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Abstract. In this paper we prove that a class of non self-adjoint second
order differential operators acting in cylinders Q x R C R™! have only
real discrete spectrum located to the right of the right most point of
the essential spectrum. We describe the essential spectrum using the
limiting properties of the potential. To track the discrete spectrum we
use spatial dynamics and bi-semigroups of linear operators to estimate
the decay rate of eigenfunctions associated to isolated eigenvalues.
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1. Introduction

Reaction—diffusion equations are used to model a variety of natural phenom-
ena that occur as a result of interaction of spatial diffusion, convection and
reaction of participating variables. In this paper, we consider the reaction—
diffusion equation

w =Ny u+ f(u), (z,y) € QxR, (1.1)

where f : R — R is a function of class C? and the set Q C R is either a
bounded or unbounded domain in R¢.

In many cases, reaction—diffusion equations exhibit traveling waves,
which are special solutions that preserve their shape while moving in a pre-
ferred direction. In systems posed on multi-dimensional domains, such as
O xR, a traveling wave is called planar if it is a function u(t, z,y) = u(z) of the
variable z = k-(z,y)—ct, where k = (k1, k2) € R?xR is a constant vector, and
if it is asymptotic to spatially constant steady-state solutions. Without loss of
generality, one can take k = (0,...,0,1), and, therefore, u(t, z,y) = u(y —ct).
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On the other hand, a solution of the form u(t,z,y) = u(x,y — ct) is called
a non-planar traveling wave. The existence of such traveling waves has been
established in various cases, using methods such as center-manifold theory,
topological methods, maximum principle based arguments, or by exploit-
ing the variational structure of the equation. Detailed descriptions and spe-
cific examples may be found in [3-5,9,10,18,19,24,25,29,30] and references
therein.

We now briefly describe a non trivial example of z-periodic, non-planar
traveling waves. This existence result was established in [10].

Ezample 1.1. Assume that the function f is of class C? on an open interval
containing [0, 1], and there exists a € (0, 1) such that

F0) = fla)= (1) =0, f(u)#0forue (0,a)U(a,1).  (12)

In addition, we assume that v = 0 and u = 1 are stable equilibria and v = a
is an unstable equilibrium of the diffusion free Eq. (1.1), that is,

f<o, f(1)<o, f(a)>0. (1.3)

If conditions (1.2) and (1.3) are satisfied, Eq. (1.1) is called bistable. A one-
dimensional standing wave of (1.1), is a solutions of the form u(t,z,y) =
w(x). The profile W satisfies the equation

Woo + f(W) = 0. (1.4)

Under assumptions (1.2) and (1.3) this second order equation has homoclinic
(spikes), heteroclinic (layers) and periodic solutions.

It is well-known that for any L > Ly, = 274/ f’(a) there exists a
unique (up to translations) L-periodic solution of Eq. (1.4) denoted wy. In
[10, Theorem 1.1] it was proved that (1.1) admits non-planar, L-periodic in
x solutions connecting the standing wave w; to the equilibrium v = 1 as
z — £ 00. More precisely, for each L > Ly, there exists a minimal speed
cr, € R such that for any ¢ < ¢y, there exist solutions @, r,(z, z) satisfying

(1) Ay Ter + Ot + f(Uer) =0 in R
i) Ue,r(x,2) — 1 as z — 400 uniformly in z € R;
Ue,r,(z,2) — Wr(x) as z — — oo uniformly in z € R;
(z) <. p(x,z) <1for any z,z € R;
er(r+ L,z) =T (z,2) for any x,z € R.

gl g

Traveling waves (planar and non-planar) are abundant in nature and
human activities. In particular, Eq. (1.1) is a very natural, simple model that
describes phenomena arising in chemistry and biology. In this case traveling
waves solutions are ubiquitous. For traveling waves as physical phenomena an
important concept is the stability of the waves which describes their resilience
under perturbations. The stability analysis is based on the information about
the location of the spectrum of the operator obtained by linearizing the right
hand side of the reaction—diffusion Eq. (1.1) about the wave. The spectrum
of the linearization consist of discrete eigenvalues of finite multiplicity and
essential spectrum. This paper addresses certain properties of the spectrum
of this linear operator.
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Throughout this paper we assume the existence of a non-planar traveling
wave u(t,z,y) = u(z,y — ct) of Eq. (1.1) traveling at speed ¢ # 0. In the
variable z =y — ct, Eq. (1.1) becomes

up = Ay u+ cOu+ flu). (1.5)

We note that u(t, z, 2) = @(x, z) is a time independent solution of (1.5). The
linearization of (1.5) about @ is

up = Lu, where L=A, ., +c0,+V, (1.6)

Here V : Q x R — R is given by V(z,2) = f/'(u(x,z)). We consider L as
a closed linear operator on L?(Q2 x R) with the usual domain H*(Q x R) N
HYQ x R) when Q # R? and H?(R%*!) when Q = R?. For simplicity, we
write H%(Q x R) N H (2 x R) in both cases, slightly abusing the notation.

Our main purpose is to describe the spectrum of the linear operator £
defined in (1.6). The operator A, . + V is self-adjoint and therefore its spec-
trum is real. The operator £ is not self-adjoint and its spectrum is not real.
However, we prove that the discrete spectrum of £ located to the right of the
right most point of the essential spectrum is real. This result is known for the
one-dimensional case when there is no z-variable, see [6,13]. Its importance
stems from the fact that in the typical situation when the essential spectrum
is marginally stable, i.e., touches the imaginary axis only at 0, the eigenval-
ues to the right of the right most point of the essential spectrum, if any, give
absolute instability of the wave @, see, e.g., [27].

