm,m+1,...,n—1,0 OT W = W1Sm,m+1,....n—1,m—1,m—2,...,1,0
where in each case {(w) = £(w1) + £(Sm,...0)-

1.0- We first argue using the bi-

geeegly

Consider the first case w = w18m m—1
jections discussed in Section 2.2 that w corresponds to a k-bounded partition
with at least m + 1 boxes in the first row. Let the n-core associated to w
be denoted g = (1, ..., ftp). Consider the m + 1 rightmost boxes in the first
row, starting in column ¢ = p; — m. In order for one of these boxes to be
removed when we biject to the k-bounded partitions, the i** column must
have n — m + 1 boxes. Thus, after inserting the first m + 1 boxes, we must
have inserted i boxes in the (n — m)™ row. The grid-numbers of this row
begin with m + 1, so inserting ¢ boxes into row n — m also inserts ¢ boxes
in the first row since there are shared labels. This means the first row has
i+m+1=p; + 1 boxes, a contradiction. Therefore, A\(w), the correspond-
ing k-bounded partition, has at least m + 1 boxes in the first row. Now, by
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Lemma 2.4 and Definition 2.8, we know that for some ¢;; € Z,

TL1>\1

. k = k
(64> ]0 - Sg\() ) = h)\lsgAl’ . p) + Z h’H-)\l ZCZ] l(hj
J

By Lemma 3.3, we know that h, € Jp for r > m. Since p(h,) = h? =0
if > m, then we also have that h, € ker(p). Since we have shown that
A1 > m, we thus have j0 € ker(p).

Similarly, if w = w1Sm,m+1,...n—1,0, then the k-conjugate partition cor-
responds to the word w** = wi*sp—mn—m—1,..1,0, since the k-conjugate
partition is the transpose of the n-core, meaning that we reflect which diag-
onal we add the boxes to. Therefore, we can write

k r k) k
(65) i =530 = Bypis(h Z R P
J

using the same c¢;; € Z as above. Recalling from Theorem 4.6 that k-
conjugation is an automorphism on H,(Gr), we now k-conjugate both sides
of Equation (65), which expresses jO as a sum of terms &; - f; for some el-
ements f; € B, where we know that ¢ > n — m, since \{* > n — m. By
Lemma 3.3, we know that €, € Jp for » > n —m, and since p(€,) = €' =0
if r > n —m, then &, € ker(p). Since we have shown that A\{* > n —m, we
thus have that jO € ker(p) in this case as well.

Finally, in the third case, we have w = wWi1Smm+1,.. .n—1,m—1,..,1,0 =
w1mp(t_g) by Proposition 3.9. Therefore, by similar arguments to those
made in the proof of Lemma 4.8, we see that w; must end in sg, $y,—1, or
Sm+1- In the latter case, we have that w ends with

Sm+15m,m+1,...,n—1,m—1,...,1,0 = Sm,m+1,mm+2,...n—1,m—1,...,1,0

= Smm+1,m+2,...,n—1,m,m—1,....1,0,

which reduces to a previous case. This similarly holds if w; ends in s,,_1.
When w; is forced to end in sg, then by Lemma 4.8, we know that j,?ul €
Jp[(5° Jrn(t 9)) ']. Therefore, since £(wq) < {(w), we know that j € ker(p)
by definition of w. Recall from Eq. (57) in the proof of Lemma 4.8 that

-0 0 _ 0 -0
Jwdrp(t_g) = Jw T Z Cf"l]WP(t—e)’
v
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where v is forced to end in either s,,_1 or s,,+1. This means that jgﬂp (t o) S

ker(p) because it reduces to a previous case argued above. Therefore, jO €
ker(p) in this third case as well.

We have reached a contradiction to the fact that jO ¢ ker(p). Therefore
Jp [jgp(t,g)>_1] C ker(p), establishing that x is an isomorphism. O

Theorem 4.9 proves that the isomorphism established by Postnikov in
[Pos05] between the localizations of the subalgebra X of the affine nilTemp-
erley-Lieb algebra and the quantum cohomology of the Grassmannian is
really a direct consequence of the parabolic Peterson isomorphism.

Corollary 4.10. The map ¢p, from [Pos05] defined in Theorem 4.3 factors
as

(66) ¢ppo=ToroTpox ':XC nT/L;L — QH*(Gr(m,n))[q""],

where x is the isomorphism established in Theorem 4.9 and Ip = I\{n—m}.

