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Abstract. We propose a homogeneous primal-dual interior-point method to solve sum-of-
squares optimization problems by combining non-symmetric conic optimization techniques and
polynomial interpolation. The approach optimizes directly over the sum-of-squares cone and its
dual, circumventing the semidefinite programming (SDP) reformulation which requires a large
number of auxiliary variables when the degree of sum-of-squares polynomials is large. As a result,
it has substantially lower theoretical time and space complexity than the conventional SDP-based
approach as the degree increases. Although our approach avoids the semidefinite programming
reformulation, an optimal solution to the semidefinite program can be recovered with little additional
effort. Computational results confirm that the proposed method is several orders of magnitude faster
than the SDP-based approach for optimization problems over high-degree sum-of-squares polynomials.
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1. Introduction. We propose a homogeneous primal-dual interior-point algo-
rithm for sum-of-squares optimization. Our approach is applicable to optimization
problems over products of sum-of-squares cones, which include the optimization of
polynomials over basic semialgebraic sets, moment problems, and parametric sum-
of-squares problems. These problems are fundamental in many areas of applied
mathematics and engineering, including discrete geometry [4, 5], probability theory [7],
control theory [25], signal processing [16], power systems engineering [19], computa-
tional algebraic geometry [32, 27|, design of experiments [47], and statistical estimation
[2]. Additional applications of sum-of-squares optimization are described in [8].

In the simplest form of polynomial optimization, we are given n-variate polynomials
g1,---,9m and f over the reals, and we are interested in determining the minimum
value of f on the basic closed semialgebraic set

(1) S teR|gt)>0 Vi=1,...,m}.
That is to say, we would like to compute
(2) Jnf {f(t)[t €S},

Equivalently, one may seek the largest constant ¢ € R which can be subtracted from
f such that f — c is nonnegative on the set §. Thus, the polynomial optimization
problem (2) can be reduced to the problem of checking polynomial nonnegativity.
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In many of the applications mentioned above, the goal is not to simply compute
the minimum value of a given polynomial, but rather to find an optimal polynomial
satisfying certain shape constraints that impose bounds on certain linear functionals of
the polynomial. In this setting, even the case of polynomials with only a few variables
is of great interest; in fact, most of the references cited above are concerned with
univariate polynomials of high degree.

These problems are most naturally formulated as conic optimization problems:
Let K C RY be a closed and convex cone. A conic optimization problem is a problem
of the form

minimize cTx
xERN
3) subjectto Ax=Db
x e

where A is a k X N real matrix, and ¢ and b are real vectors of appropriate dimensions.
Its dual problem is

maximize bty
yERE seRN
(4) subject to Aly+s=c
s e K",

Here K* % {s € RY |sTx > 0 Vx € K} denotes the dual cone of K, which is also
closed and convex. In the literature on conic optimization, it is usually assumed that
the cone K is pointed and has nonempty interior in addition to being closed and
convex; in this case, I is called a proper cone. When K is proper, its dual cone * is
also proper.

In optimization problems involving polynomials, we are typically interested in the
space of n-variate polynomials of total degree at most r, which we denote with V,, , in
this paper, and the closed convex cone P,‘ir of polynomials that are nonnegative on S:

PS, L {peVarlp(t) >0 VteS).

In the case S = R", we use the lighter notation P,, , to represent the cone of polynomials
that are nonnegative everywhere. The dual cone of P;fyr is known as the moment cone
corresponding to S.

Throughout the paper, all polynomials are n-variate polynomials over the real
number field. The degree of a polynomial is always understood in the sense of total
degree, and all vectors are interpreted as column vectors unless stated otherwise. We
represent vectors and matrices in boldface type to distinguish them from scalars. We
let 0 and 1 denote the all-zeros and all-ones vectors, and we let e; denote the i-th
standard unit vector whose only nonzero entry is at the i-th position and equal to
1. We represent the arguments of an n-variate polynomial with t = (¢y,...,t,) when
necessary. We let C° denote the interior of a set C C RY.

1.1. Sum-of-squares polynomials: basic definitions and notation. A poly-
nomial p € V,, o4 is said to be sum-of-squares (SOS) if it can be expressed as a finite
sum of squared polynomials. More precisely, the polynomial p € V), o4 is SOS if
there exist qi,...,qm € Vn,q such that p = Z;Vil qj2-. We let ¥,, 24 denote the set
consisting of n-variate SOS polynomials of degree 2d. This set is a proper cone in
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Vi2d4 [40, Thm. 17.1]. Let g def (91,---,9m) and d def (di,...,dy) for some given
nonzero polynomials g1, ..., ¢, and nonnegative integers di,...,d,,. Consider the
space V§72d of polynomials p for which there exist r1 € Vp, 24,5 ... ,7m € Vn,24,, such
that p = >_" | gi;. A polynomial p € Vf,zd is said to be weighted sum-of-squares
(WSOS) if there exist s1 € Xy, 24, - - Sm € Zn,24,, such that p=>"1", g;s;. We let
Zi’zd denote the set consisting of these WSOS polynomials. This set is a convex cone
with nonempty interior in VrgL’Q 4> but it is not always closed or pointed. Proposition 6.1
below characterizes when Y2 | is a proper cone. An SOS optimization problem is a
conic optimization problem where the underlying cone is a Cartesian product of SOS
and WSOS cones. For simplicity, we limit our initial presentation in this paper to opti-
mization problems over SOS cones, and discuss the more general case of optimization
over WSOS cones in Section 6.

Let L % dim Vnd = ("Zd) and U % dim Vn,2d = ("J;Qd) denote the dimensions of
the spaces of n-variate polynomials of degree at most d and 2d, respectively. The space
Vp,24 is isomorphic to RY; therefore, Yn,24 can equivalently be seen as a cone in RY.
In view of this connection, given an ordered basis q = (g1, ...,qu) of Vy 24, we say
that a vector s = (s1,...,sy) € RY satisfies s € Y, 24 if the polynomial 25=1 Suy 18
SOS. We let S™ denote the space of L x L real symmetric matrices and let S% (resp.
S%.) denote the cone of positive semidefinite (resp. positive definite) matrices in the
same space. When the size of the matrices is clear from the context, we write X = 0
(resp. X > 0) to mean that the real symmetric matrix X is positive semidefinite (resp.
positive definite). For matrices S, X € S¥, the notation S ¢ X = 25:1 Z]LZI S Xi;
represents the Frobenius inner product of S and X, and || X||r = vX e X represents
the Frobenius norm of X.

An SOS decomposition provides a simple certificate demonstrating the global
nonnegativity of a polynomial. The key observation behind modern polynomial
optimization approaches is that while deciding whether a polynomial is nonnegative is
NP-hard (outside of a few very special cases), the cone of SOS polynomials admits a
semidefinite representation [51, 40, 30, 32]. Using this representation, optimization
problems over SOS cones can be reformulated as semidefinite programming (SDP)
problems. The following theorem is due to Nesterov [40]; we present it here in our
notation for completeness.

ProprosITION 1.1 ([40, Thm. 17.1]). Fiz ordered bases p = (p1,...,pr) and
a=1(q1,-..,qu) of Vn,a and V, 24, respectively. Let A : RY — ST be the unique linear
mapping satisfying A(q) = ppT, and let A* denote its adjoint. Then s € %, 24 if and
only if there exists a matriz S = 0 satisfying

s = A*(S).
Additionally, the dual cone of ¥, 24 admits the characterization
S 0a = {x € RV[A(x) = 0}.

We emphasize that the operator A in Proposition 1.1 depends explicitly on the
specific bases p and q chosen to represent V, 4 and V), 24. In particular, these bases
determine which linear slice of the positive semidefinite cone is used to characterize
¥}, 24- For instance, a standard choice in practice is to choose p and q as monomials
up to degree d and 2d respectively; with this choice and n = 1, the operator A becomes
the mapping from x to its Hankel matrix (z;4;); j=0,....a. We shall explore the impact



4 DAVID PAPP AND SERCAN YILDIZ

of the choice of p and q in more detail in Section 3.

Nesterov [40] also gave an analogous semidefinite representation for WSOS cones.
We postpone the precise statement of this result to Proposition 6.2 below and mention
here only that with m polynomial weights, the semidefinite representation of 25’2 d
requires m positive semidefinite matrices of orders ("J;dl) ("tflm) respectively. In
the characterization of the dual cone, this translates to m linear matrix inequalities.

Now one can invoke a Positivstellensatz result such as those of Putinar [54],
Schmiidgen [57], Handelman [20], or Pélya [21, p.57] to conclude that under certain
conditions on the polynomials ¢1,...,gm, every polynomial that is nonnegative (or
strictly positive) on S is WSOS with respect to polynomial weights that are constructed
from ¢1,...,9,m and that are trivially nonnegative on §. Once the weights and
the degrees of the polynomials to be squared have been fixed, the resulting WSOS
cone is an inner approximation of P;ir. This leads to a hierarchy of semidefinite
programs parameterized with increasing degrees of squared polynomials (and possibly
increasingly larger sets of weights). For optimization problems over cones of nonnegative
polynomials, each level of this hierarchy provides increasingly better primal bounds,
and the convergence of these bounds to the optimal value is guaranteed by the
Positivstellensatz result invoked.

These connections between nonnegative polynomials, sums of squares, and semidef-
inite programming were first made in [40, 51, 30]; see [32] for a comprehensive review.
The textbooks [35, 8, 31] provide an excellent introduction to these techniques and
highlight their connections to different areas of pure and applied mathematics. The
review [14] places these results in the context of complexity theory with an overview
of hardness theorems and approximation schemes for polynomial optimization on
standard domains.

There are several implementations available (mostly in the form of Matlab packages)
for the numerical solution of polynomial optimization problems using SOS theory.
These include SOSTOOLS [53], GloptiPoly [24], SparsePOP [66], SPOT [37], GpoSolver
[23], SOSOPT [58]. All of these implementations rely on the SDP-based approach
outlined above.

geeey

1.2. Complexity of the semidefinite representation. While Proposition 1.1
shows that the SOS cone and its dual are semidefinite representable, this representation
is rather inefficient. The cone X ,, is characterized as a U-dimensional linear slice of
the cone of L x L positive semidefinite matrices, and similarly 3,, 24 is represented as
a linear image of the same positive semidefinite cone. The computational implication
is that ©(L?) variables are needed to represent a U-dimensional vector belonging to
Yn,24- This leads to a substantial increase in the number of variables when dealing
with optimization problems over these cones. For instance, in the case n = 1, the
parameters L and U are equal to d + 1 and 2d + 1 respectively, and while the cone
¥1,24 has dimension 2d + 1, its semidefinite representation requires d(d+ 1)/2 variables.
This has a significant effect on the time complexity of optimization over ¥,, 24 and its
dual. Standard primal-dual interior-point methods for semidefinite programming have
an O(L5%) running time for problems with a single L x L matrix variable, as their
iteration complexity is O(L%®) (see, e.g., [38]) and each iteration requires the solution
of a linear system in ©(L?) variables (which costs O(L®) arithmetic operations).