We consider (1.6) under the following assumptions:

Hypotheses. The potential V :  x R — R is bounded. Moreover, there exist
two bounded functions Vi : Q — R, such that
(HL) T, s [V (- 2) = Va ()l = 0;
(H2) 2 — [[V(,2) = V()L (o) belongs to L'(Rx) N L (Ry);
(H3) In the case when the domain € is unbounded we assume that

lim  sup ||V(z,-) = Vi(2)|poom@y) = 0.

T zeq,|z|>r

Hypotheses (H1)—-(H3) are satisfied in case of the z-periodic, non-planar

traveling waves %, 1, introduced in Example 1.1. Indeed, since f is a smooth
function of class C?, using assertions (ii)—(iv), we immediately infer that the
potential V. 1 (z, z) = f'(Uc,r(z, z)) satisfies Hypothesis (H1) with Q = (0, L),
Ver+ = f'(1) and Vi, —(z) = f'(wr(z)). Moreover, using the results from
[10, Remark 1.5, Proposition 4.1] (alternatively one can use [4,18]) we have
that the convergence of the non-planar solution %, r(x,z) at z = +oo is
exponential in z and uniformly in = € (0, L), that is there exist M, > 0
such that

IVer(y2) = Ver+()lz=.r) < Me @ for any 2 € R,

which proves that the potential V, j, satisfies Hypothesis (H2).

To prove our result we need to use the elementary facts regarding the
spectrum of the Schrédinger operator 92 + V. In the case when Q C R? is a
bounded domain the spectrum of 92+ V. consists of a sequence of eigenvalues
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decreasing to — co. In the case when Q C R? is unbounded there exist a4 € R
such that 0ess(02+V4) = (— 00, ax] and 4(92+ V) is a bounded set located
to the right of a.

Throughout this paper we denote by o(T") the spectrum, p(T") the resol-
vent set, oq(T) the set of isolated eigenvalues of finite algebraic multiplicity
of a closed, densely defined linear operator T : dom(T") C H — H on a Hilbert
space H. The essential spectrum is defined by oess(T) = o(T) \ 04(T) and
the essential resolvent set is given by pess(T) = C\ 0ess(T). In the literature
there are many different definitions of essential spectrum. We refer to the
classical book by Edmunds and Evans ([8, Chapter IX, page 414]) for a list
of the most common versions. One of the definitions on this list is the def-
inition of Henry in [12, Chapter 5, page 130] that we use in this paper. On
the other hand, the continuous spectrum of the operator T', denoted o.(T),
is defined as the set of all points A € C such that 7' — X is Fredholm. This
definition of continuous spectrum, used in [29, Chapter 4.3], is also listed in
[8], as different from Henry’s definition of the essential spectrum.

First, we describe the essential spectrum of £ in terms of the limiting
operators

Li:H*(QxR)NH}(QxR) C L*(QxR) — L*(Q x R)
defined by
(Liu)(x,2) = O2u(x, 2) + O%u(x, 2) + cdu(x, 2) + Vi (x)u(z,2).  (1.7)

This idea goes back to Henry ([12, Chapter 5]), for the case of the essential
spectrum and d = 0, and to A. I. Volpert, Vi. A. Volpert, V1. A. Volpert
([29, Chapter 4.3]) for the case of continuous spectrum and d > 1. The stan-
dard approach, c.f. [12,27], is based on exponential dichotomies and Palmer’s
Theorem [2,22,23] and was used in many instances. To prove our first major
result we use a direct argument based on sequences of approximate eigen-
functions, following the method used in [29] to characterize the continuous
spectrum. Theorem 1.2(ii) is a particular case of Corollary 1 on page 208 in
[29] (see Remark 2.2 below).

Theorem 1.2. Assume Hypotheses (H1)-(H3). Then, the following assertions
hold true:

(i) Oess(Ly) ={p—s*+cis:seR, peo(d2+Vy)};

(11) 0ess(£+) U Oess (L—) g Oess (£)7
(iii) {2 € C:ReX > max {supc (02 + V4),supo (92 + V_)} C pess(L);
(iv) supReoess(£) = max { sup o (92 + V), supo (02 + V_)}.

Our second result shows that adding the term c¢d, to the self-adjoint
operator in (1.6) does not create non-real discrete eigenvalues to the right
of the right most point of the essential spectrum. Naturally, we apply the
substitution v(z,z) = e®*/?u(x,2) to reduce (1.6) to the self-adjoint case,
c.f. [14, Sect. 2.3.1]. When z belongs to a bounded interval, obviously, the
eigenvalues of £ in (1.6) are the same as the eigenvalues of the self-adjoint
operator A, , +V — ¢?/4 and therefore are real. Since in our case z € R, we
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must verify that the potential eigenfunction v(x, z) = e*/?u(x, z) of the self-
adjoint operator belongs to H? (2 x R)NH} (2 x R). This requires information
on the exponential rate of decay of the eigenfunctions of £. This information
is obtained by passing from the second order equation Lu = Au to the first
order system 0,Y = A(z)Y, as usual in spatial dynamics [15,20,21,27,28],
see (3.3). To control the decay rate of an individual solution of equation
0,Y = A(2)Y we use a perturbation result similar to the approach of Dalet-
ski and Krein ([7]) for the case of well-posed equations. A crucial ingredient of
the proof is the equality stated in Theorem 1.2 that relates the sup Re 0ess(L)
to the spectrum of limiting, operator valued potentials, 2 + V.. In the a-
independent case considered in [13] one can derive the required information
on the Lyapunov exponents of this respective asymptotically autonomous
system from the asymptotic systems that control the essential spectrum of
L. In the z-dependent case considered in the present paper the asymptot-
ically autonomous equation 9,Y = A(z)Y and the respective asymptotic
equations are not well-posed, c.f. [24,28] and [16]. The main technical point
of this paper is therefore to overcome this difficulty, and to control the expo-
nential rate of decay of the eigenfunctions of £ via the spectrum of £. This
is done in Lemmas 3.2-3.8 by means of stable bi-semigroups, c.f. [1,16] to
avoid the use of Morse indices to describe the point spectrum, cf. [28, The-
orem 2.8]. As a result, we arrive to the following second major result of the

paper.

