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ABSTRACT. In this paper we consider the cotangent bundles of partial flag varieties. We
construct the K-theoretic stable envelopes for them and also define a version of the elliptic
stable envelopes. We expect that our elliptic stable envelopes coincide with the elliptic
stable envelopes defined by M. Aganagic and A.Okounkov. We give formulas for the K-
theoretic stable envelopes and our elliptic stable envelopes. We show that the K-theoretic
stable envelopes are suitable limits of our elliptic stable envelopes. That phenomenon was
predicted by M. Aganagic and A. Okounkov. Our stable envelopes are constructed in terms
of the elliptic and trigonometric weight functions which originally appeared in the theory
of integral representations of solutions of qKZ equations twenty years ago. (More precisely,
the elliptic weight functions had appeared earlier only for the gl, case.) We prove new
properties of the trigonometric weight functions. Namely, we consider certain evaluations of
the trigonometric weight functions, which are multivariable Laurent polynomials, and show
that the Newton polytopes of the evaluations are embedded in the Newton polytopes of the
corresponding diagonal evaluations. That property implies the fact that the trigonometric
weight functions project to the K-theoretic stable envelopes.
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Malik and Okounkov started in [MO1] a program to relate the quantum torus equivariant
generalized cohomology (cohomology, K-theory, elliptic cohomology) of Nakajima varieties
and representation theory of quantum groups. A central role in that program is played by the
stable envelopes, which are maps from the equivariant generalized cohomology of the fixed
point set of the torus action to the equivariant generalized cohomology of the variety. Stable
envelopes depend on the choice of a chamber (a connected component of the complement of
an arrangement of real hyperplanes) and stable envelopes of different chambers are related
by R-matrices of the corresponding quantum group.

The basic example of a Nakajima variety is the cotangent bundle of a variety of partial

flags in C™. Such a variety Fy is labeled by XA = (A, .

and consists of flags

F1CF2C"‘CFN:Cn,

..,)\N)EZ];[O, \)\|:)\1—|—---+>\N:n
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with dim F;/F;_1 = A\;; i = 1,...,N. The torus is T' = (C*)"* x C*, with (C*)" acting by
diagonal matrices on C" and C* acting by multiplication on the cotangent spaces. In this
case the stable envelope map can be thought of as a linear map Stab, from (CY)®" to the
T-equivariant generalized cohomology of the disjoint union LI ezl | Al=n1"Fa of cotangent

bundles. The stable envelope map depends on an element ¢ of the symmetric group S,,.

Let v1,...,vn be the standard basis of CV. The standard basis of (CV)®" consists of
vectors vy labeled by partitions I = (Iy,...,Iy) of {1,....,n}, v; = v, ® -+ ® v;,, where
i, = j if a € I;. Let Z) be the set of all partitions I such that |[;| = A;, 7 = 1,...,N.
Then Stab, is the same as a collection of cohomology classes (kg 1)rez, of T%Fx for all
A € Z%,, IA| = n. The classes must satisfy some remarkable defining relations.

The existence and uniqueness of the stable envelopes for the T-equivariant cohomology of
Nakajima varieties was established in [MO1]. The special case of the partial flag varieties
see in [GRTV, RTV1], where the formulas for the stable envelopes were given. The K-
theoretic stable envelopes were defined by Maulik and Okounkov in the paper [MO2], which
is in preparation, see this definition in [O, OS] and in Section 5.1 below. According to
[0, OS], the paper [MO2] will also contain the theorem of existence and uniqueness of the
K-theoretic stable envelopes for Nakajima varieties. The proof of the uniqueness of the K-
theoretic stable envelopes is also given in [O]. One of the main results of this paper is the
proof of the existence of the K-theoretic stable envelopes for cotangent bundles of partial
flag varieties and formulas for them, see Theorem 5.1.

The definition of elliptic stable envelopes for Nakajima varieties was sketched by Aganagic
and Okounkov in [AO]. In [FRV] a version of the elliptic stable envelopes was defined for the
cotangent bundles of Grassmannians. The second main result of this paper is the definition
of a version of the elliptic stable envelopes for cotangent bundles of partial flag varieties in
the spirit of [FRV] and an axiomatic description of them in Theorem 7.3. That definition
coincides with the definition in [FRV] for the cotangent bundles of Grassmannians. We
expect that the stable envelopes in [FRV] and this paper coincide with the corresponding
elliptic stable envelopes in [AO].

Our formulas for different versions of stable envelopes are given in terms of the weight
functions, which originally appeared in the theory of integral representations for solutions
of different versions of gKZ equations and associated Bethe ansatz, see [SV, V, TV1, TV2,
TV3, TV4, FTV1, FTV2, MTV]. The integral representation for a solution I(z1, ..., 2,,y)
of the Yangian Y, (gly) qKZ equation with values in (C")®" has the form

1(217"'72717:1/) :Z (/q)(t7217"'7Zn7y)WI(t7Z17---aznay)dt) vr,

1

where ®(t, z, y) is some scalar master function and W;(t, z,y) are the weight functions, y is

deformation parameter of the Yangian, ¢t = (tl(k)) are the integration variables. To obtain a
T-equivariant cohomological stable envelope we identify the variables zq, ..., z,,y with the
equivariant parameters of the torus 7' = (C*)™ x C* and the variables ¢ with equivariant
Chern roots of the tautological vector bundles on T*Fy. To construct the K-theoretic or
elliptic stable envelopes we take the weight functions appearing in other versions of the qKZ
equations.
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Initially the weight functions were invented to construct the integral representations for
solutions of the qKZ equations. The main requirement on them was the condition that the
weight functions (W, (¢, z,vy))rer, and (W, 1(t, 2,y)) ez, labeled by 0,0’ € S, must be
related by the R-matrices of the corresponding quantum group, which permute the factors
in the tensor product of n evaluation representations. No stable envelope properties were
expected from them. Only now, 20 years later, when the stable envelopes were introduced,
the new stable envelope properties of the weight functions are becoming uncovered.

In this paper we study the gl elliptic and trigonometric weight functions. For N = 2,
the elliptic weight functions were introduced in [FTV1, FTV2]|. For N > 2, the gly elliptic
weight functions did not appear previously in the literature. The gly trigonometric weight
functions of this paper are modifications of the trigonometric weight functions considered in
[TV1, TVA4].

_In this paper we consider, in particular, the trigonometric weight functions denoted by
(W2(t, z,h)) ez, and their evaluations (W2(2, 2, h))rez, labeled by partitions J € Z.
Each of these evaluations is a Laurent polynomial in z1,...,2,. We show that the diagonal
evaluation W(f ;(z7, 2, h) equals some explicit product of binomials and the Newton polytope

of any off-diagonal evaluation W(fl(z J,%2,h) with I # J can be parallelly moved inside the

Newton polytope of the corresponding diagonal evaluation I/T/UA ;(z7,2,h), see Theorem 3.9.
This is the stable envelope property of the trigonometric weight functions. Theorem 3.9 is
our third main result.

We emphasize that the weight functions are not the same object as the stable envelopes.
The weight functions are polynomials of certain variables, while the stable envelopes are
projections of the weight functions (usually divided by some nontrivial factors) to the cor-
responding equivariant cohomology algebras with relations.

Our fourth main result is the relation between our elliptic stable envelopes, introduced in
this paper, and the trigonometric stable envelopes, see Theorem 3.1. That relation between
the elliptic and K-theoretic stable envelopes was predicted in [AO, Proposition 3.5], see a
remark after Theorem 3.1. The elliptic weight functions are defined as symmetrizations of
alternating products of theta functions of one variable. When the modular parameter and
the argument of the theta function tend to zero in a special way the theta function turns into
a binomial. The corresponding limit of an elliptic weight function turns into a trigonometric
weight function. In that way the trigonometric stable envelopes can be recovered from the
elliptic stable envelopes.

The exposition is the following. In Section 2 we introduce the elliptic weight functions and
study their properties. Theorem 2.2 shows that different elliptic weight functions are related
by the gl elliptic dynamical R-matrices. Theorem 2.9 gives the orthogonality relations for
the elliptic weight functions, similarly to the orthogonality relations in [TV2, TV3, RTV1,
RTV2, FRV]. In Section 3 we introduce the trigonometric weight functions. Theorem 3.2
describes the R-matrix properties of the trigonometric weight functions. In Section 3 we
formulate and prove Theorem 3.9 on Newton polytopes.

In Section 4 we discuss elementary facts on partial flag varieties. In Section 5 the K-
theoretic stable envelopes of cotangent bundles of partial flag varieties are constructed. In
Section 6 we remind elementary facts on line bundles on powers of an elliptic curve. In
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Section 7 we define our elliptic stable envelopes. At the end of the paper we comment on
the definitions of stable envelopes in cohomology, K-theory, and elliptic cohomology.

This paper was inspired by papers and oral presentations by Andrei Okounkov and his

coauthors. Our goal was to understand the K-theoretic and elliptic stable envelopes and
their relations with weight functions. The authors thank G. Felder for useful discussions and
the referee for helpful suggestions. The authors thank H. Konno who pointed out a mistake
in the earlier version of Theorem 2.9, in which the shift h* had been missing, see that shift
in our earlier papers [RV1, FRV]. The third author thanks the Max Planck Institute for
Mathematics and Hausdorff Institute for Mathematics in Bonn for hospitality.
Remark on notation. Weight functions appear in the literature in three flavors: rational,
trigonometric, and elliptic. Their natural notation would be W7%, Wéf}f’A, Wel. We will use
the latter for the elliptic version. For the trigonometric one, we will write W(fl to keep the
notation simpler. There will be no rational weight functions in this paper.

2. ELLIPTIC WEIGHT FUNCTIONS

2.1. Notation. Let 7 be a complex number with positive imaginary part and let ¢ = 2™,
We will use the complex variables = and w satisfying © = e?™*. We set ¢'/? = €™ and
x'/? = ¢™_ Define the theta function

1) 9e) = @) o) dlaf), o) = [[(1-a'0).
of. [AO, (67)]. Then B

(22) T ) = ),

Let

(2.3) B(u) = O(u, ) = (>, 27

be obtained from 9(z, ¢) by the substitution q = €*™", x = €™ . Then
(2.4) Ou+1) = —0(u), O(u+7) = —e ™7 2G(y) .
Let ¢ — 0, z,a,b are fixed, 0 < Ree <1, and m € Z, then

V(ag™")

9, /2 —1/2
(2.5) Hx) =z x e I(bg™+)

= (afb) V2,

The following identities holds for J(x):

(2.6) V(ay,/x) I(hys/z) I(hy1/y2) V() =
= J(ahy,/x) V(y2/x) O(y1/ya) V(a/h) + I(hys/x) I(ays/x) I(h) I(ay:/ya),
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(2.7)  Howazhyi/z1) I(ya/21) I(hy1/x2) Vo hya/x2) V(hwa/x1) (Y1 /y2) V(1) —
— I(hy1/z1) Vaohya /1) Vonazhy [2) O(ya/22) (cnza/z1) U(y1/y2) I(h) =
= Yanazhyi/x1) I (hya/21) I (y1/22) Vazhys/x2) Va/x1) I(hy1 /y2) Ven) —
— U(hy1/z1) Voo hys/x1) Vashyr [22) Iy /22) I(@2/21) V(1y1/y2) I(R).

