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Abstract

We propose a general statistical framework
for clustering multiple time series that ex-
hibit nonlinear dynamics into an a-priori-
unknown number of sub-groups. Our mo-
tivation comes from neuroscience, where an
important problem is to identify, within a
large assembly of neurons, subsets that re-
spond similarly to a stimulus or contingency.
Upon modeling the multiple time series as
the output of a Dirichlet process mixture
of nonlinear state-space models, we derive
a Metropolis-within-Gibbs algorithm for full
Bayesian inference that alternates between
sampling cluster assignments and sampling
parameter values that form the basis of the
clustering. The Metropolis step employs re-
cent innovations in particle-based methods.
We apply the framework to clustering time
series acquired from the prefrontal cortex of
mice in an experiment designed to character-
ize the neural underpinnings of fear.

1 INTRODUCTION

In a data set comprising hundreds to thousands of neu-
ronal time series (Brown et al., 2004), the ability to
automatically identify sub-groups of time series that
respond similarly to an exogenous stimulus or contin-
gency can provide insights into how neural computa-
tion is implemented at the level of groups of neurons.

Existing methods for clustering multiple time series
can be classified broadly into feature-based approaches
and model-based ones. The former extract a set
of features from each time series, followed by clus-
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tering in feature space using standard algorithms,
e.g. Humphries (2011). While simple to implement,
feature-based approaches cannot be used to perform
statistical inference on the parameters of a physical
model by which the time series are generated.

Previous model-based approaches for clustering multi-
ple time series typically employ Bayesian mixtures of
time series models. Examples have included GARCH
models (Bauwens and Rombouts, 2007), INAR mod-
els (Roick et al., 2019), and TRCRP models (Saad and
Mansinghka, 2018).

State-space models are a well-known, flexible class of
models for time series data (Durbin and Koopman,
2012). Many existing model-based approaches for clus-
tering time series use a mixture of linear Gaussian
state-space models. Inoue et al. (2006) and Chiappa
and Barber (2007) both consider the case of finite mix-
tures and use Gibbs sampling and variational-Bayes
respectively for posterior inference. Nieto-Barajas and
Contreras-Cristan (2014) and Middleton (2014) use a
Dirichlet process mixture to infer the number of clus-
ters and Gibbs sampling for full posterior inference.
In all cases, the linear-Gaussian assumption is crucial;
it enables exact evaluation of the likelihood using a
Kalman filter and the ability to sample exactly from
the state sequences underlying each of the time series.
For nonlinear and non-Gaussian state-space models,
this likelihood cannot be evaluated in closed form and
exact sampling is not possible.

We introduce a framework for clustering multiple time
series that exhibit nonlinear dynamics into an a-priori-
unknown number of clusters, each modeled as a non-
linear state-space model. We derive a Metropolis-
within-Gibbs algorithm for inference in a Dirichlet
process mixture of state-space models with linear-
Gaussian states and binomial observations, a popular
model in the analysis of neural spiking activity (Smith
and Brown, 2003). The Metropolis step uses particle
marginal Metropolis Hastings (Andrieu et al., 2010),
which requires likelihood estimates with small vari-
ance. We use controlled sequential Monte Carlo (Heng
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et al., 2017) to produce such estimates. We apply the
framework to the clustering of 33 neural spiking time
series acquired from the prefrontal cortex of mice in an
experiment designed to characterize the neural under-
pinnings of fear. The framework produces a clustering
of the neurons into groups that represent various de-
grees of neuronal signal modulation.

2 NONLINEAR TIME SERIES
CLUSTERING MODEL

We begin by introducing the Dirichlet Process nonlin-
ear State-Space Mixture (DPnSSM) model for cluster-
ing multiple time series exhibiting nonlinear dynamics.

2.1 DPnSSM

Let Y = {yM ... 4y} be a set of observed time
series in which each series y(") = y%n), .. .,y(T") is a
vector of length T'. Following the framework of state-

space models, we model y(™ as the output of a latent,

autoregressive process @™ . Foralln=1,..., N,
n ~(n) n) zn)
A6 ~ (67, (1)
n n ~(n) n n) zn)
xg )|$§7)1,0 Nf(ng)laxg )30 )a 1<t
n n) Fn) n n) F(n)
y™ 26"~ g, 87, 1<

where 5(n) denotes a set of parameters for series n, f is
some state transition density, g is some state-dependent
likelihood, and h is some initial prior.

The hidden parameters © — {5(1), ey 5(N)} form the

basis of clustering Y'; that is, if 5(n) = 5(n ), then se-
ries n and n’ belong to the same cluster. However, in
many applications, the number of clusters itself may
be unknown and, therefore, we choose to model the
parameters as coming from a distribution @ that is
sampled from a Dirichlet process (DP) with base dis-
tribution G and inverse-variance parameter «. Fer-
guson (1973) showed that @Q is almost surely discrete
and that the number of distinct values within N — oo
draws from Q is random. Thus, the DP serves as a
prior for discrete distributions over elements in the
support of G. The overall objective is to infer the
joint distribution of © | Y, o, G.

The Chinese Restaurant Process (CRP) representation
of the DP integrates out the intermediary distribution
Q used to generate © (Neal, 2000). The CRP allows
us to nicely separate the process of assigning a cluster
(i.e. table) to each y™ from the process of choosing
a hidden parameter (i.e. table value) for each cluster.
This is similar to the finite mixture model, but we do
not need to choose K, the number of clusters, a priori.

Under the CRP, we index the parameters by the clus-
ter index k instead of the observation index n. Let
2" € {1,... K} denote the cluster identity of series
n and let 8%) denote the hidden parameters for cluster
k. We formally define the model as follows,

AV W) K o~ CRP(a, N), (2)
o™ |G ~G,
and foralln=1,..., N,
7 | 2 = £, 0% ~ n(af™ 0™,
2 |2, 2 = b, 0W ~ flal) 2" 00),
2™ 2 = k0%~ (2l ) 00),

1 <t,
1<t

Let Z = {zW, .. 2™ @ = {6V .. 69} Fig-
ure 1 shows the graphical model for the DPnSSM. Ex-
tensions of the model and inference algorithm to han-
dling multi-dimensional time series and finite mixtures
can be found in Appendix A.
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Figure 1: The graphical model representation of the
DPnSSM. Observations are shown in grey, and states
and parameters are shown in white. For simplicity, we
omit the dependencies that are assumed in the DP-
nSSM between Y and (7, ©).