The situation is even worse for optimization problems over WSOS cones: The
size of the semidefinite representation of the WSOS cone ngmd grows linearly with
the number m of polynomial weights, whereas its intrinsic dimension remains the
same. In particular, assuming for simplicity that all d;’s have the same value d, the
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")

each, which implies an O(m iteration complexity [38] and O(m!-5L%®) running
time for optimization over 2572 4 using standard primal-dual interior-point methods
for semidefinite programming,.

The impracticality of the SDP-based approach for problems involving high-degree
polynomials was demonstrated recently in [48]. In a family of small examples with two
WSOS cone constraints (for n = 1, m = 2, and increasing d), the largest instance that
could be solved with the 32GB of available memory using several popular semidefinite
programming solvers had 2d = 1100, even though the original SOS optimization
problem (before the semidefinite programming reformulation) is a convex optimization
problem with only 2d + 1 variables. The increase in the running times as d increases
was also found prohibitive in practice, with the largest “solvable” instances requiring
several hours of computation.

semidefinite representation of X% , | requires m matrix variables of order L = (
0.5705)

1.3. Contributions and outline of the paper. We describe a primal-dual
interior-point method for SOS optimization that circumvents the inefficiencies of the
semidefinite programming formulation. Our approach adapts a recent algorithm of
Skajaa and Ye [59] for non-symmetric conic optimization to optimize directly over
WSOS cones. We describe this algorithm in Section 2. We provide a brief review
of the necessary background on barrier functions in Appendix A to make the paper
self-contained.

Following [33], our approach takes advantage of the interpolant basis representation
of polynomials for fast and stable computation of Newton steps inside the algorithm. We
discuss the complexity of computing the Newton step in the monomial, Chebyshev, and
interpolant basis representations in Section 3. We study how the numerical conditioning
of the interpolant basis representation depends on the chosen interpolation points and
the basis of the space of polynomials to be squared in Section 4. We also compare
the conditioning of this representation against the conditioning of the monomial and
Chebyshev representations in this section.

For optimization problems over the cone X, 24, our approach leads to an algorithm
with O(L%%) iteration complexity and O(L%®U?) running time. This compares
favorably against the O(L%®) time required for the solution of the corresponding
semidefinite programs especially for problems with large d. For instance, in the case
n = 1 our method has O(d>®) running time, whereas the standard SDP-based approach
requires O(d®®) time. When n is large and d is a fixed low degree, the asymptotic
complexities of our method and the SDP-based approach are the same. Optimization
over the cone X, o4 for low d and large n is also an interesting and active area of
research; recent approaches to problems of this type include [67] and [26].

Although our approach circumvents the solution of the conventional semidefinite
programming formulation of an SOS optimization problem, we show in Section 5 that
an optimal solution to the semidefinite program can be recovered with little additional
effort. This is necessary, for example, to construct explicit certificates proving that
the optimal SOS polynomials computed using our approach are indeed SOS [27, 52].

We generalize the results of the previous sections to optimization problems over
WSOS cones in Section 6 and present the results of our numerical experiments in
Section 7. The results demonstrate that the proposed approach can have significant
practical advantages over the standard SDP-based approach for problems requiring
high-degree SOS polynomials.

2. Non-Symmetric Conic Optimization and the Skajaa—Ye Algorithm.
Primal-dual interior-point methods are widely accepted as the most successful algo-
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rithms for conic optimization. The monographs [42] and [55] provide a comprehensive
overview of the rich theory behind these algorithms. However, the practical success
of primal-dual interior-point methods has been largely limited to optimization prob-
lems over symmetric cones, which include linear programming, second-order cone
programming, and semidefinite programming as special cases. The algorithms that
have been developed for symmetric conic optimization are not directly applicable to
SOS optimization because neither the SOS cone nor its dual are symmetric cones.
Furthermore, most primal-dual interior-point methods for non-symmetric conic opti-
mization, such as those proposed recently by Nesterov and others [43, 41], assume that
a tractable logarithmically homogeneous self-concordant barrier (LHSCB) is known for
both the primal cone K and its dual K*. This is not the case for SOS optimization. By
Proposition 1.1, the cone X7 ,,; is a linear slice of a positive semidefinite cone; therefore,
an LHSCB for this cone can be obtained by restricting the well-known logarithmic
barrier X +— —In(det(X)) for the positive semidefinite cone to this particular slice.
On the other hand, no similarly simple LHSCB is known for X, o4.

Our approach to SOS optimization is an adaptation of a recent primal-dual
interior-point method by Skajaa and Ye for non-symmetric conic optimization [59, 49].
The key feature of this algorithm that makes it attractive for our purposes is that it
requires only a tractable LHSCB for the primal cone K, but assumes nothing about
the dual cone K*. Hence, letting K = X7, 2q» this algorithm can be used to optimize
over SOS polynomials directly. There are other methods with the same feature, e.g.
[42, Sec. 4.5]; we have chosen to base our approach on the algorithm of Skajaa and Ye
because it uses the homogeneous self-dual embedding. Algorithms that are based on
the homogeneous self-dual embedding allow infeasible initial solutions, eliminating the
need for a phase-I method, and have been used successfully in practice for optimization
over symmetric cones.
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Algorithm 1 Predictor-Corrector Algorithm for Non-Symmetric Conic Optimization
Parameters: Real numbers 0 <7 <1 and oy, o > 0 and an integer 7. > 0 chosen
according to [49].
Input: An LHSCB F for K and an initial solution z° = (x°,y%,5%) € N (n).
Repeat
Termination?
If termination criteria are satisfied, stop and return z = (X,y,§).
Prediction
Compute the Hessian H(X) of F' at X, and solve for A, = (Ax, Ay, As) the system

G(Ay, Ax) = (0,45) = —(G(y, %) - (0,9)),

Set z « z + apA,.

Correction

Fori=1,...,r. do
Compute the gradient §(X) and the Hessian H(X) of F at X, and solve for
A, = (Ag, Ay, Ag) the system

G(A)H Ai) - (07 Ag)
As + p(z)H (%) Ax

0,
—4(2).

Set z <+ z + a.A,.
End
End

In the rest of this section, we describe Skajaa and Ye’s interior-point method; a
pseudocode of the algorithm can be found in Algorithm 1. (We omit a description
of the termination criteria for the sake of brevity; see Section 5.4 of [59] for details.)
The algorithm requires an LHSCB F': £° — R for the proper cone K whose gradient
g and Hessian H can be computed efficiently at every point in K£° and returns an
e-feasible solution to the so-called homogeneous self-dual embedding of the problems
(3-4). Introducing two new scalar variables 7,k > 0, this homogeneous self-dual
embedding is written as

Ax —br =0
(5) —ATy +cr —s =0
bty —cTx -k =0

yeRF  (x,7) e xRy, (s,6)€K*xR,.

Let x & (x,7), § & (s,k), K Lk x Ry, and K* f g x R;. If the barrier

parameter of F is v, then the function F(x) def F(x) — In7 is an LHSCB for the

cone K with barrier parameter defy, + 1. Furthermore, its gradient and Hessian are
g(x) ef (g9(x),—1/7) and H(x) dof (Héx) 1/072 ), respectively.

We state the precise result regarding the iteration complexity of Algorithm 1 next.
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To make this statement simpler, we let
_ _ 0 A -b
z = (X,y,8), fczflekalC*, and Gd§f<—AT 0 c).

bT —cT o

Using this notation, the homogeneous self-dual embedding (5) can be expressed
compactly as

G(y,x)—(0,8) =(0,0) and z=(x,y,S§) € F.

We let p(z) def %xTs/v denote the complementarity gap of z. We also let 1(z

)
S+ 1(z)g(x). For 0 < 0 < 1, we define the 8-neighborhood of the central path for (5) as

< 9M(Z)} -

de

N

N () = {2 = (xy.5) € F| || HE) ()

We refer the reader to Section 4.2 of [59] for a formal description of the central
path.

Algorithm 1 alternates between a predictor phase and a corrector phase until an
e-feasible solution to (5) is found. Each corrector phase consists of r. > 0 consecutive
corrector steps. At each predictor and corrector step, the update direction is computed
solving a linear system, and the current solution is updated along this direction using
the step length oy, > 0 in prediction and the step length o, > 0 in correction. With
appropriately chosen parameters a,, o, ¢, and 0 < 1 < 1, the algorithm maintains the
invariants that the predictor step updates a solution z € N'(n) to a solution z* € N (3)
for some constant 0 < # < 1 and the sequence of r. corrector steps update a solution
z € N(B) to a solution zT € N (n). The following result shows that the parameters
for Algorithm 1 can be chosen to ensure that the infeasibility and complementarity
gap of (5) are reduced by a factor of € > 0 in O(v"%loge™1!) iterations.

PROPOSITION 2.1 ([59, 49]). For any € > 0, the parameters 1, oy, ¢, and r. can
be chosen such that, given any initial solution z° = (x°,y°,8°) € N(n), Algorithm 1
terminates with a solution z* = (X*,y*,8*) € N(n) that satisfies

(6)  p(z*) <epu(z) and ||G(y*,x") - (0,57 <€ G(y",x") - (0,5%)]

in OV loge™!) iterations.

Note that the step size o, is a fixed parameter in the predictor step of Algorithm 1
as stated. However, the analysis of the algorithm and the iteration complexity result
stated in Proposition 2.1 are also applicable to the variant that instead uses line search
to compute the (approximately) largest a, for which z + a, A, € N ().

It can be shown that if the problems (3-4) are both feasible and have a zero duality
gap, then Algorithm 1 returns a final solution z* with 7* > 0, and the vectors x*/7*
and (y*,s*)/7* are approximately optimal solutions to (3-4), respectively. On the
other hand, if one or both of the problems (3-4) are infeasible, then the algorithm
returns a final solution z* with k* > 0, and certificates of infeasibility can be obtained.
For additional details, the reader is referred to [59, Lem. 1] and the discussion that
follows.

3. Tractable Barrier Functions for the Dual SOS Cone. The cone X7 ,,
is a linear slice of the positive semidefinite cone S{;. Therefore, a restriction of the
logarithmic barrier function X +— —In(det(X)) used in semidefinite programming is
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an LHSCB for X7, , ;. Furthermore, the barrier parameter of this restriction cannot

exceed the barrier parameter L = (”Zd) of the original logarithmic barrier function

(see, for instance, [55, Thm. 2.3.2]). In the case n = 1, Nesterov [40] showed that X7 ,,
does not admit any LHSCBs with a barrier parameter smaller than L = d + 1, and his
argument extends to general n in a straightforward manner. Thus, we arrive at the
following result.