2.2. Elliptic R-matrix. Given a positive integer N, let g = (i1, ..., py) . Nonzero entries
of Felder’s dynamical R-matrix “R(z,u) are

FR%<$,HJ) =1, FIR’?Z(‘T ) _ ﬁ(x) ﬁ(h:uj/:uk) F,R’i’;(x ) _ ﬁ(xluj/luk) ﬁ(h)

D) Oy /) — O(@h) I/ )
where j # k, see [F], where h = e ™ and p; = e 2% | j =1,...,N. The R-matrix
R(x, p) ) o
28) Rieo) = 1. Rib(oop) = Gl oy,

i () Iy [ p) O (hpe/ 1) ki U(z) ,
7 (z = Nz = k
T P T I T R

is similar (in the case N = 2) to the R-matrix in [AO, formula (66)] under the identification
r=u, h=1/h, u/ps=z.

2.3. Index set 7, variables t. We will use the followmg notations throughout the paper.
Let n,N € Z>, and let)\EZ be such that Zk LAk = n. Set AE) = X\ 4+ . 4+ N\, for
k=0,...,N,and A\{} =\ .”+A

The set of partitions I = (Il, . ,IN) of {1, ...,n} with |Ix| = A\ is denoted by Zy. For

I € 7, we will use the notation U, 1, = {zgk) <...< 25\2)}
Consider variables t) for k = 1,...,N,a=1,..., A% where M = Za, @ =1,....m.

Denote tV) = (t,(ﬂ ))k<A<J) and t = (15(1)7 L tNED),

2.4. Elliptic weight functions. For I € 7 define the elliptic weight function

o A1
(2.9) Wt z,h,pn) = (9(h))" Symya ... Symyw— Ur(t, 2, h, ),
where Sym,w) is the symmetrization with respect to the variables t( ). ,t;’fi),
k k) J(k
Sym;) f(tg )a T A(k) Z f t( )A(k>))
O'ES/\(k)
N—1 A AGe+1D) A (k) /. (k)
Y(ht, ' [ta")
ell _ ell (k+1) /4(K) Sl BV
(2.10) U (t,z,h, ) ( H Liaclte /") H 19(25(16)#(1@)) )
k=1 a=1 c=1 b=a+1 b a
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( J(hzx), if D <)
(k) (k)
1 j a - : a
ﬁ(ajh +pI,](I,k,a)(Z ) pI,k+1(7’ )///k+1/uj(l,k,a))
(k) (k)
1 j a - a
ﬁ(h +p1,5(1, k,a) (G ) —P1,k+1 (3 ),UJk+1/,Ufj(I,k,a))

I(z), if gk > k)

c

(2.11) Fhac(T) = e

9

\

where j(I, k,a) € {1,..., N} is such that &) e Ii(1,k,a) , and
(2.12) prjm) = |L;n{l,...,m—1}], j=1,...,N.

Denote by 1;(h, p) the product of all denominators appearing in (2.10) and depending on

h, p only, N

) iy i)
(2'13) wl(h, /—L) — H ﬁ(hl—&-m,g([,k,a)( a )= Prk+1(ia )Mk+1/Mj(I,k,a)) .
k=1 k=1

ol

Remark. Notice that the weight functions are regular at the diagonals tl()k) = ¢{® despite
the appearance of the denominators ﬁ(ték) / tl(lk)) in (2.10).

For o € 5, and I € Ty, define the elliptic weight function
(2.14) W;l}(t, z, h, [,l,) = ;1711(1) (t, Zo(1)s -+ -5 Ro(n)s h, [,l,) s
where o7 (I) = (07*(L1),...,0 ' (Ix)). Hence, W/ = W,
Example. For N =2, n=2 \=(1,1), s = (1,2) € S, tgl): t, we have

. V(hzi/t - pa/p
Wiy = P(h)9(z2/t) (ha/t- pa/ 1)

I(hpa/pa)
Widlizyap = 9(R)9(ha /t)ﬁ(zg(/;z' /“:1/) )
Wetoy.en = ﬁ(h)ﬁ(h@/t)ﬁ(i;(/; /“:1/) )
Welnoy = 0(h)0(zl/t)l9(%z(2]i;; /“:1/) )

2.5. Exchange properties. Let

(215) ﬁ(l’l, T2, Y1, Y2, Oé) = Syma31,a:2 ﬁ(ayl/xl) ﬁ(yQ/xl) ﬁ(hyl/ﬂh) Q9(&}”/2/1_2) ﬁ(hIQ/l’l) '

W(wz/x1)
Lemma 2.1. [B(z1,x2,y1, Yo, ) 1S symmetric in yi,Ys.

Proof. Identity (2.7) for a; = 1/h, as = a is equivalent to

(2.16) B(xr, 22, Y152, ) = Blahyr, ahyz, w1, 79, a)

which proves the claim. U

Let s;; € S, denote the transposition of 7 and j. Set p,gi) = (P @y AP )
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Theorem 2.2. Let o € S, be such that o(i) € I, and o(i +1) € I,. Then
(217) Well — Well

0S4,i+1, 1
for a="5, and
(218) W;;l i1, I = R b(’za'(’b /ZU(1+1)7 l’l’ —1 )W;l} + Rab(’zo' /ZU('L"Fl 7/’1’ —1 )W;I}GG( i), 0-(1'+1>([)
for a #b.

Proof. By formula (2.14), it suffices to prove the statement for o being the identity permu-
tation. In that case, i € I,, i +1 € I, formula (2.17) for a = b reads

(2.19) Wel(t, 20 h,p) = WA, z,h, ),
where 23 = (21,..., 21, Zit1, Zis Zig2, - - -, Zn) , and formula (2.18) for a # b reads
(2.20) We;li“(f)( 29, p) = ab(zl/zz+17/-1' )ern(t z,h, p) +

+ Rab(zz/zz-kl,lif )Welliﬂ (t z,h, N)

Furthermore, formula (2.10) implies that it suffices to consider only the case n =2, i =1.
By formula (2.10), the products Us‘ilm([)(t,z(i), hyp), UMt z, h, 1), and U;“H(I)(t,z,h, w)
have many common factors, being different in the part that reproduces the case n =2, i =1
up to a change of notation. Then formula (2.20) in general can be obtained by taking for-
mula (2.20) for n =2, ¢ = 1 in appropriate variables, multiplying it by the common factors
of the products U;ilm([) (t, 29 h, ), Ut ,z,h,p), Usellﬂ(l)(t,z,h,u), and subsequent
symmetrization in tV) variables for each j=1,...,N —1.

Assume n = 2, ¢ = 1. To simplify the notation, we write s = s;2. The proof uses the
recursive structure of the weight functions. Set

AR A(k+1)

Ak (k) /()
~k o I(hty " /ta”)
U1< >(t(k), t(k+1) H < H ¢klic Ck+1 ) H (Z) (k)) 7

b=a+1 ﬁ(tb /ta

so that USN(t, z) = [0 UM #®), ¢5:+D) | see (2.10), (2.11). Define

(2.21) W EFD #®) = Symya ... Symeon (O @D, @) . OFV (5D, ¢R))
where 9 = (¢, ... tU)) . In particular,

{1
(2.22) wlt, z) = ()" WMt z).
Formula (2.21) yields
(2'23) W;k+l>(t<k>, t(k+1)) _ Symt(k) (Wl(k> (t<k—1)7 t(k)) fj}(m (t(k), t(k+1))) ‘

Let a=0b. Then [, ={1,2}, I, =@ for c#a, ﬁlmzl for k < a, and

T = ¢(t®, 69 15D 10D b b )
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for k > a, where

(2.24)  ((x1, w9, Y1, Y2, 01, 2) = Faraohyy/x1) Hye/x1) V(hyy/x2) I aghys /o) —1919(?322/{;11)) :

cf. (2.15). Therefore, by formula (2.23) and Lemma 2.1,

N-1
WI<N> (tv 21 22) = H B(tgk)7 ték)v t§k+1)7 ték—i_l)v h:uk’-l-l/lul) = WI<N> (t7 22, Zl) .
k=a

By formulae (2.14) and (2.22), we have WF(t, 21, 22) = W (t, 22, 21) = Wt 21, 20),
which proves equality (2.19).

Let a #b. Then I, = {1}, I, = {2}, and I.= @ for ¢ # a,b. To simplify writing, we
will consider only the case a > b. The proof in the case a < b is completely similar.

Let a>b. Then U/"=Uf) =1 for k<b, and

— (bt ()

ok = gk = b<k<a-—1,
! <) V(D pirgr/ ps)
pan _ VD) 0ty i)
! O(pta/ 110) ’
Fa _ V) 0 (et 1))
o) O(hpia/ ) ’
(225) [71<k> = C(t( ) té )7 tngrl)a t§k+1)7 /’l/b/lLLa7 /JlkJrl//Lb) ) k> a,
(2.26) U = ¢ 6 D A s e fpa) . k> a,
where ( is defined by (2.24). Set
U(zh) zps/pa) 9(h)
2.27 plx) = , p(r) = .
(221) @ =% = 00 0

We will prove the equality

(2:28) WY, 10, ) =

k) (k k — k k (k k — k k
= P17 Wi (870,87, 67) — (07787 W (0, 1, 47)

for k> a. By formulae (2.8), (2.14), (2.22), (2.27), this equality proves relation (2.20).

The proof of formula (2.28) is by induction on k. The base of induction is k = a, when
formula (2.28) reduces to identity (2.6). For the induction step, we multiply formula (2.28)
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by 9, sco (225), and symmotise over. 19, i

Symy o0 Wi (0570, 68, 670) ¢, 67, 657 Y, s e /11e) =

= Sym,e 0 p(t1/85)) Wi #0157, 619) ¢, 657, 610, 15

) Mb/ﬂa, ,uk:-i-l/lub) -
k - k k k k k+1 k+1
- Sym (k) t(k) Sp(tl /t2 ) s<(]>)(t<k 1>7 tg )7 té )) C(tg )7 tg )7 tg i )7 tg " )7 :ub/lu’a7 Mk—i-l/ul?) :

Now we evaluate the left-hand side by formula (2.23) and swap tgk), t( )in the first summand

in the right-hand side to factor out the common factor W;éc 1>) (k1) tg ) tgk)) ;

= Symtgk)vt(;) (Wé,((]% (t< 1) t(k) t( ))( (t2 /t ) ( (k) t( ) t§k+l), t(k-i—l , ,Ub/,um ,Uk—i-l/,ub)

k k k k+1 k
et/ 1) ¢t 49 Y A8,y Mk:-i—l/,ub)))

The next step is to use the identity

P(%/%) C(l‘l,xmyhy%&h%) - @(I2/$1)C(b,xl,yhym@h%) =

= p(y1/y2) (@2, 21, Y2, Y1, L/ a1, ) — (Y1 /y2) (22, 21, Y1, 42, 1/ 01,z

equivalent to (2.7), to get

Wl(k—&-l)(t(k) t(k+1) t(k“)) _
k k k k k k k
= Symy 0 Wie) %0 49, 859) p(e 760 ¢, 67, 65 Y, o e /11a) —

k — k k k+1 k+1 k+1 k+1
= Symyge o0 WG E 17,67 ot/ Q8 D, s a1

Applying formulae (2.26) and (2.23) in the right-hand side of the last equality transforms it
into formula (2.28) with & replaced by k + 1, which completes the induction step.

