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The dynamics of granular flow in a rectangular

silo with two symmetrically placed exit openings

is investigated using particle image velocimetry

(PIV), flow rate measurements and discrete element

modelling (DEM). The flow of mustard seeds in a

Perspex silo is recorded using a high-speed camera

and the resulting image frames are analysed using

PIV to obtain velocity, velocity divergence and shear

rate plots. A change in flow structure is observed

as the distance L between the two openings is

varied. The mass flow rate is shown to be at a

maximum at zero opening separation, decreasing as

L is increased; it then reaches a minimum before

rising to an equilibrium rate close to two times that

of an isolated (non-interacting) opening. The flow rate

experiment is repeated using amaranth and screened

sand and similar behaviour is observed. Although

this result is in contrast with some recent DEM and

physical experiments in silo systems, this effect has

been reported in an analogous system: the evacuation

of pedestrians from a room through two doors. Our

experimental results are replicated using DEM and

we show that inter-particle friction controls the flow

rate behaviour and explains the discrepancies in the

literature results.

2019 The Author(s) Published by the Royal Society. All rights reserved.
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1. Introduction
The gravity-driven flow of granular material has fascinated mankind for millennia, whether from

hour-glass devices to track time or silos to store grain and other granular produce [1,2]. In the

present time, industrial processing of granular materials is common and silos are regularly used

as storage vessels. The physics of granular flow in general is under-developed when compared

with that of traditional Newtonian fluids such as water [3], mostly because of the different states

(solid-like, liquid-like, gas-like) in which the granular material can exist [4].

While there has been much progress in classifying granular behaviour experimentally [5–11]

and using mathematical modelling [12–15], there remains a need for further work to fully

understand the physics of granular phenomena. For silo flows, in particular, there is a large

body of experimental and numerical work ([16–25], for example). Most silo studies focus on the

case where there is a single silo opening (where the particles discharge under gravity) located at

the centre of the silo. However, there has been increasing interest in variants of this standard

case including eccentric positioning of a single opening [26,27], a vertically oriented opening

[28], submerged silo flows [29,30] and in silos with particles of non-spherical shape [31,32]. One

variant, in particular, is where there exists more than one opening at the bottom of the silo. In

recent times, this multi-opening case has been examined and it was found that the positioning

of two openings can significantly change jamming dynamics in a silo. In particular, it was found

in discrete element modelling (DEM) simulations that the presence of a second nearby opening

allowed spontaneous jamming and unjamming of an orifice, and the probability of jamming

decreased as the openings were moved closer together [33,34]. Furthermore, DEM experiments

were carried out to show how mixing could be controlled in a silo with multiple openings. It was

shown that stagnant zones could be reduced and a more uniform particle distribution across the

silo could be obtained when opening and closing adjacent openings at an appropriate frequency

[35]. In recent experimental work [36], the velocity of particle flow in silos with two openings

was mapped using particle image velocimetry (PIV) for two symmetrically and then eccentrically

placed openings. The mass flow in the double symmetric case was found to be (almost) two times

the flow rate through a single opening. It was also noted that the mass flow rate increases when

the openings were adjoining the silo wall. The authors additionally modified the well-known

Hagen–Beverloo flow rate to account for two symmetrically and eccentrically placed openings.

However, the authors caution that the model will not apply when the openings are close together

owing to interaction of the flow zones. The mass flow rate of a silo with two adjacent openings

(placed symmetrically) in a silo was investigated using DEM [37] and it was found that the

maximum flow rate occurred when the openings converged into a single larger opening, with

the flow rate then monotonically decreasing exponentially to a steady state as the openings were

separated. Again, it was noted that the flow rate for two non-interacting openings (i.e. placed

far apart) was equal to two times the flow rate of a single opening. Xu et al. [38] performed silo

drainage experiments with steel spheres and also found similar monotonic decreasing flow rate

behaviour. However, their silo was only quasi-three dimensional (the depth was of the order

of a single particle diameter), they had only one opening separation distance L smaller than

the particle diameter and steel has a relatively small friction coefficient compared with many

other granular materials such as grains, seeds or sand. Davies et al. [39] previously performed

experiments to quantify the flow rate from a multi-opening cylindrical drum, and also studied the

effect of changing the spacing between openings. They found that hexagonally arranged openings

reduced the flow rate more than other arrangements. However, work using a social force model

on an analogous system, the evacuation of pedestrians from a room with two exit doors [40], has

shown a different dynamic as two exit doors were separated. Using this model it was shown that

the time to exit the room was quickest when two doors of equal size were merged into one large

door (largest flow rate, similar to the DEM result); however, as the doors were separated, the time

to evacuate the room increased (decreasing flow rate), reached a maximum (minimum flow rate)

and then decreased (increasing flow rate) to a steady time slightly less than half the time of a

single exit door. This flow rate minimum was said to occur as a result of the increased ‘pressure’
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effects acting on pedestrians. It is unclear if this dynamic is unique to the pedestrian system, or

if it can occur in gravity-driven granular particle flows also. We note that the flow of pedestrians

through doors has previously been experimentally studied as an analogue to jamming of granular

materials in a silo [41].