PROPOSITION 3.1 ([40]). Using the notation of Proposition 1.1, for every pair of
bases p of Vn,a and q of Vp 24, and the corresponding operator A, the function x —
—In(det(A(x))) is an LHSCB for the cone ¥}, o, with barrier parameter L = ("j;d),

COROLLARY 3.2. Using the notation of Propositions 2.1 and 3.1, Algorithm 1
using the barrier function x — —In(det(A(x))) for the cone K = X7, ,,; terminates

with a solution satisfying the conditions (6) in O(L°5loge™1) iterations.

Note that this iteration complexity is the same as that of standard primal-dual interior-
point methods applied to semidefinite programming problems with a single L x L
matrix variable (see Section 1.2).

Note that the barrier function x — — In(det(A(x))) depends explicitly not only
on the basis q used to represent the polynomials in X, 24, but also on the basis
p in which the “polynomials to be squared” are represented. These basis choices
greatly affect whether the barrier function and its derivatives can be evaluated in an
efficient and numerically stable fashion. Depending on the subspace spanned by A,
computing the gradient and Hessian of the barrier function may become the bottleneck
of optimization over ¥, 24, or these computations may become ill-conditioned enough
to make optimization over 3, o4 impractical.

Let F' 1 (X} 54)° — R be the function F(x) ef —In(det(A(x))). Recall that
A :RY — ST is a linear operator; therefore, there exist matrices Ey,. .., Ey € S* such
that A(x) = ZU E,x,. Using simple calculus, we get

u=1

or
0xy

(x)=—-A(x)"'e agx(:) = —A(x)"' e E,, u=1,...,U.

(7)

Equivalently, VF(x) = —A*(A(x)~!). To obtain the Hessian of F, we may start with
the derivative of the inverse in differential form: dX~! = —X~1(dX)X~!. This yields

0’F

(8) m(x) = (A(x)"'E,A(x) ") o E,, w,v=1,...,U.

That is to say, the Hessian V2F(x) is the linear operator that satisfies V2F(x)w =
A*(A(x) ' A(w)A(x)71) for all w € RY. The formulas (7-8) indicate that the compu-
tation of the barrier gradient and Hessian can be inefficient and ill-conditioned. In
the remainder of this section, we consider natural basis choices for V,, 4 and V), 24 and
compare the efficiency and numerical stability of computing the corresponding barrier
function derivatives.

3.1. Monomial basis. It is well-known (and easily derived from Proposition 1.1)
that if n = 1 and the bases p and q consist of monomials up to degree d and 2d
respectively, then A is the mapping from x to its Hankel matriz (z;4;)i j=o,....a- The
inverse of a positive definite Hankel matrix can be computed in O(d?) time using
specialized algorithms such as those described in [22] and [44, Ch. 5]. Additionally, in
this case By, = (0i4j.u)i,j=0,....a for u=0,...,2d, where ¢;4;, denotes the Kronecker
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delta. The special structure of these matrices allows for numerous simplifications
in the formulas (7-8). With A(x)~! already computed, the gradient VF(x) can be
calculated with O(d?) arithmetic operations using (7). The calculation of the Hessian
can also be accelerated. The argument below follows [46, Thm. 5.27]; similar solutions
had also been proposed in [3, 18]. Let z;; denote the (i, j)-th entry of A(x)~!. Then

A(x) " TE,A(x) 7! :( > zakzlb>ab_0 .

k+l=v b=0,...

which in turn yields

0’F
W(X) = (AG)'BAX) ) 0By = Y Zakzu
we a+b=u
k+l=v

The last summation shows that the Hessian V2F(x) is the convolution of A(x)~! with
itself; equivalently, the Hessian is the coefficient matrix of the square of the bivariate
polynomial whose coefficient matrix is A(x)~!. If A(x)~! is already computed, this
convolution can be computed with a single bivariate polynomial multiplication. This
multiplication can be carried out in O(d?logd) arithmetic operations using two-
dimensional fast Fourier transform. Hence, we have shown the following:

THEOREM 3.3. Using the notation of Proposition 1.1, if n = 1 and the bases p
and q consist of the monomials up to degree d and 2d respectively, then the gradient
and Hessian of the barrier x — —In(det(A(x))) can be computed in O(d*logd) time.

However, the monomial basis representation is not suitable for problems involving
high-degree polynomials because the resulting semidefinite representation is inherently
ill-conditioned. In particular, the condition number of positive definite Hankel matrices
increases exponentially with the dimension, and every positive definite Hankel matrix of
order 40 or higher has a condition number greater than the reciprocal of machine epsilon
in double precision [6]. Therefore, any interior-point method that optimizes over X1 04
in the monomial basis representation and requires the solution of linear systems where
A(x) is the constraint matrix is unstable and impractical for even moderate degrees. In
addition, the scheme described above for computing the barrier gradient and Hessian
exploits the fact that A(x) is a Hankel matrix in the semidefinite representation of the
univariate (unweighted) SOS polynomials, and it is not immediate to generalize this
approach to multivariate or WSOS polynomials while also maintaining its efficiency.

3.2. Chebyshev basis. The proof of Theorem 3.3 carries over to other bases
p and q as long as the coefficients (in the basis q) of the square of a polynomial
(given by its coefficients in the basis p) can be computed in O(d?logd) time and the
computations involving Hankel matrices can be replaced with analogous computations
involving another family of structured matrices for which matrix inversion can be
carried out in O(d?logd) time. This is, for example, true when n = 1 and the bases p
and q consist of the Chebyshev polynomials (of the first kind) up to degree d and 2d
respectively. These are the polynomials defined according to the recursion

To(t) = 1, Tl(t) = t, and E(t) = 2tﬂ_1(t) — Ti_g(t) Vi 2 2.

Using the well-known identity T;T; = %(Tiﬂ- +Tj;—j) (see, e.g., [36, Sec. 2.4]), we
find that the operator A corresponding to this choice of bases is

A(x)i; =

Titj + T)i—j|

5 i,j=0,....d.
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Therefore, the matrix A(x) is now a Toeplitz-plus-Hankel matriz. The inverse of a
positive definite Toeplitz-plus-Hankel matrix can be computed in O(d?) time [44, Ch. 5].
Furthermore, extensions of the fast Fourier transform to Chebyshev polynomials are
also known [36, Ch. 4]. Consequently, the algorithm outlined in the discussion preceding
Theorem 3.3 extends to the case where both degree-d and degree-2d polynomials are
represented in the Chebyshev basis, and its running time remains the same.

THEOREM 3.4. Using the notation of Proposition 1.1, if n =1 and the bases p
and q consist of the Chebyshev polynomials of the first kind up to degree d and 2d
respectively, then the gradient and Hessian of the barrier x — — In(det(A(x))) can be
computed in O(d?logd) time.

While the Chebyshev basis representation does address the numerical problems
associated with the monomial basis, the efficient scheme described above for computing
the barrier gradient and Hessian requires specialized techniques that take advantage
of the Toeplitz-plus-Hankel structure of the matrix A(x) which is encountered in the
semidefinite representation of univariate (unweighted) SOS polynomials. As with
the monomial basis, the generalization of this approach to multivariate or WSOS
polynomials is not straightforward and will not be pursued in this paper.

3.3. Interpolant basis. Another approach to address the numerical difficulties
that arise when using monomial bases is to use interpolating polynomials. Recall that
a set of points in R” is called unisolvent for a linear space V of n-variate polynomials
if every polynomial in V is uniquely determined by its function values at these points.
If n =1, every set of 2d + 1 distinct points is unisolvent for V, 24, but this is no longer
the case for n > 2.

Representing degree-2d polynomials with their values at prescribed interpolation
points, we reach the interpolant basis representation of X7, ,,. To make this concrete,

let T def {t1,...,ty} C R™ be a unisolvent set for V, 04. For v = 1,...,U, let

qu € Vn,24 be the Lagrange polynomial that satisfies g,(t,) = 1 and g,(t,) =
0 for every v # u. Then q = (¢1,...,qu) is a Lagrange basis for V, 24. The
coefficients of any polynomial f € V), 24 in this basis are precisely its function values
at tq,...,ty: f = Zgzl f(tw)qu. In particular, given any basis p of V, 4, we have
piDj = Egzlpi(tu)pj (tu)qy for all 4,5 = 1,..., L. In matrix form, these equations

can be expressed as pp’ = PT diag(q)P where P def (pe(tw))u=1,...Use=1,...... Thus,
the operator x — PT diag(x)P satisfies the condition pp* = A(q) in Proposition 1.1,
and because A is the unique linear operator with this property, we have A(x) =
PT diag(x)P. Accordingly, the cone ¥ ,; admits a semidefinite characterization as
the set of points x € RY that satisfy PT diag(x)P 3= 0.

The operator A has the expression A(x) = Zgzl E,x, in terms of the matrices
E, = p(t.)p(t,)". Taking advantage of the rank-one structure of these matrices, the
adjoint of A can be expressed as A*(S) = (E, S),=1,. v = diag(PSPT). Furthermore,
the formulas (7-8) for the gradient and Hessian of the barrier F'(x) = — In(det(A(x)))
can be simplified to

9) VF(x) = — diag (P (PT diag(x)P) " PT) and
(10) V2F(x) = (P (PT diag(x)P) PT)O2 :

where Q°% denotes the elementwise (Hadamard) square of the matrix Q. These
formulas allow the efficient computation of VF(x) and V2F(x) without structured
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matrix inversion or multivariate fast Fourier transform, in any dimension, as the next
theorem demonstrates.

THEOREM 3.5. Using the notation of Proposition 1.1, for every n and d and for
every basis p of Vi a4, if 4 is a Lagrange basis for Vy, 24, then the gradient and Hessian
of the barrier x — —In(det(A(x))) can be computed in O(LU?) time, using O(LU)
working memory in addition to the O(U?) space required to store the Hessian.

In particular, when n = 1, these computations take O(d®) time using O(d?) space.

Proof. We may assume that the matrix P has been computed (offline) and stored
in advance, using O(LU) space. Then the L x L matrix A(x) = P diag(x)P can be
computed in O(L2U) arithmetic operations. The Cholesky factorization A(x) = LLT
can be performed in O(L?) arithmetic operations [65, Lec. 23]. Then the matrix
v
arithmetic operations. The matrix Q def PA(x)"'PT can now be computed with
an additional O(LU?) arithmetic operations using Q = VTV. From (9-10), the
gradient and Hessian of the barrier are the negative of the diagonal of Q and the
elementwise square of Q respectively; these can be computed from Q in O(U?)
arithmetic operations. 0

L~'PT can be computed solving U triangular systems with a total of O(L?U)

The observation that the gradient and Hessian of the barrier function F' can be
computed efficiently in the interpolant basis representation was made earlier in [33].
In the context of Algorithm 1, Theorem 3.5 shows that using this representation,
the algorithmic bottleneck at each iteration is the computation of the predictor
and corrector directions, which require O(U?) arithmetic operations, and not the
computation of the barrier Hessian, with requires only O(LU?) arithmetic operations
using the procedure outlined in the proof. Therefore, each iteration of Algorithm 1
can be performed using O(U?) arithmetic operations. In contrast, each iteration
of a standard primal-dual interior-point method applied to the usual semidefinite
programming formulation of an optimization problem over 2}, 0q Tequires O(L%)
arithmetic operations (see Section 1.2).