2.2 Point Process State-Space Model

While the DPnSSM is defined for generic nonlinear
state-space models, in this paper we focus on a state-
space model commonly used for neural spike rasters.

Consider an experiment with R successive trials, dur-
ing which we record the activity of N neuronal spiking
units. For each trial, let (0, 7] be the continuous obser-
vation interval following the delivery of an exogenous
stimulus at time 7 = 0. For each trial r = 1,..., R
and neuron n = 1,..., N, let S be the total num-
ber of spikes from neuron n during trial r, and the

sequence () < Tf? <...< T(Z)(n) correspond to the
’ e
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times at which events from the neuronal unit occur.
We assume that {ﬂg,’;)}f;l is the realization in (0, 7]
of a thChabth pomt process with counting process

N(") fo dN ) (u), where dNT(") (1) is the indi-

cator functlon in (0, 7] of {sz)}finl) A point-process
is fully characterized by its conditional intensity func-
tion (CIF) (Vere-Jones, 2003). Assuming all trials are
i.i.d. realizations of the same point-process, the CIF
A (1| H,) of dNﬁn)(T) forr=1,...,Ris

A (7 | H) 3)
p (N (r+8) = N (r) = 1| H)
= lim )
6—0 §

where Hﬁn) is the event history of the point process up
to time 7 for neuron n. Suppose we sample dNﬁn) (1)
at a resolution of § to yleld a binary event sequence.
We denote by {ANt t 1 r—1 the discrete-time pro-
cess obtained by counting the number of events in
T =|T/A] disjoint binb of Width A = M -6, where
M € N. Given :z:o ) and @Z’o , a popular approach
is to encode a discrete-time representation of the CIF
{Ag")}le within an autoregressive process that un-
derlies a binomial state-space model with observations
{AN(")}t 1r=1 (Smith and Brown, 2003):

( ) |ﬂ(n) NN( (n ) 1l)(n)) (4)

| ‘thl’w(n) ~ N(‘Ttrl)hw(n)L 1< t,
(n)
n n n exXp T
MY = 5= o) = SRy
1+expax,
ZAN(”) ~ Bin (R M p<")) 1<t
5™ — 1200 log T of i
where 8 ° = [, log )\™] " are the parameters of in-

terest. We can cluster the neuronal units by these pa-
rameters by assuming that they arise from the Dirich-
let process mixture of Equation 2, in which 0% =

(1) log )T = 6™ for all n such that (™ = k.

The parameter p(*) describes the extent to which the
exogenous stimulus modulates the response of the neu-
ron — a positive value of u*) indicates excitation, a
negative value indicates inhibition, and a value close
to zero indicates no response. The state transition
density f imposes a stochastic smoothness constraint
on the CIF of neuron n, where 9(*) controls the de-
gree of smoothness. A small value of 1)(*) suggests that
the neurons exhibit a sustained change in response to
the stimulus, whereas a large value of ¥(*) indicates
that the change is unsustained. With respect to the
DPnSSM, the goal is to cluster the neurons accord-
ing to the extent of the initial response p*) and how
sustained the response is ¢*) .

3 INFERENCE ALGORITHM

For conducting posterior inference on the DPnSSM, we
introduce a Metropolis-within-Gibbs sampling proce-
dure inspired by Algorithm 8 from Neal (2000). We
derive the following process for alternately sampling
(1) the cluster assignments Z | ©,Y,a, G and (2) the
cluster parameters ® | Z,Y,«a, G. A summary of the
inference algorithm is given in Algorithm 1. Outputs
are samples (Z<i>,®<i>) for iterations 1 = 1,2,...,1I.

s(1)}, we denote set S with-

=38\ {S(j)}.

For any set S = {s(1),
out the j-th element as S(—7)

3.1 Sampling Cluster Assignments
For a given time series n € {1,..., N}, we sample its
cluster assignment from the distribution:
p(z™ | 2. 0,Y, 0, Q) (5)
xp(z™ 25" ©,0,G) p(Y | Z,0,a,G)
o p(z(n) |Z(fn)7a) .p(y(n) | 2™ 0.0).

The first term in Equation 5 can be represented by the
categorical distribution,

N (&)
m,k::l,...,K/, (6)
p(=" = k) =
%, k=K' +1,...,K +m,
- «

where K’ is the number of unique & in Z(=", N®*) ig
the number of cluster assignments equal to k in Z(~™),
and m > 1 is some integer algorithmic parameter. For
brevity, we drop the conditioning on Z(—™ and a.

The second term in Equation 5 is equivalent to the pa-
rameter likelihood p(y(™ | 8%)), where 8 is known
if k € {1,..., K'}; otherwise, 0% must first be sam-
pled from G if k € {K’ +1,... K’ +m}. Since y™ is
the output of a nonlinear state-space model, we must
use particle methods to approximate this parameter
likelihood. We employ a recently proposed method
known as controlled sequential Monte Carlo (¢SMC)
to produce low-variance estimates of this likelihood
for a fixed computational cost (Heng et al., 2017). We
outline the basic premise behind ¢cSMC in Section 3.3.

3.2 Sampling Cluster Parameters

For a given cluster &k € {1,...,
from the distribution:

p(0™ 10" 7Y o G) (7)
x p(@* [0, Z,0,G) - p(Y |©, Z,0,G)

xp@™ |G- ] @™ 16™).
n|z(M=k

K}, we wish to sample
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The first term of Equation 7 is the probability density
function of the base distribution, and the second term
is a product of parameter likelihoods. Because the
likelihood conditioned on class membership involves
integration of the state sequence (™), and the prior G
is on the parameters of the state sequence, marginal-
ization destroys any conjugacy that might have existed
between the state sequence prior and parameter priors.

To sample from the conditional posterior of parame-
ters given cluster assignments, Middleton (2014) re-
introduces the state sequence as part of his sampling
algorithm for the linear Gaussian state-space case. We
use an approach that obviates the need to re-introduce
the state sequence and generalizes to scenarios where
the prior on parameter and the state sequence may
not have any conjugacy relationships. In particular,
our sampler uses a Metropolis-Hastings step with pro-
posal distribution (8’ | 8) to sample from the class
conditional distribution of parameters given cluster as-
signments. This effectively becomes one iteration of
the well-known particle marginal Metropolis-Hastings
(PMMH) algorithm (Andrieu et al., 2010). To evalu-
ate the second term of Equation 7 for PMMH, we once
again choose to use ¢cSMC (Section 3.3).

