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Abstract— Given a linear dynamical system affected by noise,
we consider the problem of optimally placing sensors (at
design-time) subject to certain budget constraints to minimize
the trace of the steady-state error covariance of the Kalman
filter. Previous work has shown that this problem is NP-hard
in general. In this paper, we impose additional structure by
considering systems whose dynamics are given by a stochastic
matrix corresponding to an underlying consensus network. In
the case when there is a single input at one of the nodes in
a tree network, we provide an optimal strategy (computed
in polynomial-time) to place the sensors over the network.
However, we show that when the network has multiple inputs,
the optimal sensor placement problem becomes NP-hard.

I. INTRODUCTION

In large-scale control system design, one of the key prob-
lems is to place the sensors or actuators of the system in order
to achieve certain performance criteria (e.g., [1], [2]). In
cases involving linear systems with process or measurement
noise, researchers have studied how to place sensors in order
to minimize certain metrics of the error covariance of the
corresponding Kalman filter (e.g., [3], [4], [5], [6], [7]).
The problem was shown to be NP-hard and inapproximable
within any constant factor [8]. Thus, in this paper, we turn
to systems with special properties to seek polynomial-time
algorithms for the optimal sensor placement problem.

More specifically, we consider a discrete-time linear dy-
namical system whose states represent nodes in an undirected
consensus network, and interact according to the topology
of the network. Each node of the network is possibly
affected by a Gaussian input. This kind of consensus system
with stochastic inputs has received much attention from
researchers recently (e.g., [9], [10], [11], [12]). Given a
consensus system with stochastic inputs, we seek a graph-
theoretic approach to optimally place sensors at the nodes
of the associated graph to optimize the steady-state error
covariance matrix of the corresponding Kalman filter. We
refer to this problem as the Graph-based Kalman Filtering
Sensor Placement (GKFSP) problem. We summarize some
related work as follows.

In papers [6] and [8], the authors considered the same
general problem as we consider here, and showed that this
problem is NP-hard and that there is no constant-factor
polynomial-time approximation algorithm for this problem.
However, neither of them considered systems evolving over
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a network. In contrast, we impose additional structure by
considering the system dynamics matrix to be a stochastic
matrix defined over a network with Gaussian inputs and seek
polynomial-time algorithms for this problem.

In [5] and [7], the authors considered the optimal sensor
placement problem for Kalman filtering over a finite time
interval and provided near-optimal greedy algorithms to op-
timize certain metrics of the error covariance of the Kalman
filter. However, their results cannot be directly applied to
the problem we consider here, since we aim to optimize the
steady-state error covariance of the Kalman filter.

In papers [2], [13] and [14], the authors considered sys-
tems evolving over networks. In [2], the authors considered
generic structural systems [15], and in [13] and [14], the
authors considered consensus systems with (unknown) inputs
and focused on analyzing how the inputs affect the consensus
computation of the network. In this paper, we consider
consensus systems with specific parameters, and consider the
presence of Gaussian inputs, which then motivates the need
for optimal sensor placement for Kalman filtering.

The authors in [9] and [10] considered the leader selection
problem in consensus systems with stochastic inputs. The
problem is to select an optimal subset of nodes whose states
are fixed over time such that the Hy norm of the system
states at steady state is minimized. In contrast, we study the
problem of selecting an optimal subset of nodes at which to
place sensors such that the steady-state error covariance of
the Kalman filter is optimized.

Our contributions are summarized as follows. First, we
consider the case when there is a single stochastic input in
the consensus system corresponding to a tree, and obtain the
steady-state error covariance of the corresponding Kalman
filter by establishing a relationship between the Kalman
filter and a (delayed) unknown input observer of the system.
We then provide an optimal polynomial-time algorithm for
the GKFSP problem. Our second contribution is to show
that when the consensus system has multiple inputs, the
corresponding GKFSP problem becomes NP-hard.