The purpose of the current work is to investigate the kinematics of silos with two

symmetrically placed openings through mass flow rate and PIV measurements. We aim to

generate the experimental data to determine what type of flow rate behaviour occurs in the case

of two symmetric openings: the monotonic decreasing flow rate behaviour found using DEM

[37] or the local minimum rising to a steady rate found in the pedestrian system [40]. This is

achieved by experimentally measuring the mass flow rate from the silo as a function of opening

spacing (including for spacings less than the particle diameter) for different opening sizes and

a range of granular materials. We then use PIV to generate velocity maps over a wide range of

opening separations (in contrast to earlier work where the case of closely spaced openings was

not investigated [36]). Finally, we use DEM to investigate the system and obtain parameters not

available from the physical experiment which help us to explain the observed phenomena.

2. Methods
The experimental system is displayed in figure 1. The test area consists of a rectangular silo of

width W = 200 mm, height H = 350 mm and depth D = 15 mm. In previous experiments in silos

with two openings, the silo depth has allowed a single layer of flowing particles only [38]. In this

work, the silo depth was chosen to be at least six times larger than the particle diameter to produce

a more realistic flow condition, while still ensuring that the flow was primarily two dimensional

(2D). Above the test area is a feed hopper which keeps the test area filled with particles. At the

bottom of the test area are two interchangeable exit openings, each of size D0, separated by a

distance L. Note that we may set L = 0, which corresponds to a single orifice of width 2D0, or we

may use a single orifice of size D0. The openings are symmetrically located around the silo axis.

Below the silo there is a collector bucket that sits atop a load cell, which enables us to dynamically

measure the mass of particles and, hence, determine the mass flow rate of the system.

The silo test area was loaded from above using a rain-filling method to ensure consistent

packing. For the PIV experiments, mustard seeds were selected with a Sauter mean particle

diameter (SMD) of 2.15 mm, while for the mass flow experiments amaranth seeds (SMD of

1.08 mm) and sand (screened to a size range between 0.355 and 0.6 mm with SMD of 0.46 mm)

were used in addition to the mustard seeds. To avoid jamming the individual opening width, D0

was selected to be greater than six times the particle diameter, d. The mass flow experiments with

amaranth were repeated with two opening widths (D0 ≈ 7.5 × d and D0 ≈ 13 × d) to ensure that

the results were independent of the ratio of D0 to d. The PIV and mass flow experiments were

conducted firstly with a single opening of size D0, then a single opening of size 2D0, and then

for two symmetrically placed openings with spacing L = 0.5, 0.75, 1, 1.25, 1.5, 2, 4, 8, 16, 32, 48

and 80 mm. The openings were laser cut to ensure accuracy in their dimensions. The SMD, d, and

opening widths, D0, for each experiment are listed in table 1.

To obtain the velocity maps during the PIV experiments on the mustard seeds, the silo

was illuminated with ultra-bright LED light and the flow was recorded using a camera (Basler

acA2000-340 km) that had high definition, high speed and recorded 500 frames per second (FPS) in

black and white. Each frame was then downsampled to 62.5 FPS and processed using the software

PIVlab [42,43]. To reduce PIV noise error, once a steady flow was established 5 s of images were

analysed and then averaged to achieve a smooth velocity field. Silos have been shown to have an

initial transient in the development of the steady velocity field (but not in the flow rate) [18], so

the 5 s of images was selected after approximately 40 s of flow to ensure that the steady regime

had been reached. This averaged 2D velocity field could then be used to calculate its divergence

and the shear rate of the flow as detailed in §4.
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Figure 1. (a) The Perspex silo experimental apparatus used for this study. (b) A close-up of the two symmetric openings and

the mass flow rate measuring system.

Table 1. Particle diameter, d, and opening width, D0, for each experiment.

PIV exp. mass flow exp. d (mm) D0 (mm)

mustard seed � � 2.15 14
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

amaranth seed � 1.08 8 and 14
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

screened sand � 0.46 8
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

The mass flow rate for each experiment (varying L, D0 and particle type) was measured using

a bucket atop a load cell. The total mass as a function of time was logged in real time at 100 Hz;

the slope of this total mass versus time plot gave the mass flow rate.

3. Mass flow rate results
In order to understand the effect of the spacing L between the two openings on the mass flow

rate, and to provide experimental data on double opening flow interaction, we conducted flow

rate experiments with three granular materials: mustard seeds (SMD 2.15 mm), amaranth seeds

(SMD 1.08 mm) and sand (SMD 0.46 mm). The size of each opening, D0, for each experiment is

given in table 1. Note that we performed the amaranth experiment twice, the second time with a

larger D0 (as noted in the table), in order to test if there is an effect of the ratio of opening size to

particle size (D0/d). The total mass of discharge was dynamically recorded with a bucket placed

on a load cell system. The current mass was recorded to a PC at 100 Hz and stored as a spreadsheet

file. To obtain the mass flow a linear least squares fit was performed on the mass versus time data.

For reference, the mass flow rate, Q, of particles of diameter d from a rectangular silo with a single

opening of size D0 is given by the Hagen–Beverloo relationship [44],

Q = Cρ
√

g(D0 − kd)3/2, (3.1)

where ρ is the bulk density, g is gravity and C, k are constants.