3.3 Controlled Sequential Monte Carlo

Controlled SMC is based on the idea that we can mod-
ify a state-space model in such a way that standard
bootstrap particle filters (Doucet et al., 2001) give
lower variance estimates while the likelihood of inter-
est is kept unchanged. More precisely, the algorithm
introduces a collection of positive and bounded func-
tions v = {v1,...,77}, termed a policy, that alter the
transition densities of the model in the following way:

h7(21;0) o< h(x1;0) - y1 (1), (8)
(@1, 24, 0) o f(oi—1,2450) - ve(x), 1<t

To ensure that the likelihood associated with the modi-
fied model is the same as the original one, we introduce
a modified version of the state-dependent likelihood g,
denoted by ¢, ..., g} On the modified model defined
by kY, {f) Y5, {9/ }1_,, we can run a bootstrap par-
ticle filter and compute the likelihood estimator:

T s
ﬁ’y(’y‘e) = H (;Zgg(‘riﬂyt;g)> ) (9)
t=1 s=1

where S is the number of particles and x} is the s-
th particle at time ¢. The policy v can be chosen so
as to minimize the variance of the above likelihood
estimator; the optimal policy minimizing that variance
is denoted by ~*.

When h, f are Gaussian and g is log-concave with re-
spect to x; (such as in the point-process state-space

model of Equation 4), we can justify the approxima-
tion of v* with a series of Gaussian functions. This
allows us to solve for hY, {f]}1,, {g/}E, using an
approximate backward recursion method that simply
reduces to a sequence of constrained linear regressions.
We provide a more rigorous treatment of the exact de-
tails in Appendix B.

Starting from an initial policy 7{*’, we can thus run a
first bootstrap particle filter and obtain an approxima-
tion 7! of v*. One can then iterate L times to obtain
refined policies, and consequently, lower variance esti-
mators of the likelihood. Our empirical testing demon-
strates that ¢cSMC can significantly outperform the
standard BPF in both precision and efficiency, while
keeping L very small. This justifies its use in the DP-
nSSM inference algorithm.

Algorithm 1 InferDPnSSM(Y, o, G, m, 7, I, Z0 @)
1: fori=1,...,1 do
2 Let Z=20"1 and ® = 1Y,
// Sample cluster assignments.
forn=1,...,N do
Let K’ be the number of distinct &k in Z(—™),
fork=1,...,K'+mdo
Run ¢SMC to compute p(y™ | %))
end for
Sample (" | Z(-") ©,Y,a,G.
end for
10: Let K be the number of distinct k& in Z.
// Sample cluster parameters.
11: for k=1,...,K do

12: Sample proposal 8" ~ (8" | 87).

13: fornc {1,...,N}| 2" =k do

14: Run ¢SMC to compute p (y(") | 0’).
15: end for

16: Let q — 2| ©M ZY,a,q)r(0" | 8)

20 O ZY 0,G)r(0 60
17: Let 8%) = 0 with probability min(a, 1).
18: end for

19:  Let Z® = Z and ©Y) = @©.

20: end for

21: return (20, 0W), ... (ZzD 0D)

4 RESULTS

We investigate the ability of the DPnSSM to cluster
time series from simulated and real neuronal rasters.!

4.1 Selecting Clusters

The output of Algorithm 1 is a set of Gibbs samples
(zW,eW), ... (20, eD). Eachsample (2, )

!Python code for all experiments can be found at
https://github.com/ds2p/state-space-mixture.
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may very well use a different number of clusters. The
natural question that remains is how to select a single
final clustering (Z*, ®%) of our data from this output.
There is a great deal of literature on answering this
subjective question. We follow the work of Dahl (2006)
and Nieto-Barajas and Contreras-Cristan (2014).

Each Gibbs sample describes a clustering of the time
series; we therefore frame the objective as selecting the
most representative sample from our output. To start,
we take each Gibbs sample i and construct an N x N
co-occurrence matrix Q7 in which,

1, Z(n) — Z(n/) | Z(n)’z(n/) E Z<Z>’

@

Q) = {0, L) £ S0 | ) ) ¢ gt (10
This is simply a matrix in which the (n,n’) entry is
1 if series n and series n’ are in the same cluster for
the i-th Gibbs sample and 0 otherwise. We then define
Q= ({-B)! ZLBH Q% as the mean co-occurrence
matrix, where B > 1 is the number of pre-burn-in sam-
ples. This matrix summarizes information from the en-
tire trace of Gibbs samples. The sample i* that we ul-
timately select is the one that minimizes the Frobenius
distance to this matrix, i.e. i* = arg ming|| Q% — Q| p.
We use the corresponding assignments and parameters
as the final clustering (Z*,0*) = (24", ©%)). The
appeal of this procedure is that it makes use of global
information from all the Gibbs samples, yet ultimately
selects a single clustering produced by the model. If
there are multiple Gibbs samples 1, ...,7; such that
Q% =l = . = Q) then we redefine @ as a
simple average, as explained in Appendix C.

4.2 Simulated Neural Spiking Data

We conduct a simulated experiment to test the ability
of the DPnSSM to yield desired results in a setting in
which the ground truth clustering is known.

4.2.1 Data Generation

We simulate N = 25 neuronal rasters that each record
data for R = 45 trials over the time interval (—500, 7]
milliseconds (ms) before/after an exogenous stimulus
is applied at 0 ms, where 7 = 1500. For each trial, the
resolution of the binary event sequence is § = 1 ms.
We create bins of size A = M - §, where M = 5, and
observe neuron n firing ANt(f;) < M times during the
t-th discrete time interval (tA — A, tA] for trial r.

We use the following process for generating the simu-
lated data: For each neuron n, the initial rate is inde-
pendently drawn as A(™) ~ Uniform(10, 15) Hz. Each
neuron’s type is determined by the evolution of its
discrete-time CIF )\,En) over time. We split the discrete-
time intervals into three parts — t; = {-99,...,0},

to ={1,...,50}, and t3 = {51,...,300}. We generate
five neurons from each of the following five types:

1. Ezxcited, sustained neurons with rate ,\§”> =\
for ¢ € t1; rate ,\i") = A" . exp(1) for t € to, t3.

2. Inhibited, sustained neurons with rate ,\§") =\
for t € tq; rate /\,EH) = A" exp(—1) for t € to, t3.

3. Non-responsive neurons with rate /\,En) =" for
tety,ta,ts.

4. Excited, unsustained neurons with rate /\§”) =
A for t € t1; rate /\,EH) = A" exp(1) for t € to;
rate A" = A(™ for ¢ € ts.

