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Abstract. The present paper provides a two-level framework based on spectral methods and
homotopy continuation for solving second-order nonlinear boundary value problems exhibiting mul-
tiple solutions. Our proposed method consists of two steps: (i) solving the nonlinear problems using
low-order polynomials or a small number of collocation points, and (ii) solving the corresponding
linearized problems by high-order polynomials or a large number of collocation points. The resulting
two-level spectral method enjoys the following merits: (i) it guarantees multiple solutions, (ii) the
computational cost is relatively small, and (iii) it is of proven high-order accuracy. These claims are
supported by the detailed error estimates for semilinear equations and extensive numerical experi-
ments of both semilinear and fully nonlinear equations.
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1. Introduction. In recent years, there has been a growing interest in the study
of nonlinear differential equations with multiple solutions since they provide a pow-
erful tool to quantitatively describe the important features of real-world phenom-
ena, such as conservation, diffusion, equilibrium, motion, pattern, reaction, and so
on. Applications can be found in many areas of science and engineering including
astrophysics, combustion theory, differential geometry, economics, general relativ-
ity, mathematical biology, meteorology, optimal transport, and shape optimization
[35, 31, 8, 18, 44, 43, 16]. Unfortunately, only very few nonlinear differential equa-
tions have known exact solutions, but many more, which are important in scientific
and engineering applications, are not solvable in an explicit form. Hence, it is neces-
sary to develop efficient and accurate numerical algorithms for nonlinear differential
equations with multiple solutions.

In this work, we consider the second-order elliptic equations with nonlinearity
of polynomial type, in which all nonlinearities, with respect to the solution and its
derivatives, appear in a polynomial form, i.e.,

(11) F(uvurauyaumzauxyauyy) =+ f(may) =0, (xay) € Qa
where 0 € R? is an open bounded domain, f(x,y) € C°(Q), and the function
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F(X;1 < <6): RS — R! is a polynomial with respect to each variable X;.
A specific semilinear example is Au + g(u) = 0, where g(u) is a polynomial of
u, ie., glu) = Zszo ce(x,y)uf, cp € C®(Q), k = 0,1,..., K. Besides, the dif-
ferential equation (1.1) could be imposed with various types of boundary condi-
tions including Dirichlet, Neumann, Robin, or periodical. For the discussion on
existence, regularity, and multiplicity of the solutions to the above problems, see
[28, 7, 33, 34, 6, 25, 36, 24, 9] and the references therein.

Recent years have witnessed substantial progress in the development of numerical
methods for seeking multiple solutions of semilinear elliptic equations. One is the
variational-type method based on optimization algorithms, including the mountain
pass algorithm [13], high linking algorithm [14], mini-max algorithm [27, 49], etc.;
another is the classical numerical approach—to discretize the differential equations
with proper numerical methods and then to solve the resulting nonlinear system of
equations. We will adopt the latter approach in this paper.

In general, it is hard to solve the resulting nonlinear systems after numerical dis-
cretization of the original nonlinear differential equations, due to the multiplicity of
the solutions. A typical approach to find nontrivial distinct solutions is to start a
Newton-type iteration with many different initial guesses, with the hope of finding
the solutions that lie in different basins of attraction. Unfortunately, the drawback of
Newton iteration is that it is very sensitive to initial guess and becomes very expen-
sive for calculating the inverse of the Jacobian matrix at each iteration step. Several
methods have been developed to overcome these difficulties. Popular strategies are
the search-extension method [11, 10, 46, 12] and the eigenfunction expansion method
[50]. The basic idea is that they use the eigenfunctions of Laplacian operator as the
starting points in the iterations. Another useful tool is the deflation technique [15],
which enables the Newton iteration to converge to several different solutions even when
starting from the same initial guess. In addition, a bootstrapping approach based on
the finite difference method and homotopy continuation was proposed for computing
multiple solutions [20, 21]. Most recently, Boyd proposed a degree-increasing spec-
tral homotopy based on Chebyshev and Fourier spectral methods, and showed the
numerical results for several one-dimensional problems [4, 5].

The basic idea of the two-grid method based on finite element methods is to
get a rough approximation on the coarse space and use it as an initial guess on the
fine grid, which has been used for solving nonsymmetric linear and semilinear elliptic
and parabolic problems [47, 30, 48, 1, 23]. Here we employ two polynomial spaces in
spectral methods—coarse space Xy, and fine space Xy, with N. < Ny—to solve the
elliptic equations with polynomial nonlinearity shown in (1.1), which has the following
two steps:

1. First, the original nonlinear problem is discretized by spectral Galerkin ap-
proximation with Legendre polynomials of low degree, or by the Chebyshev
collocation method with a small number of collocation points. Besides, the
polynomial systems after spectral discretization are solved by homotopy con-
tinuation to obtain the numerical solutions with multiplicity.

2. Second, we solve the corresponding linearized problems using higher order
Legendre polynomial approximation or a larger number of collocation points,
in which the solutions obtained in the first step are chosen as starting points.

Spectral methods [37, 38, 39] are employed here to discretize the differential equa-
tions due to their optimal convergence rates, which are restricted only by the regularity
of the solutions. Since the nonlinear equations considered here are algebraic, the re-
sulting system is of polynomial type. In recent years, remarkable progress has been
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made in the development and implementation of efficient algorithms to numerically
solve and manipulate the solutions of systems of polynomials, which is called numerical
algebraic geometry (NAG). We employ the homotopy continuation method proposed
in [42, 22, 45, 3] to solve the polynomial systems arising from spectral Galerkin or
collocation discretizations of the nonlinear differential equations. The significant ad-
vantage of our proposed methods is that the multiple solutions can be obtained with
high accuracy but relatively low computational cost.

The remainder of this paper is organized as follows. The detailed algorithms of
our proposed two-level framework based on spectral methods are presented in section
2. In section 3, we offer a brief introduction to the numerical algebraic geometry
and homotopy continuation method for polynomial systems. The spectral-type error
estimates for the one-dimensional semilinear problem are provided in section 4. In
section 5, we present several numerical experiments to demonstrate the accuracy,
efficiency, and robustness of our proposed methods. Finally, section 6 summarizes
and concludes the presented work.