Figure 2 displays the results of the experimental series. The flow rate for each set of

experiments has been normalized by the flow rate from a single opening of size 2 × D0 (since
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mustard: d = 2.15 mm, D0 = 14 mm

amaranth: d = 1.08 mm, D0 = 8 mm

amaranth: d = 1.08 mm, D0 = 14 mm
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Figure 2. Themass flow rate normalized by the rate from a single large opening as a function of spacing/particle diameter L/d

for the different experiments. Error bars are smaller than the symbol size. (Online version in colour.)

this opening produces the largest flow rate). The normalized flow rate has been plotted versus

L/d, with d the particle diameter. The horizontal lines indicate two times the flow rate through a

single opening of size D0. It is apparent in each of the experiments that we do not have monotonic

behaviour (as seen using DEM in previous modelling work [37]), but in fact we have a local

minimum at a critical value of spacing L/d. This same flow rate interference pattern was noted

in the evacuation of pedestrians from a door with two exits [40]. The minimum flow rate for

the mustard seed case occurred at L/d ≈ 7.5, which is approximately when the two openings

separated from each other’s influence (see §4). For the other particles tested, the mass flow rate

minimum also occurs at approximately the same location (L/d ≈ 7.5, denoted in figure 2 by the

red dashed vertical line). This is larger than for the pedestrian exiting a room case [40], where the

minimum flow rate occurred at L/d ≈ 4, but it should be noted that the exit opening compared

with pedestrian size was only fourfold, hence that work was in the jamming regime, whereas here

our openings are wide enough to ensure free flow.

With the exception of the sand, as L/d increases the flow rates approach, but do not reach, the

previously predicted two times the flow rate of a single opening of width D0 (denoted by the

dotted horizontal lines in figure 2). This is possibly due to the finite silo width; in an infinitely

wide silo with L very large we would expect to fully recover the two times single opening flow

rate. We note that this limiting flow rate is different for different grains, grain diameters and

different ratios of the opening width to particle diameter. This effect is fully accounted for by the

kd term in the Hagen–Beverloo equation (3.1). Considering the two amaranth experiments, the

pattern of flow is identical (with the exception of the higher flow rate for the D0 = 14 mm case,

accounted for by the kd term in equation (3.1)). Therefore, we conclude that the ratio of opening

width to particle diameter does not alter the qualitative behaviour, apart from the expected flow

rate effect. For each of figures 2 and 3 the error bars are less than the size of the plot markers.

Figure 3 is a zoomed-in version of the mass flow rate results of figure 2. In this figure, we see

the flow rate behaviour when the two orifices are very close together and interacting strongly. It
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Figure 3. A zoomed-in version of figure 2. Error bars are smaller than the symbol size. (Online version in colour.)

is apparent that in each experiment, below around L/d = 4, there is an instability in the flow rate

as L is modified. We have independently verified this observation by estimating the volumetric

flow rate per unit depth of the silo. We took the PIV images and integrated the vertical component

across the width of the silo to obtain the volumetric flow rate per unit depth. The same instability

was observed in those data. The observed instability for two openings very close together has

not been previously reported. We hypothesize that this occurs when the interaction between two

openings is very strong and consequently particles feel strong attraction to both openings, leading

to increased ‘competition’ between particles to exit the silo. Therefore, this could be related to a

‘faster-is-slower’ effect [45]. Further work is needed to identify the origin of the instability for

small values of L. Similar fluctuations in the flow rate from silos has previously been observed in

narrow silos with a single opening [46], which was reportedly due to clogging and unclogging

dynamics in the silo. Here, our result is related to the interaction between two nearby openings.

4. Particle imaging velocimetry results
For the PIV experiments, the discharge of mustard seeds was recorded, varying the spacing,

L, between the two openings. The resulting image frames were processed using PIVLab and

the velocity vectors, u, at steady state derived and displayed in §4a. Using the resulting 2D

velocity fields the divergence of velocity (∇ · u; §4b), and the 2D tensorial shear rate (γ̇ =
√

(∂xuy + ∂yux)2 + (∂xux − ∂yuy)2, where ux, uy are the horizontal and vertical velocity components

derived from the PIV analysis; §4c) were calculated.

(a) Velocity field

The averaged steady velocity fields, calculated from PIV analysis, are shown in figure 4 for the

flow of mustard seed through two single opening cases (figure 4a) and for the 12 cases where

there are two openings separated by a distance L (figure 4b). The figure plots the magnitude of

the velocity vector at each location. It is evident from the plots with two openings that for L �
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D0 = 14 mm

L = 0.5 mm L = 0.75 mm L = 1 mm L = 1.25 mm L = 1.5 mm L = 2 mm

L = 4 mm L = 8 mm L = 16 mm L = 32 mm L = 48 mm L = 80 mm
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Figure 4. The magnitude of the mean velocity vector for the flow of mustard seeds through the silo. (a) Single openings;

(b) two openings spaced by a distance L. There is a small amount of noise introduced to the velocity field by the PIV algorithm;

however, this is small and does not significantly alter the qualitative and quantitative features of the analysis. (Online version

in colour.)

2 mm the qualitative behaviour close to the orifice is similar. The two openings behave as a single

opening with velocity magnitude between the two single opening cases. At around L = 2 mm,

the gap between the two openings becomes more apparent and a zone of positive interference

appears midway between the two openings. By L = 16 mm the zone of interaction midway above

the openings begins to break down until the two openings appear to cease to interact from L �

32 mm. At the larger values of L, when the two openings cease to interact, the individual velocity

profiles close to each opening appear to be of similar magnitude to the small single opening

case (D0 = 14 mm). To further illustrate this interaction behaviour we plot the downwards flow

velocity along a horizontal slice close to the openings. Figure 5 displays the downwards velocity at

a distance of 25 mm above the openings. In figure 5a, for L ≤ 2 mm, it is apparent that a single peak
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Figure 5. Downwards velocity profiles along a horizontal slice 25 mm above the silo openings. Error bars (due to PIV algorithm

noise) are of the order of the symbol size. (Online version in colour.)

is formed and the two openings are behaving as a single one. In figure 5b, L ≥ 4 mm, two peaks

are formed and the flow interaction between the two openings becomes weaker as the spacing

between the openings is increased. By ≈ 48 mm the openings seem to be interacting very weakly

or not at all. For large L, far from the orifice, the velocity in the bulk of the silo appears to be fairly

uniform, in contrast with the single opening case. Additionally, a heap of material in between the

two openings is formed, growing larger as L is increased. In summary, it is shown that for small L

(≈ 2 mm or less) the two openings seem to act as a single opening, for large openings (larger than

≈ 32 mm) the two openings have little to no interaction, while there is a complicated interference

behaviour in between.