5. Inhibited, unsustained neurons with rate )\En) =
A" for t € t; rate /\§”) = A" . exp(—1) for
t € to; rate Aﬁ") =\" for t € ts.

Following the point-process state-space model of Equa-
tion 4 — which assumes i.i.d. trials — we simulate,

R=45
w = 3 AN ~Bin(R- M = 225,5("), (11)

r=1

where p{™ = A" . § for t = —99,...,300. These are
the observations Y = {y®, ...,y that are fed to
the DPnSSM. The model is then tasked with figuring
out the original ground-truth clustering.

4.2.2 Modeling

In modeling these simulated data as coming from the
DPnSSM, we employ the generative process specified
by Equation 4; that is,

2 | 8~ N (@ 4+ p®) ), (12)
2™ | 2™ ®) ~ N (@), p®),
y™ | ~ Bin(225, 0 (z{"™)),

where cluster parameters are %) = (1) log )] T,

The series are fed into Algorithm 1 with hyperparam-
eter values a = 1, G[u,¢] = [N(0,2), Unif(—15,0)],
and m = 5. For every series n, we compute the initial
state x(()") = o~ 1(1/500 - Z(t):—QQ yt")) from the obser-
vations before the stimulus in that series. In addition,
we let 1o = 10710, a very small value that forces any
change in the latent state at ¢ = 1 to be explained
by the cluster parameter p(®). The initial clustering
(2@ ) = (1,8y), where 1 is a vector of N ones
denoting that every series begins in the same cluster
and 6 is sampled from G. For the proposal r(8'| 8),
we use a V(0™ 0.25 - T) distribution, where I is the
2 x 2 identity matrix. We run the sampling procedure
for I = 10,000 iterations and apply a burn-in of B =
1,000 samples. To compute likelihood estimates, we
use L = 3 ¢cSMC iterations and S = 64 particles.
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A heatmap of the resultant mean co-occurrence matrix
Q (Equation 10) and the selected clustering Q%) can
be found in Figure 2. The rows and columns of this
matrix have been reordered to aid visualization of clus-
ters along the diagonal of 2. From this experiment, we
can see that the DPnSSM inference algorithm is able
to successfully recover the five ground-truth clusters.
Appendix D present some results on the robustness
of the model to misspecification of the stimulus onset.

Table 1 summarizes the final cluster parameters ©*.
As one may expect, a highly positive ,u*(k) corresponds
to neurons that are excited by the stimulus, while a
highly negative ,u*(k) corresponds to neurons that are
inhibited. The one cluster with p*(k) ~ 0 corresponds
to non-responsive neurons. With u*(k), the algorithm
is able to approximately recover the true amount by
which the stimulus increases or decreases the log of the
firing rate/probability, which is stated in Section 4.2.1
—ie. F1lfork e {1,4}, —1for k € {2,5} and O for k =
3. This provides an interpretation of the numerical
value of x(®). Indeed, if exp xén) << 1,exp :c(ln) << 1,
as is often the case when modeling neurons, then the
expected increase in the log of the firing probability
due to the stimulus is:

O’(l’(n)) exp e
E |log —~{"| R E |log——1~| = p® o (13)
o(xy") expz,

In addition, the values for log 1/1*(’“) in Table 1 reveal
that the algorithm uses this dimension to correctly sep-
arate unsustained clusters from sustained ones. For
k € {1,2,3}, the algorithm infers smaller values of
log ¢*(k) because the change in the firing rate is less
variable after the stimulus has taken place, whereas
the opposite is true for k& € {4,5}. In summary, the
DPnSSM is able to recover some of the key proper-
ties of the data in an unsupervised fashion, thereby
demonstrating its utility on this toy example.

Table 1: Parameters for simulation, where o**F) =
[/ﬁ‘(k),logw*(k)]—r for each 0*F) € @*.

k ,u*(k) log v* %) Effect

1| 4096 —10.88 Excited, Sustained

2| —0.92 —12.32 Inhibited, Sustained

3 | 40.03 —10.04 Non-responsive

4| +1.04 —5.55 Excited, Unsustained
5 | —0.89 -5.89 Inhibited, Unsustained

4.3 Real Neural Spiking Data

In addition to simulations, we produce clusterings
on real-world neural spiking data collected in a fear-
conditioning experiment designed to elucidate the na-
ture of neural circuits that facilitate the associative

Figure 2: Heatmap of mean co-occurrence matrix €2
for simulation results. FElements of the selected co-
occurrence matrix Q) that are equal to 1 are en-
closed in green squares. Each square corresponds to a
distinct cluster.

learning of fear. The detailed experimental paradigm
is described in Allsop et al. (2018). In short, an
observer mouse observes a demonstrator mouse re-
ceive conditioned cue-shock pairings through a perfo-
rated transparent divider. The experiment consists of
R = 45 trials. During the first 15 trials of the experi-
ment, both the observer and the demonstrator hear an
auditory cue at time 7 = 0 ms. From trial 16 onwards,
the auditory cue is followed by the delivery of a shock
to the demonstrator at time 7 = 10,000 ms, i.e. 10
seconds after the cue’s administration.

The data are recorded from various neurons in the pre-
frontal cortex of the observer mouse. We apply our
analysis to N = 33 neurons from this experiment that
form a network hypothesized to be involved in the ob-
servational learning of fear. Our time interval of focus
is (=500, 7 = 1500] ms before/after the administra-
tion of the cue. The raster data comes in the form of
{ANt(’Z)}th’Iirzl, binned at a resolution of A = 5 ms

with T" = 300, where each ANt(;f) <M =5.

We apply DPnSSM to identify various groups of re-
sponses in reaction to the auditory cue over time and
over trials. A group of neurons that respond signif-
icantly after trial 16 can be interpreted as one that
allows the observer to understand when the demon-
strator is in distress.