In the remainder, we mainly focus on the interpolant basis representation of the
cone Yy, 24. Besides allowing the efficient computation of the gradient and Hessian of
the barrier function F', this representation has two additional advantages. First, the
approach described above for evaluating the derivatives of F' can be generalized to
the weighted case in a straightforward fashion (see Section 6). Second, the interpolant
basis representation of 3, o4 is numerically well-conditioned for appropriate choices of
the basis p and the set of interpolation points 7. We discuss the latter point further
in the next section.

4. Conditioning and Stability. Proposition 1.1 allows for an infinite family of
representations of X,, 24 and Y, 04> Parameterized with the bases p and q. Even after
identifying q as the Lagrange basis corresponding to a set 7 = {t;,...,ty} which is
unisolvent for V), 24, there is still flexibility in selecting a final representation as both
the basis p and interpolation points 7 can be chosen rather freely. The complexity
of computing the barrier gradient and Hessian is independent of these choices, but
the numerical conditioning of the representation naturally depends on them. In this
section, we investigate how the selection of p and T affects the numerical stability of
Algorithm 1 when solving SOS optimization problems represented using the interpolant
basis.

The conditioning of optimization over X, 2¢ and X7 ,, is closely related to the
condition numbers of the linear operators A and A* used in their semidefinite repre-
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sentation. Recall that A(x) = 25:1 E,z, for some matrices Eq,..., Ey € SF. Then
A* has the expression A*(S) = (E, ® S),—1,..v. Equivalently, A*(S) = AT vec(S),
where vec(S) is the column vector obtained by “stacking” the columns of S, and A
. 9 . def
is the L* x U matrix A = (vec (E“))u:L...,U
operators A and A* is the condition number of the matrices A and AT.

Let H(x) e V2F(x) denote the Hessian of the barrier function F(x) = — In(det(A(x))).
Theorem 4.2 below shows that the condition number of H(x) can be bounded from
above using the condition numbers of A and A(x). This analysis uses Lemma 4.1,
which we present first. We let Apin(Q) and Apax(Q) denote the smallest and largest
eigenvalues of a real symmetric matrix Q. We also let cond(Q) denote the condition
number of a real matrix Q relative to the ¢o-norm. Recall that cond(Q) equals the

ratio of the largest singular value of Q to its smallest singular value.
LEMMA 4.1. Let A € S¥ and B € SL. Then

. Hence, the condition number of the

tr(A) Amin (B) < tr(AB) < t1(A) Amax (B).

THEOREM 4.2. Using the notation of Proposition 1.1, for every pair of bases p of
Vn,a and q of Vy, 24, and the corresponding operator A, one has

(11) cond(H (x)) < cond(A)? cond(A(x))?.

Proof. From (8), note that wT H(x)w = tr(A(w)A(x) "*A(w)A(x)"!). Applying
Lemma 4.1 repeatedly, we obtain

Now the observation that tr(A(w)?) = wWTATAW > A\pin (ATA)||w||? shows A\pin (H (%)) >

Amin (ATA) . Amax(ATA) . . .
Az Analogously, we get Amax (H (%)) ST A0e)z- Combining these inequali-
ties and using the identity cond(A)? = % yields our claim. d

Theorem 4.2 reveals the connection between the inherent conditioning of the
chosen SOS representation and the conditioning of the barrier Hessian throughout
the algorithm. It is expected that as the algorithm progresses and x converges
to the boundary of X ,;, the matrix A(x) becomes increasingly singular and ill-
conditioned. Theorem 4.2 shows that the condition number of the Hessian H(x)
increases proportionately to the square of the condition number of A(x), and the
proportionality constant is cond(A)2.

In the remainder of this section, we concentrate on the case where q is a Lagrange
basis. Recall that in this case A(x) has the expression A(x) = PT diag(x)P where
P = (pi(tu))u=1,.. vse=1,. 1. Furthermore, the corresponding A matrix satisfies
ATA = (PPT)2,

4.1. Selection of interpolation points and bases. The question of how to
choose good points for polynomial interpolation is a difficult but well-studied problem.
A desirable property of interpolation points is that the constructed polynomial inter-
polants are not highly sensitive to the prescribed function values at the interpolation
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points. A natural measure of this sensitivity is the Lebesgue constant, which is the
condition number of the interpolation operator (mapping the function values at the
interpolation points to the interpolating polynomial) with respect to the f,.,-norm
(see, e.g., [64, Ch. 15]). Explicit formulas for families of interpolation points that have
asymptotically optimal Lebesgue constants for total-degree polynomial interpolation
are known only for certain low-dimensional standard domains. Some prominent ex-
amples are Chebyshev points on bounded intervals and Padua points on rectangular
domains [13]. For univariate polynomial interpolation of degree d, Chebyshev points
of the first kind are defined on [—1,1] as

(12) Cra ™ {cos((t+05)n/(d+1)) | £=0,....d},
whereas Chebyshev points of the second kind are defined as
(13) Coa ™ {cos(tn/d) | £=0,...,d}.

Let Cfd and Cg , denote the subsets of Cz ¢ consisting of the Chebyshev points with
even indices and odd indices respectively. For bivariate polynomial interpolation of
(total) degree d, Padua points are defined on [—1,1]? as

(14) P (CEy % CQui) U (CEa x CEaly) -

We note that both Chebyshev and Padua points can be adapted to arbitrary intervals
and two-dimensional rectangular domains via an affine change of variables. The
Lebesgue constant for degree-d polynomial interpolation on [—1, 1] using Chebyshev
points is of order O(logd), and this growth is asymptotically optimal [64, Ch. 15].
Similarly, The Lebesgue constant for degree-d polynomial interpolation on [—1, 1]
using Padua points is O(log? d), and this growth is asymptotically optimal [10].

Another useful family of interpolation points is Fekete points. Let r = (r1,...,7ry)
be a basis of V,, 24. The Fekete points associated with a compact domain D C R" are
the points tq,...,ty € D that maximize the absolute value of the determinant of the
Vandermonde matrix (r¢(ty,))y=1,...v;¢=1,...v- Note that these points are independent
of the basis choice r because any basis change multiplies the determinant by a constant
nonzero factor. While Fekete points are well-defined for any compact domain in any
dimension, they are known analytically only for certain special domains such as the
interval [11] and are hard to compute numerically in general [62].

For interpolation in higher dimensions and on more general domains, one can
compute approzimate Fekete points, following an approach due to Sommariva and
Vianello [60]. The underlying idea of this approach is to first extract a large but finite
number of candidate points from the domain and then to choose from these candidate
points a subset that approximately maximizes the absolute value of the Vandermonde
determinant. We now make this more concrete. For N > U, let T’ = {t,...,tny}
be a unisolvent set for V,, o4, and let r = (r1,...,7ry) be a basis of V,, 24. The N x U

Vandermonde matrix V & (ru(ts))i=1,.. Nwu=1,.. v has linearly independent columns
because r is linearly independent and 7" is unisolvent for V, o4. Ideally, we would
like to find the U x U row submatrix of V that has the largest absolute determinant.
However, this problem in NP-hard in general [45]; therefore, we resort to a greedy
heuristic [28] to choose an appropriate subset of rows. The main step of this algorithm
can be performed via QR factorization with column pivoting [60]. The resulting
Vandermonde submatrix is nonsingular, and the subset of points corresponding to the
selected rows is automatically unisolvent for V), 4.
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In this paper, Chebyshev points of the second kind and Padua points are used
for interpolation on [—1,1] and [—1,1]?, respectively. We use the Matlab package
Chebfun [15] to compute Chebyshev points and Padua2DM [12] to compute Padua
points. On the hypercube [—1,1]" for n > 2, we generate approximate Fekete points
for degree-2d interpolation. In the definition of the Vandermonde matrix V above, we

let r1,...,70 € Vy 24 be the multivariate Chebyshev polynomials of degree at most
2d, and we let 7’ be the product Chebyshev grid Co 2441 X ... X C2.2d4n-
Once the interpolation points have been fixed, we choose a basis p = (p1,...,pL)

of V,, 4 to ensure that the resulting matrix P has orthonormal columns. For this, we do
not need to determine such a basis in closed form; orthonormalizing the columns of the
matrix (py(ty))u=1,.. U:e=1,.. 1 associated with any basis p’ = (p},...,p}) produces a
matrix P of the desired type, and the polynomials p1, ..., pr, are then defined implicitly
via their function values at the interpolation points.

4.2. Initialization. Depending on the chosen interpolant representation and
the resulting matrix P, a good initial solution z° = (%", y°,8°) can help the matrix
A(x) = PT diag(x)P and the Hessian H(x) remain sufficiently well-conditioned for all
but the last few iterations of Algorithm 1. To inform our selection of the initial solution,
we make use of Theorem 4.2: for optimization over a single cone ¥, 24, assuming
(without loss of generality) that the matrix P has orthonormal columns, choosing
x? = §1 for some § > 0 results in A(x?) = 6I. The latter matrix is positive definite,
which ensures that x° € (E;Qd)o, and it has perfect conditioning, which means that
x? minimizes the right-hand side of (11) for the given A. Then the initial Hessian
becomes H(x?) = 67 2ATA = §72(PPT)°2. Given x° = 41, we choose the remaining
variables according to s° = —g(x%) = —671g(1), 7° = kK = 1, and y° = 0. Note that
sY € (2,,24)° because xY € ( noa)° (see, e.g., [55, Theorem 3.3.1]). Furthermore,
because F is an LHSCB with barrier parameter v, its gradient satisfies xTg(x) = —v
for every x € K° (see, e.g., [55, Theorem 2.3.9]), which yields that pu(z%) = 1. Finally,
straightforward arithmetic shows that ¥(z°) = 0 and z° € N(0). Hence, z° is a fairly
well-conditioned, strictly interior initial solution in the O-neighborhood of the central
path.

In this framework, there is still flexibility with respect to the choice of 6 > 0. In
our implementation, we use § = v/dpdp where

_ 1+ le/D| _ 1+ lefg(1)]
0p = Z:rrllaxk 1+ |elA1] and  op = j:rrllf.i.}.(,U 1+ |e;‘.rc| '

This choice produces an initial solution with moderate primal and dual infeasibility
values.

4.3. Comparison to the monomial basis. The good conditioning of the in-
terpolant basis representation of SOS constraints is in sharp contrast with their
traditional representation in the monomial basis. Recall from Section 3.1 that for
the monomial basis, A(x) is the Hankel matrix of the vector x in the univariate case,
which is ill-conditioned even for polynomials of moderate degree, meaning that the
Hessian cannot be computed accurately at any iteration of the algorithm. Using the
interpolant basis and an initial point as described above, the matrix A(x) has a perfect
condition number at the start of the algorithm, the initial Hessians are not much worse
conditioned than (PPT)°2, and with the appropriate choice of P, the computation of
the predictor and corrector steps remains stable.
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4.4. Comparison to orthogonal bases. In contrast with the monomial basis,
the Chebyshev basis and other orthogonal bases are popular in numerical algorithms
for high-degree polynomials. We shall show that for bases satisfying a discrete
orthogonality condition, the interpolant basis representation of SOS polynomials (with
appropriately chosen interpolation points) is not worse conditioned than the orthogonal
basis representation.