(b) Velocity divergence

Using the velocity fields calculated using PIV analysis, we numerically calculated the divergence

of the velocity vector, ∇ · u, for each mustard seed experiment. The zones of light yellow in figure 6

represent areas of the silo flow where the bed is expanding; likewise areas of dark purple indicate

bed contraction. Similar to the velocity fields, for L � 2 mm the plots are qualitatively similar to

the single opening cases. For values of L larger than 16 mm, there is a zone of negative divergence

(compression) which sits on top of the heap which is formed in between the openings. This zone

represents areas where the particles must slow, come to a stop, and either flow along the heap or

become a part of it. For the largest opening separations, the divergence locally near the openings

is individually similar to the small single opening case. We note that the divergence is relatively

small in the bulk of the silo, but large near the orifice. This suggests that continuum mathematical

models of dense granular silo flow should be compressible multi-phase models so that behaviour

near the opening(s) is accurately characterized. We note that the small value of the divergence in

the bulk of the silo (i.e. far from the opening) is of the same order of magnitude as the divergence
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Figure 6. The velocity divergence for the flow of mustard seed through the silo. (a) Single openings; (b) two openings spaced

by a distance L. (Online version in colour.)

near the bottom left and right silo regions. By visual inspection, these lower left and right regions

were composed of stagnant material. However, the PIV analysis method gives small but non-zero

values of velocity in these regions owing to noise; hence, when spatial derivatives of velocity are

taken in these stagnant zones, the divergence is also non-zero. Again, by inspection these regions

were not dilating; hence, the magnitude of divergence calculated in these regions acts as a bound

on the resolution of our divergence measurements. We, therefore, conclude that, in the bulk of

the silo regions, far from the silo opening the divergence is too small to be able to state whether

particles in this region are dilating or not. A further observation is related to the relative size

of the zone of large dilation immediately above each orifice. For L � 2 mm this zone is roughly

a constant size (i.e. the size of the ‘light yellow’ zone), but this zone rapidly shrinks hereafter,

reaching a minimum at L = 8 mm. As L increases past 8 mm the high dilation zone immediately

above each orifice again begins to grow in size and is large again once L = 80 mm. This result
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Figure 7. The shear ratemagnitude for the flow ofmustard seed through the silo. (a) Single openings; (b) two openings spaced

by a distance L. (Online version in colour.)

appears to suggest that the bulk density at the openings has a maximum at a critical separation,

L, and has the potential to cause a ‘faster-is-slower’ effect [45].

(c) Shear rate

To locate regions of high and low/no shear, and to investigate the effect of L on these regions, we

calculate the 2D tensorial shear rate for each experiment, γ̇ =
√

(∂xuy + ∂yux)2 + (∂xux − ∂yuy)2.

The results are shown in figure 7. A similar pattern to the previous two figures is noted; the plots

are qualitatively very similar for L < 2 mm, an apparent interaction zone for L > 2 mm but less

than L ≈ 16 mm, and then no apparent interaction for larger L. The largest shear rates occur near

the opening, as expected, but there are two shear bands that appear as ‘arms’ left and right of the
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Figure 8. Thresholded shear rate magnitude. (Online version in colour.)

silo centre, then extend to the top of the silo. In between these arms is a region of very low shear

which appears to expand in area as L increases (for L � 2 mm). To further visualize this effect,

we apply a threshold to the shear rate magnitude for each experiment. Even in stagnant areas

the PIV analysis will produce small velocities, since it is a noisy algorithm, yet there are regions

in the flow which we know from inspection are stagnant (for example, material near the bottom

left and right corners for single openings, or in the ‘heap’ between two widely spaced openings).

Therefore, for each experiment, we analyse the mean and standard deviation of the shear rate

magnitude in these regions, which are known to be stagnant. The threshold value is then defined

to be the mean +3 standard deviations and was applied to the entire silo area. This thresholded

version of the shear rate magnitude plot is displayed in figure 8, with light yellow regions where
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the threshold is exceeded and dark purple regions where the shear rate magnitude is lower than

the threshold.

Clearly, the low shear rate region grows for large values of L, approaches closer to the

openings, and the shear band zones on either side shrink. This observation could have important

implications for mixing of polydisperse granular materials, since it is known that the rate of flow-

induced segregation is proportional to the shear rate. Further work is required to conclude what

effect multiple openings (and their spacing) has on mixing and segregation of granular materials.

5. Discrete element modelling
We attempt to gain insights into the observed phenomena of the previous sections using

modelling techniques. DEM numerical simulations were performed using the Multiphase Flow

with Interface eXchange (MFIX) numerical open-source code which is developed and supported

by the US Department of Energy and National Energy Technology Laboratory (the code used to

produce the DEM simulations is freely available at https://mfix.netl.doe.gov/). We adopted this

approach to simulate particle–particle interactions [47]. Collisions and frictional contacts between

particles were modelled using a soft-sphere approach, which uses a spring-dashpot model [47].