2. A two-level framework of spectral methods. We begin by considering
the following one-dimensional nonlinear elliptic problems with homogeneous Dirichlet
boundary conditions:

(2.1) {FSimple(U) = (Uga)? + NP+ f(z) =0, xel=(-1,1),
u(=1) =0, u(l)=0,

where p, ¢ are nonnegative integers, A € R is a known parameter, and f is a sufficiently
smooth function.

The Newton iteration of the problem (2.1) can be written as
(2.2)

q (u["l)q_l Viw + Ap (u“ﬂ)p_l V 4 peimple (u[”]) —0, V(-1)=V(1)=0,
unt =M v, on>o0.

The general description of the two-level framework based on spectral methods for
the problem (2.1) is shown in Algorithm 1, while the detailed techniques are shown
in sections 2.1 and 2.2. It should be pointed out that although the nonlinear terms
considered here are (u,,;)? and \uP, actually our algorithm also works for any term
with polynomial nonlinearity of the form (1.1).

2.1. Legendre—Galerkin method. Let Py be the set of all polynomials of
degree at most N, and define the approximation space as

(2.3) Xy :={p € Pn: p(£l) =0}

Let us denote the inner product (u,v) = fil u(z)v(z)de. Then the weak formulation
for the nonlinear problem (2.1) as well as its linearized problem (2.2) are as follows:
e The Legendre—Galerkin formulation for the problem (2.1) is to find uy € Xn
such that Yoy € Xy,

(2.4) ((Ozzun)®,vn) + Auh,on) + (f,on) = 0.

e In each iteration with given ul” in the problem (2.2), the Legendre-Galerkin
formulation is to find Vy € Xy such that Yoy € Xy,
(2.5)

(q <0mu[N”])q71 Oz VN, 'UN) +/\p< (ugﬁ])p

where FSmPe(.) is defined in (2.1).

' Vn, vN) + (FSimple(u[Nn}), UN> =0,
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Define the Legendre basis functions {¢x ()} 2 as [37]

(2.6) ¢r(x) = Li(2) — Liy2(x),

where L (z) is the Legendre polynomial of degree k. It is easy to check that ¢ (£1) =
0 Vk € N. Then we have

(2.7) Xn = span{¢i(x) 2502.

Next we consider the matrix forms of (2.4) and (2.5) after Legendre-Galerkin dis-
cretization.

First, expanding the solution u(z) as the linear combination of basis functions in
the coarse level yields

Nc.—2

(2.8) un, (2) = Y (),

k=0

where {i,}rcy? are the unknown coefficients.
_ Inorder to treat the nonlinear terms in (2.4), we need to define the La-projection
Il from continuous function space to polynomial space Py, i.e.,

(2.9) Ty, (v }:MmLk Yo e O(I).

After the projections ﬁNc,p and ﬁqu, the functions uy, (z) and O, un, (x) become,
respectively,

N, N,
(210) Ty, (lun, @) = 3 a0 Li(0), Ty g (Oreun, @))7) = 3 4 Li ().
k=0 k=0

Let us rewrite uy, (z) defined in (2.8) and its second derivative O,,un, (x) as

N.—2

(2.11) un,(x) = Y irdi(x ZukLk Zuklk

k=0

(2.12) Dpatin, j{:~”

where {l(z )}k are the Lagrange basis sets corresponding to Legendre—Gauss—
Lobatto nodes Ileg = {2} e, e,

_ leg

T T,

(213) lk($) - | I W k:O71,...7NC.
0<n<N.,n#k L n

It follows that uy = un, (xk ) for each k = 0,1,..., N.. Besides, let us denote the
column vectors

a = [dg,...,an, o], a = [dg,...,un,]",
u= [UO,. .. ,uNC]T, u= [1_1,0, .. ,’U,NC_Q]T,
o = [ﬂg 1]3(, ]T a® [ () ~(p)] 0@ [ (q) ~(Q)}
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where {ig}5 '52,{ﬂk}k o fur e, are defined by (2.11), {af }k <, are defined by
(2.12), {a p)},c O,{u }k , are defined by (2.10) and {@}5°,? are defined by @y =

(un, (), pr(x)). Then the transforms between these vectors are given as follows:
= Bju, u = Bl B», = B, u = B,u,
i’ B5u o’ = Bl[B4BBﬁ]?a a! = Bl[B4B5B3ﬁ]f],

;z

where the matrices { B;}2_, are shown in Appendix A, and [-]? means taking the power
p on each entry of the corresponding vector. Now it is clear that the matrix form of
the weak formulation (2.4) is a polynomial system with respect to the unknowns 1,
which reads

(2.14)  F&n (@) .= BI'ByB,[B,BsB3u)? + AB: ByB,[B4B3u)’ +f =0,

where the vector f = [fo, ..., fn._ 2|7 is defined by fr = (f, é%),k=0,1,..., N, — 2.
We employ the homotopy method to find the multiple solutions of the polynomial
system (2.14). The detailed discussion will be shown in section 3.
Suppose the number of solutions obtained from the nonlinear equation (2.14) is

n,. Now we have al® = [ﬁ(()i), . 712%)672]T for i = 1,2,...,ny, where each a? is the
coefficient of the ith solution ug\l,)c (z) of the problem (2.4), i.e

N.—2
(2.15) ul) (@) = 3 a4 pu(x).
k=0

In the fine level, the starting points for the iteration (2.2) are chosen as

Ny—2

(2.16) ulh (@) = Z i) (o), i=1,2,...,m,,

k=0

where the coefficients {ﬁLO]’(i)}kN:f o2 are chosen as

(2.17) Joni_ [, 0<k<N.-2,
’ 0; Zvc_lgkifj\ff—Z7

where {uk)}k o are shown in (2.15).
Given u[O] [@ BO](),... [O]()]
can be written as

T the matrix form of the weak formulation (2.5)

(2.18) BTB,B, (qdiag([B4B5Bgﬁ£"]]?’1)B4B5

+ )\pdiag([BélBBﬁEn]]. - )B ) B3V, = Fgalerkm(ﬁgn])’

where F&lerkin () is defined by (2.14) and ﬁE"H] = fl£n] +V;,fori=1,2,...,n, and
n > 0.

Note that the size of the matrices in (2.14) is O(N,), while the one in (2.18) is
O(Ny). Usually, N is much larger than N, which implies that we use more degrees
of freedom in solving the linear problem than in solving the nonlinear problem to
reduce the discretization errors.
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2.2. Spectral collocation methods. Let us denote the Chebyshev—Gauss—
Lobatto points as

(2.19) Theb — {x;heb = cos <7]T\?) . j=0,.. .,N} c [-1,1].