Consider a basis q = (G1,...,qdu) of Vy 24 and a set 7 = {t1,...,ty} which is
unisolvent for V, 24. Suppose that g satisfies the discrete orthogonality conditions
with respect to T

U e .
R R 1 ifi=4 1<i,j<U
15 i (6,)di(t,) =
(15) 3 )it {O oIy

Let q be the Lagrange basis corresponding to 7. Throughout this section, our primor-
dial example is the case where q consists of the normalized Chebyshev polynomials of
the first kind, defined as Tp(t) = ,/ﬁ and Tj(t) = ,/d—ilTi(t) fori=1,...,d, and
T is the set of Chebyshev points C; 24 defined in (12). In this case, it is known that
(15) holds (see, e.g., [36, Sec. 4.6.1]).

As before, let p be arbitrary; let A denote the operator in Proposition 1.1 cor-
responding to the bases p and q, and let A denote the operator corresponding to p
and q. Recall from the properties of the Lagrange basis that ¢; = 25:1 G;j(tw)qy for

j=1,...,U. Using the Vandermonde matrix V def (G (t))u=1,....u;j=1,...U, these
equations can be written in matrix form as § = VTq, and the definitions of A and
A yield ppT = A(q) = A(§) = A(VTq). Therefore, cond(A) < cond(A) cond(V).
If, in addition, q satisfies the discrete orthogonality conditions (15), then VIV =1
and the condition number of V is one; hence, the inequality above simplifies to

cond(A) < cond(A).

5. Recovering Optimal SOS Decompositions. Consider for simplicity the
case where the problem (4) corresponds to an optimization problem over a single
SOS cone (K* = X, 24). Proposition 2.1 indicates that Algorithm 1 terminates
with a solution z* = (X*,y*,8*) € N(n) that satisfies the conditions (6), and if
problems (3-4) are both feasible and have zero duality gap, then x*/7 and (y*,s*)/7
are approximately optimal primal and dual solutions to (3-4), respectively. However,
while the entries of s* € X,, o4 are the coefficients of an SOS polynomial in the chosen
basis q, an explicit SOS decomposition of this polynomial is not directly available
from the output of Algorithm 1. In this section, we describe how to construct a matrix
S* e Si+ that satisfies A*(S*) = s* without recourse to semidefinite programming.
An SOS decomposition for s* can then be obtained from the eigenvalue or Cholesky
decomposition of S*.

Recall that the Hessian of the logarithmic barrier function —In(det(:)) at the
positive definite matrix Q € S%  is the linear operator R — Q" 'RQ™"'. This Hessian
induces the local norm R +— HQ’l/QRQ*l/?HF on the space ST (see Appendix A).
The self-concordance of the logarithmic barrier function implies that given Q € Sﬁ T
every S € ST that satisfies the inequality |[Q~1/2(S — Q)Q~1/2
definite. Our next result makes use of this observation.

HF < 1 is positive

THEOREM 5.1. Let x € (¥}, 54)° and s € X7 ;. Define the vector w o H(x)"'s

and the matriz S < A(x)"'A(w)A(x)"t. Then A*(S) = s. Furthermore, if
| H(x)~Y2(s + 0g(x))|| < & for some & > 0, then S = 0.
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Proof. First note that A(x) and H(x) are both positive definite because x €
(35 24)°- From (7-8), recall that A*(A(x)™") = —g(x) and A*(A(x)"'A(wW)A(x) ") =
H(x)w. Therefore, we have

A*(S) = A" (A(x)T'"A(W)A(x)™!) = H(x)w =s.

Now suppose HH “1/2(s + 5g(x || < 4 for some § > 0. We show that S > 0. From
the definition of S, we have A(x)SA(x) = A(w). Using this, we get

HM@V%S—&MQ”)MQVWi:(M@@—JA& “HA(x)) o (S = 6A(x)Y)

(A(w) — 0A(x)) (A(X)_ (A(w) = 0A(x)A(x) ™))
(W — 0%)TA" (A(x) " (A(W) = SA(x)A(x) 7))

= (w — 6x)TH(x)(w — 6x)
(s +dg(x) T H (%)~ (s + 69(x))
HH@rW@+@@w\<ﬁ

Finally, note that 6A(x)~! = 0 since A(x) = 0 and § > 0. Letting Q = §A(x)"!, the
discussion preceding this theorem now implies that S > 0 because [|6~/2A(x)"/2(S —

SA(x) )6 2A(x)||, < 1. 0

We will now show that the iterates of Algorithm 1 satisfy the conditions of
Theorem 5.1. Consider an iterate z = (X,y,§) computed in the predictor or corrector
phase. Given that z € N'() for some 0 < 6 < 1, it satisfies

|G~ + nzao)|

(16) )
= | G025 + nl@)g) |+ 7205 — (2 /7)? < 02u()*.

Now one can invoke Theorem 5.1 with § = p(z) to construct a matrix S € S% , such that
A*(S) = s. To show that this assignment satisfies the requirements of Theorem 1 we
need to verify x € (3} 54)°, s € (Zn,24)°, u(z) > 0, and ||H(x)"/%(s + p(z)g H <
1(z). The first three conditions are immediate; the last condition follows from (16)
using u(z) > 0and 0 <0 < 1.

REMARK 5.2. The matriz S defined in Theorem 5.1 is the optimal solution to the
equality-constrained least-squares problem

(17) miélég}ize HA(X)l/z(S . 5A(x)—1)A(x)1/2Hi

subject to  A*(S) =s.

An alternative approach to computing a matrix S € Si 4, that satisfies A*(S) =s
would be to minimize the distance ||S — §A(x)71||% subject to A*(S) =s. A similar
least-squares problem was previously suggested in [52, 27]. Its optimal solution S* is
only guaranteed to be positive definite if [|S* — SA(x)7Y||F < 6Amin(A(x)71) (see [52,
Prop. 8]). Instead, our least-squares problem (17) minimizes a weighted Frobenius
distance which has a natural interpretation in interior-point method theory. More
importantly, the resulting solution is always guaranteed to be positive definite for
solutions obtained from Algorithm 1.
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6. Weighted Sum-of-Squares Polynomials. In this section, we turn our at-
tention to optimization over WSOS cones and discuss how the results presented in
earlier sections for SOS cones can be generalized to WSOS cones. Recall that V&,

is the space of polynomials p for which there exist s1 € Vp24y5---,5m € Vn.2d,,
such that p = 377", gis;. A polynomial p € V4 belongs to X% ,; if there exist
51 € Bpodys---sSm € Bpoa,, such that p = 7" g;s;. It is clear that X2, is a

convex cone. Furthermore, Ei,zd has the same dimension as Vf’z 4 because each X, 24,
is full-dimensional in V,, 24,. The next result characterizes when Z% 2 1s also pointed
and closed, and thus a proper cone. We defer its proof to Appendix B.

PRrROPOSITION 6.1. The cone E%,Qd C ngd is proper if and only if the following
system is infeasible:

(18) Zgzsz = O, Z S; 7£ O, 81 € En,Zdla ...y 8m € En,2dm-
=1 1=1

The system (18) must be infeasible when the set S = {t € R™|g;(t) > 0 Vi=
1,...,m} is unisolvent for VEQ a- Therefore, Proposition 6.1 implies that 2%,2d C VrgL’Qd
is proper in this case. The conclusion that E%,Qd must be closed when S is unisolvent
for V5 ,4 can also be deduced from [34, Thm. 3.1].

Let U © dim Ve, and L; & dimVy, 4, = ("t%) for i = 1,...,m. The next
theorem generalizes Proposition 1.1 to the weighted case and shows that Ei’zd is
semidefinite representable.

PROPOSITION 6.2. [/0, Thm. 17.6] Fiz an ordered basis q = (¢1,-..,qu) of VﬁQd
and an ordered basis p; = (Dis---sDi.L;) Of Vaa, fori=1,...,m. Let A; : RV — Sl
be the unique linear mapping satisfying A;(q) = g:ipip;, and let A} denote its adjoint.
Then s € 2572(1 if and only if there exist matrices S1 = 0,...,S,, = 0 satisfying

s = iA;‘(si).
=1

Additionally, the dual cone of ¥, admits the characterization

S pq = {x RV [Ai(x) =0 Vi=1,...,m}.

n

Proposition 6.2 describes the cone X8 % with m linear matrix inequalities. There-

fore, as before with the SOS cone, one can obtain an LHSCB for 25722 from re-
strictions of the logarithmic barrier function for the positive semidefinite cone. Let
Fi(x) def _ In(det(A;(x))) fori =1,...,m. Then F & > F; is an LHSCB for %2 oa
with barrier parameter at most y ;- L; (see [55, Thm. 2.3.1 and 2.3.9]). Furthermore,
the gradient and Hessian of each F; admits characterizations analogous to (7-8): Let

Ei1,...,E;y € S be such that A;(x) = 25:1 E,,z,. Then
F; _
gixu(x):*/\i(x) 1'Em, u=1,...,U,
0% F; _ _
T X) = (Ai(x) B, Ai(x) 1) o E;,, wv=1,...,U.

The expressions for the gradient and Hessian of each F; can again be simplified when
polynomials are represented via interpolation. For this, consider a set {t1,...,ty} C
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R™ which is unisolvent for Vﬁz a» and let q be its corresponding Lagrange basis. Then
each matrix E;, takes the form E;, = g;(t,)pi(t.)pi(t.)T, and each operator A;
becomes

Ai(x) = P} diag(g; o x)P;,

def def
where g; = (gi(t1),...,9:(ty)) and P; = (Pi,e(tw))u=1,...Use=1,...,1,- Moreover, the
gradient and Hessian of F; simplify into

VF;(x) = —gi o diag (P;(P] diag(gi o x)P;)~'P}),
V2F;(x) = (gig;r) o (Pi(PiT diag(g; o x)Pi)*lPiT)o2 )

It is now possible to show, as in Theorem 3.5, that the gradient and Hessian of F; can
be computed in O(L;U?) arithmetic operations using these formulas.

For an optimization problem over the cone 252 a» assuming for simplicity that all
d;’s have the same value d and letting L = ("Zd) and U = dim V§,2da each iteration
of Algorithm 1 requires O(U3) arithmetic operations to compute the predictor and
corrector directions and O(mLU?) arithmetic operations to compute the Hessian
of the barrier function F' in the interpolant basis representation. Therefore, each
iteration of Algorithm 1 can be performed in O(mLU? + U3) arithmetic operations.
In contrast, each iteration of a standard primal-dual interior-point method applied to
the usual semidefinite programming formulation of the same problem requires O(mLS)
arithmetic operations (see Section 1.2).