The granular material is modelled as Nm Lagrangian spheres of diameter Dm and solid particle

density ρp. Each particle’s momentum and position is quantified by solving Newton’s laws of

motion,

dX(i)(t)

dt
= V(i)(t), (5.1)

m(i) dV(i)(t)

dt
= F

(i)
T (t) = m(i)g + F

(i∈k,m)
d (t) + F

(i)
c (t), (5.2)

I(i) dω(i)(t)

dt
= T(i)(t), (5.3)

where X(i)(t) is the particle position of the i-th particle within the domain at time t, V(i)(t) is the

particle linear velocity, and m(i) is the particle mass; F
(i)
T is the sum of all forces acting on the i-th

particle, F
(i∈k,m)
d is the total (viscous and pressure) drag force acting on particle ‘i’ if the m-th solid

phase is located within the k-th cell, ω(i) is the angular velocity of the i-th particle, F
(i)
c is the net

contact force resulting from contacts with other particles; T(i) is the sum of all torques acting on

the i-th particle, and I(i) is the moment of inertia.

Since particle interactions are explicitly modelled in the DEM approach we can extract fine

detail about the local state of the flowing granular system that would not be possible using a

continuum model. The soft-sphere DEM model is a robust method to simulate granular dynamics,

in part because of the independence of the time-step size on the particle volumetric concentration

[47,48].

In this soft-sphere approach, the overlap between particles is represented by a series of springs

and dashpots in the normal and tangential directions. The dashpot is used to model the loss of

kinetic energy during inelastic collisions, while the spring models the rebound of a particle which

is in contact with another. Both dashpot and spring are described with dampening and stiffness

coefficients in both the tangential and normal directions. The spring–dashpot model of MFIX

has been rigorously validated in a series of studies [47,48]. For more information regarding the

physics of the spring–dashpot model, please refer to Garg et al. [47].

We seek to reproduce our physical experiments with the MFIX DEM models to try to explain

the behaviour observed. Furthermore, we examine the effect of having a low and high value

of particle–particle friction on the dynamics of the flow as the spacing, L, between openings is

varied. In total 134 166 particles were modelled, to which we attributed a density of 1202 kg m−3

(this is equal to the density of mustard seeds, which was measured with a nitrogen pycnometer).

Frictional properties of the particle–particle and particle–wall interactions were chosen to match

literature and experimental values. The static friction coefficient of the particles was 0.2 for the
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low-friction case (as in Zhang et al. [37]) and 0.53 for the high-friction simulations (obtained by

measuring the angle of repose of the mustard seeds). The particle–wall friction coefficient used

was 0.2 for the low-friction DEM simulations (as in Zhang et al. [37]) and 0.4 in the high-friction

case. The restitution coefficient of 0.6 was obtained from the literature values [49]. The value

used for the particle stiffness coefficients (kn and kt) was 104, which is well above the minimum

value needed for particle contacts to be within the hard regime. Note that no fluid interaction was

present in the simulation.

The silo dimensions in the DEM simulations are exactly those of the physical experiment. The

opening dimensions used were 0.015 m in depth and 0.014 m in width. The spacings between

openings, L, were: 0.5, 0.75, 1, 1.25, 1.5, 2, 4, 8, 16, 32, 48, 80 mm, as in the physical experiment.

Additionally, we also model the single opening cases, with opening widths of 14 and 28 mm. The

28 mm single opening case is equivalent to the case with two openings, separated by a distance

L = 0 mm.

(a) Discrete element method results

(i) Flow rate

By counting the number of particles exiting the silo in a 200 ms time period we obtain a measure

of the flow rate. By inspection, this flow rate was constant over time (assuming the silo was filled

enough). As in the experimental case, the error bars are less than the size of the plot markers.

The flow rates as a function of the opening spacing, L, for both the low- and high-friction cases

(normalized by the flow through a single opening of width 28 mm) are shown in figure 9. It

is immediately clear that there is a difference in behaviour between the low- and high-friction

cases. In the low-friction case, the normalized flow rate appears to be monotonically decreasing

as L is increased (as observed in previous silo studies [37,38]). However, in the high-friction case

there is a clear minimum in the flow rate at L/d ≈ 8 mm (approx. the same location as in our

physical experiments; figure 2), with the flow rate rising to the equilibrium rate as L is increased

further (as observed in our physical experiment, and in pedestrian dynamics models [40]). Recall

that in the high-friction simulation the inter-grain friction coefficient matches the coefficient of

the real grains. The observation that the qualitative flow rate behaviour is similar between the

PIV and high-friction DEM experiments gives us confidence that the DEM model is capturing

the dynamics of the real system. It is, therefore, apparent that the two behaviours observed in

the literature as L is increased, monotonic decreasing and flow rate minimum, are dependent

on the friction between particles and their container. Furthermore, as observed in our physical

experiment, the flow rate rapidly decreases from its maximum (single 28 mm opening) as L

becomes greater than zero, and for L < 2 mm the flow rate oscillates around a roughly consistent

value (as noted in figure 9b). Although the rapid jump in flow rate as L increases from 0 has

previously been observed in the literature [38], the oscillatory behaviour has not previously been

observed or discussed, yet here it has been found in both physical and DEM experiments. A short

video of a selected DEM experiment can be found in the electronic supplementary material.