4.3.1 Clustering Cue Data over Time

To cluster neurons by their cue responses over time,
we collapse the raster for all neurons over the R = 45
trials. Thus, for neuron n, define yﬁ”) = Zle ANt(;).
We apply the exact same model as the one used for the
simulations (Equation 12). We also use all of the same
hyperparameter values, as detailed in Section 4.2.2.
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A heatmap of €2 along with demarcations of Q%) for
this experiment can be found in Figure 3. Overall,
five clusters are selected by the algorithm. Table 2
summarizes the chosen cluster parameters. Figure 4
shows two of the five clusters identified by the algo-
rithm, namely those corresponding to k = 1 (Figure
4a) and k = 5 (Figure 4b). Figures for all other clus-
ters can be found in Appendix E. Each of the fig-
ures was created by overlaying the rasters from neu-
rons in the corresponding cluster. The fact that the
overlaid rasters resemble the raster from a single unit
(as opposed to random noise), with plausible parame-
ter values in Table 2, indicates that the algorithm has
identified a sensible clustering of the neurons.

The algorithm is able to successfully differentiate vari-
ous types of responses to the cue as well as the variabil-
ity of the responses. One advantage of not restricting
the algorithm to a set number of classes a priori is that
it can decide what number of classes best character-
izes these data. In this case, the inference algorithm
identifies five different clusters. We defer a scientific
interpretation of this phenomenon to a later study.

23
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Figure 3: Heatmap of mean co-occurrence matrix for
cue data over time and selected clusters (green).

Table 2: Cluster parameters for cue data over time.

k| p* (k) log y* (k) # of Neurons
1| 4054 —6.27 17
2 1 40.03 —6.80 1
31| -007 —-725 8
41 -070 —6.01 4
5| +1.21 —4.52 3

4.3.2 Clustering Cue Data over Trials

We also apply DPnSSM to determine if neurons can
be classified according to varying degrees of neuronal
signal modulation when shock is delivered to another
animal, as opposed to when there is no shock delivered.
The shock is administered starting from the 16th trial

5 30
k=
&

16

1
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Time (ms)
(a)
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= 16

1

—500 0 500 1000 1500
Time (ms)

(b)

Figure 4: Overlaid raster plots of neuronal clusters
with (a) moderately excited (4*™) = 0.54) and some-

what sustained (log P = —6.27) responses to the
cue; and (b) more excited (p*® =1.21) and less sus-
tained responses (log P = —4.52) to the cue. A

black dot at (7,r) indicates a spike from one of the
neurons in the corresponding cluster at time 7 during
trial r. The vertical green line indicates cue onset.

onwards. Thus, to understand the varying levels of
shock effect, we collapse the raster across the T =

300 time points (instead of the R = 45 trials, as was
(n) _

done in Section 4.3.1). In this setting, each y
Zthl ANt(f,f) € {0,1,...,2000} represents the number
of firings during the r-th trial. For each neuron n,
let the initial state be xén) = o 1(1/15 - 317, y&n))
Then, we use the following state-space model:

o) ~ Nl + p®) 1), (14)
a?s,") | xgri)l ~ N(mi@hw(k)), 16 <r <R,
y™ [ 2™ ~ Bin(2000,0 (™)), 16 <r <R,

where once again the cluster parameters are 0" =
(1) log )T, All other hyperparameter values are
the same as those listed in Section 4.2.2.

The corresponding heatmap, representative raster
plots, and clustering results can be found in Figure
5, Figure 6, and Table 3, respectively. We speculate
that the results suggest the existence of what we term
empathy clusters, namely groups of neurons that allow
an observer to understand when the demonstrator is
in distress. We will explore the implications of these
findings to the neuroscience of observational learning
of fear in future work.



Clustering Time Series with Nonlinear Dynamics

R

s

ROt NN GOSN NN

Seooo,

Figure 5: Heatmap of mean co-occurrence matrix for
cue data over trials and selected clusters (green).

Table 3: Cluster parameters for cue data over trials.

k| u* (k) log ¥* (k) # of Neurons
1| 4019 —5.29 8
2| -014 —4.40 11
3] -008 —2.38 2
4| 4087 —2.95 10
5| —0.42 —0.41 2

4.4 Controlled SMC Versus BPF

Finally, we present some results on the advantages of
using controlled sequential Monte Carlo over the boot-
strap particle filter. Computing the parameter likeli-
hood is a key task in Algorithm 1. In each iteration, we
perform O(N - K) particle filter computations during
the sampling of the cluster assignments and another
O(N) particle filter computations during the sampling
of the cluster parameters. Thus, for both the efficiency
and precision of the algorithm, it is necessary to find
a fast way to compute low-variance estimates.

Figure 7 demonstrates the benefits of using cSMC over
BPF for likelihood evaluation for a fixed computa-
tional cost. Details on this experiment can be found
in Appendix F. In some cases, cSMC estimates have
variances that are several orders of magnitude lower
than those produced by BPF. This is especially true
for low values of the variability parameter log 1, which
is crucial for this application since these are often the
ones that maximize the parameter likelihood.

5 CONCLUSION

We proposed a general framework to cluster time se-
ries with nonlinear dynamics modeled by nonlinear
state-space models. To the best of the authors’ knowl-
edge, this is the first Bayesian framework for clustering
time series that exhibit nonlinear dynamics. The back-
bone of the framework is the cSMC algorithm for low-
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—500 0 500 1000 1500
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Figure 6: (a) Overlaid raster plots of neuronal clusters
with (a) slightly inhibited, variable responses (k = 2)
and (b) very excited, variable responses (k = 4). The
red line marks the first trial with shock administration.
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Figure 7: Using BPF versus cSMC for parameter log-
likelihood computation. For each method, we plot an
estimate of the variance 9(u,v) =~ Var[logp(y | 0)],
where 8 = [u,log ], over different values of (u, ).

variance evaluation of parameter likelihoods in nonlin-
ear state-space models. We applied the framework to
neural data in an experiment designed to elucidate the
neural underpinnings of fear. We were able to identify
potential clusters of neurons that allow an observer to
understand when a demonstrator is in distress.

In future work, we plan to perform detailed analyses of
the data from these experiments (Allsop et al., 2018),
and the implications of these analyses on the neuro-
science of the observational learning of fear in mice.
We will also explore applications of our model to data
in other application domains such as sports and sleep
research (St Hilaire et al., 2017), to name a few.
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APPENDICES

A MODEL EXTENSIONS

A.1 Multidimensional Time Series

Although this paper only considers examples in which each xﬁ") € R and each y,gn) is one-dimensional, our

model and inference algorithm can be extended to cases in which observed time series and/or latent states have
multiple dimensions. For example, as demonstrated in Section 5.2 of (Heng et al., 2017), cSMC scales well with a
64-dimensional vector time series model, suggesting that our proposed clustering approach with particle filtering
is also applicable to multivariate series.