For every iterate z = (X,y,S) computed in Algorithm 1, an explicit WSOS
decomposition for the polynomial corresponding to s can be recovered as in Section 5.
For this, we need the following generalization of Theorem 5.1. Its proof is similar to

the proof of Theorem 5.1.

THEOREM 6.3. Let x € (2572:;)0 and s € (E%Qd)o. Define the vector w def

H(x)"'s and the matrices S; of Ai(x) 7 A (W)A; (%)t for i = 1,...,m. Then

St AY(Si) =s. Furthermore, if ||H(x)™"/%(s 4 dg(x))|| < & for some § > 0, then
S; =0 fori=1,...,m.

Given an iterate z = (X,y,s) of Algorithm 1, positive definite matrices Sy,...,S,,
satisfying >, A¥(S;) = s can be computed using Theorem 6.3. A WSOS decomposi-
tion for the polynomial corresponding to s can then be obtained from an eigenvalue or
Cholesky decomposition of these matrices.

7. Numerical Illustration. This section reports the results of numerical experi-
ments with a simple Matlab implementation of our approach to confirm the theoretical
predictions of Sections 3 and 4. Before we proceed to discuss these experiments, we
discuss some details regarding our implementation of Algorithm 1. Our Matlab code
for this implementation and the numerical experiments below is available for download
at https://github.com/dpapp-github/alfonso.

7.1. Implementation details. Our results in Section 2 and the analysis of the
Skajaa—Ye algorithm in [49] provide theoretically safe choices for the parameters of
Algorithm 1, which comprise the (fixed) predictor and corrector step lengths o, and «.,
the number 7. of corrector steps to take in each corrector phase, and the sizes 8 and 7
of the neighborhoods where the iterates must remain at the end of the predictor and
corrector phases respectively. The analysis of the algorithm remains valid if the fixed
step length in the predictor phase is replaced with a line search. Specifically, starting
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from the “safe” fixed step length, we can search for the (approximately) largest step
length «, for which the iterate z after the predictor phase remains in A (3). Similarly,
in the corrector phase, we need not always take r. steps; instead, we can check after
each corrector step whether z is already back in the neighborhood N (n) and terminate
the corrector phase if so. Both of these changes can improve the practical efficiency of
the method without affecting its theoretical complexity; we included both of them in
our implementation. For the remaining parameters, we used the values n = 0.0305,
8 =0.2387, a. = 1, r. = 4. Note that these parameters are generic values derived
from the revised complexity analysis of Algorithm 1 in [49]; they have not been tuned
for the problems in this section or even for SOS optimization.

7.2. Polynomial envelopes. In this section we present numerical experiments
which demonstrate the stability of our approach for SOS optimization problems with
high-degree polynomials and discuss its practical advantages over solving the equivalent
semidefinite programs.

7.2.1. Problem description. For our experiments in this section, we consider
a family of optimization problems that was also studied in [48] in the univariate case:
given polynomials fi,..., fr € Vs and a set S C R™ defined as in (1), find the
polynomial f € V,, 24 that provides the closest lower approximation of min(fy, ..., f)
on S, where the minimum is understood pointwise. Formally, we would like to compute
the optimal solution to

maxumze /f
(19) f€Vn, 24

subject to  f(t) < f;(t) VteS j=1,... k.

In this problem, the decision variable is the polynomial f, and the constraints require
that the polynomial f; — f is nonnegative on S for j = 1,..., k. Let deg(g;) denote
the degree of g;. Assuming § < 2d, these constraints can be approximated with the
requirements that the polynomial f; — f belongs to Zn oq for some d = (di, ..., dp)
such that 2d; 4+ deg(g;) <2d fori=1,...,m

Once a basis q has been fixed for V, 24, the polynomial f can be expressed

as f = Zg 1 Yuqu for some y = (y1,...,yu), and the objective function becomes
Js f(t)dt = Zgzl Wayu where w, & Js qu(t)dt for w = 1,...,U. Similarly, each
polynomial f; can be expressed as f; = 25:1 Yjugu for some y; = (yj1,...,y;uv). In

this notation, the SOS approximation to (19) can be stated as

maximize w
(20) yERU 2 v

subject to  y; —y € X%,y j=1,...,k

In the examples below, k =2, § =5, and S = [—1,1]"™. The weights in the WSOS
constraints are g;(t) =1 —1t7 for j = 1,...,n and g,41(t) = 1, and the degrees are
dij =d—1forj=1,...,nand d,1 = d. Using Proposition 6.1, it is easily verified that
EngQd (and hence its dual) is a proper cone. The exact semidefinite representation of
Ei’zd depends on the bases chosen for V, 4,, ..., Vn.4,,, as described in Proposition 6.2.
Below we experiment with the various choices discussed earlier in the paper.

7.2.2. Results.
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Direct SOS optimization versus SDP in the interpolant basis. In [48], the
problem (20) was solved for n = 1 and increasing values of d, using semidefinite
programming and the interpolant basis representation described in Section 3.3. The
basis q was chosen as the Lagrange basis corresponding to Chebyshev points of the
second kind (see (13)). It was found that even for k = 2 and § = 5, the largest instance
for which the semidefinite programming formulation could be solved was approximately
2d = 1100 (the precise limit depending on the solver) before the solvers ran out of
32GB of memory. It was also reported that none of the tested solvers (SeDuMi [61],
SDPT3 [63], and CSDP [9]) reported any numerical errors even for the highest degrees.
In our first experiment, we compare this approach against optimizing directly over
WSOS cones using Algorithm 1.

To solve the semidefinite programs, we used Mosek version 8.1.0.30 [39] in addition
to the solvers mentioned above. The performance of Mosek was at least as good as
the performance of the other solvers in all instances; therefore, we report only the
results obtained using Mosek here. All solvers were interfaced via Matlab R2016a. All
computational results were obtained on a standard desktop computer equipped with
32GB RAM and a 4 GHz Intel Core i7 processor with 4 cores.

The results for n = 1 are summarized in Table 1. While the largest instance that
we could solve with Mosek was the one with polynomials of degree 2d = 1000, we had
no difficulty scaling our approach to 2d = 10000. Additionally, as expected, optimizing
directly over WSOS cones is orders of magnitude faster than solving the corresponding
semidefinite programs, even for the smaller instances. No numerical errors were
reported by either solver, and high-accuracy solutions were returned by both: the
relative primal and dual infeasibility and the relative duality and complementarity
gaps stayed below 10~® for our approach and below 10~7 for Mosek.

The results are qualitatively similar for n = 2 using the interpolant basis represen-
tation corresponding to Padua points (14), and for n = 3 using the interpolant basis
representation corresponding to approximate Fekete points; see Tables 2—-3. While the
semidefinite programming formulations could not be solved with the available memory
for 2000 or more monomials, our SOS approach scales to more than ten thousand
monomials. We did encounter some stalling with our implementation for the larger
instances in the bivariate case (n = 2), but the relative primal and dual infeasibility
and the relative duality and complementarity gaps of the returned solutions stayed
below 1077.

We emphasize that our approach is implemented naively in Matlab without
optimizing the code for speed. In contrast, Mosek is an industry-grade implementation
that uses advanced heuristic strategies for greater efficiency and stability.

Direct SOS optimization versus SDP in the monomial and Chebyshev
bases. The conventional representation of polynomials in SOS optimization using
Proposition 1.1 does not rely on interpolants; instead, polynomials are typically repre-
sented with their coefficients in the monomial basis. This is implemented by choosing
the monomial basis for both bases p and q (Section 3.1). For problems involving
WSOS polynomials whose domains are rectangular boxes, one can also make a case
for the Chebyshev basis representation (Section 3.2). In this section we compare the
efficiency and stability of these approaches to our method.
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d U # of variables ~ # of iterations time/iteration [s] solver time [s]

SOS SDP  SOS SDP SOS SDP SOS SDP

100 201 402 20402 ol 9 0.02 0.92 1.23 8.32

200 401 802 80802 60 11 0.08 14.97 4.73  164.70

300 601 1202 181202 70 11 0.23 82.92 15.89  912.08

400 801 1602 321602 72 12 0.49 257.40 35.22  3088.75

500 1001 2002 502002 76 9 0.95 661.14 72.27  5950.27
600 1201 2402 722402 78 1.34 104.83
800 1601 3202 1283202 81 2.97 240.60
1000 2001 4002 2004002 84 5.10 428.78
1200 2401 4802 2884802 90 8.45 760.06
1400 2801 5602 3925602 93 12.02 1117.46
1600 3201 6402 5126402 107 17.89 1914.46
1800 3601 7202 6487202 94 24.12 2267.36
2000 4001 8002 8008002 107 32.53 3481.08
2200 4401 8802 9688802 103 38.84 4000.06
2400 4801 9602 11529602 105 48.80 5124.18
2600 5201 10402 13530402 108 68.42 7389.41
2800 5601 11202 15691202 125 101.11 12639.31
3000 6001 12002 18012002 118 119.09 14052.45
4000 8001 16002 32016002 141 217.27 30634.95
5000 10001 20002 50020002 135 441.03 59538.97

TABLE 1

Solver statistics from our approach and from the SDP-based approach using the interpolant
basis representation for problem (20). In the column titles, SOS denotes direct optimization over
the WSOS cone using Algorithm 1, whereas SDP denotes the solution of the equivalent semidefinite
program using Mosek. Results are shown for instances with n = 1, k = 2, 6 = 5, and increasing
degrees d. Missing entries indicate that Mosek ran out of 32GB of memory while solving the problem.

Tables 4-6 compare our approach against the semidefinite programming formu-
lation in the Chebyshev basis for n = 1,2, 3 dimensions. The results reveal several
interesting conclusions. As expected, the Chebyshev basis outperforms the interpolant
basis in terms of solution times when both bases are used in the semidefinite program-
ming formulation; this is due to the fact that the solvers can exploit the sparsity of
the matrices E;,, in the Chebyshev basis representation. This sparsity also allows the
SDP-based approach to scale to higher degrees with the Chebyshev basis representa-
tion than it does with interpolants. Regardless, our approach is more efficient than
semidefinite programming even when the latter is used with the Chebyshev basis, and
the improvement in running times increases with increasing degrees. In our largest
experiment, our SOS approach achieved an over 30-fold speedup over the SDP-based
approach using the Chebyshev basis representation.