(ii) Coarse graining near the silo opening

To understand the origin of the observed behaviour, we seek to study continuum fields in the silo

near the opening where particles exit the silo. In order to generate continuum fields (velocity,

pressure, solids fraction) we apply coarse graining to our DEM results. Given the individual

particle positions, velocities and interaction forces, we can generate coarse-grained macroscopic

continuum fields to be used to further study the silo system [22,50]. Given Nm number of particles

in a simulation, the macroscopic density field can be defined at a point in space, r, at time t,

ρCG =
Nm
∑

i=1

miW (r − ri(t)) , (5.4)



14

royalsocietypublishing.org/journal/rspa
P
ro
c.
R
.So

c.
A
475:20180462

...........................................................

0

0.56

0.58

0.60

0.62

0.64

0.66

0.68

0.70

0.72
0.76

0.74

0.72

0.70

0.68

0.66

0.64

0.62

0.60
10 20

high friction

L/d L/d

30 40

mass flow rate as a function of L

n
o
rm

al
iz

ed
 m

as
s 

fl
o
w

 r
at

e

0 1 2 3 4

low friction

2x single amall opening rate,
low friction
2x single amall opening rate,
high friction

(a) (b)

Figure 9. Normalized flow rate as a function of opening spacing L for the DEM numerical experiments. (b) The graph is zoomed

to see the effect of small opening separations. Error bars are smaller than the symbol size. (Online version in colour.)

where mi is the mass of particle i and ri(t) is the centre of particle i. The function W(r) is called

the coarse-graining function and acts to weight the influence of particles so that those closest to

the point of interest, r, are highly weighted, while those far away are neglected in the sum. Its

mathematical definition is given as

W(r) =

⎧

⎨

⎩

V−1
w exp

−|r|2
2w2

, for |r| < c

0, otherwise

⎫

⎬

⎭

, (5.5)

where c = 3w is the cut-off length, w is the coarse-graining width, taken as one particle diameter

(w = d) , and Vw is a constant chosen to ensure that the integral of the density is equal to the total

mass. Here, we use Vw = 2
√

2π3/2w3erf3(
√

2c/2w).

Similarly, the coarse-grained momentum density (vector), pCG, is given as

pCG =
Nm
∑

i=1

miviW (r − ri(t)) , (5.6)

where vi is the velocity vector of particle i. The coarse-grained velocity field can then be recovered

as V = pCG/ρCG.

The stress tensor can be decomposed into kinetic, σk, and contact, σc, components so that

σ = σk + σc. The kinetic component of stress is given as

σk =
Nm
∑

i=1

miV
′
iV

′
iW (r − ri(t)) , (5.7)

where V′
i is the fluctuation velocity; V′

i = vi(t) − V(r, t). The contact stress concerns interactions

between two particles in contact, i and j, and is given as

σc =
Nm
∑

i=1

Nm
∑

j=1

fijaij

∫ 1

0
W

(

r − ri(t) + saij

)

ds, (5.8)

with j 	= i, fij = −fji are the interaction forces between particles i and j, and aij = ri − cij, which is

named the branch vector, with cij the point of contact between particles i and j.
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Defining the macroscopic coarse-grained parameters in the above way ensures that the

resulting continuum fields satisfy continuity and momentum conservation [22,50]. To decrease

spatial and temporal fluctuations in our coarse-grained fields, we average these fields over the

depth of the silo (giving 2D vector fields) and then temporally over a set of 20 time steps (each

time step individually is 5 ms). Figures of coarse-grained parameters near the opening of the silo

can be found in the electronic supplementary material.

The coarse-graining analysis was performed in a series of steps and substeps to generate

figures 10–12, and also the figures in the electronic supplementary material data. These steps

are outlined as follows.

(i) Using equations (5.4)–(5.8), the coarse-graining algorithm was applied to 20 time steps

individually. With W the width of the silo and D the depth, for each time step the coarse-

graining algorithm was applied to the region R1 = W × D × (0 : 5 cm), i.e. over the entire

width and depth of the silo, and in the zone from the silo opening to 5 cm above the

opening (since this region was where the differences between low- and high-friction

simulations was most apparent).

(ii) To obtain time-averaged continuum fields, a temporal average (f̂ (x, y, z)) was calculated

over the entire 20 time steps. For each general field, f (x, y, z, t), this average was calculated

using the trapezium numerical integration method applied to the following equation:

f̂ (x, y, z) = 1

tf − t0

∫ tf

t0

f (x, y, z, t) dt.

(iii) To obtain depth-averaged continuum fields, a spatial average (f̂ (x, z)) was calculated

over the entire silo depth. For each temporally averaged field, f̂ (x, y, z), this average was

calculated using the trapezium numerical integration method applied to the following

equation:

f̂ (x, z) = 1

D

∫D

0
f̂ (x, y, z, t) dy.

(iv) These temporally and depth-averaged continuum fields are then used to produce the 2D

contour plots in the electronic supplementary data. Additionally, these 2D coarse-grained

(spatially and temporally) averaged data are used to calculate the inertial number and

solids fraction data at each point in the region R1, to be presented in figure 12.

(v) To reduce noise and to quantitatively compare results from the low- and high-friction

cases, and the results of changing L, a spatial average of the fields was calculated in a

smaller region, R2 ⊂ R1, just above the silo opening. If (Ox, Oy) is the coordinate of the

middle of one opening for any given silo, then the average was calculated over the region

R2 = (Ox − 7.25, Ox + 7.25) mm × (Oy, Oy + 14) mm, i.e. overhanging each opening on

each side by 0.25 mm and from the opening to 14 mm above it. This average was

calculated numerically using the trapezium rule applied to both the x and z (width and

height) directions. The result was a single number which quantified the average value of

a given scalar/vector field in the opening region. This ‘opening average’ was applied to

each silo and used to produce figures 10 and 11.