Theorem 2.2 is proved. O
2.6. Transformation properties.

Lemma 2.3. For I € I, denote

—1 AE) 2(k+1) N-1 t(k) t(k

N
(2.30)  Galt,z, h,p) = T IT veey o M e/ i)
k=l a=l =1 ko1 U(E t)\(k)) O(h=% g/ pge41)

I
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. N—1 9(p=Xi——AN-1 i/ N wel, ?a
@31 Gt hop) = (00)" ] é(h — 7<;/LM/M)N>(HH .;))

h,)) (a—1—pr(a)—A1—...—Aj_1)? ﬁ(Za)

N
X H H haflfpf,j(a)*Alf-"*)‘jfl) ’

Jj=1 a€l;

where t&) = 2., and prj(a)=|LN{l,...,a—1}|, see (2.12), and

N

iy S\OISNE)
b= Y (PP S (- a- ) - Y -5 - D))
oo j=1 a€l; k=j+2
(232) GAJ(t,Z,h,[.L) = G)\(t,Z,h, IJ’) Gl(zvhau’)a

Then the ratio W (t, z, h, p)/Gar(t, 2, h, i) does not change if any of the variables tz(k),
h, p; s multiplied by q .

Proof. By formula (2.10), the ratio UF(t, z, h, u)/Gx1(t, z, h, p) does not change if any of

(k

the variables ¢, ) . h, p; is multiplied by ¢. Since G (%, z,h, p) is symmetric in tgi), cee

,\<) for each i =1,..., N — 1, the same is true for W(¢, 2, h, u)/Gx1(t, 2, h, 1) . O
Notice that
a—l—pl,j(a)—)\l—...—)\j,l =

=|{l,....a= 1N (L1 U...UIy)| = {a+1,....n}N (LU...UIL)|
Let vy = hMTTX—1p, - Then h™ /ey = vp/vki and h‘AJ’_"'_’\Nflpj//LN =v;/un.

Example 1. N=2, 1 ={s}, =1, da=n—1.

Wilt, 21, .oy z) = O(h) f[ I(hza/t) o (hzf“j/i“/lu%/t H I(z/t) .

a=1

The product (2.32) equals

O(h~Ytpa /i) I /pz) 9(2) .
Hﬁ ) SR fi) 0D I e i) 02 hsl Ulﬂ(zbh I3 ﬁ

b=s+1

and vy = 1, vo=hps, Kl /ps = v1/vs.
Example 2. N=2 n=3, [ ={1,2}, L={3}, A1 =2, =1,
W[(tl,tQ,Zl,ZQ,Zg) = (19(;7/))219(22/t1) 0(23/t1> ﬁ(hzl/tQ) ﬁ(Zg/tg) X

O(h(pa/m) z1/t1) O(h*(pa/ ) 22/t2) 9(hta/t)
V(hpo/pa) O(h2pe/ ) V(t2/t1)

+ [t; «— to] .
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The product (2.32) equals

L I(titah 2 /pe) O 2 pe) 9(z120)  D(21) 9(z2) O(25)
h)) H H V(% I(tits) I(h2pu1/ o) 8 V(h=2212 1/ p12) - V(21) (22) V(23)

a=1 c=1
and vy = py, vy = hpy, W2 /pe = 1 /vs

Trivial fractions from (2.32) are not removed in the Examples.

2.7. Substitution properties of elliptic weight functions. Recall that for I € Z, we
use the notation U’Z:l I, = {zgk) < ... < zf\’?k)} For a function f(t,z,h), we denote by
f(z1,2z,h) the result of the substitution ) = za forall k=1,...,N, a=1,..., M)

For any o € S,,, we define the combinatorial partial ordering <, on Z,. For I,J € I,
let

k k
o (U In) = {a? <...<al}, o (U ) = (o <.o<bly,

m=1

for k=1,...,N—1. Wesay that J <, I if b <a® forall k=1,....N—1, i=1,
., A®) Notice that J <, I if and only if o= (J) <iq 0~ }(I).

Set N_1 A AK)
(2.33) ESN(t, h Bt /i)
d k=1 a=1 b=1
an
~ Wel(t, z, h,
(234) Wl (e, 2,y = Lol 2o )

ESNt, )

The proofs of the following three lemmas are straightforward modifications of the proofs
in [RTV2, Sect. 6.1]. We indicate main steps of the proof after formulating the lemmas.

Lemma 2.4. We have I/T/(ﬁl}(zJ,z,h, p) =0 unless J <, 1.

Define
(2.35) P (2, h) H H ( H P hzom)/ %0 (a) H 2o()/ Zo(a) )
k<l o(a)€l} ~ o(b)E] b)el,
b<a b>a

Lemma 2.5. We have We“ 1(z1,2,h,p) = P(z,h).
Recall the function v;(h, p), see (2.13). For J € Zy, denote

(2.36) eeuvertz h) H H H V(hzov)/ 20(a)) -

k<l o(a)eJ, o(b)eJ;
b<a

Lemma 2.6. For all I,J € Iy, the function ¢¥;(h, )We“ (27,2, h, ) €0 (z, h) lifts to
a reqular function on the universal cover of (C*)nH1+V,
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The universal cover in the last lemma is due to presence of the square root z'/? in formula
(2.1) for J(z).
Proof of Lemmas 2.4-2.6. By formula (2.14), it suffices to verify the claims for ¢ being the
identity permutation. The function W.3';(t, 2, h, p) is the symmetrization of product (2.10).
By inspection of formula (2.10), each term in the symmetrization sum acquire a zero factor
at t = z; unless J <iq I, and E(z;,h) # 0. For J = I, the only term of the sum for
Wil (t, z, h, u) that does not vanish at ¢t = z; corresponds to the identity element, and
equals UP(t, z, h, p) . Then I;Iv/igl}l(zl,z,h, p) = Ui (21,2, h,mu)/ES" (21, h) = P, (2, h).
Finally for J <4 I, inspection of (2.10) shows that each potentially nonzero term of the
sum for W;g' (25, 2, h, p) is divisible by E5'(z;, h) f}ljert(z h). O

2.8. Orthogonality. Let oy € be the longest permutation in S,,. Denote h*u=! = (hMpu] ",
. .,ff‘NuN)_l. Let t be an additional set of variables similar to ¢. Define a function
E(t7t7z7h7“)7

(2.37) =(t,t, 2, = Wtz b ) WL (E, 2, h W )
IE€Tx
Proposition 2.7. The function E(t,f, z,h, @) is symmetric in z.
Proof. The statement follows from Theorem 2.2. O
Proposition 2.8. For I,J € Iy, we have

(238) E(Z[, ZJ, =2, h, [,l,) = Rell(Z[) le(Z[, h) 5[’J 5

where

(2.39) RV"z) =[] TI I] ?(=/2).  @"(zr.h) =TT IT T 9(hav/2a)-
k<l a€l} bel k<l a€l} bel

Proof. Denote by f1 ;(z) one of the sides of formula (2. 38) Then either by Proposition 2.7
or by formulae (2.39), we have fo1),0(1)(2) = f1,0(200),-- -, %0(n)) for any o € S,,. Thus it
is enough to verify formula (2.38) for J = ({1,..., A}, ..., {n — A, +1,...,n}). In this
case, I <,,J for any I € T, and formula (2.38) follows from Lemmas 2.4, 2.5. O

Theorem 2.9. For J, K € Iy, we have

(2.40) >

I€Ty

Wiy (21,2, b ) Wl (21, 2, h I )
R(z7) Q(z7, h)

= k-

Proof. Consider the matrices V/[\/, VT/’, @ with entries

WI,J = I;Iv/igl,lJ(zfv z,h,p), Wf{] = WQOH,K(ZL z, h, h)‘,u_l) 5 Q\I,J = Reu(zl) Qeu(zb h)or, -

O

Formula (2.38) yields a matrix equality WW' = @ Therefore, W’ @*1W = 1, which is
exactly formula (2.40). O
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Remark. Denote ¢t~ = ((tgl)) (tE\J(VN My B, z7'=(z",...,2,"). Notice that all

the consideration is essentially invarlant under the simultaneous replacement

h—ht, z—=2zt tot!h popl

for instance, R(x, h,pu) = Rz, =Y u™t),
Well( 717 h’l, u71> _ (_1)25:—11 AEI\(F+1) Weu Lt 2, h, ).
3. TRIGONOMETRIC WEIGHT FUNCTIONS

3.1. Alcoves. Consider RY with coordinates v = (v4,...,vy). A wall in RY is a hyperplane
defined by an equation of the form v; —v; = m, 1 <7 < j < N, m € Z. Connected
components of the complement in R”Y to the union of all walls are called alcoves. Let A
be an alcove and v € A. For 1 < ¢ < j < N, denote m;; = |v; — v;] € Z, that is,
0 < v; —v;—my;; < 1. The numbers (m;;)i<i<j<n depend on the alcove A, but not on
v € A they are called the integer characteristics of the alcove A . The anti-dominant alcove
is the alcove with zero integer characteristics.

Let A be an alcove with integer characteristics (m; ;). Recall the ¢, z, h variables from
Section 2.4. For I € Ty, define the trigonometric weight function

A1

(3.1) Wit z,h) = (1—h)"  Sym, ...Symw-n U,
where
k k) (k
Sym ) f(tg )a . )\(k) Z f t( .. U())\(k)))
UESA(;C)
A RELE A (k+1) 74(k) o 1—htz(,k)/t(k)
_ + a
(3.2) Ur = H H( H Vikaelte ' /t") H W),
k=1 a=1 c=1 b=a+1 b /a
1— ha, it D < i)
(33) Uael) = ammmoka i =),
1—zx, if k) > 0

where j(I, k,a) € {1,..., N} is such that i\ € L1 k,a) > cf. (2.11).
For 0 € 5,, and I € Z,, define the trigonometric weight function
(34) Wﬁ[(t z, h) = WUA_1(I)(1}, 20(1), . ,Za(n), h) s

where o7'(I) = (67 (11),...,0 7 (In)). Hence, Wi = W3 .
Define

—1 2(k) 2\(k) ht(k)
(3.5) Et.n) =] ( - %)
k=1 a=1 b=1 a
and
~ W2,(t, z, h
(3.6) W2 (t,z,h) = M.
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Remark. The trigonometric weight functions of [RTV2] correspond to WUA,I(t,z, h) with
the anti-dominant alcove A.