Theorem 1.3. Assume Hypotheses (H1)-(HS3). Then, the discrete spectrum of
L to the right of the right most point of the essential spectrum is real, that is

{XA€0a(L) : ReX > supReoess(L)} CR. (1.8)

Remark 1.4. We emphasize that using the same techniques, it can be shown
that the results of Theorem 1.2 and Theorem 1.3 hold true in the more general
case of systems, where f : RV — RY provided the matrix-valued potential
V' is symmetric. The argument requires only minor modifications.

The difficulty in the proof of Theorem 1.3 stems from the fact that the
linearization £ is a multi-dimensional differential operator in (z,z) € 2 x R.
Therefore, we can see the linearization £ as a second order operator in z € R
with operator valued potentials 92 + V (-, z), which is more general than the
case of one-dimensional operators with matrix valued potential. In this case,
the eigenvalue problem can be reduced to an infinite-dimensional, first order
equation in the non-trivial space H}(Q) x L?(2) that is not well-posed (see
Sect. 3 for details).

The paper is organized as follows: In Sect. 2 we describe the essential
spectrum of the linearization £, proving Theorem 1.2. In Sect. 3 we prove
that discrete eigenvalues (if any) to the right of the right most point of the
essential spectrum of £ are real, proving Theorem 1.3. In Sect. 4 we show how
one can use the methods described in Sect. 3 to recover the finite dimensional
result of [6,13].
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2. Essential Spectrum

In this section we describe the essential spectrum of the linear operator L,
proving Theorem 1.2. Throughout this section we assume Hypotheses (H1)—
(H3). First, we compute the essential spectrum of the limiting operators L.
We use perturbation results to describe the connections between the essential
spectra of £ and L.

Lemma 2.1. Assume Hypotheses (H1)-(H3). Then, the essential spectrum of
the linear operator Ly is given by

Oess(La) = {p—s*+cis:s€R, p€ (92 +Vy)}. (2.1)

Proof. We note that taking Fourier Transform in z € R, one can readily see
that the limiting operator £ is similar to the operator My, of multiplication
by the operator valued function Vi (s) = 82 + Vi — s? + cis, s € R. For each
s € R we consider V. (s) as a closed, densely defined linear operator on L?({2)
with domain H?(Q) N HE (). We infer that

o(Ly)=0(My,)={p—s+cis:seR, peo(d2+Vy)} (2.2)
Since the set above has no isolated points, we infer that the spectrum of £
consists entirely of essential spectrum. From (2.2) we conclude that

Co(Ls) = {11 — 8% +cis s € R, € 0(02 +V2)},

proving assertion (i) of Theorem 1.2. |

Remark 2.2. Assertion (ii) of Theorem 1.2 follows from the description of
continuous spectrum given in [29] for general second order differential oper-
ators. Indeed, since o.(L) C oess(£) and by [29, Chapter 4.3, Corollary 1,
page 208] we have that cess(L4) U 0ess(L-) C 0e(L), the conclusion follows
shortly. For completeness, we provide a proof of the inclusion in the essential
spectrum (Lemma 2.4), that does not refer to the continuous spectrum, which
is in the spirit of the proof in [29], where a more general case is treated.

To prove our theorem we first show that the essential spectrum of the
linear operator L is equal to the essential spectrum of the linear operator

Loo: HX(QxR)NHF(Q xR) — L*(Q x R)
defined by
Lo =02+ 0%+ ¢, + Vao, (2.3)
where V, : Q@ Xx R — R is defined by

[ Vi(z) itz >0,
Vm(z’z){V(x) if z <0.

Lemma 2.3. Assume Hypotheses (H1)-(H3). Then, 0ess(L) = Oess(Loo)-

Proof. Since L = Lo + My _v,_, where My _y,_ is the operator of multipli-
cation on L?(2 x R) by the bounded function V — V., to prove the lemma
it is enough to show that My _y_ is relatively compact with respect to L.
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First, we approximate the operator My _y_ by an operator of multiplication
by a function with compact support.

Let {pn}n>1 be a sequence of C* functions satisfying the conditions:
0 < pn <1, pp(z) =1forany z € [—n,n|, pp(2) = 01if |z] = n+ 1. We define
the sequence of functions K,, : 2 x R — R by

Ko(z,2) = pu(|z])pn(2) (V (2, 2) — Vo (2, 2)). (2.5)
Since supp K,, C 0, := (UxR)N(—n—1,n+1)% and H2(Q,) is compactly

embedded in L2(€,,) for any n > 1, we infer that M, K, , the linear operator
on L?(Q x R) of multiplication by K,,, is relatively compact with respect to
L for any n > 1. To finish the proof of lemma, it is enough to show that
Mg, — My_y,_ as n — oo in the operator norm. From (2.4), Hypothesis
(H1) and Hypothesis (H3) it follows that

Z_lérinoo ||V(7 Z) - VOO('? Z>||L°°(Q) =0,

lim  sup |[V(z,-) = Voo(z,-)||L®) = 0. (2.6)