A. Notation and terminology

The set of natural numbers, integers, real numbers, rational
numbers, and complex numbers are denoted as N, Z, R,
Q, and C, resp. For a matrix P € R"*", denote PT as
its transpose, P;j; as the element in the ith row and jth
column of P, p(P) as its spectral radius, and P ;) as
a submatrix of P obtained from P by removing the :th
row and jth column of P. The set of n by n positive-
semidefinite matrices is denoted by S’} . The identity matrix



of dimension n is denoted as I,,. For a vector f, denote
its ith element as f;, and let supp(f) be its support, where
supp(f) = {¢ : fi # 0}. Denote the Euclidean norm of f by
[l £l- Define e; to be a column vector where the ith element
is 1 and all the other elements are zero; the dimension of the
vector can be inferred from the context. Denote E[z] as the
expectation of a random variable (vector) z. For a set A, let
|A| be its cardinality. Denote G = (V, ) as an (undirected)
graph with vertex set V and edge set £ C V x V. Each
edge (i,7) € € has an associated weight m;; € R.¢; take
my; = 0 if (¢,7) ¢ £ and assume that m;; = m;; for all
i # j. The neighbors of vertex ¢ € V in graph G are given
by the set N; £ {j € V|(i,j) € £}. The degree of vertex
i is defined as d; = 3 jeN; Mg and the maximum degree
of the vertices in the graph is defined as dmax. Denote p;; as
the shortest path from vertex 4 to j in graph G, and denote
l;; as its length (also known as the distance between 7 and
7), obtained after all the edge weights are set to be one.

II. PROBLEM FORMULATION

Consider a graph G = (V,€) with V = {1,...,n}. The
(weighted) adjacency matrix for the graph is a matrix M €
R"™*"™, where M;; = m;; for all 4, j € V. The degree matrix
is D £ diag(dy, ..., d,). The Laplacian matrix for the graph
is then given by L(G) = D — M.

Definition 1: Given a graph G = (V, £) with the symmet-
ric adjacency matrix M € R™", the matrix A is defined
as A =1, — eL(G), where € € (0,1/dma] and L(G) is the
Laplacian matrix for the graph G. O

Remark 1: Note that A is a symmetric and (doubly)
stochastic matrix. For any v;, v; € V such thats # j, A;; > 0
if and only if (v;,v;) € &; forall i € V, A;; > 0. |

Consider the matrix A as described in Definition 1 and
the set of vertices that have inputs, denoted as 7 £
{ig,.--yir—1} C V, where 7 € Z>;. We consider the
discrete-time linear system

Tpy1 = Ay, + By, )]

where x5, € R™ is the system state and (), is associated
with vertex ¢ € V, and B £ [By --- B._1] is the input
matrix, where B; = e, if there is an input at vertex i; € Z
for 5 =0,...,7 — 1. The system noise wy € R” is a zero-
mean white Gaussian noise process with E[wy,(wy)T] = W
for all k¥ € N. The initial state x is assumed to be Gaussian
with mean Ty and covariance Ilj, and is also assumed to be
independent of wy, for all k£ > 0.

Suppose sensors can be placed at vertices of the graph G;
a sensor that is placed at vertex 7 € V) gives a measurement
of the form

(yx)i = Cizp + (vr)i,

where C; = eiT is the state measurement matrix for sensor 7,
and (vy); € R is a zero-mean white Gaussian noise process.

We further define y, = [(yx)1 (yk)n]T, Cc £
[cr ... C’ﬂT and vy £ [(vp)1 -+ (vk)n]T. Thus, the
output provided by all sensors together is given by

i = Cxp + vg, 2

where C' = I,,. We denote E[vjv]] = V and consider
Elvgw] ] = 0, Vk, j € N. The initial state x is also assumed
to be independent of vy for all £ > 0.

A sensor placed at vertex ¢ has a cost h; € R>q; define
the cost vector h £ [hy hn]T. The designer has a
budget H € R that can be spent on placing sensors at the
vertices of G.