3.2. Elliptic versus trigonometric weight functions: the ¢ — 0 limit. Let A be an
alcove with integer characteristics (m; ), and let v € A. Define

(3.7) p; = e, j=1,...,N.

Then for 1 < j <k < N, we have p/p; = ¢mixeik where ;5 = v, —v; —mj, € (0,1).
For I € T, , define

(3.8) (= #{(a,0)€{l,....n}* | a€lj, bely, a>b, j<k}.
Equivalently, ¢; is the length of the permutation o; € S,, such that

(3.9) L={o AV <. .<o (N9}, j=1,...,N.
Theorem 3.1. Let h,z,t be fired. As ¢ — 0, we have

(3.10) Wtz b, ge) — e(h) - (X(8)) P WA 2, 1),
where c(h) = (—1)Zas AONED B =SB OE)2 g
N—1 A(®) )\(’“'1) N—1 X&) n
k+1 )) _ (tak))—)\k—)\k+1 HZZ—)\N
k=1 a=1 b=1 k=1 a=1 a=1

Proof. The statement follows from formulae (2.9)-(2.12) and (3.1)—(3.3) for the weight
functions, and the limit properties (2.5). The next formulae simplify the expression for
c(h):

ARk N—1 \(®
AR (AR 1
ZZplczgk :¥, p1k+1lk)—£1
a=1 c=1 k=1 a=1 ]

Remark. In the geometric language of Section 4, ¢; equals the dimension of the Schubert

cell Qiqr, see (4.1), (4.2). Thus the ratio of the factor A~%/2 in (3.10) and the factor

peedim(ia,1CFX)/2 in the normalization condition in Section 5 equals A~ (4™ #3)/2 and does not

depend on [ € 7, .

Remark. Notice the substitution formula, cf. (3.15):

X(zr)= [ TI1] /2

1<j<k<N a€l; be,

Remark. Theorem 3.1 is our attempt to interpret [AO, Proposition 3.5] as a property of the
elliptic and trigonometric weight functions. In [AO, Proposition 3.5] the authors claim for
a Nakajima variety that an elliptic stable envelope converges to a certain K-theoretic stable
envelope under a certain limit. The K-theoretic stable envelope are not precisely defined in
[AO] and the proof of Proposition 3.5 in [AO] is only sketched.



16 R.RIMANYI, V. TARASOV, A.VARCHENKO
3.3. Recursion properties. Let sqq41(2) = (21, -, Za—1, Zat1s Zas Zat2y - - -5 Zn) -

Theorem 3.2. Consider an alcove A with integer characteristics (m;;), and I € Iy such
that a € I, a+1€1,. If k=1, then

(3.11) WE(t, Saas1(2),h) = WE(t, 2, h).
If k<1, then
(3.12) W2 itz h) =
1- hza/za-I—l A (za/za-&-l)mk'lJrl A
= Te/rams t, 544 h h—1 Wr(t, z,h).
[ Wi (¢, saar1(2), h) + (h —1) [y 1 (t zh)
If k>1, then
(3.13) W2tz h) =
L—h"21/20 1 (2at1/2a)™ A
= t h h=— —1 t,z,h).
1 — Za+1/2a WI ( 7Sa7a+1<z)v ) + ( ) 1 — Za+1/za WI ( =D )
Proof. The statement follows from Theorems 2.2 and 3.1. ([l

3.4. Substitution properties of trigonometric weight functions. Recall that for I €
T we use the notation |J*_, I, = {zgk) <. < 25\2)} . For a function f(t,z,h), we denote
by f(zr,z,h) the result of the substitution ) = zw forall k=1,...,N, a=1,..., M)
Recall the partial ordering <, on Z, defined in Section 2.7.

The proofs of the following four lemmas are straightforward modifications of those in
[RTV2, Section 6.1], cf. the proof of Lemmas 2.4—2.6 in Section 2.7.

Lemma 3.3. For any o € S, and I,J € Iy, the function VT/ﬁ[(zJ,z,h) is a Laurent
polynomial.

Lemma 3.4. We have Wfl(zj,z,h) =0 unless J <, 1.

Define

(3.14) Por =11 II 1I (~20/200) -

k<l U(a)le O'(b)GIl
b>a

Using definitions (4.7), (4.8) of e, = el _ey'_, observe that

(3.15) Pa,[ . 607] = H H ( H (1 — hZU(b)/ZU(a)) H (1 — Za(b)/ZU(a))).
k<l o(a)€l} "~ o(b)el o(b)el;
b<a b>a

Lemma 3.5. We have ij(zl, z,h)=P,1-¢e5r.

Lemma 3.6. For any I,J € I, the ratio Wﬁj(zj,z, h)/exy_ is a Laurent polynomial.
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3.5. Newton polytope properties. Fora =1,...,n—1, denote by K, the automorphism
of C[z*!, h*!] switching z, and z,.;. That is K,(f(2)) = f(Sa.as1(2)).

Let v € RY belong to the alcove A with integer characteristics (m; ;). We will use the
notation ¢; ; = v; — v; —m, ; for the fractional part of v; —v; for 1 <i < j < N; we have
0 <¢g,; <1. Define

N
Sr=Si(z) = H H z and Wﬁ, = Wﬁ,(z,h) = W (zs,2,h)- Si(2).

Although the notation does not record it, both S; and Wﬁ, depend on v itself, not only
on its alcove A.

Lemma 3.7. Let I € Ty be such that a € I, a+ 1€ I,. If k=1, then

(3'16) WIAvSa,aJrl(J) - Ka(WféJ)'
If k<1, then
— 1—2z /z — (z /z )1_%1 _
A o a/ ~a+1 | A a/ ~a+1 A
B0 W = ([ T + (-0 R T )

If k>1, then

— 1—2401/%2a = 1y (Zag1/za) TE0E
A . a+1/ ~a A 1 a+1/ ~a A
318 Whawn = Ka<1 oy P R Ty FAl ) )

Proof. Let k =1. Then taking into account (3.11),
Ka(Wfﬂ = Ka(WIA(ZJazah)) Ko(S51) = WIA(Zsa,aH(J)’Sa,a-&-l(z)ah) Sp =
= WIA<ZSa,a+1(J)’z7 h) SI = WIA:Sa,a-!—I(J) :

Let k < (. Formula (3.12), rearranged, gives

(Za/za+1)mk’l+1
1 —hzy/2401

1 — 24/2411 A
1 —hzy/2411 Saat1(l

WP (t, Saar1(2), h) = )(t,z,h) + (1 —h) WAt z,h).

Substitute now t = z;. Then,
Ka(W[A<zsa,a+1(J)7zah)) = W[A(zJasa,aJrl(z)?h) =

(2a/Za41)™ !

1 — hzy/2411

1 — 24/%at1 A
1— hzg/zqqr CSoettl

= )(Z],Z,h)—l-(l—h) WIA(szzah)?

that is,

A A =
Ka(WIysa,a+1(J)) — ]' B Za/Za+1 . Wsa,a+1(1):‘] + (1 _ h) (Za/za+1)mk’l+l . WIAyJ

Ka(SI) 11— hza/za—i-l Ssa,a+1(l) 11— hza/za—i-l SI
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Since Ko(S1) = Sspanr() = (Zas1/2a)" 7" St = (2a41/%a)™ 751 St , we obtain

(2a/Zat1) " =

1 - Za/zaJrl TI7A WA
I1,J>
1 —hza/2441

A B
(3.19) K, (WI,SG,GH(J)) T T hee/rans W oma t (1—nh)

which is equivalent to formula (3.17). The case k > [ is proved similarly. U

For a Laurent polynomial f € C[z,..., 25 h*!], let N(f) be the convex hull of the

’) " n )
finite set i
{(ky,..., k) € Z™ | the coefficient of 2/*... 2" in f ismnot 0}.

n
That is, in Newton polytope considerations we treat h as a number, not as a variable. Let
Oy = N(Wﬁ](z, h)) . The operators K, act naturally on Newton polytopes, satisfying

Ka (N(f(Z))) = N(f(sa,a+1(z)))'
Lemma 3.8. We have O, . (1),s0001(5) = Ka(O1) .

Proof. Let a € Jy, a+ 1€ J. If k=1, then the statement follows from formula (3.16) .

Let k # 1. Replacing J by s,q+1(J) if necessary, we may assume that k& > [. Denote
I = S440+1(J). We have J £iq I, hence Wﬁ, =0, and formula (3.18) yields

(1— h_lza/za+1> Ws%,a+1(J),sa,a+1(J) = (1 = 24/%a41) Ka(WJAJ) .
Taking the Newton polytope of both sides, we obtain
T + Osa,a+l(J)7sa,a+1(J) = T + Ka(OJyJ) Y

where + is the Minkowski sum and T = N(1 — h™'2,/2441) = N(1 — 2,/2441) . Using the
cancellation law of Minkowski sum, we obtain the statement of the lemma. O

The following theorem is one of the main results of this paper.
Theorem 3.9. We have Or; C Oy forany I,J € Iy.
Proof. We will prove by induction on J that Or; C O, for all I € Z). The induction
employs the partial ordering <iq. The base of induction is

J = [max ({n—)\1+1,...,n}, {n—)\1—>\2+1,...,n—)\1}, ,{1,...,)\]\7}).
Then [ <jqJ for all I € Z,. Hence by Lemma 3.4, Wﬁ, =0 for I # J, and the statement
holds.

If J# 1™ let a be such that J <iq Sgat1(J) = J. Let I€ I and define k,[ by the
rule: a€lp,a+1€l,. If k=1, then

Oy = Ki(O;5) C Kuo(Oj5) = Oy,

where the first equality follows from formula (3.18), the containment holds by the induction
assumption, and the last equality is due to Lemma 3.8.

If £K<1,let O be the Newton polytope of

1 —2a/2a1 w4 (2a/%a41)' ™ =a

. B
K(Wisponi() = T hizgfzary | Saari(DJ + (1 —h) = he/7om Wi,
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see (3.19). Let T = N(1—24/2q11) = N(1—hzs/24+1) (aninterval), and p = N((z4/z041)" )
(one point). From the definition of O" we obtain

T+0 = ch. (T + N(Wi,a+1(1):j)’ P+ N(ij)) ’

where c.h. stands for convex hull, and + for the Minkowski sum. Since 1 —ex; € (0,1),
we have p C T', and therefore,

A A A A
T+0 Cch(T+NWA ). T+NWE)) = T+ch (NW2 ) NTE)).
By the induction assumption, both N(IT/SA ) ;) and N(WIAj) are contained in Oj j.