Figure 10 is a plot of the average 2D tensorial shear rate (γ̇ =
√

(∂xvy + ∂yvx)2 + (∂xvx − ∂yvy)2,

where vx, vy are the horizontal and vertical coarse-grained velocity components, respectively)

calculated just above each opening as a function of opening spacing L for the low- and high-

friction cases. The spatial derivatives of the velocity components were numerically evaluated

using the gradient function in Matlab. The solid and dashed horizontal lines correspond to

the values of shear rate observed for the small single opening (i.e. a single opening of width

D0 = 14 mm), while the values on the line L = 0 (i.e ≈ 13 for the high- and ≈ 11.8 for the low-

friction cases) refer to the case of a large single opening (D0 = 28 mm). From this figure, three

observations are made:
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Figure 10. Shear rate observed just above an opening as a function of opening separation L from DEM numerical experiments.

Error bars are smaller than the symbol size. (Online version in colour.)

(1) As soon as L > 0, the value of the shear rate drops rapidly from the single large case

(L = 0), and the value of shear rate for 0 < L ≤ 2 mm is roughly constant for both the low-

and high-friction experiments. This is consistent with the results for the flow rate, where

the rate rapidly drops as L > 0 and oscillates between close values for 0 < L ≤ 2 mm.

(2) In the high-friction case, the shear rate rapidly rises at L = 4 mm, while in the low-friction

case the increase is much more steady and less sharp.

(3) As L increases past ≈ 16 mm, the shear rates for both cases approach the rate for a single

opening (i.e. the two horizontal lines). However, the high-friction case gets much closer

to this rate (the last two data points at 48 and 80 mm are less than 2.6% from the small

single opening value) than the low-friction case (the last two data points at 48 and 80 mm

are greater than 6.5% from the small single opening value). However, it is apparent that,

between 16 and 80 mm, the shear rate for the low-friction case is largely constant. This is

in contrast to the high-friction case, where the shear rate continues to rise to close to the

expected equilibrium value.

To further study the behaviour of the system as L changes, and for low and high inter-

particle frictions, we derive other relevant parameters from our DEM simulations. Using the

coarse-grained fields, we calculate the average solid pressure as one-third of the trace of the

three-dimensional stress tensor (P = 1/3Tr(σ )). The granular inertial number is a dimensionless

quantity that quantifies the importance of inertial to imposed forces, and is calculated as I =
dγ̇

√
ρp/

√
P. The solids fraction can be derived from the coarse-grained density as φ = ρCG/ρp,

while the apparent viscosity of the flow is calculated as η = τ/γ̇ . Here, the deviatoric stress

tensor invariant τ =
√

1/2τijτij, where τij = σij − δijP, where δij is the Kronecker delta, and repeated

indices imply summation. Figure 11 displays the results of calculating these properties for our

DEM experiments. As for the shear rate figure, we note the following points about our results.
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(1) For 0 < L ≤ 2 mm, we note a very large pressure spike for both the low- and high-friction

cases of greater than 40% of the pressure value for the large single opening. The pressure

is slightly more in the high-friction case, but still comparable. We note that for L < 2 mm

the pressure is clustered, as was the shear rate and flow rate. In this regime, the inertial

number falls to about a third of what it was for the single large opening, for both low and

high friction. This suggests that the imposed forces (pressure) are of more importance in

defining the flow structure than inertia/collisions. We again note the clustering of inertia

number values in this range of L. The solids fraction is also at its maximum in this range

of L. This suggests that, for 0 < L ≤ 2 mm, the flow at the opening is at its most dense.

We also note that the values are clustered, and similar for low or high friction. However,

the differences in the actual values compared with the large single values are relatively

small (less than 8% for the high friction, and 6% for low friction). It is unclear what effect

this difference will have on the flow. The viscosity also displays clustering, but to a much

lesser extent. For example, the value of viscosity at L = 2 mm is ≈ 1.6 times larger than at

L = 0.5 mm. It is also apparent that at this range the viscosity is at a maximum.

(2) For 4 � L � 32 mm, we observe a steady decrease in the pressure, solids fraction, and

viscosity for both low- and high-friction experiments. At L = 4 mm, as in the shear rate

figure, the inertial number jumps rapidly for the high-friction case, but rises gradually for

the low-friction case (which is expected, owing to the definition of I).

(3) For L � 32 mm we note that the pressure has not approached the hypothesized

equilibrium value (i.e. the value of a small single opening). In fact, the value is ≈ 25%

greater in the low-friction case, and ≈ 35% in the high-friction case. Contrast this with the

shear rate at large L, where the rate is much closer to the equilibrium rate (less than 7%).

It appears that, even at very wide spacings, the two openings still interact to increase the

pressure above what is expected for two non-interacting openings. This could be a result

of wall interaction, and should be further studied. Likewise, the inertial number at large

L does not quite reach its non-interacting value (i.e. the value for a small single opening).