After the sensors are placed, the Kalman filter is then
applied to provide an optimal estimate of the states using
the measurements from the installed sensors in the sense
of minimizing the mean square estimation error (MSEE).
We define a vector ;€ {0,1}" as the indicator vector
indicating the vertices where sensors are placed. Specifically,
w; = 1 if and only if a sensor is placed at vertex ¢ € V.
Denote C'(p) as the measurement matrix of the installed
sensors indicated by g, ie., C(u) = [CZ Cg;]T,
where supp(u) = {i1,...,%} C V. Similarly, denote
V() as the measurement noise covariance matrix of the
installed sensors, i.e., V(1) = E[vg(u)(vi(p))?], where

T
w(l) = [ - (v),])". Denote gy, as the
measurements from time step k1 to k2, i.e., Yg,:k,
[(yr,) T (yry)T])T. Denote the (one-step prediction)
Kalman filter as @41/5(n) = E[gs1|yor(p)], where
Yo (1) = [(wo ()™ -+ (yn(w)"]" and yi(n) £ C(p)zi+
v;(p) fori = 0,..., k. Denote Zx41(1) £ @pi1/5(1) —Tps1
as the estimation error. The a priori error covariance matrix
of the Kalman filter at time step k, when the sensors
indicated by p are placed and installed, is then given by
Sp1/k() 2 Eldr (1)(@ret(1)7]. The limit $(u) 2
limg 00 Xgq1/k(p), if it exists, satisfies the discrete alge-
braic Riccati equation (DARE) [17]

Y(p) = AS(u)AT + BWBT —

AS()C() ™ (C( =) C )™ + V()"

C(u)=(u) AT
(3)

We have the following results from [17].
Lemma 1: Suppose that X, Y;,...,Y} are jointly Gaus-

sian random variables. The estimator X = E[X IV1,..., V%]
of X given Yi,...,Y} is a linear combination of Y1,...,Y}
and some constants, denoted as X € £{Y3,...,Y}}. Fur-

thermore, it is also the minimum variance estimator that
minimizes E[||X — X||?] and E[(X — X)(X — X)T]. O
Lemma 2: For a given indicator vector p, Y1 /5 (1) will
converge to an unique finite limit X(pu) as k& — oo, if
and only if the pair (A,C(p)) is detectable and the pair
(A, BW2) is stabilizable. O
Remark 2: By our assumptions on xg, wy and vy, the
Kalman filter is a linear minimum variance estimator for all
k. Hence, xj1/k(1) € L{yo(t), ..., yr(p)} forall k. O
When the pair (A, C(u)) is not detectable, we define the
limit ¥(p) = +o00. The Graph-based Kalman Filter Sensor
Placement (GKFSP) problem is defined as follows.
Problem 1: (GKFSP) Given a graph G = (V, £), consider
the matrix A € R"*™ as described in Definition 1, a set
T C V containing the vertices that have Gaussian inputs, a
measurement matrix C' = I, containing all of the individual



sensor measurement matrices, a system noise covariance
matrix W € Slf‘, a sensor noise covariance matrix V' € S7,
a cost vector h € R%, and a budget H € R, the Graph-
based Kalman Filtering Sensor Placement problem is to find
the sensor placement p, i.e., the indicator vector p of the
vertices where sensors are placed, that solves

in  trace(3
L hin race(X ()

st. hTu<H

where X(p) is given by Eq. (3) if the pair (A,C(p)) is
detectable, and X(p) = 400, otherwise.

III. GKFSP: SINGLE INPUT CASE

In this section, we provide a strategy for the GKFSP
problem when there is a single vertex ¢y € ) that has a
Gaussian input, i.e., Z = {ip} C V, and the graph is a tree.

Given a tree 7 = (V,€) with V = {1,...,n}, denote the
vertex that has the input as Z = {ip} C V, i.e., B = ¢;,. The
system dynamics can be written as Eq. (1), where wy € R
is a zero-mean white Gaussian noise process with variance
denoted as w?, Vk > 0. We will use the following result
from [14].