Evaluating the functions u(x) and f(x) at the points Z§" defined above yields the

following two column vectors:

(2.20) u= (u(z" ), £ = (f(25") 0.
The Chebyshev collocation discretization of the problem (2.1) leads to the poly-

nomial system

(2.21) Feolocation ) . [D@ )"+ Aulr + £ =0,

where the matrix D® is the second-order differential matrix shown in Appendix B.
Solving (2.21) for N = N, by the homotopy method shown in section 3 gives us
n, solutions, which are denoted as

(2.22) ull) = W@ @), @ @R, i=1,2,.. 0,

The matrix form of the Chebyshev collocation method for linearized problem (2.2)
is
(2.23)
—1 —1 ,
qdiag ({D(z)ugn]} ! > DOV, 4+ \p (uE"])p V; + Fecllocation (ugn]) =0,

u =+ Vi, n>o,

e

sy Uy

where ugn] = [UE”] (zgheb), .
fined by (2.21).
o _

The starting point in the iteration (2.23) in the fine level, denoted as u;y, =
[uEO] (wgheb), ... ,ugn]
in the coarse level u%)p fori=1,2,...,np.

In addition, for the problem defined on [0,27) with periodical boundary condi-
tions, we should choose the Fourier collocation points

(x%lfeb)]T, i = 172’ Ty, and Fcollocation(.) is de-

(x%bfeb)]T, can be chosen as the linear interpolation of the solution

) ) )
(2.24) Thourier — {xj“ = jﬁﬂ j=0,...,N — 1} c [0,2n).

The above procedure based on the Chebyshev collocation method could be easily
applied to the Fourier case.

Remark 1. Several additional remarks about the implementation of Algorithm 1
are listed as follows.

e For simplicity, we consider the one-dimensional problem with Dirichlet bound-
ary conditions here. In section 5, we will show the numerical results for the
problems with Dirichlet, Neumann, periodical, and mixed boundary condi-
tions in both one- and two-dimensional spaces.
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Algorithm 1 A two-level spectral algorithm for semilinear problem (2.1).

Input:

1. N.: degree of freedom in the coarse level,

2. Ny: degree of freedom in the fine level,

3. 7 and ny,q.: tolerance and maximum number of Newton iterations in the

fine level.

Stage I: Solving the nonlinear problem (2.1) in the coarse level. Let n,
denote the number of numerical solutions obtained in the coarse level. More pre-
cisely, we need to solve {u%)c (z)}:, in terms of Legendre expansion coefficients
from (2.14) or in terms of function values at collocation points from (2.21) using
the homotopy continuation method.
Stage II: Solving the linearized problem (2.2) in the fine level. More pre-
cisely, we do the following iterations:
Fori=1,2,...,np,
Setting ugg]ff(z)(ac) = ug\z,)c (z),
While n < nypqp and 7, ; > 7,

1. Given ul"-®) solving V; from (2.18) in the Legendre-Galerkin method or

(2.23) in the collocation method.

2. Tn,g = H‘/ZHL2 A

3wt 0y,
EndWhile

EndFor n
Output: The set of solutions {uk}i’(z)} "
i=1

e We show the detailed algorithm of Legendre, Galerkin, and Chebyshev col-
location methods, which can be easily generalized to the Jacobi—Galerkin
methods and Jacobi-collocation method [39]. Besides, the error estimates
shown in section 4 is based on the Galerkin or collocation formulation.

e The above two-level algorithm is based on either Galerkin or collocation for-
mulation. Actually, one can easily derive the hybrid version within this flexi-
ble framework. For instance, one can choose the Galerkin method in Stage I
and switch to the collocation method in Stage IT in Algorithm 1.

e In the fine level (Stage II), in order to obtain stable solutions, one should
choose a series of grids and repeat the iterations successively until the solu-
tions converge. For example, in the coarse level we choose N, = §; then in
the fine level we can choose Ny, = 16, Ny, = 32, Ny, = 64, and the solutions
from the grid Ny, would be used as the initial guess for the iteration in the
grid Ny, ., for k =1,2,3. The divergent solutions would be removed.

e It is well known that dense matrices are frequently encountered in spectral
methods, while low-order methods, such as finite elements and finite differ-
ences, usually lead to sparse or banded matrices. However, in Stage I, the
computational cost for finding multiple solutions of polynomial systems is al-
ways O(d"), where d = max(p, ¢), no matter whether matrices are dense or
sparse (see section 3). In Stage II, we can use the fast structured direct solver
with nearly linear cost to solve the dense linear systems [40, 41]. In short, we
proposed a framework of high-order methods, while the computational costs
are almost the same as those for other low-order methods.
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e It is well known that, in comparison with Galerkin formulations, the col-
location methods are very flexible in dealing with variable coefficients and
nonlinear problems. However, differentiation matrices are ill-conditioned;
more precisely, the condition number of kth derivative matrix D" grows
like O(N?*). We are trying to design a fast structured spectral collocation
method based on the idea shown in [40, 41] to circumvent these difficulties.

e We restricted our attention to one-dimensional problems in the above algo-
rithm. Actually, the framework presented here can be extended to multi-
dimensions in a straightforward way. The numerical results in both one and
two dimensions will be shown in section 5.

3. Homotopy continuation method for solving discretized polynomial
systems. In this section, we briefly show the homotopy continuation method to
compute the multiple solutions of the discretized polynomial systems (2.14) and (2.21).
Homotopy is one of the main numerical approaches to compute the isolated roots of
polynomial systems [42, 45, 21]. We consider a general polynomial system

(3.1) F(u) =0,

where the function F(u) = [f1(u),..., fx(u)] : CN¥ — CV and each f; is a polynomial
with respect to the variables u = [uy,...,un]?. By denoting the degree of f; as
deg(fx) = di, we then construct the homotopy function

(3.2) H(u,t) = (1 - t)F(u) + yG(u),

where G(u) = [g1(u),...,gn(u)]?T : CN — C¥ is a polynomial system with known
solutions, ¢t € [0, 1] is a homotopy parameter, and v is a random complex number. In
addition, each g; has the same degree as f; for i = 1,...,N. When t = 1, we have
known solutions to G(u) = 0 or, equivalently, H(u,1) = 0.