However, the solids fraction in the high-friction case is very close to the small single

opening value, while the low-friction solids fraction at large L is also relatively close. The

largest difference between the two frictions at large L is in the viscosity. As L increases

past L ≈ 32 mm, the viscosity of the high-friction simulation decreases until it is ≈ 25%

larger than the small single opening value. However, in the range 16 < L < 80 mm, the

value of the apparent viscosity for the low-friction simulation is quite consistent, being

≈ 58% larger than the small single value. The value of viscosity at L = 80 mm is 22%

larger in the low-friction case than in the high-friction case. While this initially seems

counterintuitive, the observation that the shear rate for L > 16 mm is not increasing for

the low-friction case, while it is for the high-friction one, fully explains this phenomenon.

It is this observation that appears to explain the difference between the two flow rate

behaviours: the monotonic and the flow rate minimum, rising to equilibrium. For both

low- and high-friction granular materials, as L increases from 0 the shear rate rapidly

drops, the pressure and viscosity rapidly increase, as does the flow rate. Both the high-

and low-friction cases reach a low in the flow rate at around L/d ≈ 8 (which is ≈ 16 mm

in our DEM experiment). As L increases past this value, for the high-friction case the

shear rate continues to increase, hence the viscosity continues to drop, and the flow rate

increases. However, for the low-friction case, the shear rate remains essentially constant,

hence the viscosity remains essentially constant, and the flow rate slowly decreases. This

result fully explains the discrepancy between previous DEM and experimental results,

and the results from pedestrian dynamics [37,40].

Our results also indicate that the solids fraction difference between the low- and high-friction

cases may not contribute significantly (compared with the effect of the shear rate behaviour as L is

increased) to the dynamic behaviours observed. However, we note that changing the inter-particle

friction value does in fact change the packing of the particles. It is also known that the solids
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fraction is a decreasing function of the inertial number [51]. To test whether the solids fraction

was significantly different between our high- and low-friction experiments we calculate the solids

fraction and inertial number over the whole coarse-grained region (R1 = W × D × (0 : 5 cm)) and

plot this in figure 12. Owing to a significant amount of scatter in the data at low inertial numbers,

in figure 12, we examine only the data where I > 0.05 and fit this to the φ(I) model of [52],

φ(I) = a1

1 + a2I
, (5.9)

where a1 and a2 are fitting parameters. It is shown in figure 12 that, for higher inter-particle

friction, the solids fraction is lower at large I, indicating that flowing high-friction granular

materials dilate more than low-friction ones. Using the standard nonlinear regression function

found in the R statistical software application [53], we find

a1 = 0.495 and a2 = 0.678

for the low-friction data and

a1 = 0.495 and a2 = 0.829

for the high-friction data, with a statistically significant difference between the two sets of data for

the a2 parameter. Although this did not appear to be a significant effect for the DEM experiments

(compared with the effect of the shear rate) that we performed, it could be that, for very low

or very high values of inter-particle friction, the flow rate interaction behaviour is significantly

altered by the dilation of the flow near the opening.

6. Discussion
In this work, we have combined imaging (PIV) and flow rate experiments with DEM to study

the effect of opening separation distance in a rectangular silo with two symmetrically placed

openings. In particular, we aimed to solve the discrepancy in the literature between DEM and

experimental work in silos [37,38], where the flow rate decreased monotonically with opening

separation distance, L, and pedestrian dynamics results [40], which had a local minimum flow

rate behaviour.

We measured the mass flow rate of mustard seeds, amaranth and sand as a function of the

opening separation distance. It was shown that in all cases we recovered a local minimum in the

flow rate, as in the pedestrian dynamics study [40]. When the separation distance was normalized

by the particle diameter the local minimum in the flow rate occurred at the same value: L/d ≈ 7.5.

We also observed a rapid decrease in the flow rate as L increased from 0 (a single large opening),

and oscillatory behaviour in the flow rate for L/d < 4.

Our PIV analysis on mustard seeds in our silo gave a visual description of the interaction

of two openings as the distance between them increased. Plots of velocity, velocity divergence,

shear rate magnitude and a thresholded version of shear rate magnitude were presented. An

interesting observation was that, for widely spaced openings, the shear rate in the bulk of the bin

was much lower than in the single opening case. We believe that this could have implications for

shear-induced size segregation of polydisperse granular materials during silo discharge.

We repeated our physical experimental results using DEM numerical experiments for a low

and a high value of inter-particle friction. It was shown that the flow rate behaviour for the low-

friction case was monotonic, as previously found in the literature [37,38], but a local minimum in

the rate was observed for the high-friction case, as seen in our physical experiments, and in the

pedestrian dynamics model [40]. Additionally, the local minimum was observed at approximately

the same opening separation spacing, L/d ≈ 7.5, as in our experiments. Furthermore, oscillatory

behaviour in the flow rate for L < 2 mm was observed for both the low- and high-friction cases;

an observation not previously made in the literature (indeed, in previous work only one value of

opening spacing L was below 2 mm [38]).

A coarse-graining routine was applied to the DEM results to generate continuum fields. It was

shown that, in the small L oscillatory flow rate regime, the pressure, solids fraction and viscosity
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were significantly larger than for single openings or large L, while the inertial number and shear

rate were significantly smaller. As yet we are not able to fully explain the oscillatory behaviour. It

was found that for L � 16 mm the viscosity in the low-friction case was essentially constant as L

continued to increase, while it continued to reduce for the high-friction case. This effect was due

to the fact that, for L � 16 mm, the shear rate in the low-friction case was constant as L increases,

while in the high-friction case the shear rate continued to increase.

We, therefore, conclude that the discrepancy in the literature between the flow rate behaviour

of granular objects leaving a container with two exit openings (be it a silo or a room) is simply

due to the value of inter-particle friction.
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