Lemma 3: Given a connected graph G = (V, £), consider
the matrix A as described in Definition 1 and a discrete-time
linear system as defined in Eq. (1) and Eq. (2). Then, the pair
(A, Bw) is stabilizable, and the pair (A, C(y)) is detectable
for all sensor placements p € {0,1}™ such that 4 #0. O

Hence, we know from Lemma 2 and Lemma 3 that if
there is a single vertex in the graph that has an input, then
Yht1/k(p) converges to the finite limit X () as k — oo, for
all p € {0,1}™ with p # 0.

We then state the main result of this section.

Theorem 1: Given a tree T = (V, £), consider the matrix
A as described in Definition 1 and denote the vertex that has
the Gaussian input as Z = {ig} C V. Consider a discrete-
time linear system as defined in Eq. (1) and Eq. (2) with V' =
0,,xn- Then for all sensor placements p € {0, 1}" with p #
0, denote o = Mingegupp(p) ling t0 be the shortest distance
from vertex ig to a sensor indicated by u. The steady state
error covariance matrix X(u) of the Kalman filter satisfies

[e3
S(u) =w?*» A/BBTA.

j=0
|
Before we prove Theorem 1, we first give some pre-
liminary discussions and results. Consider the system as
described in Theorem 1. The response of this system over

B+ 1 time steps (3 € Z>g) is given by

Yk:k+p = Opxp + Mpwi.k4 3,

where Og = %ﬁA_ﬁl with ©p = C, and Mg =
0 0 . .. .
0518 Ms_, with My = 0, The system it is said to

have an unknown input state observer with delay (5 if given
the measurements .43, the observer produces an estimate

I, of the state xj, that converges to x as k — oo, regardless
of the value of the input. Once a state observer with delay 3
is constructed, one can obtain an input observer with delay
B+ 1 [18]. We have the following results from [19].

Lemma 4: Consider a discrete-time linear system as de-
fined in Eq. (1) and Eq. (2) with B = e;, and V = 0, xp,.
The system has an unknown input state observer with delay
[ if and only if

(a) rank z[aA g =n+1,VzeC, |z| > 1;
(b) rank[Mg,q]—rank[Mpg] = 1.

O

Remark 3: The estimation error e, 2 &, — xj of the
unknown input state observer as described in [19] satisfies
e = Ekeo, where E' is a stable matrix determined by the
system parameters. The initial condition of the observer is
29, which does not affect the asymptotic behavior of the
observer. Thus, we set £y = 0. Taking the limit as k£ — oo,
we have limy_, o, e, = 0. Moreover, denoting the state of
the input observer as wj and e% £ W — wy, we have
ey, = ez; (E — A)E%eq and limy_, o0 ej, = 0. O

We now analyze the conditions in Lemma 4 for the
systems that we consider here.

Definition 2: An induced subgraph of G = (V,€) with
vertex set V' C V is the subgraph of G on V' containing all
edges between those vertices in G. The induced subgraph is
denoted as G[V']. 0

Definition 3: Given a connected graph G = (V, &), a cut
vertex ¢ € ) is a vertex such that the induced subgraph
G[V\ {i}] is not connected. O

Lemma 5: Given a tree 7 = (V, &) and the input vertex
set Z = {ip} C V, consider the matrix A as described in
Definition 1 and a discrete-time linear system as defined in
Eq. (1) and Eq. (2) with V' = 0,,x,,. The rank condition

zI—-A B

e

]:n+1,VzE(C,z|21 4
holds for all sensor placements p € {0,1}™ with p # 0. O

Proof: We first prove that condition (4) holds for all p
with |[supp(u)| = 1, i.e., condition (4) holds when C'(u) =
e]T, Vj € V. We will do it by an induction on ; ;, i.e., the
length of the shortest path between the input vertex iy and
the output vertex j in 7.

First, consider the base case l;,; = 0, i.e., the sen;or is
placed at the input vertex ig. We have rank 2 _ A 960] =
rank(z] — A, ,)) +2, where A, ;.. obtained (i’)y removing
the igth row and igth column from A, is a substochastic
matrix [16] and is known to be Schur stable [14]. Hence,
rank(z] — Agy.i0)) =n — 1, Vz € C,|2| > 1, which implies
condition (4) holds when C(u) = e .