T zeQ,|z|2r

Using the definition of K, in (2.5) we obtain that
Mk, — My_v_|lz2—r2 = [[Kn — (V = Vo) L (2xR)

= esssup_ (1 pu(2)pn(2)V (@, 2) — Vaolz, 2)
(z,2)EQXR

< esssup (2 pullal) — pu(2) [V, 2) — Vool 2)
(z,2)EQXR

< sup (|1 = pua) IV (@) = Vao(a, )l =)

+sup ([1 = pu(2)] V(- 2) = Voo (-, 2) L= ()

z€R
< swp (V) = Vao(#, )l w)
z€Q,|z|>n
+ sup IV 2) = Ve (5 2) (@) - (2.7)

From (2.6) and (2.7) we conclude that | Mg, — My_v_||r2—r2 — 0 as n —
00, proving the lemma. [ |

Lemma 2.4. Assume Hypotheses (H1)—(HS3). Then, ess(L4) U 0oss(L-) C
Oess(L).

Proof. First, we prove that gess(L£4) C 0ess(Loo) using sequences of approxi-
mate eigenfunctions. Similarly, we can show that gess(L£_) C 0ess(Loo). From
Lemma 2.1, for a fixed A € 0ess(L4) we have that there exist ¢ € R and
p € o(0? + V4) such that A\ = p — a? + cia. Since 92 + V, is a self-adjoint
linear operator on L?(f2), we obtain that there exists a sequence {¢;, },>1 in
H2(Q) N HE(Q) ([8, Chapter IX]) such that ||, |2 = 1 for any n > 1 and

fo=el+(Ve()—p)en—0 in L*(Q) as n— oo. (2.8)

We then take ¢p € C§°(R), ¢ # 0, such that suppy C [0,1], and define
Uy : R — C by u,(2) = n= /2% (n~1 2 —n). Since supp ¢ C [0, 1] it follows
that
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suppu, C [n?,n* +n] for anyn > 1. (2.9)

Moreover, one can readily check that

1 _
funlf = 5 [ 10t~z =mPa = [Py =0l >0 (210)
and
ull + cul, + (a® — cia)u, = (c + 2ia)v, +w, for any n > 1, (2.11)

where v,,, w, : R — C are defined by
eiaz iaz

vp(z) = mz{;’(n*lzfn), wy(2) =

Integrating, we obtain that

Y (n7lz —n). (2.12)

1 1
lonllz =~z and lwallz = 51”2 for any n > 1. (2.13)

We note that assertions (2.10), (2.12), and (2.13) show that {u,},>1 is a
sequence of approximate eigenvalues of the constant coefficient operator 92 +
¢d,. From (2.9) we have that suppw,, C R4, therefore

Un (2)Voo (2, 2) = upn(2)Vi(z) foranyn>1, 2 €Q, z€R. (2.14)

We introduce ¢, : Q x R — C by ¢, (x, 2) = on(x)u,(z). From (2.11) and
(2.14) it follows that for any n > 1, z € Q and z € R,

((Loo = M) (2, 2) = @ (@)un(2) + @ (@)uy (2) + cpn(@)uy, (2)
+ Voo (2, 2)on (@)un(2) — Apn(@)un(2)
= ¢n (@) (uy (2) + cuy, (2) + (0 = cia)un (2))
+un(2)(n(@) + (Vi (2) — 1) on(@))
= fu(@)un(2) + ((c+ 2ia)v,(2) + wn(2))@n(z).
(2.15)
Since ||¢pll2 = 1 for any n > 1 from (2.10) we infer that

[@nlle = llenllollunlla = l¢lla >0 for any n > 1. (2.16)

In addition, from (2.8) and (2.13) we have that f,, — 0 in L*(Q), v, — 0 and
wy, — 0 in L?(R) as n — oo. From (2.15) we conclude that

(Loo =N, =0 in L*(QxR) as n — oo. (2.17)

From (2.16) and (2.17) it follows that A € 0(Ls). Summarizing, we have
that

Oess(Ly) ={p—s>+cis:s€R, pe (2 +Vy)} Co(Lu). (2.18)

Since ess(L4) does not have isolated points and oess(Loo) = Tess(L), we
conclude that gess(Ly) C 0ess(L), thus proving the lemma. [ |

Next, we prove that the resolvent set of the linear operator L, defined
in (2.3) contains a right half-plane.
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Lemma 2.5. Assume Hypotheses (H1)-(H3). Then, the following inclusion
holds true:

{AeC:ReX>max{supo(92 + V;),supc (92 + V_)}} C p(Loo).

Proof. Fix \g € C such that Re \g > sup o(d2 + V4.). Since the linear opera-
tors 02 + Vi are self-adjoint, from the min-max principle (see, e.g. [26]), we
have that there exists g9 > 0 such that 92 + V4 < (Re g — €0)I, that is

(02 + Vi —ReXo)g, 9) < —eollgll3  for any g € H*(2) N Hy(Q).