Thus T+ O'C T + Oj 5, which by cancellation law yields O"C Oj ;. Therefore,
O],J = Ka(0/> - Ka(Oj’j) = OJ’J,

where the first equality follows from formula (3.17) and the last equality is due to Lemma 3.8.
The case k > [ is proved similarly. 0

Example. For N =2, A =(1,2), let
I = ({1}7 {273})7 I = ({2}7 {173})7 I3 = ({3}7 {172})7

and let (v1,12) € R? be such that vy — vy =mys+¢e12, where £15 € (0,1). Then we have

VVIA1 (L—=h)(t/z1)"™2 (1 — 29/t)(1 — 23/t),

Wﬁ = (1—=h)(t/z2)™2(1 — hz /t)(1 — z3/t),
Wﬁ = (1=h)(t/z3)™2 (1 — hzy/t)(1 — hzy/t) .
Hence
On1n = N((l —h)(1 —29/21) (1 — 23/21) - 27" (2’223)_V2) ,
Opp, = N((1=h)?(21/22)™2 (1 = z3/21) - 23" (2123) ™) ,
Onn = N((l — R)?(21/23)™2 (1 — hzy/21) - 23" (zle)_”Q) )

Therefore, the statements Oy, 5, C Oy, 1, and Oy, 1, C Oy, , after arranging the z-monomials
to the left-hand sides reduce to the statements

N((1=h)*(1 = z3/z1) (22/21)72) C N((1 = h)(1 = 22/21) (1 — 23/21))

and
N((1=h)*(1 = hza/z1) (23/21)?) € N((1 = h) (1 — 20/z1) (1 — z3/21)) ,

respectively, see Figure 1.
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Z2

Z3

FIGURE 1. N((1 — z3/21)(22/21)722) , N ((1 — hza/21)(23/21)*?) are con-
tained in N((1 — 29/21)(1 — 23/21)).

4. PARTIAL FLAG VARIETIES

4.1. Definitions. Fix natural numbers N,n. Let X € Z;, [A| = M + ...+ Ay = n.
Consider the partial flag variety JF, parametrizing chains of subspaces

0=FClkhC..CcFy=0C"

with dim F;/F;_1 = A;, i =1,..., N. Denote by T*Fj the cotangent bundle of Fy, and let
7 T*Fx — Fx be the projection of the bundle.

Let I = (I,...,In) be a partition of {1,...,n} into disjoint subsets I3, ..., Iy. Denote
T, the set of all partitions / with |I;| = X;, j=1,...,N.

Let €,...,€, be the standard basis of C*. For any [ € Zy, let x; € Fy be the point
corresponding to the coordinate flag Fy C ... C Fl, where F; is the span of the standard
basis vectors ¢; € C" with j € I; U...U ;. We embed Fy in T"F, as the zero section and
consider the points z; as points of T%Fj.

4.2. Schubert cells, conormal bundles. For any ¢ € §,,, we consider the coordinate flag
e Ve 0=VocViC...CV,=C",

where V; is the span of €,(1,..., €, . For I € Iy we define the Schubert cell

(41) Qoy = {F € Fx | dm(F,NV))=#{ie LU...UL, | 07'(i) < q} Vp < N,Yg < n}.
The Schubert cell €2, ; is an affine space of dimension

(4.2) lor = #{(a,0) € {1,...,n}* | o(a) € I;, o(b) € Iy, a>b, j<k}.

For a fixed o, the flag manifold is the disjoint union of the cells €2, ;. We have z; € Q, 1,
see e.g. [FP, Sect.2.2].
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For o € S, recall the combinatorial partial ordering <, on Z, defined in Section 2.7. It
is the same as the geometric partial ordering on Zy: for I,J € Iy, we have that J <, I if
and only if z; lies in the closure of €, ;.

The Schubert cell €2, ; is a smooth submanifold of Fy, hence we can consider its conormal
space

CQor={act Q)| (Tr()Qe,1) =0} C T"Fx,

cf. the Remark in Section 4.6. The conormal space C€), ; is the total space of a vector
subbundle of T*Fy over €1, ;. The rank of this subbundle is dim Fy — dim 2, ;. Hence,
as a manifold C(Q, ; is an affine cell of dimension dim F. In particular, its dimension is
independent of o, I. Define

(4.3) Slope, ; = U CQs, .

J<o1

4.3. Torus action. The diagonal action of the torus (C*)™ on C" induces an action on Fj,

and hence on the cotangent bundle T*Fy. We extend this (C*)"-action to the action of

T = (C*)* x C* so that the extra C* acts on the fibers of T"F — Fx by multiplication.
The fixed points of T" acting on T*Fy are the points x; described above.

In the next sections we consider the equivariant K-theory and equivariant elliptic coho-
mology of T"F, with respect to this T-action.

4.4. Equivariant K-theory of T"F,. We consider the equivariant K-theory algebra
Kr(T*Fy). Our general reference for equivariant K-theory is [ChG, Ch.5].

Denote Sy = Sy, X...x Sy, the product of symmetric groups. Consider variables I'; = {7;1,

cYin st =1,...,N. Let T' = (I'y;...;T'n). The group Sy acts on the set I by permuting

the variables with the same first index. Let C[T'*'] be the algebra of Laurent polynomials
in variables 7; ; and C[T*']* the subalgebra of invariants with respect to the Sy-action.

Consider variables z = {z1, ..., 2,} and h. The group S,, acts on the set z by permutations.
Let C[z*!, h*!] be the algebra of Laurent polynomials in variables z, h and C[z*! h*!]5n
the subalgebra of invariants with respect to the S,-action. We have

(44)  Kp(T*Fa) = CTH > @ Clz*, '] /{f(T) = f(2) for any f € C[z*']"").

Here ~, ; correspond to (virtual) line bundles also denoted by ~; ; with
Aq
'691 Yij = Fif/Fi1,
J:

while z, and h correspond to the factors of T'= (C*)" x C*.
The algebra K7(T*Fy) is a module over Kr(pt;C) = C[z*! h*!].

4.5. Equivariant localization — moment map description. Consider the equivariant
localization map

(4.5) Loc : Kp(T*Fy) — Kr((T*Fa)') = @ Kr(w)

1€y
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whose components are the restrictions to the fixed points z;. Restriction of the class o €
Kr(T*Fy) to the fix point 2y will be denoted by «|,,. In terms of the variables I" restriction
to 7 is the substitution

(4.6) {Veas Yt {za] @ € I} forall k=1,...,N.

Equivariant localization theory (see e.g. [ChG, Ch.5], [RoKu, Appendix]) asserts that Loc is
an injection of algebras. Moreover, an element of the right-hand side is in the image of Loc
if the difference of the I-th and sy ;(I)-th components is divisible by 1 — z;/z; in C[z%!, h*!]
forall 7€ Ty and 4,5 € {1,...,n}. Here s; ;(I) is the partition obtained from I by switching
the numbers 7 and j.

4.6. Normal Euler classes of conormal spaces at torus fixed points. Define the
following classes

(4.7 20;+ H H H U(a)/za(b)) ) 62%,— = H H H (1- ZU(a)/ZU(b)) )

k<l o(a)ely o(b)el; k<l o(a)ely o(b)el;
b<a b>a
vert vert
(8) et =11 1T 11 O=hmw/zw), eio=11 11 11 0 =hzew/zw).
k<l 0’( )Elk U(b)GIZ k<l 0’( )Elk U(b)GIZ
b>a b<a
in Kr(xy) = Clz*!, h*']. We also set e, = el _er}_ .

Recall that if C* acts on a line C by a-x = o'z, then the C*-equivariant Euler class
of the line bundle C — {0} is ¢(C — {0}) = 1 — 2" € K¢x(point) = C[z*!]. Thus standard
knowledge on the tangent bundle of flag manifolds imply that

(4.9) e(TQ,1l2;) = 62?;,4-’ e(V(Qo,1 C Fa)lzy) = eg?;,— )

where v(A C B) means the normal bundle of a submanifold A in the ambient manifold B,
and £|, means the restriction of the bundle ¢ over the point x in the base space. Therefore
we also have

e(CQ, 1ls;) = e;??-s-a 6((W_1<QU,I) — CQ 1)]ey) = 6;31}?_ )

where CQ, ; and 7 1(Q, ;) are considered bundles over 2, ;. Now consider CQ, ; as a(n
open) submanifold of 7%Fy. Then we obtain

(4.10) e(V(CQ.1 CTFa)|zy) = ehoffeze}tf = €.

Remark. For a permutation o € S, , let the cocharacter xy : C* — (C*)™, t — (t“1,... t"")
satisfies the property: wy(q) > wq ) for all a > 0. The formulas of this subsection show that
CQy; = {z € T"Fx | limso x(t)x = z;}. This latter set is a special case for T*Fy of the
notion “stable leaf” of the fixed point x; corresponding to the “chamber” {(wy,...,w,) €
R™ | Wo(a) > W, for all a > b)} C Cochar((C*)") @z R = R™ in [MO1, Section 3.2.2]. Thus
the notion of “chambers” of [MO1] correspond to the permutations o € S,, in this paper.
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5. K-THEORETIC STABLE ENVELOPES

5.1. Definition of K-theoretic stable envelopes. The K-theoretic stable envelope maps
for Nakajima varieties X are defined by Maulik and Okounkov in [MO2]. That definition is
reproduced in [O, Section 9.1] and [OS, Section 2.1]. Here we recall their axiomatic definition
of stable envelope classes (images of coordinate vectors under the stable envelope map) in
the special case X = T"Fy acted upon by (C*)" x C*.

Let A C RY be an alcove and v € A. Define the virtual “slope” bundle

N
HH%% € Pic(T"Fy) @z R.

k=1a=1
Observe that S, restricted to the fixed point z; is S; from Section 3.5.

Definition. ([MO2], [O, Section 9.1], [OS, Section 2.1]) An element Stabﬁl € Kp(T*Fy)
for an alcove A C RY, ¢ € S,,, I € Ty is called the stable envelope class, if it satisfies the
following axioms:
(I) Stabﬁ ; is supported on Slope, ;
(1) Stabs; |4, = heedm@erCFN2P e, 1
(III) N(Stabs' s |a, * Sule;) € N(StabZ ;s |o, - Sula,), if v € A

Observe that while condition (IIT) depends on v € R¥, the class Stabﬁ ; only depends on
the alcove v belongs to. Namely, the inclusion in (III) can be reformulated as
SZ/|CE]
Sula,s

N(Stab2; [.,) + N(2220) € N(Stabs ) |..,),

where + is the Minkowski sum and N(g° ‘” ) is a point. Thus (III) says that the Newton
polytope of Stabo 7 |z, lies inside the Newton polytope of Stabﬁ 7 |z, when shifted by the
vector N(3 ”'””’ ) which depends on v in A.

Remark. In fact, in [MO2, O, OS] the definition of stable envelope classes also depends on
a choice of distinguishing half of the normal directions at each torus fixed point. For T"Fy
there is a natural choice — distinguishing the cotangent directions — that we make throughout
the paper. Moreover, condition (II) in the cited papers reads as follows

det(vy, 1)

51 St b oy = 1 dim(distinguished directions in CQO’I) .
(5.1) b2, = (1) R )

where v, 1 is the normal bundle of C€), ; at x;. However, using the notation

S B IIN EER |

0'

k<l o(a)€ly a(b)el k<l o(a)el}, o(b)
b<a b>a
dyi =11 H [T 2 a1l H 1
ol,+ — -
k<l o’ a EIk U(b EI[ k<l (7 a EIk O’(b EIl )

b>a b<a
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the right hand side of equation (5.1) is

hor vert
I 1 vy et e, =

dvert dvert Y
k<l o(a)el, o(b)E], ol,+"0,1I,

b>a

H H H ( Zo( b)) peodim(Qq, 1CFr) /2 €o ] = hcodim(Qa,IC]-'A)/QPU €01,

k<l o(a)el} o(b)€I
b>a

as stated in the definition above.