Then, we assume that condition (4) holds when
Cp) = e? for l;;; = 1,...,7. Considering
liyj = v + 1, we can assume without loss of

generality that the output vertex j = 1, otherwise we
can simply relabel the vertices. We then have that



aq 0

1 2l — Ay eip-1 + L
where a; = [A12 Ass A1) € R1X(n=1) Note that
Aqy € R=Dx(n=1) is the matrix associated with the
induced subgraph 7|V \ {1}] as described in Definition 1.
Since the graph 7 is a tree, every vertex in 7 that is not a
leaf is a cut vertex. Firstly, if vertex 1 is a leaf vertex, we
can assume without loss of generality that its only neighbor
in T is vertex 2, which implies a; = [Alg 0o --- O].
Moreover, since the length of the shortest path between
ip and 1 is v+ 1 in 7, and 1 and 2 are connected via
edge (1,2) in 7, we obtain that the length of the shortest
path between iy and 2 is v in T[V \ {1}]. Then, by the

ay 0

induction hypothesis, we have rank =
yp zI — A(l,l) €;,—1

=n, Vz € C, |z| > 1. Hence,

zI — A ei0:|

rank[ o7 0 = rank[

rank Zl_é(l’l) Cio—1
1

we have that condition Eq. (4) holds when C(p) = eJT,
where j is a leaf with [;;; = v + 1. Secondly, if vertex 1 is
not a leaf, we have that 7|V \ {1}] is not connected and
has several connected components, denoted as 77,...,7,,
where r € Zx>,. Note that 77, ..., 7 are induced subgraphs
of 7. Hence, the matrix A, 1) is a block diagonal matrix of
the form A(; ;) = blkdiag(Af,---, A}), where Af,... A
are associated with 77,..., T/, respectively. Again, using
the fact that 7 is a tree, there exists a single vertex in
T. that is connected to vertex 1 via an edge in 7 for
i = 1,...,r. It then follows that A},..., A’ are all
substochastic matrices, and thus are stable. Furthermore,
we assume without loss of generality that the input vertex
ip is in 7{ and denote i; + 1 as the vertex in 77 that
is connected to 1 via edge (1,43 + 1) in 7. Hence,
the ¢1th element of a; is the only nonzero element of
a; from Ajp to Ayn,41), where ny is the dimension
of A}. We then have rank “ 0 } =
2l —Aq1) eig-1
a) ay 0
rank |21 — A} 0 €io—1|>
0 2l — A" 0
blkdiag(Ap, - , AL) is a stable matrix and a1 = [a] af]
with the ijth element of a} to be the only nonzero

where A" =

element of a}. Again, since A} and A" are substochastic
. a 0
matrices, we have rank ! =
zl — A(l,l) €;,—1
2I— A e
rank{ r ! “61 +n—-1-n,Vz € C,|z] > L
i1

Observe that the matrix [ZIeTAl e“a_l
i

the matrix pencil when the grlaph is given by 7{ with input
vertex 7o (corresponding to e;,_1) and output vertex 71 + 1
(corresponding to eg). Since the length of the shortest path
between 1 and i is y+1 in 7 and 41 +1 is connected with 1
in T, it follows that the length of the shortest path between
ip and ¢; + 1 in 7{ is . By the induction hypothesis,
we have that rank = zIeTAl e“(’)fl =

i
Vz € C,|z| > 1. Hence, we have shown that condition 4)

can be viewed as

n; + 1,

holds when C(u) = ef, where vertex j is not a leaf with
liy; = v+ 1, completing the induction step.