A.2 Finite Mixture of Time Series

It is simple to convert our model into one in which the true number of clusters K is known a priori. Instead of
using a Dirichlet process, we can simply use a Dirichlet(a) distribution in which a is a K-dimensional vector
with each o) > 0 for k = 1,..., K. Then, we can modify Equation 2 as:
q | a ~ Dirichlet(a),
20 ) | ¢ ~ Multinomial(N, q),
oW |G ~a, 1<k<K,

where q is an intermediary variable that is easy to integrate over.

The resultant inference algorithm is simpler. The only necessary modification to Algorithm 1 is that, when
sampling cluster assignments, there is no longer any need for an auxiliary integer parameter m > 1 to represent
the infinite mixture. Thus, Equation 6 becomes

N (&)

(n) — (=n) S
p(z *k|Z ’a)iN—l—FOé(k)’

k=1,...,K,

where N is the number of cluster assignments equal to k in Z(~™). The process of sampling cluster parameters
remains exactly the same as in the infinite mixture case.

B CONTROLLED SEQUENTIAL MONTE CARLO
A key step in sampling both the cluster assignments and the cluster parameters of Algorithm 1 is computing the
parameter likelihood p(y | @) for an observation vector y = y1,...,yr and a given set of parameters 6.
Recall the state-space model formulation:
x1 |0 ~ h(x1;0),

Ty | 21,0 ~ f(z1-1,74;0), 1<t<T,
Yi | 2,0 ~ g(x4, 915 0), 1<t<T.

B.1 Bootstrap Particle Filter

The bootstrap particle filter (BPF) of Doucet et al. (2001) is based on a sequential importance sampling procedure
that iteratively approximates each filtering distribution p(z; | y1,- .., ¥:, @) with a set of S particles {x},...,z7}
so that

T S
pyl0) =11 (}q > 9@ty 0))

t=1 s=1

is an unbiased estimate of the parameter likelihood p(y | 8). Algorithm 2 provides a review of this algorithm.
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Algorithm 2 BootstrapParticleFilter(y, 6, f, g, h)
: fors=1,...,5do
Sample 25 ~ h(x1;0) and weight w$ = g(x%,y1;0).
: end for

1
2
3
4: Normalize {w{}>_, = {w;}5 1/2:g LWy,
5: for t =2,...,7T do
6.
7
8
9

for s=1,...,5 do

Resample ancestor index a ~ Categorical(wi_q,...,wy ;).
Sample zf ~ f(z¢_,z;0) and weight wi = g(xf,ys; 0).
: end for
10: Normalize {w;}5_; = {w}? 1/2 _ Wy
11: end for
12: return Particles {{z5}5_,,... {z5}5_,}

There are a variety of algorithms for the resampling step of Line 7. We use the systematic resampling method.

A common problem with the BPF is that although its estimate of p(y | €) is unbiased, this approximation may
have high variance for certain observation vectors y. The variance can be reduced at the price of increasing the
number of particles, yet this often significantly increases computation time and is therefore unsatisfactory. To
remedy our problem, we follow the work of Heng et al. (2017) in using controlled sequential Monte Carlo (¢cSMC)
as an alternative to the standard bootstrap particle filter.

B.2 Twisted Sequential Monte Carlo

The basic idea of ¢SMC is to run several iterations of twisted sequential Monte Carlo, a process in which we
redefine the model’s state transition density f, initial prior h, and state-dependent likelihood ¢ in a way that
allows the BPF to produce lower-variance estimates without changing the parameter likelihood p(y | 0). See also
Guarniero et al. (2017) for a different iterative approach. Using a policy v = {71,...,¥r} in which each v; is a
positive and bounded function, we define,

h(z1;0) - v1(21)

H(0) 7

f(xt—l,ﬁct;g) "Yt(l”t)
F(x4-1;0) 7

hﬁy(.’lfl; 0) =

fi(xi—1,24;0) = 1<t<T,

where H7(0) = [ h(x1;0)y1(x1)dzq and F) (z-1;0) = [ f(@i—1, zs; )y (2¢)da, are normalization terms for the
probability densities hY and f;, respectively. To ensure that the parameter likelihood estimate p(y | @) remains
unbiased under the twisted model, we define the twisted state-dependent likelihoods g7, ..., g7 as functions that
satisfy:

T
p(z,y|0) =h"(z1;6 Hft Ti—1, L¢3 )-ng(xt,yt;O

T T

h(x1;0)71(71) J(ze 1,1‘1:7 ’Yt xn o
'T17 f.T 1, Tt; ) 9$7y70: 9$7y7
L e e flte H

T 71: T i) T
1% (Lt
x7; x77
gg( t) Yt HF] (1-1;0 Hg t) Yt

t=2 t=1
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This equality can be maintained if we define g7, ..., g} as follows,

H7(6) - g(21,y150) - F) (v1;0)
71(5E1)
9(@e,y1;0) - Fl (245 0)
%(ﬂﬁt)
g(xr,yr; 0)
yr(zr)

9?(331,3/1;9) =

9

g?(mtayt;e): ) 1<t<T?

g”]Y“(ZCT7yT; 6) =

Thus, the parameter likelihood estimate of the twisted model is
T (1S
Pwl6)=]] (S DN ACNTE 0)) :
t=1 s=1

The BPF is simply a degenerate case of twisted SMC in which v, = 1 for all ¢.

B.3 Determining the Optimal Policy ~*

The variance of the estimate p” comes from the state-dependent likelihood ¢g. Thus, to minimize the variance,
we would like g7 to be as uniform as possible with respect to z;. Let the optimal policy be denoted v*. Tt follows
that

7;(‘rT) = g(xTa yr; 0)7

7 () = 9(w4, 945 0) -F?H(xt;@), 1<t <T.

Under v*, the likelihood estimate p7" (y|6) = H?" = p(y|0) has zero variance. However, it may be infeasible for

us to use v* in many cases, because the BPF algorithm requires us to sample z; from f; " for all t. For example,
under v*, we would have

f%* (wr_1,27;0) < f(xp_1,27;0) - v7(27) = f(27_1,27;0) - (27, Y73 6),

which may be impossible to directly sample from if f and g form an intractable posterior (e.g. if f is Gaussian
and g is binomial). In such a case, we must choose a suboptimal policy ~.