We can choose a specific system for G(u), namely, g; = ui" — 1 with solutions

(3.3) wp = 2™/ ) =01, d — 1.

The known solutions to G(u) = 0 are called start points, and the system H(u,1) =0
is called the start system. Furthermore, such a start system is called the total degree
start system, since deg(gr) = deg(fr) = di for each k and the number of solutions
H(u,1) = 0 is equal to [[;_, di. Finally, choosing a total degree start system and
a random complex number v guarantees finding all the solutions, which is called the
~-trick [2].

There are several public software packages available for solving polynomial sys-
tems using homotopy continuation methods. In the numerical experiments, we use
Bertini, developed by Bates et al. [3]. Suppose d = max(dy); then the total cost
for solving the polynomial system (3.1) is O(d"). In practice, the solvers for finding
all roots of the polynomial system are limited to small size N, typically N < 20,
due to both operation flops and memory storage. Besides, in our proposed two-level
Algorithm 1, the cost of Stage I is O(d™<), where d is the degree of the polynomial in
the differential equation, while the cost of Stage II is at most O(N ?)

4. Error estimates for one-dimensional semilinear problems. In this
section, we carry out the error estimates of our proposed two-level spectral Galerkin
method for the following one-dimensional semilinear problem with Dirichlet boundary
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conditions:

(4.1)

F(u) = =gy + AP + f(z) =0, ze€l=(-1,1),
u(—=1) =0, wu(l)=0,

where p is a nonnegative integer, A € R\ {0} is a nonzero parameter, and f(z) is a
known sufficiently smooth function.
Recall the Jacobi weight

(4.2) w () =1 -2)*A+2)°, af>-1,zcl.

We consider the following Jacobi weighed spaces and related norms:

(4.3) L2.5(1) == {u: [|uflyes <00}  with norm |fullges = (u,u) /25
H!.s(I):={u:|lul|; yes < oo} with norm and seminorm
[ullf pos = [ulf gop + [ulZas,  |uliwes = 0" luas;
(4.5) Hé,wa>ﬁ (I) = {u S Hi}(,,ﬁ . u(:l:l) = O} .

Then the Jacobi weighted weak formulation for the problem (4.1) is to find u €
H} . 5(I) such that

0w 8
(4.6)  Au,¥) := a®P (u,0) + AP, )t + (f, ) pos =0 Vip € Hy os(I),
where the Jacobi weighted inner product (-,-),«.s is defined by

(4.7) (U, V) g5 1= /11 u(x)v(z)w*? (x)de  Yu,v,€ L2, (1),

and the bilinear form a®#(u,v) is defined by

(4.8) a®P (u,v) = /11 [0 u] [aw(w@v%)] dz VYu,v, € H&w,ﬁ (I).

Hereafter, D, F|w] denotes the linearized operator of F at w, namely, the Fréchet
derivative with respect to v of F computed at the point w, i.e.,

(4.9) D, Fw]v := —vge + ApwP~ v Vo.
The Jacobi weighted bilinear form A’(wj;v, ) introduced by D, F[w] is
(4.10) A (w;v,1p) == a®P(v,9) + Ap(wP~ 0,9 yos Y,0 € Hol,wa,,g (I).

The boundedness of A’(w;v,) is shown in Lemma 4.8.
The Newton iteration of the problem (4.6) is, for each n, to find v € Hj .,(I)
such that

A (ullsv, ) + A (ul™ ) =0 Vi€ H as(T),
(4.11) ( w) ( w) b e
wlt ) = g 4 v, n=>0.

The detailed error estimates in the coarse level for the nonlinear problem (4.6) are
shown in section 4.1, while the convergence results in the fine level for the linearized
problem (4.11) are shown in section 4.2.
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4.1. Jacobi weighted error estimates for semilinear problems. To this
end, we assume that —1 < a, 8 < 1, and p is a fixed integer. First, we consider some
useful embedding results.

LEMMA 4.1. Some embedding results about the Jacobi weighted spaces are as fol-
lows:

(1) The embedding Hy .s(I) C L2, (1) is compact.
(2) HL, ,(I) C L>=(I).

Proof. For part (1), since the embedding Hi (1) € L?(I) is compact, it is sufficient
to prove the following:

(a) uwe L2, ,(I) = u(w*P)Y/? € L3(I) is an isomorphism.

(b) € Hj 0n(I) = u(w*P)1/2 € H(I) is a continuous mapping.
Property (a) holds trivially. For v € H} (I), we have

w8

(@12) 0, (u(w)/?) =gtz 4 OFITEE ) oracrpran
Obviously, u, (w*#)!/2 € L?(I). Besides, by Lemma 3.7 in [19], for any v € H} .., (I)
and -1 < o, < 1,

(4.13) [0l wa-2-2 S [[0]l10005-

It implies that ww®/2~1A/2=1 ¢ L2(I). Thus, property (b) holds.
Part (2) is followed by Lemma 3.5 in [19]. 0

For —1 < «,f < 1, one can verify the Poincaré-type inequality as well as the
continuity and coercivity of the bilinear form a®?(-,-) defined by (4.8) in the space

Hé’waﬁ(l).

LEMMA 4.2 (Lemma 3.5 and Lemma B.7 in [39]). If -1 < «a,8 < 1, then
Yu,v € H& a5 (1), there exist three positive constants Cy,Co,Cs, independent of u
and v, such that Vu,v € Hj . 4(I),

(4.14) %P (u, 0)| < Ciluly oot [0]1 00,
(4.15) a®P(v,0) > Ca[v]} jas,
(4.16) [ullgas < Csluly gos-

Define the orthogonal projection H}\}?a,ﬁ t Hy yes(I) = Xy by

(4.17) a®P? (u = H}\}?aﬂu,v) =0 VveXy.

Recall the error estimate for orthogonal projection H}\}’Oa’ 5 defined in (4.17) (cf. The-

orem 3.39 in [39]): for 1 <m < N and p = 0,1,
1,0 —m || Qm
(4.18) Hu — HN7O(,BU||M7WQ,3 g NH ||ax u||wa+7nfl,ﬁ+'m,fl
for any u € H& waus (L) N B, 5(I).
In addition, in order to deal with the nonlinear term u?, where p € N, we introduce

the following differential operators:

(4.19) D%Py = P,
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(4.20) DiPy = g(u’)) = puP~ o,
X
2

(4.21) D2Py = %(up) = p(p — D)uP~2(9,u)? + puP ™0 u,
k

(4.22) DFPy = %(ui’), k=0,1,2,....