LQ(Q) ~X
(2.19)
We define the operator valued function
Foo(2) = {ag YV, ifz<o0. (2.20)

For each z € R, we consider Fii(2) as a closed, densely defined linear operator
on L?(2) with domain H?(Q2) N H} (). The inequality (2.19) is equivalent to

((Faol2) ~ Re X)g.9) iy < —collgl3 for any = € B, g € HX(9) N H(Q).
(2.21)
The linear operator L., admits the representation

Loo =02 +¢0, + Fa. (2.22)

Since Fo(z) is self-adjoint for any z € R it follows that dom(L}) =
dom (L ). Moreover, from (2.21) we obtain that

Re (Ao — Loo)v,v) = ((ReXo — Re Lo)v,v) 12(axRr)
= Re Ao[v][5 + [[0:0]13 — (Foo ()0, 0) L2(xR)
= ((ReXo — Fio (1))0, ) L2 (0 xR)

= /R<(Re)\0 — Fo(2))v(, 2),v(-, 2))) L2()d2

L2(QxR)

> & / (-, 2),0( ) ey dz = eofloll2
(2.23)

for any v € dom(L,) = dom(L%,). From (2.23) we conclude that ker(\g —
L:)={0} and

(Ao — Loo)v||L2(axr) = €0llvllz2(oxr)  for any v € dom (L), (2.24)

which implies that A\g — L is invertible, proving the lemma. [ |

Proof of Theorem 1.2. We have now all the ingredients needed to describe
the essential spectrum of £. Assertions (i) and (ii) were proved in Lemma 2.1
and Remark 2.2 or Lemma 2.4, respectively. Since 0ess(Loo) = Tess(L) by
Lemma 2.3, assertion (iii) follows shortly from Lemma 2.5. Assertion (iv) is
a direct consequence of (ii) and (iii). |
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3. Bi-semigroups and Eigenfunction Decay Rate

In this section we prove that the eigenvalues to the right of the right most
point of the essential spectrum of £ must be real. The main idea of the proof
is to make a change of variables in the eigenvalue equation and then prove
that the eigenvalues of £ to the right of the right most point of the essential
spectrum are eigenvalues of a second order, self-adjoint linear operator. To
achieve this goal we need to estimate the decay rate of eigenfunctions by
reducing the second order eigenvalue equation to a first order linear differen-
tial equation on a suitable Hilbert space, and then use perturbation results
to prove Theorem 1.3.

We assume A\g € 04(L) is such that Re A\g > sup Re 0ess(L). Therefore,
there exists an eigenfunction ug € H?(Q x R) N H} (2 x R) satisfying

02ug + 02ug + cO.up + V(z, 2)ug = Nouo. (3.1)

Next, we introduce the function vy : @ x R — C by vg(x, 2) = e®*/?ug(z, 2).
One can readily check that vy € H2_(Q x R) and

2
D2vg + 0% + (V(ac, z) — C4> Vg = AgUo- (3.2)

To prove our result we need to show that vy is a genuine eigenfunction, that
it belongs to H2(Q x R)NH} (2 x R). To do this, we study its decay rate using
the spatial dynamics method by treating z € R as time in (3.2). First, we
introduce wy = ,v9 € H .(Q x R). The pair of functions (vg,wp)? satisfies
the first order differential equation

a. (Z‘; ) = A(z) (Z)Z) , (3.3)

where for each z € R the linear operator A(z) acting in the space H}(Q) x
L?(Q) is defined by

Alz) = [)\0 L V) -2 ﬂ 34

with domain dom(A(z)) = (H?*(Q) N H(Q)) x H}(Q2). We note that for each
z € R the linear operator A(z) can be obtained as the bounded perturbation
of the linear operator acting in the space Hg(2) x L?(Q) and defined by

0 I
AL = > . .
* L\o+c4 — V() — 92 0] (35)

with domain dom(A+) = (H%(Q) N H(Q)) x Hg (). The spectrum of the
linear operator A4 can be computed in terms of the spectrum of the self-
adjoint operator 92 + V. as follows:

U(Ai):{i\/)\0—1—02/4—#:#60(8%—1—1@[)}. (3.6)

Hence, the real part of the spectrum of Ay is unbounded from below and
from above, therefore it cannot generate a C°-semigroup. We conclude that
Eq. (3.3) is not well-posed.
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Remark 3.1. In the case of the not well-posed first order differential Eq. (3.3)
one cannot immediately infer the existence of backward nor forward propa-
gators. Hence, when studying exponential dichotomy of (3.3), in [16,24] the
following backward-forward uniqueness was assumed:

(i) Y is a solution of (3.3) on R and Y'(z9) = 0 for some zp € R, then
Y =0;

(ii) If Z is a solution of the adjoint equation Z' = —A(2)*Z on R and
Z(z9) = 0 for some zy € R, then Z = 0.

This assumption was used to prove exponential dichotomies, more precisely,
to prove the existence and uniqueness of solutions on the semi-lines (— 0o, d]
and [b,00) that decay exponentially in backward and forward time, respec-
tively. It is proved in [24, Sect. 6.2] that Eq. (3.3) satisfies the backward-
forward uniqueness properties above. In our case we are particularly inter-
ested in the solution (vg, d.vp)T of (3.3). This solution exists because \g is a
discrete eigenvalue of £ and therefore we do not need any general results to
construct dichotomies.

Our first task is to prove that AL generates a bi-semigroup on H}(Q) x
L?(2). Here we recall that a closed, densely defined linear operator G gen-
erates a bi-semigroup on a Hilbert space H, if there exist Hy and H, two
closed subspaces of H invariant under G such that H = Hy & H,, (here @ is
a direct sum, not necessarily orthogonal) and Gy, and —G\y, generate O
semigroups on Hg and H,, denoted by {Ts(%)}.>0 and {Ty(2)}.>0, respec-
tively. We say that the bi-semigroup has decay rate —v < 0 if there exists
C > 0 such that

|Tu(2)]| < Ce™* and ||Tu(2)|| < Ce™* for any z > 0. (3.7)

To prove that Ay generates a bi-semigroup on H = HE(Q) x L?*() we use
the following abstract result.