It is proved in [O, Theorem 9.2.1] that stable envelope classes — if exist — are unique. Their
existence statement for Nakajima varieties is announced to be published in [MO2], see [O,
9.1.1], cf. also Theorem 2 and Proposition 3.5 in [AO].

5.2. Weight functions project to stable envelope classes. We substitute the variables

(k) (k)
tl ,...,t)\(k) — V1,0« VA0 V2,055 V2000 = -vs Vidy- s Yk

into the function WAI(t z,h) (see Section 3). The resulting function will be denoted by
Wf,(l“, z,h). Observe that we have

WAL, 2,h)|., = Wai(z, 2, h).

In view of Lemma 3.3 this implies that the function VT/JAJ(F, z,h) — although not a Laurent
polynomial itself — has the property that all its x; restrictions are Laurent polynomials. The
restrictions also satisfy the divisibility property of Section 4.5, hence equivariant localization
theory implies that there is a unique element in Kp(7"Fy,) whose x; restrictions are the

same as those of W I(I‘ z,h). By slight abuse of language we will denote this element of
Kr(T*Fy) by [Wﬁl(r, z, h)].

Theorem 5.1. Stable envelope classes StabAI exist for T"Fx, namely,
(5.2) Stabs = heedim@arCFN/2 L (WA (T, 2, h)).

Proof. We denote the right hand side of (5.2) by w,; and we will prove that it satisfies
axioms (I)-(T1T).

Axiom (II) follows from Lemma 3.5. To prove axiom (III) observe that S,|,, = S and
hence Theorem 3.9 claims

NWP (21, 2,1)Sy]a;) CNW(24,2,h)S)lz,).
Writing this statement for the pair o~'(I), o~!(J) instead of I, .J, we obtain
N(WAfl(I) (Zo-—l(]), z, h)SV‘wJ C N(W 1(J) (ZO-—I(J), z h)S ‘1- —I(J))

o g

)

Replace z, with 2z, for a =1,...,n, to get
NW2i (21, 20, 1) Sulzy) C NWE 1y (21, 20, 1) Sulz,),
where 2z, = (25(1), - - -, 20(n)). Using the definition of W, ; functions this translates to

NWri(z5,2,0)8,|e,) € N(Wg (25,2, 1)S,]2,).
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Since the ratio between W2 (2, z,h) and WIA(z J,%,h) is a universal expression (not de-
pending on [) the cancellation property of Minkowski sums gives

N<WJA,I<ZJ7 z, h)SV‘$I> - N(WUA,J(’Z% =2 h)SV‘xJ)7

what we wanted to prove.

The rest of this section is the proof of axiom (I). In the proof we will consider restrictions of
elements of K7 (T*Fy) to x5, to Q. s, and to 71(£2,, 7). Observe that algebraically these three
restrictions are the same maps, because the last two sets are topological cells, equivariantly
homotopy equivalent to the one-point set x ;.

Lemma 5.2. Let < be a linear order refining <o, and let JV < J@ < < J@ pe the
elements of Iy, that is d = |I)|. Let a € {2,...,d}. If a class w € Kr(T*Fa) restricted to

U om ™ (Q, 500)

i=a

s 0, and W|ﬂcJ<a71) =0, then w restricted to

d _
Ui:a—lﬂ 1(QO',J<'L))
s also 0.
Proof. This is a well known argument involving a Mayer-Vietoris and a Gysin sequence,

and depending on the non-vanishing of a normal Euler class (which holds for partial flag
varieties). See for example [FR, Lemma 3.6] for a detailed argument in cohomology. U

Lemma 5.3. Let T act on the vector space X with an invariant subspace Y. Let e be the
T-equivariant normal Fuler class of Y C X. Then the following conditions are equivalent
for a class in Kr(X):

e it is supported on Y,
e it is divisible by e.
Proof. The statement follows from the exactness of the Gysin sequence

Ep(Y) == Kp(Y) —= Kp(X - Y)

where the second map is the composition of the isomorphism K7(Y) = Kr(X) and the
restriction to X — Y. O

Lemma 5.4. We have

wor = Y frs(2,1)[CQ ]

J<ol
for some Laurent polynomials fr;(z,h).
Proof. Let < be a total order refining <,, and let JV < J® < .. < J0) = [ be the

elements of Z that are <, I. Let k € {0,...,r}. We will prove the following statement by
induction on k.

(*k) There exist Laurent polynomials fy;a) (2, h) fori e {r—k+1,...,r} such that

(53) Wo, 1 — Z fIJ(“(zvh)[CQo,J(i)]

i=r—k+1
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is supported on U_{ 71 (Q, ).

Statement (*k) for & = 0 follows from the iterated application of Lemma 5.2, using
Lemma 3.4.
For the induction step k +— k+ 1, consider (5.3) restricted to 2 jo—r. The term wy s[5

vert
o, J(r—k)’f

to x ;i-—x) are also divisible by e;ef,t(r,k) _, due to the fact that the Schubert cell stratification

is a Whitney stratification. Therefore (5.3), restricted to x ;& is divisible by e

is divisible by e by Lemma 3.6. The classes [C(, ;& ] appearing in (5.3), restricted

vert

o, J(r=Fk) —*
We claim that (5.3), restricted to z (- is also divisible by e,/ . This follows from

the induction hypotheses and Lemma 5.3. We obtained that (5.3) restricted to z ;- can

be written as f;;o—x (2, h) - 62?r<r,k)7_€f§(r,k)7_ for some Laurent polynomial f;;¢-x)(2,h).

Therefore the class

(WU,I - Z fIJ(i>(Z7h)[CQa,J<i>]> - fIJ(T*’W(Z?h)[CQU,J(T*k)]

i=r—k—1

restricted to x ;- is 0. Since it is also 0 when restricted to U_,_, ;7 '(Q, ;@) (by induc-
tion and the property of the order <), Lemma 5.3 gives the induction step.
Statement (*k) for k = r proves Lemma 5.4. O

The class [C€),, 7] is supported on Slope,, ;, and clearly J <, I implies Slope, ; C Slope, ;,
hence Lemma 5.4 proves that w, ; satisfies axiom (III). This finishes the proof of Theorem 5.1.
O

Remark. Our arguments show that in the definition of Stab,, ; axiom (I) can be replaced
with its local version

(I') Stabz |, is divisible by e}f_.
as was done, for example, in [RTV2, Theorem 3.1].

Remark. The functions fr;(z, h) appearing in Lemma 5.4 are related to the notion of “local
Euler obstruction” in cohomology.

5.3. Note on R-matrices. A key feature of the Stabﬁ ; classes is that some endomorphisms
encoded by them satisfy Yang-Baxter equations, that is, they are R-matrices. For more
details, see eg. [O, RTV2|. For completeness here we show the prototype R-matrices for the
convention used in this paper.

Let X, = U‘)\|:nT*‘F)\. For I € 7, let v; = Vi, ®...00v;, € (CN)®n for ij =k if j € I}.
Stable envelope maps are defined

Stabs : (CM)*" @ C(z,h) = Kr (X)) ® C(z,h) = Kr (X,) ® C(z, h)

by vy > Staby ;.
Stable envelope maps define “geometric” R-matrices by

RS , = (Stab)) ™" o Staby.
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For example, for n = 2, N = 2, we have

Stab3 (vy ® vy) =(v/21)™ (1 — 2/7) - VA
Stabig(vy ® v1) =(7/22)™2 (1 — hz1 /%)
Staby (v @ v2) =(7/21)™* (1 — hza/7)
Stab® (vy ® vy) =(v/22)™ (1 — 21/7) - V.

Therefore, Rﬁid acting on (C?)®? with ordered basis v; ® vy, v ® vy, Ve ® V1, Vg ® Vg 1S

\/E(l - 22/21> (1 — h)(22/21)_m1,2

1—h22/2'1 1—h22/21
1) & @ (1).
Do G- mefzgmen VR-—zz) |0
1—h22/21 1—h22/21
The R-matrix Rg;q used in [RTV2]
1-— 2’2/2’1 (1 — h)

1—h22/21 1—h22/21
(1 — h/)ZQ/Zl h(l — ZQ/Zl)
1—h22/21 1—hZQ/Zl

is obtained from this one by putting m; 2 = 0 (considering the anti-dominant alcove) and a
change in the normalization convention involving h.
Similar calculation shows that for general N, but n = 2, the operator R = Rﬁid acting on

(CN)®2 has entries

()& @ (1)

(5.4) Rj=1  RE=Vig At (G <ik<N£b),

i f)_("fbi 5/121“ Rl = U _1@(222/2 Z/lz)lmj’k (1<j<k<N),
and otherwise 0, while the R-matrix R = Ry ;q used in [RTV2] has entries Rg; =1,
(5.5) R = 11_%;//’2 <k, RE= hll__h—zj!/z; (k < ),

R* = (11__’222/;), RY = ——— _1;;/21 (1<j<k<N),

and otherwise 0.

6. LINE BUNDLES AND QUADRATIC FORMS

6.1. Line bundles on CP. Let E = C/A be an elliptic curve, where A = Z 4+ 7Z, 7 € C,
Im7 > 0, so that E? = CP/AP. For each pair (M, v) consisting of a symmetric integral p X p
matrix M and v € (R/Z)P let L(M,v) be the line bundle (C? x C)/A? — C? /AP with action

A (z,u) = (x4 N ex(x)(u)), ANeANP 2 eCPueC,
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and cocycle
en—i—m’r(x) — (_1)ntMn<_eiTrT)thmG%rimt(Mx-i—v)’ n,m € /i

To an integral symmetric p x p matrix M and a vector v € CP we associate the integral
quadratic form M(z) = z'Mx and the linear form v(z) = x'v on the universal cover C? of
EP; and we call them the quadratic form and the linear form of the line bundle £(M,v).
The linear form is defined up to addition of an integral linear form.

Proposition 6.1 ([FRV, Proposition 5.1], see [Mu, Section 1.2]).
(i) L(M,v) is isomorphic to L(M',v") if and only if M = M’ and v =v" mod AP.

(ii) For generic E, every holomorphic line bundle on EP is isomorphic to L(M,v) for
some (M, v).

(111) ﬁ(Ml, Ul) X ;C(MQ, Ug) = ﬁ(Ml + MQ, v + 1)2).

(iv) Let o € S, act by permutations on EP and CP. Denote also by o the corresponding
p X p permutation matriz. Then

o L(M,v) = L(c" Mo, c'v).