Note that in the above definitions, the powers of u should be nonnegative, i.e., u? =0
for ¢ < 0. We consider two more spaces,

(4.23)

B 5(1) = {u: OFu € L2 ainpin,0< k< m}, m € N, with norm and seminorm

m 1/2
lullz, , = (Z aun) Nulzr, = 100l s
k=0

(4.24)

BTE(T) = {u: DEPy e L2 11 s00,0 <k <m}, m €N, with norm and seminorm

m 1/2
”u”Bma’pB = <Z Dil;‘:’pu||3}f1+k,ﬂ+k> ) |U|Bm&pﬁ = [|DZ"Pul| goatrsen.
o k=0 o

It follows that u € B'.% (I) implies u? € B, ;(I). Then for the projection H}\}?a’ﬁ
defined in (4.17), we have

(4.25) [uP = TIN°, st ||wms S NPT DIt ot

~

for any w € H} .(I)NBE ().

woB

For the convenience of notation, let us denote w = w®?,V = Hé (nH,w=Vv",

Iy =I1}°, ; defined by (4.17) and Vy = Xy defined in (2.3).
Let us define the linear operator 7 : W — V by

(4.26) a®(Tg,0) = (9,9) YweV,

where (-, ) denotes the duality pairing. It follows from (4.14) and (4.15) that T is a
bounded operator. Moreover, we have the following lemma.

wesB

LEMMA 4.3. For any s > 0, T is a linear, bounded, continuous operator from
HE(I) into H (1) N HEP2(I). For any s € [-1,0), T is continuous from (Hg 5 (1))’
into Hp ,(I) N HE(I).

Proof. The linearity is obvious by definition. Let us check the continuity. If s is
a positive integer, then integrating by parts in (4.26) gives

(4.27) (=T 9)ex =9, z€I,
which implies that

(4.28) ITglls+2.0 S lglls.e-

For noninteger s >0 and —1<s<0, the same result follows by space interpolation. O
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The following result is a direct consequence of Lemmas 4.1 and 4.3.
LEMMA 4.4. T is a compact operator from W to V.
For fixed integer p, the mapping G : R x V — L2 (I) is defined by

(4.29) G\, u;p) = AuP + f.

It is easy to see that the mapping G(\, u; p) defined above has the following properties:
(1) G is a C* mapping.
(2) For any k € N, D*G is bounded on any bounded subset of the space R x

Hg (1)
(3) Since W contains topologically L2, we have
(4.30) 1GA wsp)llw S I1G(A, s p)lo-

Throughout this section, we make the following assumption on the exact solution
uy to the problem (4.6):
(H-I) For fixed p, there exists a branch {(\,u), A € A} such that uy € V" :=
Holw(l) NBM(I)N BIWP(I), where m > 0.
By the above assumption and property (2) in Lemma 4.1, we have

(4.31) 1GA wsp)llw S AllullZe + 11w
Consider the operator F : R x V — V, defined by

(4.32) F(\u;p) i=u+ TG\ us;p),

and its Fréchet derivative D, F defined by

(4.33) D, F\wlv = (Id + TDuG[\, wl)v,

where Id denotes the identity operator. It is easy to check that the problem (4.6) can
be written equivalently as follows: find v € V' such that

(4.34) F(\u;p) = 0.

Now we make the following additional assumption on the exact solution wuy:
(H-II) There exists a branch {(\,u),A € A} such that the problem (4.32)
admits at least one isolated nonzero weak solution u, such that

(4.35) VAEA, Yo eV, [(DuF\unv)llv > Collollv,

where C is independent of v.
The discrete weak formulation related to (4.6) is to find uy € Xy such that

(436) A(U'Nv,(/)N) = a/OLVB(uN/(/)N) + )\(ug)\ﬁ ¢N)w + (f7 ,(/JN)UJ =0 va S XN7

where X is defined in (2.3).
We define Ty : W — Vi by

(4.37) Tv =13, 40T,

Thanks to the definition of 7 and H}\}Oa 8 for any g € W, it follows that

(4.38) a®?(Tng,¥) = {9.9) V4 € V.
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Now we are ready to define F N A X Vy — Vi and its Fréchet derivative Du]:" N by

(4.39) Fn(Av;p) :=v 4+ TnG(A vy p),
(4.40) Dy Fn [N v;pl :=Id + Tx DuGIA, v;p].

Then the discrete formulation of the problem (4.34) is to find uy € Vv such that

(4.41) Fn(Aun;p) =0,
which is equivalent to (4.36).
For the reader’s convenience, let us recall the following results.

LEMMA 4.5 (Lemma 2.2 in [29]). Assume the following are true.
(H-1.1) Assume that G™Tt m € N, is a C™* ! mapping from A x V into V',
and DG is bounded on any bounded subset of A x V.
(H-1.2) Assume that Iy : V — Vi is a continuous operator satisfying

(4.42) lim |jv—Iyv||=0 VveV.
N—o0

(H-1.3) Assume that T € L (V',V) and Ty € L(V', V) satisfy

(4.43) |7 = Tnllzw vy =0.

lim
N—o0

Then there exist a neighborhood 0 of the origin in V and, for large enough N, a
unique C™ ! mapping A € A — un \ € Vi such that

(4.44) YA€ A, Fy\un(N) =0, unx—uy€b,

where Fy is shown in (4.39). Furthermore, there exists a positive constant K inde-
pendent of X\ and N such that

(4.45) Jun oy = uall1o < K ([lux = Ovuslle + (T = Ta)GA, un)l1,0) -

LEMMA 4.6 (Lemma 2.3 in [29]). Assume (H-1.1)-(H-1.3) in Lemma 4.5 hold.
Additionally, we assume the following:
(H-2.1) The mapping v € V. — D,G[\,v] € ZL(L2(I),V’) is continuous.
(H-2.2) T € L(V',L2(1)) and Ty € L(V', L2 (1)) satisfy
(4.46) M ([T =T llzer.czay = 0.