Lemma 3.2. Assume H is a Hilbert space, f € R and T : dom(T) C H — H
is a closed, densely defined, self-adjoint linear operator on H satisfying the
condition

o(T) C [a,00)  for some «a > 0. (3.8)

If Y = dom(|T|"/?) x H, then the linear operator G : dom(G) C Y — Y
defined by

(3.9)

dom(G) = dom(T) x dom(|T["/2), G::[ 0 q

iB+T0

generates an exponentially stable bi-semigroup on Y having decay rate —v,
satisfying the condition v > \/a.

Proof. Since T is a closed, densely defined, positive self-adjoint linear opera-
tor on H, by the Spectral Theorem we have that there exists (I, 1), a measure
space, v : I — R, a p-measurable function, and U : H — L?(T, i), a unitary
operator, such that

T=U"M,U. (3.10)
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Here M.» denotes the operator of multiplication on L*(T', 1) by the function
v2. Using this representation one can readily check that

dom(|T|) = {h € H: ~*Uh € L*(T', u)},

dom(|T|Y?) = {h € H: |5|Uh € L*(T, u)}. (3.11)
From (3.8) and (3.10) we obtain that o(M,2) = (1) = [o,00). Since the

spectrum of multiplication operators is given by their essential range, we infer
that

|v(w)| = Vo for p — almost all w e T. (3.12)
Let S : dom(M,) — L*(T', 1) be the multiplication operator by the com-

plex valued function /42 + i. Here v/A denotes the principal branch of the
complex square root of A € C. Using (3.10) we have that

T +ip =U*S?U. (3.13)
From (3.12) it follows that

Re y/72(0) 1 1 = \/W)+ SO S pwlsva (1)

for p-almost all w € ', which implies that S = M J T is invertible with
bounded inverse. We define W : dom (M) x L*(T, u) — L*(T, p) x L*(T, )
by
1 (S ~I
W_ﬂ[S I}. (3.15)

Since S is invertible with bounded inverse, we infer that W is invertible with
bounded inverse and

1 [stst
-1 _
W _\/5{—1 I}. (3.16)
Let G : dom(Mj,|) x dom (M) — L*(T', u) x L*(T, 1) be the linear operator
defined by
1 [-50
G_\/i{O S}. (3.17)

From (3.14) we obtain that the linear operator —S = M B generates a

C-semigroup having decay rate —v, for some v > \/a. Hence, G generates a
stable bi-semigroup having decay rate —v. From (3.13) and (3.15)—(3.17) we
conclude that
0 I u-t o 1m0 | U
S T I AR PR ) R

proving the lemma. |

T o

Lemma 3.3. Assume Hypotheses (H1)-(H3) and Re Ao > supReoess(L).
Then, the linear operator Ay defined in (3.5) generates an exponentially sta-
ble bi-semigroup on the Hilbert space HE(Q) x L?() having decay rate —v
satisfying the condition vy > |c|/2.
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Proof. The lemma follows from Lemma 3.2 above and Theorem 1.2(iv),

describing the connection between oess(£) and (92 + V). Indeed,
2
c

4

is a closed, densely defined, self-adjoint linear operator on L?*(Q2) having
domain dom (74 ) = H?(Q)NHE(Q). Moreover, since Re A\g > sup Re 0ess(L) =
max{max o (92 + V, ), max (02 + V_)}, we infer that

Ty =Re)o + 02 — Vi(x) (3.19)

2
o(Ty) C [ag,00), where a, = Re g —supReoess (L) + CZ (3.20)

In addition, one can readily check that dom(|T4|'/?) = H}(Q). Applying
Lemma 3.2, we conclude that

0 I
As = [ilm o + T4 0] (3.21)

generates an exponentially stable bi-semigroup on Hg(2) x L?(2) having
decay rate —v4. From (3.20) and since Re Ao > sup Re 0ess(£) it follows that

vy = \Jon > |cl/2. |

We turn our attention to equation Y’ = A(2)Y. We note that it is
equivalent to

Y' = (Ax + B4(2))Y, (3.22)
where the operator valued function By : R — B(H(Q) x L*(Q)) is defined
by

0 0
Bi(z) = {Vi(.) v 0] . (3.23)

Lemma 3.4. Assume Hypotheses (H1)-(H3). Then, the following assertions
hold true:

(i) By is strongly continuous;
(it) 1BL()lsi @) xr2@) € L' (Re) N L®(Ry).

Proof. Let f € H}(Q) and g € L*(€2). From (3.23) we have that
(Bi(z1) = Be(22))(f,9)" = (0,V(-,21)f = V (-, 22) f)" for any 21, 20 € R.

Assertion (i) follows from Lebesgue Dominated Convergence Theorem and
the fact that V'(-,-) is bounded and continuous on  x R. Moreover,

B0 oy yrroie = [ V(2 = Vilo)Pl )P
1122y IV 2) = Vi O3 ey
11 oy IV 2) = Ve ey

which implies that ||B+(2)|| < [V (-,2) = Vi(-)||r=(q) for any z € R. From
Hypothesis (H2), we immediately infer that ||BL(-)|| € L}(R+) N L>*(R4). B

<
<
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In what follows, we denote by {Tsiu(z)} »>0 the semigroups generated by
Ay on its invariant stable/unstable subspaces H:E/u. Furthermore, we denote
by Piu the projection into HT_ parallel to Hf/s. We recall from [24] the

S s/u

definition of mild solutions of the not well-posed Eq. (3.22).