B.4 Choosing a Policy v for the Neuroscience Application

Recall the point-process state-space model (Equation 4), in which we have

h(z1;0) = N (x1 | 2o + p,%0),
flze—1,2450) = N (2 | 24-1,7),

. exp Ty
,yt) =B IW\M-R,——— |,
g(ze, yt) inomia ( T T o xt)

where we define the parameters 8 = {u,log )} and g, 19, M, R are supplied constants.

Here, we can show that F;’H (z4;0) = ff(l't,mt+1;0)’}/;+1(xt+1)dmt+1 must be log-concave in z;. This further

*

implies that for all ¢, v/ (z¢) = g(x¢,y:) - Fy1(24:0) is a log-concave function of x; since the product of two
log-concave functions is log-concave. Hence, we have shown that the optimal policy v* = {~},...,v}} is a series
of log-concave functions. This justifies the approximation of each v (z:) with a Gaussian function,

ve(ze) = exp(—atx? — by — i), (ag, b, ) € R3,

and thus, f](z;_1,74;0) < f(zi—1,7¢0) - y(x;) is also a Gaussian density that is easy to sample from when
running the BPF algorithm.
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We want to find the values of (ay, by, ¢;) that enforce v, & «y/ for all ¢. One simple way to accomplish this goal is
to find the (at, by, ¢;) that minimizes the least-squares difference between v; and ~; in log-space. That is, given
a set of samples {z},..., 27} for the random variable x;, we solve for:

S

. s %0 .8\12
(ar,br, ) =arg —min_ ; [log ve(7) — log v (x7)]

s
=arg  min_ > [—(ay(2})? + be(}) +¢) — 10%7;(9523)}2

(at,by,ct)ER3 =
Also note that in a slight abuse of notation, we redefine for all t < T,

Vi (we) = g(we, yt) - Fg+1(xt; 09),

because when performing approximate backwards recursion, it is not possible to analytically solve for the in-
tractable integral F\") (2; 6).

In the aforementioned least-squares optimization problem, there is one additional constraint that we must take
into account. Recall that f; (z;_1,74;0) o< f(zi_1,x4;0)v:(24) is a Gaussian pdf that we sample from. Therefore,
we must ensure that the variance of this distribution is positive, which places a constraint on -; and more
specifically, the domain of (ay, bt ¢;). Using properties of Gaussians, we can perform algebraic manipulation to
work out the following parameterizations of h” and f;':

71 . —
h7($150):N<$1 ’ ¥y (79610+,U) b17 711 >7
’(/JO +2@1 wO +2a1

[l (w1, 250) =N (xt w_;'f:;; bt’ 1 ir 2at) ; 1<t<T.
The corresponding normalizing terms for these densities are
(0) = b (Bl O
V14 2a1v0 2(¢ " + 2a1) PATN)
FY(z4_1;0) = \/1+1Ttl/f exp <w21(;/)x_t1__1'_2;tb)t>2 — 172%1;1 - ct) , 1<t<T.

Thus, to obtain (a¢, by, ¢;) and consequently 7, for all ¢, we solve the aforementioned least-squares minimization
problem subject to the following constraints:

1 1
> —— >——, 1<t<T.
ay Qg 2 =

2o’

B.5 Full cSMC Algorithm

The full controlled sequential Monte Carlo algorithm iterates on twisted SMC for L iterations, building a series
of policies v, v ...~ over time. Given two policies I and v, we can define

R (@) oc b (@1)ya (1) = B(@1; 0) - T (1) - 7 (1),
7 @1, 260) o f (wem1,26:0) - ve(@e) = flaemr,2650) - Tilae) - yie(ze), 1<t<T.
We can see from these relationships that twisting the original model using T and then twisting the new model

using 7 has the same effect as twisting the original model using a cumulative policy T' where each T'4(x;) =
Ty(zt) - ye(ze). We state the full cSMC algorithm in Algorithm 3.
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Algorithm 3 ControlledSMC(y, g, u, ¥, xq, Yo, L)

1: Define f(z¢—1,74;0) = N (2 | 24—1,%) and h(z1;0) = N(21 | 20 + 1, %0)-

2: Define parameters 8 = {u,logv}.

3: Collect particles {5} ,,..., {z5}5_, from BootstrapParticleFilter(y, 0, f, g, h).

4: Initialize IV = {T"}, ..., T/} where I'}(zy) =1 forall t =1,...,T.

5: Initialize gf (24, ;) = g, y¢) for allt =1,...,T.

6: Initialize a§0> =0, b§0> =0, c§0> =0forallt=1,...,T.

7. for{=1,...,L do

// Approzimate backward recursion to determine policy and associated functions
8: Define v (z7) = g% (21, yr)-
9: fort=1T,...,2do
: 2 .
10: Solve (ay),by),ci@) = argmingg, p,,c,) Zf:l [—(a(xz)? + by (x) + ¢;) — log; (z5)]” subject to a; >
-1 () .
—1/(2¢) = > "y _pa; ' using linear regression.
11: Define new policy function ~;(x¢) = exp(fat“):z:f - b§€>xt — cﬁa).
12: Define cumulative policy function T'y(z;) = Tj(x;) - v1(z¢) = exp(—Az? — Byzy — Cy) where A; =
¢ 14 ¢ 14 ‘ ¢
Yo aé >, By =3 _g bi >, and Cy =3, c§ ),

13: Define fI'(z4_1,7¢;0) and FF (z4_1;0).
14: if ¢t =T then
15: Define gy (zr,yr) = g(er,yr)/Tr (7).
16: else
17: Define gf (x4, y¢) = g(z1, Y1) 'Ftlj&-l(xt;e)/rt(xt)'
18: end if
19: Define v/_y (1-1) = g1 (@t—1,41—1) - F{ (24-150)/F} (24-1;0).