(H-2.3) Ifv € L3(I) satisfies
(4.47) v+ TD,GA urlv =0,

thenv e V.
Then for N large enough, we have

(4.48) luna —urlle S IFNO up)llw YA €A,

Now we can present our main result on the Jacobi weighted approximation (4.36)
to the semilinear problem (4.6).
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THEOREM 4.7. Assume that the hypotheses (H-1) and (H-II) hold. There exist a
neighborhood 0 of the origin in 'V and, for N > Ny large enough, a unique A € A —
una(x) € Xn such that for any A € A, un x(x) solves (4.41).

Furthermore, assuming that the mapping A € A — uy(x) € V™ is continuous for
a suitable m, then for any A\ € A, the following estimate holds:

(449) ||’U,N7)\—u)\||#7wa./3 < NPT (||8;”U>\||wu+m71,5+m71 + “D?’pu)\||wa+1n71,ﬂ+'m.71),

where ;= 0, 1.
Proof. Assumption (H-1.1) is true by the definition of G(\, ), and (H-1.2) holds
according to the estimate (4.18). Besides, Vg € W, we have
(4.50) (T =Tn)g = (Id=TIN)Ty.
By (4.50), (4.18), and Lemma 4.3, for any g € W, we have
(451) (T = Tw)glhe = 1(Id =TIn)Tglie S N H0ea(To)lw S N gl

which implies (H-2.3). Applying Lemma 4.5 gives the first part of this theorem.
Furthermore, assume uy and uy y solve (4.34) and (4.41), respectively. Then by
(4.25) we have

(4.52) [|(T = Tw)G(A ua) 1w = lluf — Tvul

Plugging (4.52) into (4.45) and combining the projection error estimate (4.18), we
obtain the desired estimate (4.49) for the case with p = 1.

To obtain the L? estimate, we need to check (H-2.1)—(H-2.3). First, by definition
and property (2) of Lemma 4.1, we have

|1,w < NﬁmHD‘,T7pu)\||wa+m—l,ﬁ+m,—l.

~

(4.53) IDLGIN, vlwlle = [IApo? wlle < 0ll55 ]l

which implies (H-2.1). Second, (H-2.2) holds followed by Lemma 4.3 and estimate
(4.25). Third, (H-2.3) is a consequence of (H-2.1) and Lemma 4.3. Now we proved
that the estimate (4.48) holds.

Finally, by the definition of Fy, we have

IFn v un) o S llus = Mvualle + 1T = Tw)GA, ur) o
= flux = Oyualle + fJuf = Dyul o
By (4.18) , (4.25), and (4.48), we can conclude (4.49) for the case with u = 0. d

4.2. Error estimates for the linearized problem by the Newton method.
Let us fix A,p, and N in the problem (4.41) and choose the initial guess ul’l € Xy.
Then the Newton iterations for solving the nonlinear problems (4.34) and (4.41) are,

respectively,
e to find ul"*t1 € V such that
(4.54) Do F\, ul] (W“l - u[”]> FFO0 Uy =0, n>o0,

where F and D, F are defined by (4.32) and (4.33), respectively;
e to find UE:,LH] € Xy such that

(4.55) D, Fyn [A,u[Nn]] (uk;“] - UK,L]) + ]:"N()\,u%]) =0, n>0,

where Fy and D, Fy are defined by (4.39) and (4.40), respectively.
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Note that the formulation (4.54) is equivalent to (4.11), and (4.55) is the discretized
version.

By Lemma 4.2, one can verify the ellipticity of the operator D, F [\, up] (equiva-
lently, A’(ux;v,1)) and the boundedness of the operator T Dy,G[A, u.

LEMMA 4.8. Assume that the hypotheses (H-1) and (H-II) hold. There exist two
positive constants C1, Ca, independent of u and v, such that Yu,v € H&w (1),
(4.56) |A (ux; u,v)| < Chlulyw [v]10,
(4.57) A" (ux; 0,0)] > Coluli

Moreover, the operator T Dy G, uy] is uniformly bounded, i.e.,
(458) ”TDuu[/\a U/\]”:Z’(V,v) <.

Proof. Equations (4.14) and (4.53) imply (4.56), and (4.35) indicates (4.57). Be-
sides, since D, G[\, ux] = Ap(p — 1)uP=2, we can get (4.58) thanks to assumptions
(H-T) and (E-II).

By standard argument for Newton iteration [48, 23], one can show the following
convergence results.

THEOREM 4.9. Assume uy y solves (4.41) and ug(\),] is the initial guess in the New-
ton iteration (4.55). Choose p € (0,1). We make two more assumptions.
(H-III) N is fized and large enough such that

(4.59) Junx — IIvus 1w < p.
H-1V) The initial guess u satisfies
( g N

(4.60) [ul —un Al w < p-

Then uEG] converges quadratically to uy x in the Newton iteration (4.54) as n — oo;
i.e., Ing such that Vn > ng,

(4.61) ufd —unalhw S 0%

5. Numerical experiments. In this section, we present several numerical ex-
periments to illustrate the efficiency and accuracy of the proposed two-level spectral
methods for one-dimensional semilinear problems with Dirichlet boundary conditions
(Examples 1 and 3) and mixed boundary conditions (Example 2), the fully nonlinear
problems in one dimension (Example 4), and the two-dimensional semilinear system
with Dirichlet boundary conditions (Example 5) and periodical boundary conditions
(Example 6).

Ezample 1. Consider the semilinear problem (4.1) in which f(z) is chosen as

(5.1) Fa) = ¥cos (32”0 1 {cos (?xﬂp

It is easy to verify that one of the exact solutions is u(z) = cos (3 ).

Let us consider the case with p = 2, A = 1. In our two-level spectral methods, we
choose N = 6 in the coarse level and Ny = 36 in the fine level. The tolerance in the
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[y,

e U(0)

-1 -0.5 0 0.5 1
X

(i) Stage one (N = 6) (ii) Stage two (N = 36)

Fic. 5.1. Ezxample 1: numerical solutions from the Legendre—Galerkin method.

linearized iteration is chosen as 7 = le — 15. The numerical solutions obtained from
the Legendre—Galerkin method and the Chebyshev collocation method are shown in
Figure 5.1 and Figure 5.2, respectively. In addition, the numerical results obtained
from the shooting method are shown in part (i) of Figure 5.3, in order to verify the
correctness of the numerical solutions obtained by our method. The discussion on the
accuracy and efficiency is listed below.