This proves that condition (4) holds when C(u) = eJT,
Vj € V. Since adding more rows to a matrix will not decrease
its rank, it follows directly that condition (4) is satisfied for
all 4 € {0,1}™ with pu # 0. ]

Remark 4: Our results here complement the results in
[14], where the authors considered the case where the output
vertices can also measure the states of their neighbors.
Under this assumption, sufficient conditions were provided
for condition (4) to hold. However, these sufficient conditions
are strong constraints on the locations of the input and output
vertices in the graph, i.e., they must be neighbors. We show
here that for the single input case, at least one output vertex
(without further constraints) is sufficient for condition (4) to
hold when the graph is a tree. O

We next analyze condition (b) of Lemma 4. Note that it
was shown in [20] that condition (a) in Lemma 4 is sufficient
for condition (b) to hold for some (3, where 8 was shown to
satisfy 8 < n in [21]. We will find the minimum value of
such that condition (b) is satisfied.

Lemma 6: Suppose we are given a connected graph G =
(V,€) and the input vertex Z = {igp} C V. Consider the
matrix A as described in Definition 1 and a discrete-time
linear system as defined in Eq. (1) and Eq. (2) with V' =
0,,xn. For all sensor placements u € {0,1}™ with p # 0,
denote @ = mingeeupp(y) ligg- Then « is the minimum value
of /3, denoted as f3,,, that satisfies the rank condition

rank[Mp41] — rank[Mg] = 1.

O
Proof: Based on the definition of the matrix A, it is
easy to prove by induction the facts that (A');; = 0 for all
I < l;;, where | € Z>1, and (Al”’)ij > 0. Hence, we have
C(u)APB =0 for all 3 < a—1 and C(u)A®B # 0 when
B = a. We then know from the form of Mg that 5, = a.
|
Remark 5: We know from the above discussions that for
the systems that we consider here and a sensor placement
po€ {0,1}" with g # 0 and & = mingegupp(p) ligg, there
exists an (unknown input) state observer with delay « and
an input observer with delay o + 1. O
We are now in place to prove Theorem 1.

Proof of Theorem 1:

Consider any sensor placement p € {0,1}" with p # 0.
For any k£ > o + 1, we can rewrite x;; in the form

a+1
) ,
Tpy1 = A PPop_o1 + g A Bwy_;.
j=0

Moreover, we have

Trp1k() = E[A 201 |your (1)

[e3%

W] +ED A Buwyj|your ()]

0
(&)

+ E[A*T Bwg—a—1|yo:x(



Consider the first term on the right hand side of Eq. (5).
Denote j,_q—1/k(1t) £ Elzr—a—1|yox(1)]. Since zp_a_1
and yo.x(u) are jointly Gaussian, we know from Lemma
1 that w_q_1/x(1) € L{yo,...,yx} for all k. Moreover,
we know from Lemma 4 that given the measurements
yo:x (1), there exists a state observer with delay « (thus,
there also exists a state observer with delay o + 1) as
described in Remark 3 such that ej_,_1 = EF 2 leg,
where ex_n 1 = Tk_a-1 — Th—a-1 and Tr_,_1 1S an
estimate of xy_,—1 given by the observer. We then have
Ch—a—1€t_o 4 = EF7legel (ET)*=*~1 which holds
everywhere on the sample space of the random variable
ex—a—1- Taking the expectation on both sides of the equation,
we obtain Eley_o_1ef , ] = EF Ul (ET)k—o"L
where Ilp is the covariance of the initial condition xg.
Since E is stable, we have limy o E[ex—a-1€1 ;] =0.
Moreover, we know from Remark 2 that z;,__1/%(x) is the
minimum variance estimator of x,_,_; for all k. Hence,
we have limy,_ o0 E[Zx—a—1(1)(Tr—a—1(1))T] = 0, where
Tp—a-1(1) £ Tp—a—1/x(1) — Tx—a—1. Then, consider the
second term on the right hand side of Eq. (5). Using similar
arguments as above, we have limy,_, oo E[(Wx_o_1(1))?] =
0, where Wy_a—1(p) £ Wg_q-1/k(1) — Wk—a—1 and
W—a—1/x(1) £ Elwg—a—1|yo:x(1)]. Finally, consider the
third term on the right hand side of Eq. (5). Since zq is
assumed to be independent of wy for all £ > 0, y;(p) is
also independent of w; for j <+ [22]. We then have