Definition 3.5. We say that a continuous function Y : [a,b] — H{(Q) x L?(9)
is a mild solution of (3.22) on [a,b] if the following equation holds:

V() = THe— 0PV (@) + [ TG - QR BAOY (O

+ T, (b= 2) Y (b) — /b Ty (¢ = 2)PBL(Q)Y(¢)d¢ (3.24)

z

for any z € [a, b].

Remark 3.6. Using a frequency domain reformulation, it was shown in [16]
that (3.24) is equivalent to

((F = MR, FMp,)Yjjan)(€) = Re(§)(e7?™Y (a) — e *™PY (b)) (3.25)

for any ¢ € R, where Ry : R — B(H}(Q) x L?(Q)) is defined by Ry (§) =
(2mi€ — Ay)™', Mg, and Mp, denote the operators of multiplication on
L?(R, H}(Q2) x L?(Q2)) by the operator valued functions R+ and By, respec-
tively.

Remark 3.7. Going back to the eigenvalue problems (3.1)—(3.2), since up €
H?(Q x R) N HY(Q x R) and vy(z, 2) = e®*/?ug(z,2), we can immediately
infer that the function Yy : R — H}(Q) x L?(2) defined by

YO(Z) = (UO('7Z)3821}0(';Z))T (326)

is continuous. Taking Fourier transform in (3.2), we infer that Y} satisfies Eq.
(3.25) for any a < b. From Remark 3.6 conclude that Y; is a mild solution of
equation Y’ = (A4 + B4(2))Y on [a,b] for any a < b.

Next, we study the decay rates of mild solutions of Eq. (3.22). We use
the following abstract lemma that extends the results of Daletskii and Krein
([7]) from the case of well-posed equations.

Lemma 3.8. Assume G is the generator of an exponentially stable bi-
semigroup {Ts/u(2)}z>0 on a Hilbert space H having decay rate —v for some
v>0,F:R — B(M) is a piecewise strongly continuous operator valued
function such that ||F(-)||gay € L'(R4) N L (Ry.). If u is a mild solution of
equation v’ = (G + F(2))u on [a,00) satisfying the condition ||u(z)| < Me%
for any z > a, for some 0 < v, then for any § € (0,v) there exists N > 0
such that ||u(z)| < Ne%% for any z > a.

Proof. First, we recall the following standard notations: throughout this
lemma we denote by H/, the stable/unstable subspaces of G and by P, /u
the projections into H,, parallel to H, /5. Next, we note that

Tu(- — 2)PuF()u(-) € L([z,00),H) for any z > a. (3.27)
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Indeed, one can readily check that
ITa(¢ = ) PuF (Qu(Q)l| < Me™" (T2 = (Me=)e™ =0 (3.28)

for any ¢ > z > a. Since 6 < v assertion (3.27) follows shortly. Since u is a
mild solution of equation u’ = (G + F(z))u on [a,b] for any b > a, we have
that

z

u(z) = Ta(z — a) Pau(a) + To(b — 2) Pyu(b) + / Ty(z — OBF(Q)u(¢)dC

a

b
—/ Tu(¢ — 2) Py F(Q)u(¢)d¢  for any z € [a, b]. (3.29)

From (3.28) it follows that limy_. o T, (b—2) Pyu(b) = 0 for any z > a. Passing
to the limit in (3.29), from (3.27) we obtain that

u(z) = Tu(z — ) Pau(a) + / "Lz = OPFQu(¢)dC

7/ Tu(¢ — 2) Py F(Q)u(¢)d¢ for any z > a. (3.30)
We conclude that
lu(z)] < Me™"=79 4 M/ e P (Ol lu(Q)]|d¢ for any 2 > a.

(3.31)

Since ||F(-)||pm € L'(R4) from [7, Chapter III, Lemma 2.2] we infer that
for any § € (0, v) there exists N > 0 such that ||u(z)|| < Ne~%% for any z > a.
[

Next, we prove that the function Yy decays exponentially, which allows
us to conclude that v is a genuine eigenfunction.

Lemma 3.9. Assume Hypotheses (H1)-(H3), Re Ao > supReoess(L). We
recall the definition of the function vy introduced in (3.2). Then, the following
assertions hold true:

(i) There exist M,6 > 0 such that
HUO(HZ)H%[(}(Q) +110.v0(, 2)[172(q) < M?e=Fl for any z € Ry (3.32)

(ii) The function vo belongs to H*(Q x R) N HL(Q x R) and therefore is an
eigenfunction of the linear operator A, , +V — c?/4.

Proof. (i) From Lemma 3.3 we have that the linear operator A4 generates
an exponentially stable bi-semigroups on Hg () x L?(Q) having decay rate
—vy such that vy > |¢|/2. Therefore, we can choose 6§ > 0 such that vy >
§ > |e|/2. Since Yo(2) = (vo(, 2), D-v0(+, 2))T is a mild solution of equation
Yy = (A4 + B4(2))Yo by Remark 3.7, from Lemma 3.4 and Lemma 3.8 we
infer that there exists M > 0

z

IYo(2)l 2y x22(0) < Me™**  for any z > 0. (3.33)

From the definition of bi-semigroups, one can readily check that —A_ gen-
erates an exponentially stable bi-semigroup on H}(Q) x L*(Q). Making the
change of variables z — —z in equation Y{ = (A_ 4+ B_(z))Y, it follows that
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Yo(—-) is a mild solution of equation Y’ = (— A_ — B_(—z2))Y. Using again
Lemma 3.4, Remark 3.7 and Lemma 3.8 we conclude that

Yo(=2) i )xr2@) < Me™%% for any z > 0. (3.34)

The estimate (3.32) follows shortly from (3.33) and (3.34).