1. In order to the show the spectral accuracy of our methods, we can compute
the errors in the Lo-norm for the semilinear problem (4.1) with exact solution
u(z) = cos (2Fx). We observe from part (i) of Figure 5.3 that the errors
decay exponentially like O(e "), for both Legendre—Galerkin and Chebyshev
collocation methods, which verifies the error estimates in section 4.

2. In order to show the efficiency of our methods, we compare the results of
the one-level method (only using the homotopy continuation method) and
the proposed two-level methods. In Table 5.1, we can observe that the errors
decay exponentially, but the computational costs grow exponentially in the
coarse level. The numerical results in the fine level (after solving the problem
in the coarse level with N, = 6) are shown in Table 5.2, in which nj; means
the number of Newton iterations in the fine level. We can observe that the
errors decay exponentially, while the computational costs in the fine level are
much less than the computational costs in the coarse level.

Ezample 2. Consider the semilinear equation with mixed boundary conditions [20]

(5.2) {“m =A1+u?), z€(0,1),

' (0) =0, wu(l)=0,
where A € RT,p € N.  After the linear map from z € [0,1] to & € [—1, 1], we employ
the Legendre—Galerkin method to solve this problem. Due to the mixed boundary

conditions in (5.2), instead of using the basis functions (2.6), we need to design a new
basis set {¢5.(z)}p_ in which [39]

(5.3) Vi (@) = Ly(z) — (2’1722; Li(a) - (k+1)

which satisfies ¥}, (—1) = ¢ (1) = 0 Vk.
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(i) Stage one (N = 6)

p=2, A=1
100+t —e-Legendre Galerkin
5 —+—Chebyshev collocation
107 |
n 4 |
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5 10°
N o108
8’; 10-10 L
= q012t
10714 |
107
155 o5 o 05 4 0 10 20 30 40
N
(i) Numerical solutions (ii) Exponential convergence rates
of shooting method of spectral methods

Fic. 5.3. Ezample 1: spectral accuracy.

The explicit form of the exact solutions for the problem (5.2) is not available.
But it is known that for p = 4 there exists a critical value of A\, say A* ~ 1.30107,
such that (1) if 0 < A < A*, there are two solutions; (2) if A = A*, the two solutions
merge; and (3) if A > A*, there are no solutions.

First, let us consider the case with p = 4 and A = 1.2, in which there are two
solutions. We compare the numerical results between the one-level and two-level
methods in Table 5.3. In the one-level method, we solve the nonlinear system of
size N with the homotopy continuation method. In the two-level method, we choose
N, = 3 in the coarse level and various Ny in the fine level. The tolerance of the
iteration in Stage II is chosen as 7 = le — 14. Besides, the last two columns in Table
5.3 show the Lo-norm of the differences between the numerical results obtained from
the one-level and two-level methods. We observe that the two-level method is much
faster than the one-level method, while the numerical solutions obtained from these
two methods are almost the same.

In addition, the numerical solutions of the two-level method for the cases with
p =4 and A = 1.2, 1.30107 are shown in Figures 5.4 and 5.5, respectively, which
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TABLE 5.1
One-level spectral methods: Ezample 1 (p=2,A=1).

N Legendre—Galerkin Chebyshev collocation

¢ | Loerrors Time (s) Ly errors  Time (s)
5 2.1218e-01  6.16e-01 | 4.2475e-01  7.21e-01
6 2.8077e-02  1.39e+00 | 1.1857e-01  1.50e+00
7 6.1128e-03  3.96e+00 | 2.3677e-02  2.52e400
8 2.3606e-03  1.04e+01 | 4.6959e-03  2.96e+4-00
9 1.5291e-04  3.43e+01 | 8.2189¢-04  7.02e+4-00
10 | 1.1356e-04  9.99e401 | 1.1204e-04 1.61e4-01
11 | 3.4722e-06 3.47e4+02 | 3.3799e-05  3.73e+401
12 | 3.7841e-06  8.35e402 | 3.0905e-06  8.46e4-01

TABLE 5.2
Two-level spectral methods: Example 1 (p=2,A=1 and N. = 6).

N Legendre—Galerkin Chebyshev collocation
| ny Time(s) Loerrors | ny Time (s) Ly errors

12 5 1.06e-02  3.7841e-06 5 9.54e-04  3.0905e-06

18 4 4.66e-03  2.6682e-11 7 6.17e-04  1.2624e-11

24 5 2.67e-03  2.2178e-15 12 1.04e-03 1.2551e-14

30 4 4.84e-03 1.0328e-15 23 2.16e-03  5.7133e-15

36 4 3.41e-03  9.4913e-16 | 29 3.89e-03  4.0461e-15

TABLE 5.3
Numerical results of Example 2 (p=4,A=1.2).

One-level method | Two-level method (N, = 3) Errors between them
N Time (s) Ny  ny Time (s) u1 () u2(x)
3 3.83e-01
4 1.55e4-00 4 5 5.33e-01 1.5701e-16 ~ 0.0000e-+00
5 7.69e+00 5 5 5.42e-01 0.0000e+00 7.8505e-17
6 5.29e+-01 6 5 3.50e-01 1.5701e-16 7.8505e-17
7 3.82e+4-02 7 5 4.17e-01 1.5701e-16 ~ 0.0000e+00

verifies the conclusion about the number of solutions of this problem.
Ezample 3. Consider the problem with sign-changing even nonlinearity [11]

Upe +u?(u? —p) =0, z¢€(0,7),

(5.4) u(0) =u(r) =0,

where p > 0 is a real parameter.

We use the Legendre—Galerkin method with coarse level N, = 8 and a series of
fine levels Ny = 16, 32,64, 128 to solve the problems with p = 2,4,6,8. The number
of solutions we obtained in coarse and fine levels, the maximum number of Newton
iterations in the fine level, and the maximum residual of the final numerical solutions
are shown in Table 5.4. The nonzero numerical solutions are shown in Figures 5.6-5.9.