E[Y A Bwy—jlyor(n)] = EY_ A Bwgj|yk—at 1k ().
§=0 j=0
(6)
Note that we can rewrite gy, in the form
Ye(p) = C(p)A%p—o + Z C(u) A’ Bwy_j,
j=1

where C(u)A7=1B =0, Vj € {1,...,a}. Hence, yx(p) is
independent of w;, Vj € {k—«, ..., k}. Similarly, y,_1 ()
is independent of w;, Vj € {k—a—1,...,k—1}. Proceeding
in this way, we obtain the following

E[Y " A’ Bwg_j|yk—a+1x(w)] = B> A/ Buwy_;] = 0.
Jj=0 j=0
)
Combining the results above, we have

Eppr(p) = A2 E 1 (p) + AT By -1 (1)

@
+ Z AjB’l,Uk_j.
j=0

Moreover, we have Zy_o—1() € L{Tk—a-1,Y0.kx} and
Wg—a-1(1) € L{wr—a-1,Y0:k}, Vk. We then know from
the discussion above that Zj,_,_1 /5 (1) and wWg_q—1(p) are
both independent of w;, Vj € {k —«,...,k}, Vk. Denoting

22 Sppayk(p) = ElZr41 (1) (Zr41 (1)) "], we have
- Aa+22k,a,1Aa+2 + Aa+1BUk,aleTAa+l

+ Aa+22;c—a—1BTAa+1 + Aa+1B2;€71a_1Aa+2
+w?) A/BBTAI
7=0
where  Yp o1 £ E[-%kfafl(ﬂ)(jkfafl(M))T]A’

Oh—a-1 =  E[(@k—a-1(n)?] and X}_,

E[Zk—a—1 () (Wk—a—1(1))]. Note that we
have shown that limg_ o Xgp_a_1 = 0 and
limg yo0 0g—q—1 = 0. Considering E;v—a—l element-
wise, we have (E[(Tx_a_1(1))ip—a_1(n)])? <

E[(Zx—a—1(1)JE[(0r—a—1(1))?], Vi, by the Cauchy-
Schwarz inequality. Since limg_s oo E[(Zx_a—1(1))7] = 0,
Vi, and limp oo E[(Wk—a-1())?] = 0, we have
limg 00 E[(Zr—a-1(1))iwk—a—1()] = 0, ¥i. Combining
the results above, we obtain

S(p) = lim Sy (p) = w® ZOAJBBTAJ. ®)

j=

This completes the proof of Theorem 1. [ ]

Remark 6: Note that the result in Eq. (8) can be verified
by directly plugging it into the DARE as defined in Eq. (3).
However, our analysis here sheds light on the relationship
between the delayed unknown input observer observer and
the Kalman filter, providing an alternative way to calculate
the steady-state error covariance of the Kalman filter. O

Remark 7: Note that from Eq. (8), given the matrices A
and B, the value of the error covariance matrix only depends
on «, i.e., the shortest distance from the sensors to the
input. Hence, it is enough to consider sensor placements
w € {0,1}™ such that |supp(u)| = 1, i.e., it is enough to
place a single sensor at a single vertex in order to minimize
the steady-state MSEE. O

Corollary 1: Givenatree T = (V, &), consider the matrix
A as described in Definition 1 and the set of input vertex as
Z = {ip} C V. Consider a discrete-time linear system as
defined in Eq. (1) and Eq. (2) with V = 0,,x,. For any
two sensor placements p, ' € {0,1}™ and p, ' # 0 with
supp(u) = {4}, supp(p’) = {j’}, the following results hold.

(@) Forall r € V, (Z(w))rr > (3(1))rr if and only if

ligj 2 ligjr-

(b) For all » € V such that I > l;,;, (E())rr = 0.

O
Proof: (a). Since A7BBT AJ is a nonnegative matrix
for j € Z>q, the result follows directly from Eq. (8).