Remark. Sections of L(M,v) are the same as functions f on C? such that f(z + \) =
ex(z)71f(x) for all A € AP, z € CP. Explicitly, a function on CP defines a section of L£(M,v)
if and only if

(=1)* f(2),

(_1)M]]€727T’L(Zk Mjk:rk#»vj)fszM” f(x)’

fly, ..o,z + 1,000 2p)

flxy, ..o,z +7,...,2p)

forallz € CP, j=1,...,p.
Remark ([FRV]). Let 0(x) be the theta function in one variable defined by (2.3). Then, for
any r € ZP and z € C,

O(r'e 4+ 2) = 0(rizy + - + 1) + 2)
is a holomorphic section of £(M,v) with quadratic form M(z) = (32F_, r2;)?, and linear
form v(z) = 2 )7 | r;z;. Since an integral quadratic form is an integral linear combination

of squares of integral linear forms, a line bundle £(M,0) has a meromorphic section which
is a ratio of products of theta functions 6(r*z) with r € Z”.

6.2. Theta functions as sections of line bundles. Introduce new variables v = (v,

;o)) k) = (Uk1y- 50k, ¥s V= (11,...,un_1). Make the substitution
(6 1) h / / — 2miT 2wy 2mivy 2TiIvN —1
: q, v, pi/f2,. .., UN—1/ N € , € , € yos € )
k k . . . . . .
tg )’ . 7tf\(3€) — 627rzv1,17 . ,6271—“}1’)‘17 627rm)2,17 o 76271'21}2‘)\2’ . 6271'“’1@,1’ o 627”’”’“7)\1@

for k = 1,...,N in the functions Gx(t, h, ), E5'(t, h). Denote the resulting functions by
Ga(v,y,v), BN (v, y).
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Lemma 6.2. The function éx(v,y, V)/Ef\”('v, y) defines a meromorphic section of the line
bundle L(My,0) on EM x ... x EAN x E x EN71 where

)\j )‘k N-1
(6.2) My(w,y,v) = > D > (a—ua)’ =y > i+ + M)
1<j<k<N a=1 b=1 k=1
N-1 Aj
+ 2 Z(Vk — )\ky) Z Z’ija.
k=1 j=1 a=1
Proof. By straightforward calculation. 0
Make the substitution
(63) q, h — 627Ti7" 627riy7
Py Zny 1 2y N1y s €2 T 2T @RI

in the function G(z, h, ). The resulting function denote by G;(zx, y, v).

Lemma 6.3. For I € I the function Gl(a:, y,v) defines a meromorphic section of the line
bundle L(M;,0) on E™ x E x EN71 where

N-1
(6.4) Mi(z,y,v) = =2 (+-+vna) Y wa+y’ds
k=1

a€ly,
N
+ 2y Z Zxa(p[,k(a) —a+14+n—Ay).
k=1 aelk

Proof. By straightforward calculation. 0

7. EQUIVARIANT ELLIPTIC COHOMOLOGY OF T"Fy

7.1. Tautological bundles and Chern classes. We follow the exposition of equivariant
elliptic cohomology in [FRV, Section 4], which is based on [Gr, GKV].

Let E = C/(Z 4+ 7Z), ImT > 0, be an elliptic curve and G' a compact group. The G-
equivariant elliptic cohomology Fg(—) is a covariant functor from finite G-CW complexes
to superschemes satisfying a set of axioms. For example,

Eyqy(pt) = B, Eyw(pt) = B = E"/S,,.

For a G-space M we have the structure map pg : Fq(M) — Eg(pt). The A = U(1)"-
equivariant elliptic cohomology of F) is the fiber product obtained from the Cartesian square

Ex(Fy) ——= EQ) x BO2) 5 | x FOW)

| I

En E®)
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where the left vertical arrow is the structure map to F4(pt); p,, px are canonical projections,
and the top horizontal map y is the characteristic map coming from the N equivariant
bundles Fy/F)_1 over Fy, see [GKV], and we have

(7.1) EA(Fy) = E" X gy (EP) x E®2 x . x EOWN))

7.2. Equivariant localization — moment map description. The inclusion of the fixed
point xy to Fy induces a map ¢y : E4(pt) — Ea(Fa) and E4(Fy) is the union of ¢;E4(pt) =
E™ where I € T. The intersections of ¢; E4(pt) = E™’s are described as follows. Assume a €
Iy, b e I for an I € Ty, and assume k # [. Let s,,(/) be obtained by switching the numbers
a and b, i.e. a € sq5(1); and b € s,5(1)g. The “diagonal” Az, 1) = {x € E" : 1, = 13} is
naturally included in both ¢;Ex(pt) = E™ and ¢, ,(5)FEa(pt) = E". The counterpart of the
standard GKM theory for equivariant elliptic cohomology is

EA(Fa) = Urer,tiEa(pt)/ ~

where ~ is induced by gluing ¢y E(pt) = E™ and ¢, ,yEa(pt) = E™ along the diagonal
Afs,o) = 1T € E" : 2, = 1}, for any I, a,b, cf. [GKV], [GKM], [Ga, Example 4.4]. The
isomorphism between the two descriptions of E4(Fy) is induced by the map

|_|[€I)‘L[<EA(pt)> — E" X g(n) (E()\l) X E()\Q) X ... X E(AN))
whose restrictions to the copy E™ labeled by I is ¢ — (z,x,, ..., x1,).
7.3. Cotangent bundle and the dynamical parameters. Denote T = A x U(1) =

U(1)" x U(1), and the extra U(1) acts on the fibers of T%F, by multiplication. Since T*Fx
is equivariantly homotopy equivalent to Fy we have

ET(T*.F)‘) = EA(.FA) X E,

a scheme over Ep(pt) = E™ x E.

As in [AO] and [FRV], we consider an extended version of elliptic cohomology to accom-
modate for dynamical parameters in quantum group theory (or Kéhler parameters in the
terminology of [AO]), namely

Er(T*Fy) := Ep(T*Fy) x (Pic(T*Fa) ®z E) ~ Ep(T*Fx) x EN 7!,

a scheme over F (pt) = E""HN=1 where the factors of EN~! correspond to the line bundles
det(Fp41/F,), p=1,...,N — 1 over T*Fj.

We will denote also by ¢; the map Eq(pt) — Ep(T*Fy) induced by the inclusion of the
fixed point z; into T*Fx. Then Er(T*Fy) consists of the components ¢ IEI(pt) where [ runs

over the elements of the set Zx. By Section 7.1, we have a description of Ep(T*F)) as a fiber
product

(7.2) Er(T'Fr) = (E" X g (EM x BQ) x .. x EO)) x B x EN7L
In particular we have the characteristic embedding
(7.3) ¢ 1 Ep(TFy) — E" x EM) x EO2) x  x EOV) x B x N1

of the extended T-equivariant cohomology scheme into a nonsingular projective variety.
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7.4. Admissible line bundles, and their sections. We will consider sections of certain
“admissible” line bundles over Ep(T*Fy). These line bundles are, up to a twist by a fixed
line bundle, those coming from the base scheme Ep(pt). Let pr be the structure map

(7.4) T ET(T*]:A) — ET(pt)

and y = y X id x id the characteristic map

(7.5) X Ep(T'Fy) — EX x EC2) x  x EON) x B x EN7T,

Let v = (oW, ..., o™ v®) = (vp1,...,vn,) be coordinates on the universal cover of
EM x ... x E* and let y, v = (v1,...,vn_1) be coordinates on the universal cover of
E x EN-L,

Let My be the quadratic form defined in (6.2). Clearly M) is symmetric under the action
of the product Sy = Sy, X ---x .Sy, of symmetric groups permuting the second index of v;,’s
while the first index is fixed. Thus the line bundle £(My,0) on E* x ... x EA x E x EN-1
can be considered as a line bundle on E®V x ... x EON) x [ x EN-1,

Definition. The twisting line bundle on ET(T*}—A) is Tx = X*L(M,0).

Definition. An admissible line bundle on E(T*Fy) is a line bundle of the form
prL @ Th,

for some line bundle £ on Er(pt).

We say that a meromorphic section on a complex manifold restricts to a meromorphic
section on a submanifold if it is defined at its generic point, i.e., if the divisor of poles does
not contain a component of the submanifold.

We will consider meromorphic sections of line bundles on elliptic cohomology schemes.
Recall that ET(T*}" a) has components Y; = ¢ IET(pt), corresponding to the inclusion of the
fixed points xy, I € Z into T*Fy.

Definition. Let £ be a line bundle on ET(T “Fa). A meromorphic section of L is a collection
of meromorphic sections sy of L|y,, labeled by I € Z, and restricting to meromorphic sections
on all intersections Y7, N--- N Y}, and such that

SI’YIQYJ = SJ\YmYJ,

for all I,J. A holomorphic section is a meromorphic section whose restriction to each Y7 is
holomorphic.

7.5. T-equivariant elliptic cohomology classes.

Definition. Let £ be a line bundle on ET(pt). A T-equivariant elliptic cohomology class
on T"Fy of degree L is a holomorphic section of the admissible line bundle p5L ® Tx on
Ep(T*Fy). We denote by HS(T*Fy)., the complex vector space of T-equivariant elliptic
cohomology classes of degree £ on T*Fy.
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7.6. Weight functions project to equivariant elliptic cohomology classes. In this

section we show that the substitutions of weight functions I/T/jl} define T-equivariant elliptic
cohomology classes on T%Fj.

For I € 7, make the substitution

2T 271 2mivy 2mivN —
(76) q, ha MI/M%-"?MN—l/NN = e y € ya € yees € N 17
(k) (k) 2mivy 1 2miv 2mivg 1 2Tivg 2mivg 1 2TV A
bt € doooo,e Mooe toooe 2o, e tooo.,e 2k
Tell

for k = 1,...,N in the function We. The resulting function is denoted by Sy, v).

g,

The function T/T/Uel} can be viewed as a section of a certain line bundle on E" x E*1) x ... x
EOY) x E x EN-1 Tts pull-back ¢*WeL by the embedding

¢ 1 Ep(TFy) = E" x EM) x EO2) x  x EOV) x B x N1

is a section of the pull-back bundle and its restriction to Yy = ¢y Er(pt) is the evaluation of
C*V/[\/;l} at vk = z;,k=1...,N.

Recall the function ¢;(h, p) defined in (2.13). Make the substitution (7.6) in ¢r(h, ).
Denote the resulting function by 15 1(y,v). The zeros of YZI(y, v) define a divisor D; on ET(pt)
consisting of hypertori with equation of the form v, + v, + -+ - + v, — jJy, 1 € Z.

Let M;(x,y,v) be the quadratic form defined in (6.4) and £; = L£L(M;,0) the correspond-
ing line bundle on Er(pt).

Proposition 7.1. The restriction c*ﬁ/;l} of W(fl} to ET(T*]:)\) is a meromorphic section
of the admissible line bundle p7.L, 1 @ Tx for some line bundle L, ; on E(pt). Moreover,
if o = id, the restriction "W,y = "W is a meromorphic section of the admissible line
bundle p-Lr ® Tx, where Ly is defined above, and the restriction is a holomorphic section of

the line bundle phL;(Dr) @ Tx, where the notation L(D) means as usual the invertible sheaf
of meromorphic sections of a sheaf L whose poles are bounded by the divisor D.