(ii) Since ug € H2(QxR)NH (2xR) and vy (z, 2) = °*/2uq(z, 2) for any
r € Qand z € R, from (3.32) we immediately conclude that vy € Hg(Q x R).
To prove (ii) we use that vy satisfies Eq. (3.2). We introduce k, € C{°(R)
such that 0 < k,, < 1, k,(2) = 1 for any 2z € [—n, n], supp k, is compact and
the derivatives of k,, satisfy

sup |8 ||oo <00 for j=1,2. (3.35)
n>1
Let v, : Q@ x R — C be the function defined by v, (x,z) = kn(2)vo(z, 2).
Since v, (z,2) = €%k, (2)ug(z,2) for any n > 1, 2 € Q, z € R, K, €

Cs°(R) for any n > 1 and ug € H?(2 x R) N H} (2 x R) we obtain that
vy, € H2(Q x R) N HYHQ x R) and
2

(Avy)(z, 2) = 2k, (2)05v0(z, 2) + (HZ(Z) — (CZ +Xo — V(z, z)),%n(z))vo(:v7 z)

(3.36)
for any n > 1, x,2 € R. Since vg € H (2 x R), from (i), (3.35) and (3.36)
it follows that sup,>; [[(Az,z — Dvnllr2(axr) < oo. Using that A, . — I is
invertible with bounded inverse from H?(Q x R) N H}(Q x R) to L*(Q x R)
we obtain that sup,,>1 [|vnll g2 xr)nmL (@xr) < 00. Since ky(2) = 1 for any
n > 1and z € [-n,n], we conclude that vg € H?(QxR)NHE (2 x R), proving
(i) and the lemma. |

Proof of Theorem 1.3. Fix \g € o04(L) such that ReAg > supReoess(L).
From (3.2) and Lemma 3.9(ii) we have that Ao € 0q(A, . +V — c?/4). Since
the linear operator A, , +V — ¢?/4 is self-adjoint we conclude that \g € R,
proving the theorem. [ |

4. Discussion: The Finite-Dimensional Case

In this section we describe how to use the methods from this paper to recover
the results from [6,13] similar to Theorem 1.3. Let u(y — ct) be a traveling
wave of the Allen—Cahn equation

u + F'(u) =uyy, t=0,y€eR, (4.1)

and assume its profile is such that ux = lim,_.4 o, u(z) exists. The lineariza-
tion along the wave is given by £, = 8%+ cd, — F" (u(z)) in the moving frame
z =1y —ct.

Theorem 4.1. ([6,13]) Assume that the profile T satisfies the condition

/_S (14 |z)|u(z) —u_|dz < co and /00(1 + |z])[u(z) — us]de < o0
~ ’ (4.2)
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for any s € R. Then, the discrete spectrum of L, to the right of the right
most point of its essential spectrum is real.

To prove this result, the authors make the change of variables v,(z) =
e*C/QZU*(z) in the eigenvalue equation L.u, = Agus, where A\g € 0q(L,) with
ReAg > sup Re 0ess(Lx). Then, they control the decay rate of the eigenfunc-
tion u, by computing the decay rate of the Jost solutions associated to the
eigenvalue problem. This argument allows then to conclude that v, is a gen-
uine eigenfunction of the self-adjoint operator 82 — 2 /4 — F” (u(+)) associated
to the eigenvalue Ay, which proves the statement.

The key part of this argument is to control the decay rate of the eigen-
function u.. In the infinite-dimensional case its not straitforward to construct
the Jost solutions of the not well-posed, first order Eq. (3.3), nor to conclude
from here that the decay rate of the eigenfunction ug introduced in (3.1) can
be evaluated using the decay rates of the (infinitely many) Jost solutions. In
fact, in [17] it is shown that the construction of Jost solutions associated to
(3.3) requires a significant effort in this infinite-dimensional, not well-posed
case. The method we used to prove Theorem 1.3 can be applied to control the
growth rate of the eigenfunction u, by recasting the second order equation

o — (f + F”(u(z))> Vs = Aoty (4.3)

as a first order, linear differential equation on some finite-dimensional space,
whose decay rates can be estimated using Lemma 3.8. Moreover, we can
prove the result by assuming that @ —uy € L'(Ry) N L (Ry), thus relaxing
assumption (4.2). Indeed, as shown in [13], if w. = v, then the pair (v.,w.)

satisfies the equation
d (v, Vs
(=@ (). (4.)

where A,(z) is the matrix-valued function defined by

0 I
A (z) = : 4.5

) [M + 5+ P ((2) 0] *5)
Similar to the infinite-dimensional case (3.3), we have the decomposition
Ai(z) = As + + B. +(2), where

0 I 0 0
= )\0 4 % + F”(Ui) O:| ) B*,:I:(Z) = |:F//(ui) . F”(ﬂ(z)) O:| . (4.6)

Similar to the proof of Lemma 3.3, using Lemma 3.2 and the condition
ReXg > supRe 0ess(L4), we can show that A, 4 is a hyperbolic matrix,
hence it generates a bi-semigroup. Since F' is a smooth function (typically
one assumes that F is of class C?) and @ —ug € L'(Ry)NL>®(Ry) it follows
that || By +(-)|| € L' (Ry) N L>®(Ry). Next, we can apply Lemma 3.8 to prove
that ||(v.(2), w.(2))T|| < Me=%l for any z € R, for some M, > 0. From
here we can immediately conclude that v, is a genuine eigenfunction of the

At
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self-adjoint operator 92 — ¢?/4 — F"(u(-)) associated to the eigenvalue Ao,
proving that \g is real.
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