Ezample 4. Consider the fully nonlinear problem [17]

—uZ, +1=0,

z € (0,1),
(5.5) 1
=2

u(0) =0, wu(l)
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1.2 i i i : 1.2 ; . . .
P! _._U1(X) p _._U1(X)
+U2(X) +u2(x)
0.8r ] 0.8r
— G — L
X X
=1 =1
0.4+ 1 0.4+
0 : : : : 0 : : : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8
X X
(i) Nonlinear problem (N, = 3) (ii) Linearized problem (N = 64)
Fi1G. 5.4. Numerical solutions of Example 2 (p =4, =1.2).
1 : 1 :
—0—U1(X) _._U1(X)
L. L
0.8} Rl 0.8} Al
0.61 ] 0.6r
3 z
=1 =1
0.4+ 1 0.4+
0.2+ 1 0.2+
0 : : : : 0 : : : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8
X X
(i) Nonlinear problem (N, = 4) (ii) Linearized problem (N; = 64)
Fic. 5.5. Numerical solutions of Example 2 (p = 4, = 1.30107).
TABLE 5.4
Numerical results of Example 3.
No. of solutions On the fine level
p N. =8 Nf =128 | ni Residuals
2 4 4 2 1.4627e-14
4 8 4 3 3.2857e-14
6 32 6 12 2.5624e-13
8 54 6 40 1.1273e-13
-0.1
15 02 -0.2
-0.3 -0.4
E Z-04 g
-0.6|
-0.5
0.5 -06 -0.8
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00 1 2 3 0 1 2 3 0 1 2 3

F1G. 5.6. Numerical solutions of Example 3: p = 2.
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Fic. 5.8. Numerical solutions of Example 3: p = 6.

with two exact solutions

(5.6) ut(z) ==, u (z)= A

We use the Legendre—Galerkin method shown in section 2.1 to solve this problem,
in which we choose N, = 8 to solve the nonlinear problem and N; = 16 to solve the
linearized problem. We obtain 64 numerical solutions on the coarse level (see part
(i) of Figure 5.10). After the iteration on the fine level, there are only two stable
numerical solutions which perfectly match the exact ones, as shown in part (ii) of
Figure 5.10.

Example 5. Consider the two-dimensional steady Allen-Cahn equation on the unit
square with Dirichlet boundary conditions [15]

—Autud —u=0, (v,y)ecQ=(0,1)72

(57> u(O,y) = U(l,y) =1, ye (07 1)u
u(z,0) =u(zr,1) =-1, =ze€(0,1).
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Fic. 5.10. Numerical and exact solutions of Fxample 4.

The Allen—Cahn equation is used to describe the motion of antiphase boundaries
in crystalline solids, in which u represents the concentration of one of the two metallic
components of the alloy. In the above equation, u = 41 corresponds to one material
and u = —1 to the other.

There are no exact solutions available for this problem. We use the Legendre—
Galerkin method to solve this problem with ¢ = 0.04. We choose N, = 16 in the coarse
level and a series of Ny = 32,64,128 in the fine level. We find two stable solutions,
which are shown in Figure 5.11.

Ezxample 6. Consider the following coupled system arising from chemical sciences
and biology:

(5.8) {euAu —uv® + F(1—u) =0,

oAV +uv? — (F 4+ k) =0
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(i) Negative solution (ii) Positive solution

Fic. 5.11. Numerical solutions of Example 5.

on the domain [0,2.5]> with periodical boundary conditions, where &,,&,,u,v are
unknowns and F), k are parameters.

This reaction-diffusion system can be used to model the chemical reaction with
two components [32] and irregular patterns [35]. We choose the parameters &, =
2x107% e, =107° F = 0.1,k = 0.02. We use the Fourier collocation method with
N, = 3 in the coarse level and Ny = 6,12,24 in the fine level to solve this problem.
Actually, we obtained more than 2000 different patterns, some of which are shown in
Figures 5.12-5.14.

1 0.14
0.98 012
0.96

0.1
0.94
0.92 0.08
0.9 0.06
088 0.04
0.86

0.02
0.84

F1c. 5.12. Numerical solutions of Example 6.
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Fic. 5.14. Numerical solutions of Example 6.

6. Concluding remarks. We have developed a two-level framework of spectral
methods for solving a class of semilinear and fully nonlinear elliptic problems with
multiple solutions. The key to the success of the proposed method is the combination
of the spectral discretization of differential equations, which enjoys high-order accu-
racy, and the homotopy continuation method for solving nonlinear systems, which
guarantees the multiple solutions. We gain efficiency from the coarse level as well as
accuracy from the fine level. The detailed algorithm shows that our method is very
easy to implement and ready for parallel computing. We also derived the optimal
error estimates for the Jacobi—Galerkin method and Newton iterations for semilinear
problems. The error estimates for the fully nonlinear case will be addressed in a future
work. Numerical experiments illustrate that our proposed methods, which enjoy high
accuracy and efficiency in both semilinear and fully nonlinear problems, are obviously
good alternatives to other numerical methods available in the literature for elliptic
problems with polynomial nonlinearity.

To further reduce the computational cost, one can make use of the symmetric
property [26, 51]. The results presented in this paper indicate that the gain in nu-
merical efficiency in the two-level spectral methods should allow the consideration of
more complicated problems in nontrivial stationary elliptic-type solutions of dynam-
ical models.
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Appendix A. Matrices in the Legendre—Galerkin method. B; and B,
are the forward and backward Legendre transforms, respectively.

(mn’k)ibvgio, S = (Sn,k)g;i(y Then their entries are defined by

1
2 _ 1 2’ = k’
bn,k: - n+ /
0 otherwise,
1, n=kand 0 <k,n<N —2,
byr=4 -1, n=k+2and0<k<N-20<n<N,
0 otherwise,
5 n+1/2)(k(k+1)—n(n+1)), (n+k)evenandn <k —2,
bn,k = .
0 otherwise,
2 2
_c Lz -k
il 2ngs T
mn)k:mk‘,n: 772 R TL:IC+2,
2n+3
0 otherwise,
in+6, n==k,
Sn,k = Skn = .
’ ’ 0 otherwise.

Appendix B. Matrices in the Chebyshev collocation method. The

,

N
second-order differentiation matrices D? = (d,(f;) are defined by
k,j=0

(—1)7+ zitajm -2

¢ (l—x?)(a;j_ll)m
2_ —:D2 )
_Q%%gﬁﬁﬁ, 1<j=I1<N-1,
(2) = _ —x)— .
(B.l) djl = 2(36,1,)1 (2N2-(F117)Ez:1l)2 1) 6’ j=01<I<N,
2T NP0 )20 = N0 <IN -1,
N‘1‘5—17 j=1=0,5=1=N,

where the {zy}#, in (B.1) are the Chebyshev-Gauss-Lobatto points defined in
(2.19).
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