Proof. The proof is similar to the proof of [FRV, Proposition 5.9]. It is enough to prove the
statement for o = id. A R

The function Gr(z,y,v)Ga(v,y,v)/EsY(v,y) defines a meromorphic section of the line
bundle £L(M;+ Mjy,0) on E" x EM x -+ - x EAN x Ex EN~L. That line bundle lifts to the line
bundle piL; ® Ta on Ep(T*Fy). Lemmas 2.3 and 2.6 imply that ¢*WU is a meromorphic
section of the admissible line bundle p7.L; ® Tx on ET(T*]-}\). The fact that "W s
a holomorphic section of the line bundle p%L;(D;) ® Ty follows from the formula for the
weight functions. O

Corollary 7.2. For any o € S, and I € Iy the restriction C*W;}} defines a T-equivariant
elliptic cohomology class on T*Fy,.

7.7. Elliptic stable envelope for cotangent bundles of partial flag varieties. In this
section we introduce a version of elliptic stable envelopes. Our elliptic stable envelopes are
defined in terms of the elliptic weight functions. In Theorem 7.3 we give their axiomatic
definition in the spirit of [MO1], [FRV]. It would be interesting to understand the relation of
our definition with the one sketched in [AO].
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For 0 € Sy, I € I, we call the T-equivariant elliptic cohomology class C*W(ﬁl} the stable
envelope associated with o and the fixed point x; € TFjy.

Consider CV with basis vy, ..., vy. The standard basis of (CV)®" is formed by the vectors
vy labeled by partitions [ = (Iy,...,Iy) of {1,...,n}, vy =v;, ® --- ® v;,,, where i, = j if
For id € S,, we may consider the map
(7.7) Stabia : (CY)®" = @ac@a0)™, Men Brezn Hi (T FA) 101

sending v; to the cohomology class ¢*Well.

Similarly we may define the maps Stab, for all ¢ € S,,. The maps Stab,, Stab, are
related by the elliptic dynamical R-matrix, see Theorem 2.2, cf. [RTV2, Theorem 7.1] and
Section 5.3.

Remark. For o € S, the collection (¢ *We“) 11, forms a basis of the T-equivariant coho-
mology of T*Fj in the sense of [FRV, Theorem 5.23]. We will discuss this fact in the next
paper.

Remark. Using the map Stab;q one can construct an action of the dynamical elliptic quan-
tum groups associated with gly on the extended equivariant cohomology

Uxezy, | )\|:nE\T(T*}" »)- The action is by S,-equivariant admissible difference operators acting
on sections of admissible line bundles, see the case N = 2 in [FRV]. See similar constructions

for equivariant cohomology and K-theory in [GRTV, RTV2, RV1]. We plan to discuss this
action in the next paper.

Remark. The equivariant elliptic cohomology class ¢ We“ has analogs in equivariant coho—

mology and equivariant K-theory of T*Fy, see [GRTV, RTV1, RTV2]. The analog of ¢*WW¢!
in equivariant cohomology is the equivariant Chern—Schwartz—MacPherson class (or charac—
teristic cycle) of the open Schubert variety 2, see [RV2]. Hence ¢*W&! may be viewed as

an equivariant elliptic version of the Chern—Schwartz—MacPherson class.
7.8. Axiomatic definition of the stable envelope.

Theorem 7.3. For any I the T-equivariant elliptic cohomology class c We” satisfies the
following properties.
(i) It is a meromorphic section of the admissible line bundle p.L(Ny,0)®Tx for a suitable
quadratic form Ny.
(ii) The restriction of c*W ¢l to the component Y7, written as a function C**HN-1 — C
with transformation properties determined by the line bundle pL(Ny,0) @ T, equals

(7.8) P'z,y) = [] H(He y+a—x0) [ ] 0 xb—xa)

k<l aG]k bell bEIl
b<a b>a

(iii) The restriction of C*W[eu to any component Y, written as a function C**HN-1 5 C
with transformation propertz'es determined by prL(N7,0) ® T, is of the form

(7.9) HH H9y+xb—ma) Fr g,

I k<l a€Jy, belJ
b<a
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where F j is a holomorphic function.

Moreover, these three properties uniquely determine the T-equivariant elliptic cohomology
class c*W L.

Proof. The proof is analogous to the proof of [FRV, Theorem A.1].

Properties (i-iii) of ¢*W ¢! follow from Lemmas 2.5 and 2.6. Now we prove that properties
(i-iii) uniquely determine ¢*W . Let s be a section with properties (i-iii) for some admissible
line bundle p5L(N,0)® Tx. Property (ii) implies that Ny = My, where M; is given by (6.4).
Hence £(N;,0) = L.

Denote by x; the difference between s and c*T/T/IeH. Assume that the difference is nonzero.
Then there exists a J such that k; restricted to Y is not 0. For a total ordering < refining
the partial order < on Z, let us choose J to be the largest index with the property |y, # 0.
We have J # I because of the second property.

We claim that 7]y,, written as a function C*™*+¥~1 — C, with transformation properties
determined by p%-L; ® Ty, is of the form

(7.10) vz | 01101 CURTTRER) | ORI
¢](y;V) k<l a€Jy N beJ; beJ;
b<a b>a
where F} is holomorphic. The presence of the first theta-factors 6(y + z, — x,) in (7.10)
follows from property (iii). The presence of the second theta-factors 0(x, — x,) in (7.10)
follows from the fact that .J is the largest index such that x|y, # 0, cf. the proof of [FRV,
Theorem A.1].

Observe that the product of theta functions in (7.10) equals ¢*W |, by property (ii).
Hence Fy/ Wy is a meromorphic section of the line bundle L(M;— M;,0).

Let a € {1,...,n} and k,l € {1,..., N}, k # [, be such that a € I, N J;. Consider Fl/{b\l
as a function of x,. Denote it by f(z,). The function f(z,) is a holomorphic function of
x, for generic fixed other arguments. Comparing the x,-dependence of the quadratic form
M; — Mj; we obtain that

(711) f(l'a + 7_) _ 6_27ri(2(yl+"'+VN*1_Vk—"'—”N*1)+“')f(Ia), f(a;a + 1) = f((L’a>7

where the dots indicate the terms independent on x, and v. Using the 1-periodicity, we
expand f(z,) = Y,,cz @m€”™ ™, and using the first transformation property of (7.11) we
obtain that a,, = 0 for all m € Z. Hence Fy = 0, and in turn, 7]y, = 0. This is a
contradiction proving that x; is 0 on all Y. 0

Remark. The classes appearing in the second and third properties in Theorem 7.3 can be
identified as horizontal and vertical parts of the equivariant elliptic normal Euler classes of
CQ,, 1 near the fixed point x;, cf. Section 4.6.

Remark. The stable envelopes are defined in equivariant cohomology, equivariant K-theory,
and equivariant elliptic cohomology, see [MO1, MO2], for the cotangent bundles of partial
flag varieties the definitions are discussed in [RTV1, RTV2, FRV] and in Sections 5, 7. In all
three cases the definition consists of three axioms. One axiom says that the restriction |,
of the stable envelope k; to the fixed point x; equals some “expected” product. Another
axiom says that the restriction |, of £ to any fixed point z; should be divisible by some
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product determined by the point z;. This is a support type axiom, see Section 5. The
last axiom says that the restriction x|, should be “smaller” than the restriction xy|,,. The
products in the first two axioms are the products of linear function or trigonometric functions
or theta functions with the same arguments when we change from equivariant cohomology
to equivariant K-theory and then to equivariant elliptic cohomology. It is interesting to
see how the notion of “smallness” is changing in these three cases. In the cohomology case
the restrictions are polynomials and one polynomial is smaller than another if the degree
of the first is smaller than the degree of the second. In the K-theory case the restrictions
are Laurent polynomials and one Laurent polynomial is smaller than another if the Newton
polytope of the first can be parallelly moved inside the Newton polytope of the second. In
the elliptic case the smallness is the requirement to be a section of an admissible line bundle,
in other words, to be an equivariant elliptic cohomology class, see condition (i) in Theorem
7.3. In other words, the most nontrivial condition of smallness just dissolves in the definition
of a cohomology class.

8. APPENDIX: COMPARISON OF BETHE ALGEBRAS

The Faddeev-Takhtajan-Reshetikhin formalism applied to the R-matrix R(z,h) given by
(5.5) produces the quantum loop algebra U(g[N) the evaluation N-dimensional representa-

tions of U(g[N) and commutative Bethe subalgebras B? of U(g[N) depending on complex
parameters ¢ = (q1, - . ., qn) called the quantum parameters, see explicitly these constructions
in [RTV2, Sections 10 and 11]. The Bethe algebra acts on the tensor product of n evaluation

representations and preserves the weight decomposition (CV)®" = @ Aezd, | A=n(CY)J". The

image of the Bethe algebra in the algebra of endomorphisms of a weight subspace (CV)"
is described in [RTV2, Theorem 13.3] by generators and relations in terms of a discrete
Wronski map depending on parameters q.

Let R(z,h) be defined by (5.4) for the anti-dominant alcove A, i.e. with all m;; equal
to zero. The matrix R(z, h) differs from the matrix R(z,h) by change in the normalization
convention involving h. The Faddeev—TakhtaJan—Reshetlkhln formalism applied to R(z, h)

produces the new quantum loop algebra U(g[N) isomorphic to U(g[ ~), new evaluation rep-

resentations, and new commutative Bethe subalgebras B4 C U(gly). It turns out that
the image of the new Bethe algebra BY with parameters ¢ = (¢}, ..., qdy) in the algebra of
endomorphisms of (CN)S™ coincides with the image of the original Bethe algebra B with
quantum parameters ¢ = (qi, .. .,qn) if

A R VIR VS VI RS _
g, = h™™ k=1 k1 Nk, k=1,...,N.

Hence the image of the new Bethe algebra is also described by the discrete Wronski map.
We will discuss this fact in detail in the next paper.

The importance of that statement lies in the following. In [OS] Okounkov and Smirnov
consider the equivariant K-theory algebra of a Nakajima variety and the stable envelopes
of the anti-dominant alcove. Using the R-matrices of that alcove they define the associated
quantum loop algebra with the action on the equivariant K-theory algebra. Conjecturally,
the associated Bethe algebra of that action is the algebra of quantum multiplication on the
equivariant K-theory algebra, cf. [0S, RTV2, PSZ|. For the cotangent bundle T*Fy of a
partial flag variety Fy the constructions of this paper and [OS, RTV2| identify the Bethe
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algebra of the cotangent bundle with the image of the Bethe algebra B9 in the endomorphism
algebra of (CM)$". Hence the formulated statement gives a conjectural description of the
algebra of quantum multiplication on the equivariant K-theory algebra of T*F by generators
and relations in terms of the discrete Wronski map.

[AO]
[Ch]
[F]

[FR]

[FRV]

[FTV1]

[MO1]
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