Proof. Having already established the isomorphism, it suffices to check that
the image of this composition has the same effect on the generators as ¢ p,.
By the proof of Theorem 4.9, if r < n —m, then h, = X(fl:}), which maps to
o(y) in the codomain by Theorem 4.7. Otherwise, ﬁ:} = h, = 0. Since the EZ}

generate nTLym and the o(ry generate QH*(Gr(m,n)), this concludes the
proof. ]

Acknowledgements

The authors thank Kaisa Taipale for useful discussions about parabolic Pe-
terson and helpful comments on an earlier version of this manuscript, as well
as Thomas Lam for a clarification about the ideal Jp. The authors wish to
thank the anonymous referee for comments which helped to greatly stream-
line the exposition. This project was conceived while the second author was
in residence at the Max-Planck-Institut fiir Mathematik, and she is grateful
to the institute for fostering excellent research conditions.

References

[BKPT16] Anders Skovsted Buch, Andrew Kresch, Kevin Purbhoo, and
Harry Tamvakis. The puzzle conjecture for the cohomology of
two-step flag manifolds. J. Algebraic Combin., 44(4):973-1007,
2016. MR3566227



[CMPO7]

[FK99]

[Giv96]

[GK95]

[Hen02]

[KKS6]

[LamO6]
[Lam08]
[LeelT]

[LLM*14]

[LMO5]

[LMO7]

Applying parabolic Peterson 161

Pierre-Emmanuel Chaput, Laurent Manivel, and Nicolas Per-
rin. Quantum cohomology of minuscule homogeneous spaces. II.
Hidden symmetries. Int. Math. Res. Not. IMRN, (22):Art. ID
rnm107, 29, 2007. MR2376216

Sergey Fomin and Anatol N. Kirillov. Quadratic algebras, Dunkl
elements, and Schubert calculus. In Advances in geometry, vol-
ume 172 of Progr. Math., pages 147-182. Birkhauser Boston,
Boston, MA, 1999. MR1667680

Alexander B. Givental. Equivariant Gromov-Witten invariants.
Internat. Math. Res. Notices, (13):613-663, 1996. MR 1408320

Alexander Givental and Bumsig Kim. Quantum cohomology
of flag manifolds and Toda lattices. Comm. Math. Phys.,
168(3):609-641, 1995. MR1328256

Harald Hengelbrock. An involution on the quantum cohomology
ring of the Grassmannian. arXiv.org/0205260, 2002.

Bertram Kostant and Shrawan Kumar. The nil Hecke ring and
cohomology of G/P for a Kac-Moody group G. Adv. in Math.,
62(3):187-237, 1986. MR0866159

Thomas Lam. Affine Stanley symmetric functions. Amer. J.
Math., 128(6):1553-1586, 2006. MR2275911

Thomas Lam. Schubert polynomials for the affine Grassmannian.
J. Amer. Math. Soc., 21(1):259-281, 2008. MR2350056

Seung Jin Lee. Positivity of cylindric skew Schur functions.
arXiv.org/1706.04460, 2017.

Thomas Lam, Luc Lapointe, Jennifer Morse, Anne Schilling,
Mark Shimozono, and Mike Zabrocki. k-Schur functions and
affine Schubert calculus, volume 33 of Fields Institute Mono-
graphs. Springer, New York; Fields Institute for Research in
Mathematical Sciences, Toronto, ON, 2014. MR3379711

Luc Lapointe and Jennifer Morse. Tableaux on k 4 1-cores, re-

duced words for affine permutations, and k-Schur expansions. J.
Combin. Theory Ser. A, 112(1):44-81, 2005. MR2167475

Luc Lapointe and Jennifer Morse. A k-tableau characteriza-
tion of k-Schur functions. Adv. Math., 213(1):183-204, 2007.
MR2331242



162

[LMOS]

[LS10]

[MS16]

[Pet96]

[Pos05]

Jonathan Cookmeyer and Elizabeth Mili¢evi¢

Luc Lapointe and Jennifer Morse. Quantum cohomology and the
k-Schur basis. Trans. Amer. Math. Soc., 360(4):2021-2040, 2008.
MR2366973

Thomas Lam and Mark Shimozono. Quantum cohomology
of G/P and homology of affine Grassmannian. Acta Math.,
204(1):49-90, 2010. MR2600433

Jennifer Morse and Anne Schilling. Crystal approach to affine
Schubert calculus. Int. Math. Res. Not. IMRN, (8):2239-2294,
2016. MR3519114

Dale Peterson. Lectures on quantum cohomology of G/P. M.I.T.,
1996.

Alexander Postnikov. Affine approach to quantum Schubert cal-
culus. Duke Math. J., 128(3):473-509, 2005. MR2145741

JONATHAN COOKMEYER
UNIVERSITY OF CALIFORNIA
366 LECoNTE HaLL MC 7300
BERKELEY, CA 94720

USA

E-mail address: jcookmeyer@berkeley.edu

ELIZABETH MILICEVIC
HAVERFORD COLLEGE
370 LANCASTER AVENUE
HAVERFORD, PA 19041
USA

E-mail address: emilicevic@haverford.edu

RECEIVED 6 AuGusT 2017