We also investigated the performance of the solvers SeDuMi, SDPT3, and CSDP
on the semidefinite programming formulation in the Chebyshev basis. While the
performances of all three solvers were similar, they required longer solution times than
Mosek. Furthermore, SeDuMi and SDPT3 reported numerical problems in some of the
high-degree instances. The relative infeasibility of the returned solutions were above
10~7 for SeDuMi and 10~% for SDPT3.
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d U # of variables # of iterations time/iteration [s] solver time [s]

SOS SDP  SOS SDP SOS SDP SOS SDP
10 231 462 10582 71 10 0.03 0.40 2.02 4.04
15 496 992 47672 97 12 0.16 8.30 15.25 99.64
20 861 1722 142212 118 12 0.70 87.73 82.67 1052.75
25 1326 2652 335452 146 14 2.17 560.60 317.53 7848.33
30 1891 3782 679892 150 4.93 740.22
35 2556 5112 1239282 161 9.81 1578.62
40 3321 6642 2088622 180 20.83 3748.92
45 4186 8372 3314162 194 37.58 7289.79
50 5151 10302 5013402 193 56.10 10828.25
55 6216 12432 7295092 210 97.22 20416.14
60 7381 14762 10279232 220 145.78 32070.97
65 8646 17292 14097072 240 230.99 55436.59
70 10011 20022 18891112 247 334.07 82515.00

TABLE 2

Solver statistics from our approach and from the SDP-based approach using the interpolant
basis representation for problem (20). Results are shown for instances withn =2, k=2, 6 =5, and
increasing degrees d. Missing entries indicate that Mosek ran out of 82GB of memory while solving
the problem.

d U # of variables # of iterations time/iteration [s] solver time [s]
SOS SDP SOS SDP SOS SDP SOS SDP
6 455 1365 24822 61 10 0.10 1.77 6.20 17.66
8 969 2907 106425 72 10 0.71 36.42 51.46  364.18
10 1771 5313 341913 94 9 3.01 495.86 330.38  4462.70
12 2925 8775 909090 103 11.86 1221.48
14 4495 13485 2108340 121 35.76 4326.45
16 6545 19635 4409919 135 96.75 13061.05
18 9139 27417 8508675 153 234.40 35863.41
20 12341 37023 15386448 171 565.67 96729.43
TABLE 3

Solver statistics from our approach and from the SDP-based approach using the interpolant
basis representation for problem (20). Results are shown for instances withn =3, k=2, § =5, and
increasing degrees d. Missing entries indicate that Mosek ran out of 82GB of memory while solving
the problem.

The experiments using the standard semidefinite programming formulation in the
monomial basis were unsuccessful: although Mosek did return an “optimal solution”
of the semidefinite programs and reported no numerical errors, the returned solutions
had relative complementarity gaps above 10~% in all instances, even in the univariate
case. Additionally, the computed “optimal” objective function values did not exhibit
the expected monotonicity with respect to d, and they did not seem to converge to the
true integral of min(f, f2) on S = [—1,1]"™. Hence, the accuracy of these solutions is
far below the accuracy of the solutions obtained in our other experiments. Moreover,
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d # of iterations  time/iteration [s] solver time [s]
SOS SDP SOS SDP SOS SDP
100 o1 11 0.02 0.09 1.23 1.04
200 60 11 0.08 0.68 4.73 7.47
300 70 11 0.23 2.75 15.89 30.28
400 72 13 0.49 8.04 35.22 104.49
500 76 13 0.95 19.26 72.27 250.35
600 78 13 1.34 39.00 104.83 506.98
800 81 14 2.97 116.83 240.60 1635.61
1000 84 14 5.10 280.51 428.78 3927.14
1200 90 16 8.45 727.39 760.06 11638.27
1400 93 18 12.02 1291.06 1117.46 23239.08
1600 107 15 17.89  2330.95 1914.46  34964.20
1800 94 17 24.12 3824.21 2267.36 65011.61
2000 107 16 32.53 6084.72 3481.08 97355.58
2200 103 17 38.84  9189.42 4000.06  156220.10
2400 105 15 48.80 12371.34 5124.18 185570.11
2600 108 14 68.42 18611.52 7389.41 260561.32
2800 125 101.11 12639.31
3000 118 119.09 14052.45
4000 141 217.27 30634.95
5000 135 441.03 59538.97
TABLE 4

Solver statistics from our approach and from the SDP-based approach using the Chebyshev basis
representation for problem (20). Results are shown for instances withn =1,k =2, § = 5, and
increasing degrees d. Missing entries indicate that Mosek needed more than 300000 seconds to return
a solution.

in all instances Mosek needed about twice as many iterations with the monomial basis
representation than with the Chebyshev basis representation; this was also likely a
consequence of the poor conditioning of the monomial basis representation.

We repeated these experiments with the monomial basis representation using
the semidefinite programming solvers SeDuMi, SDPT3, and CSDP; the results were
qualitatively similar, indicating that the problem is indeed the conditioning of the
formulation, and not the stability of the solvers. All three solvers reported numerical
problems in most of the instances, and only returned inaccurate solutions after at least
as many iterations as they needed to compute accurate solutions using the Chebyshev
basis. This verifies and expands on similar results reported in [48].

For our last set of experiments, we investigated the performance of our approach
against solving the semidefinite programming formulation using the Chebyshev basis
with Mosek on a sequence of problem instances (20) in which the degree d is fixed to
a small constant and the number of variables n is increased. Our complexity analysis
suggests that for such low-degree instances the SDP-based approach will perform just
as well as our approach. The results in Table 7 confirm this.

In summary, these experiments confirm that the monomial basis is not suitable
for the representation of polynomials in these problems; both the Chebyshev and
interpolant bases are clearly superior choices. Additionally, although the Chebyshev
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d # of iterations  time/iteration [s] solver time [s]

SOS SDP SOS SDP SOS SDP
10 71 17 0.03 0.05 2.02 0.91
15 97 16 0.16 0.37 15.25 5.87
20 118 19 0.70 2.27 82.67 43.19
25 146 18 2.17 11.49 317.53 206.77
30 150 18 4.93 46.16 740.22 830.92
35 161 17 9.81 139.68  1578.62 2374.55
40 180 18 20.83 400.51  3748.92 7209.18
45 194 19 37.58 1067.34 7289.79 20279.43
50 193 19 56.10 2563.38 10828.25 48704.21
55 210 18 97.22 6329.91 20416.14 113938.43
60 220 20 145.78 14450.37 32070.97 289007.38
65 240 230.99 95436.59
70 247 334.07 82515.00

TABLE 5

Solver statistics from our approach and from the SDP-based approach using the Chebyshev basis
representation for problem (20). Results are shown for instances with n = 2, k = 2, § = 5, and
increasing degrees d. Missing entries indicate that Mosek needed more than 300000 seconds to return
a solution.

d # of iterations  time/iteration [s] solver time [s]
SOS SDP SOS SDP SOS SDP
6 61 10 0.10 0.14 6.20 1.38
8 72 12 0.71 0.89 51.46 10.70
10 94 14 3.51 6.35 330.38 88.94
12 103 14 11.86 42.79 1221.48 599.10
14 121 15 35.76 221.75  4326.45 3326.32
16 135 15 96.75 926.23 13061.05 13893.51
18 153 16 234.40 3293.34 35863.41 52693.48
20 171 15 565.67 13328.76 96729.43 199931.41

TABLE 6

Solver statistics from our approach and from the SDP-based approach using the Chebyshev basts
representation for problem (20). Results are shown for instances withn =3, k =2, § = 5, and
increasing degrees d.

basis is a better choice than the interpolant basis in the SDP-based approach, optimizing
directly over WSOS cones (using the interpolant basis representation) is superior to
semidefinite programming even when the semidefinite programs are formulated using
the Chebyshev basis representation and solved with a solver that exploits their sparsity.

8. Conclusions. Several approaches have been proposed to mitigate the compu-
tational issues associated with the semidefinite programming representation of SOS
polynomials. These include exploiting sparsity [66] or symmetry [17], and replacing the
semidefinite programming hierarchies with linear and second-order cone programming
hierarchies [1, 29]. Our approach of combining non-symmetric conic optimization
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# of iterations time/iteration [s]  solver time 3]
SOS SDP SOS SDP SOS  SDP
3 95 11 0.04 0.05 2.4 0.6
4 70 13 0.67 0.34 46.9 4.5
5 99 15 9.16 3.94 907.3 59.2
6 118 18  112.61 40.37 132879 726.6
7 23 386.66 8893.1
TABLE 7

Solver statistics from our approach and from the SDP-based approach using the Chebyshev
basis representation for problem (20). Results are shown for instances with d =6 =5, k =2, and
increasing number of variables n. Missing entries indicate that the SOS solver needed more than 24
hours to return a solution.

algorithms and polynomial interpolants also appears to be a very promising and
competitive alternative to the conventional SDP-based approach in terms of stability
and efficiency. Furthermore, these improvements are achieved without resorting to
approximations of the SOS cone or assumptions of sparsity or symmetry. We emphasize
that our approach can also be used in conjunction with the techniques that exploit
sparsity and symmetry in SOS optimization.

Our approach is particularly suited for problems that require polynomials of
high degree. The use of high-degree polynomials is especially relevant in problems
involving polynomial or rational function approximations of non-polynomial functions
and in data-driven optimization, where the interpolant basis representation is the
most natural representation. In particular, with our proposed approach, optimization
models involving arbitrary smooth functions (which can be uniformly approximated
with polynomials up to any accuracy) can be solved approximately without the explicit
construction of the approximating high-degree polynomials.

While the good conditioning of the interpolant basis representation in SOS op-
timization using semidefinite programming was established in [48], and numerically
confirmed at least in the univariate case, it has been unclear whether it is possible to
optimize efficiently over the cone of SOS interpolants and its dual, circumventing the
dense semidefinite programs used in the earlier paper.

The primary results of this work are that the interpolant basis representation
also allows for simple and efficient computation of the gradient and Hessian of the
logarithmic barrier function of the dual SOS cone in the multivariate and weighted
cases as well as in the univariate case, and that with this tractable barrier function,
we can solve SOS optimization problems without need for semidefinite programming
formulations. The optimal solution of the semidefinite program and the associated
SOS decompositions can still be recovered from the optimal solution of the SOS
optimization problem with little additional effort. This is especially interesting in
applications of SOS optimization where one is interested in finding rational or algebraic
solutions whose feasibility can be rigorously certified. The work presented in this
paper can be extended to a hybrid numeric-symbolic algorithm in which the numerical
solutions are rounded to nearby rational solutions whose feasibility is verifiable using
rational arithmetic. The details of this extension are omitted due to page limitations;
the reader is referred to [50] for details.

The numerical results indicate that with Chebyshev and Padua points in the
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univariate and bivariate cases, and with approximate Fekete points in the multivariate
case, the numerical performance of the proposed approach matches the theoretical
predictions. Our approach is increasingly favorable to the conventional SDP-based
approach as the degree increases; moreover, the asymptotic speedup is also an increasing
function of the number of arguments of the polynomials.

Acknowledgments. The authors would like to thank the Associate Editor and
the Referees for their constructive feedback. We also thank Madhu Kiran Chowdary
Kolli for his helpful comments on the presentation of the material.

[1] A.

[13] M.