20: end for )
21:  Solve (a{”,b7,c{") = arg MiN (g, pyer) ooy [—(a1(@5)? + b1 (@) + 1) — logni(a5)]” subject to a; >
. I At TP (20 TR . .
1/(2¢0) v—o @) ' using linear regression.
22: Define new policy function (1) = exp(—aﬁax% - b§e>x1 - c§z>).
23: Define cumulative policy function T'y(z1) = I'(z1) - y1(71) = exp(—A12? — Bz, — C1) where A; =
Zﬁ/:o ay >, By = Zﬁ,zo bg >, and C7 = Zg/:o c§e ),
24: Define I'-twisted initial prior A (x1;0) and H'(0).
25: Define g (v1,y1) = H' () - g(w1, 1) - F3 (21;0)/T1(21).
/] Forward bootstrap particle filter to sample particles and compute weights
26: for s=1,...,5 do

27: Sample x5 ~ hY'(z1) and weight w§ = gt (z3,v1)-

28: end for

29: Normalize {w;}5_, = {wf}le/zsszl ws.

30: fort=2,...,T do

31: for s=1,...,5do

32: Resample ancestor index a ~ Categorical(wi_q, ..., w; ;).
33: Sample x5 ~ fL'(z¢ 1,z 0) and weight wi = gF (x5, yz).
34: end for

35: Normalize {w;}5_ | = {w} le/Zle wy.

36: end for

37 Update I =T..

38: end for

39: return Likelihood estimate p' (y | 9).
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C MULTIPLE GIBBS SAMPLES WITH OPTIMAL CO-OCCURENCE
MATRIX

This section extends the method of selecting clusters detailed in Section 4.1. After running the DPnSSM inference
algorithm (Algorithm 1), we construct co-occurrence matrices Q9 fori=1,...,1 (Equation 10). Then, we select
the optimal Gibbs sample i*. If there are J > 1 Gibbs samples i1, ..., such that Qb = i forj=1,...,J,
our final cluster parameters @ can be redefined as the average among the corresponding parameter samples,

e =

~l=

J
Y e ~Ee|z =27
j=1

This averaging must be preceded by a permutation of each set of 0(1), ceey 0% ¢ @) to fix any potential label
switching.

D ROBUSTNESS OF MODEL TO STIMULUS MISSPECIFICATION

We extend the results of Section 4.2 by testing the robustness of the model under cases in which there is a
mismatch between the true stimulus onset and the model’s specification of the stimulus onset. In particular, we
first examine the case in which the model overpredicts the true stimulus onset. Figure 8 presents heatmaps of
the mean co-occurrence matrix €2 in cases in which the model’s anticipation of the stimulus falls 40 ms, 80 ms,
and 160 ms behind the true onset. Table 4 lists the parameters chosen in the final clustering of the data in these
three cases. In all experiments, we use the same data generation process as detailed in Section 4.2.1 and the
same modeling process as detailed in Section 4.2.2.

1.0
Inz&
0.6 0.6

04
I 0.2
0.0

Figure 8: Results from running the DPnSSM inference algorithm in cases in which the model specifies the
stimulus as occurring (left) 40 ms, (center) 80 ms, and (right) 160 ms after the true onset. At 40 ms, the
ground-truth clustering can be recovered, but this ability decays as the time difference increases.

Table 4: Final cluster parameters for model stimulus delay. As expected, the absolute value of u*(k) decreases
for all k£ as time mismatch increases.

40 ms model delay 80 ms model delay 160 ms model delay
k u*(k) log w*(k) # of Neurons ,u*(k) log w*(k) # of Neurons ,u*(k) log v* ") 4 of Neurons
1] +40.86 —10.86 5 +0.80 —10.95 5 +0.65 —10.79 5
2| -088 —12.12 ) —0.84 —12.45 5 —0.76  —12.48 5
3| +0.02 -10.31 5 —-0.62 —6.23 6 +0.01 —9.36 10
414094  —5.53 5 +0.05 —10.77 4 +0.57 =547 5
5| —-087 —5091 5 +0.87  —5.52 5

Next, we examine the case in which the model underpredicts the true stimulus onset — by 10 ms, 20 ms, and 40
ms. This set of results is less robust than the previous one. Heatmaps are given in Figure 9, while parameters
are given in Table 5.
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Figure 9: Results from running the DPnSSM inference algorithm in cases in which the model specifies the
stimulus as occurring (left) 10 ms, (center) 20 ms, and (right) 40 ms before the true onset. At 10 ms, the
ground-truth clustering can almost be fully recovered, but this ability significantly decays as the time difference
increases. For a true stimulus delay of 40 ms, there even exists one cluster containing both excited and inhibited

neurons.
Table 5: Final cluster parameters for true stimulus delay.
10 ms stimulus delay 20 ms stimulus delay 40 ms stimulus delay
k u*(k) log w*(k) # of Neurons ,u*(k) log z/)*(k) # of Neurons ,u*(k) log w*(k) # of Neurons
1] +093 —-10.45 5 +0.91 —-10.37 5 +0.79 —-8.71 5
2| —-090 -—1247 4 —0.63 —6.52 10 —0.89 —-11.5 4
3| —0.66 —6.08 6 +0.03  —10.02 5 —0.34 —5.93 5
4 | +0.07 —10.96 5 +0.67 —5.31 5 +0.02 —10.41 5
5 | +0.82 —5.44 5 +0.34 —4.96 6
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Figure 10: Overlaid raster plots of additional neuronal clusters found in Section 4.3.2 for (a) cluster k¥ = 2 with
eight neurons and slightly inhibited/sustained responses, (b) cluster k = 4 with four neurons and more strongly
inhibited /variable responses, and (c) cluster k¥ = 2 with a single neuron and a delayed excited effect. A black
dot at (7,7) indicates a spike from one of the neurons in the corresponding cluster at time 7 during trial r. The
vertical green line indicates cue onset.
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F DETAILS OF CSMC VS. BPF EXPERIMENT

This section describes the experimental setup of Section 4.4 that is used to produce Figure 7. Computational cost
is fixed at approximately 35 milliseconds per likelihood evaluation for either method. For the bootstrap particle
filter (BPF), we use S = 1024 particles. For controlled sequential Monte Carlo (¢SMC), we use S = 64 particles
and L = 3 iterations. All parameter log-likelihood evaluations are performed on a representative real neuron’s cue
data over time y, as described in Section 4.3.1. For each particle filtering method, let v(u, 1) = Var[logp(y | 0)],
where 6 = [u,log®] . Figure 7 plots empirical estimates of © of v over different values of (u,1) for the two
methods. For each empirical variance estimate, we use 500 estimates of logp(y | ). As log decreases, cSMC
performs substantially better than BPF, especially for extreme values of u.