(b). For all » € V such that [.;, > «, we know
that (A7),;, = 0 for all j = 0,1,...,a, which implies
(AIBBT A7), =0 for all j =0,1,...,a. Hence, we have
(3(u))pr = 0. u

Using the results above, the optimal solution to the GKFSP
problem as defined in Problem 1, when the graph is a
tree with Z = {ip} C V, is to put a sensor at a vertex
j € V that is as close as possible to iy with respect
to the distance l;,; in the tree 7, while satisfying the



budget constraint. Thus, polynomial-time algorithms such as
breadth-first-search (BFS) can be used [23].

IV. GKFSP: MULTI-INPUT CASE

In this section, we analyze the case for GKFSP when
there are multiple vertices in the graph that have Gaussian
inputs. Denote the set of vertices that have inputs as Z =
{ig, ... ir—1} CV, where T € Z>o.

Theorem 2: The GKFSP problem is NP-hard when the
system has multiple inputs. O

Proof: We prove by giving a reduction from the
knapsack problem [24] to GKFSP when there are multiple
inputs in the graph. Consider an arbitrary instance of the
knapsack problem to be the number of items ¢, the set of
values {v;}, the set of weights {k;}, the weight budget &,
and an indicator vector ¥ € {0,1}7 such that item ¢ is
chosen if and only if v; = 1, where {v;}, {s;} and &
are positive integers. We construct an instance of GKFSP
with multiple inputs as follows. The graph G = (V,€)
is set to consist of g vertex-disjoint paths, all of which
are of length 2. Denote G = (Pi,...,P,), where the
vertex set of P; is denoted as V; = {pi,ph,pi} for i =
1,...,q. The matrix A € R37*37 associated to G is then
as described in Definition 1 with ¢ = m, denoted as
A = blkdiag(A;, ..., A,), where A; is the matrix associated
to P;. The measurement matrix is C' = I34. The input vertex
set is Z = {p},p?,...,p!}. The system noise covariance
matrix is set as Wz = diag(ws, ..., wq) with w; = (A;ﬁ
The measurement noise covariance matrix is V' = 034x34.
The sensor placement budget H = K. The cost vector
h = [hf --- hI1", where h; = [F + 1 k; 0] is the cost
vector for putting sensors at vertices of P;. Hence, a sensor
will always be placed at p, for all 4. Note that since A, C, W
and V are all (block) diagonal, we have the steady-state error
covariance matrix of the Kalman filter, if it exists, satisfies
Y(u) = blkdiag(X1(p1) . .., Xq(pq)), where p; is the sensor
placement vector w.r.t. P; in G and X;(u;) is the associated
error covariance matrix. Since each P; is a tree, the results
in the previous section can be applied here. Specifically, we
have trace(Ei(ui)|Hi:[0 0 I]T)ftrace(&(ui)mz[o L 1]T) =
wie{Afel = «; for all 4. Consider a sensor placement fi
with supp(fz) € V such that {p}',...,p}"} € supp(q), i.e.,
the middle points of paths P;,,...,P;_ are chosen to place
sensors. Then, by our construction of the GKFSP instance as
above, ji is optimal if and only if the indicator vector v with
supp(v) = {j1,- .., jo} is optimal for the knapsack instance.
Since the knapsack problem is NP-hard, the GKFSP problem
is NP-hard when the system has multiple inputs. [ ]

V. CONCLUSIONS

In this paper, we studied the GKFSP problem for a
class of linear dynamical systems defined over consensus
networks with stochastic inputs. We showed that there exist
polynomial-time algorithms for this problem when there
is a single stochastic input in a tree network. We further
showed that the GKFSP problem becomes NP-hard when
the system has multiple inputs. Our analysis sheds light on

the relationship between the Kalman filter and the (delayed)
unknown input observer and provides an explicit solution to
the DARE associated with the error covariance matrix of the
Kalman filter. Future work on extending the results to more
general network topologies and providing approximation
algorithms for the multi-input case are of interest.
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