REFERENCES

A. AHMADI AND A. MAJUMDAR, DSOS and SDSOS optimization: LP and SOCP-based
alternatives to sum of squares optimization, in 48th Annual Conference on Information
Sciences and Systems (CISS), IEEE, 2014, pp. 1-5, https://doi.org/10.1109/CISS.2014.
6814141.

. ALIZADEH AND D. PaApp, Estimating arrival rate of monhomogeneous Poisson processes

with semidefinite programming, Annals of Operations Research, 208 (2013), pp. 291-308,
https://doi.org/10.1007/s10479-011-1020-2.

. ALKIRE AND L. VANDENBERGHE, Convez optimization problems involving finite autocorrelation

sequences, Mathematical Programming Ser. A, 93 (2002), pp. 331-359, https://doi.org/10.
1007/s10107-002-0334-x.

. BAcHoc AND F. VALLENTIN, New upper bounds for kissing numbers from semidefinite

programming, Journal of the American Mathematical Society, 21 (2008), pp. 909-924,
https://doi.org/10.1090/S0894-0347-07-00589-9.

. BALLINGER, G. BLEKHERMAN, H. CoHN, N. GIANSIRACUSA, E. KELLY, AND A. SCHURMANN,

Ezxperimental study of energy-minimizing point configurations on spheres, Experimental
Mathematics, 18 (2009), pp. 257-283, https://doi.org/10.1080/10586458.2009.10129052.

. BECKERMANN, The condition number of real Vandermonde, Krylov and positive definite

Hankel matrices, Numerische Mathematik, 85 (2000), pp. 553-577, https://doi.org/10.1007/
PL00005392.

. BERTSIMAS AND I. POPESCU, Optimal inequalities in probability theory: a convexr optimization

approach, STAM Journal on Optimization, 15 (2005), pp. 780-804, https://doi.org/10.1137/
S51052623401399903.

. BLEKHERMAN, P. A. PARRILO, AND R. R. THOMAS, eds., Semidefinite optimization and convex

algebraic geometry, vol. 13 of MOS-SIAM Series on Optimization, Society for Industrial
and Applied Mathematics (STAM), Philadelphia, PA, 2013.

. BORCHERS, CSDP, a C library for semidefinite programming, Optimization Methods &

Software, 11-12 (1999), pp. 613-623, https://doi.org/10.1080/10556789908305765.

. Bos, M. CALIARI, S. D. MARCHI, M. VIANELLO, AND Y. XU, Bivariate Lagrange interpolation

at the Padua points: The generating curve approach, Journal of Approximation Theory,
143 (2006), pp. 15-25, https://doi.org/10.1016/].jat.2006.03.008.

. Bos, M. A. TAYLOR, AND B. A. WINGATE, Tensor product Gauss-Lobatto points are

Fekete points for the cube, Mathematics of Computation, 70 (2001), pp. 1543-1547, https:
//doi.org/10.1090/S0025-5718-00-01262-X.

. CALIARI, S. DE MARCHI, A. SOMMARIVA, AND M. VIANELLO, Padua2DM: fast interpolation

and cubature at the Padua points in Matlab/Octave, Numerical Algorithms, 56 (2011),
pp. 45-60, https://doi.org/10.1007/s11075-010-9373-1.

CALIARI, S. DE MARcHI, AND M. VIANELLO, Bivariate polynomial interpolation on the
square at new nodal sets, Applied Mathematics and Computation, 165 (2005), pp. 261-274,
https://doi.org/10.1016/j.amc.2004.07.001.

. DE KLERK, The complexity of optimizing over a simplex, hypercube or sphere: a short

survey, Central European Journal of Operations Research, 16 (2008), pp. 111-125, https:
//doi.org/10.1007/s10100-007-0052-9.

. A. DriscoLL, N. HALE, AND L. N. TREFETHEN, Chebfun Guide, Pafnuty Publications, 2014,

http://www.chebfun.org/docs/guide/.

. DUMITRESCU, Positive trigonometric polynomials and signal processing applications, Signals

and Communication Technology, Springer International Publishing, second ed., 2017,
https://doi.org/10.1007/978-3-319-53688-0.

. GATERMANN AND P. A. PARRILO, Symmetry groups, semidefinite programs, and sums of


https://doi.org/10.1109/CISS.2014.6814141
https://doi.org/10.1109/CISS.2014.6814141
https://doi.org/10.1007/s10479-011-1020-2
https://doi.org/10.1007/s10107-002-0334-x
https://doi.org/10.1007/s10107-002-0334-x
https://doi.org/10.1090/S0894-0347-07-00589-9
https://doi.org/10.1080/10586458.2009.10129052
https://doi.org/10.1007/PL00005392
https://doi.org/10.1007/PL00005392
https://doi.org/10.1137/S1052623401399903
https://doi.org/10.1137/S1052623401399903
https://doi.org/10.1080/10556789908805765
https://doi.org/10.1016/j.jat.2006.03.008
https://doi.org/10.1090/S0025-5718-00-01262-X
https://doi.org/10.1090/S0025-5718-00-01262-X
https://doi.org/10.1007/s11075-010-9373-1
https://doi.org/10.1016/j.amc.2004.07.001
https://doi.org/10.1007/s10100-007-0052-9
https://doi.org/10.1007/s10100-007-0052-9
http://www.chebfun.org/docs/guide/
https://doi.org/10.1007/978-3-319-53688-0

28

(21]
22]

23]

[24]

[26]

27]

DAVID PAPP AND SERCAN YILDIZ

squares, Journal of Pure and Applied Algebra, 192 (2004), pp. 95-128, https://doi.org/10.
1016/j.jpaa.2003.12.011.

Y. GENIN, Y. HACHEZ, Y. NESTEROV, AND P. VAN DOOREN, Optimization problems over positive
pseudopolynomial matrices, SIAM Journal on Matrix Analysis and Applications, 25 (2003),
pp. 57-79, https://doi.org/10.1137/S0895479803374840.

B. GHADDAR, J. MARECEK, AND M. MEVISSEN, Optimal power flow as a polynomial optimization
problem, IEEE Transactions on Power Systems, 31 (2016), pp. 539-546, https://doi.org/10.
1109/ TPWRS.2015.2390037.

. HANDELMAN, Representing polynomials by positive linear functions on compact convex
polyhedra, Pacific Journal of Mathematics, 132 (1988), pp. 35-62, https://projecteuclid.org/
euclid.pjm/1102689794.

. H. HARDY, J. E. LITTLEWOOD, AND G. POLYA, Inequalities, Cambridge University Press,
London, 1934.

. HEINIG AND P. JANKOWSKI, Parallel and superfast algorithms for Hankel systems of equations,
Numerische Mathematik, 58 (1990), pp. 109-127, https://doi.org/10.1007/BF01385613.

. HELLER AND T. PAIDLA, GpoSolver: a Matlab/C++ toolbox for global polynomial optimization,
Optimization Methods and Software, 31 (2016), pp. 405-434, https://doi.org/10.1080/
10556788.2015.1121489.

D. HENRION AND J.-B. LASSERRE, GloptiPoly: Global optimization over polynomials with
Matlab and SeDuMi, ACM Transactions on Mathematical Software, 29 (2003), pp. 165-194,
https://doi.org/10.1145/779359.779363.

R. Hess, D. HENRION, J.-B. LASSERRE, AND T. S. PHAM, Semidefinite approximations of the
polynomial abscissa, SIAM Journal on Control and Optimization, 54 (2016), pp. 1633-1656,
https://doi.org/10.1137/15M1033198.

. Josz AND D. K. MOLZAHN, Lasserre hierarchy for large scale polynomial optimization in
real and complex variables, SIAM Journal on Optimization, 28 (2018), pp. 1017-1048,
https://doi.org/10.1137/15M1034386.

E. KALTOFEN, B. LI, Z. YANG, AND L. ZHI1, Ezact certification of global optimality of approzimate
factorizations via rationalizing sums-of-squares with floating point scalars, in Proceedings of
the Twenty-First International Symposium on Symbolic and Algebraic Computation, ISSAC
’08, New York, NY, 2008, ACM, pp. 155-164, https://doi.org/10.1145/1390768.1390792.

. KHACHIYAN, On the complexity of approzimating extremal determinants in matrices, Journal
of Complexity, 11 (1995), pp. 138-153, https://doi.org/10.1006/jcom.1995.1005.

X. KuaANG, B. GHADDAR, J. NAOUM-SAWAYA, AND L. F. ZULUAGA, Alternative LP and SOCP
hierarchies for ACOPF problems, IEEE Transactions on Power Systems, 32 (2017), pp. 2828—
2836, https://doi.org/10.1109/ TPWRS.2016.2615688.

J. B. LASSERRE, Global optimization with polynomials and the problem of moments, STAM Jour-

nal on Optimization, 11 (2001), pp. 796-817, https://doi.org/10.1137/S1052623400366802.

. B. LASSERRE, An introduction to polynomial and semi-algebraic optimization, Cambridge
Texts in Applied Mathematics, Cambridge University Press, Cambridge, 2015, https:
//doi.org/10.1017/CBO9781107447226.

M. LAURENT, Sums of squares, moment matrices and optimization over polynomials, in Emerging
Applications of Algebraic Geometry, M. Putinar and S. Sullivant, eds., vol. 149 of IMA
Volumes in Mathematics and its Applications, Springer, New York, NY, 2009, pp. 157-270,
https://doi.org/10.1007 /978-0-387-09686-5_7.

J. LOFBERG AND P. A. PARRILO, From coefficients to samples: a mew approach to SOS
optimization, in 43rd IEEE Conference on Decision and Control (CDC), vol. 3, IEEE, Dec
2004, pp. 3154-3159, https://doi.org/10.1109/CDC.2004.1428957.

M. MARSHALL, Optimization of polynomial functions, Canadian Mathematical Bulletin, 46
(2003), pp. 575-587, https://doi.org/10.4153/CMB-2003-054-7.

M. MARSHALL, Positive polynomials and sums of squares, vol. 146 of Mathematical Surveys
and Monographs, American Mathematical Society, Providence, RI, 2008, https://doi.org/
10.1090/surv/146.

J. C. MAsoN AND D. C. HANDSCOMB, Chebyshev Polynomzials, CRC Press, Boca Raton, FL,
2003.

A. MEGRETSKI, SPOT (Systems polynomial optimization tools) Manual, 2010, http://web.mit.
edu/ameg/www/images/spot_manual.pdf.

R. MONTEIRO AND M. TODD, Path-following methods, in Handbook of Semidefinite Programming:
Theory, Algorithms, and Applications, H. Wolkowicz, R. Saigal, and L. Vandenberghe, eds.,
Springer US, Boston, MA, 2000, pp. 267-306, https://doi.org/10.1007/978-1-4615-4381-7_
10.

MOSEK APS, MOSEK Optimization Suite release 8.1.0.30, 2017, http://http://docs.mosek.

o

@

@

o

Q

=

[


https://doi.org/10.1016/j.jpaa.2003.12.011
https://doi.org/10.1016/j.jpaa.2003.12.011
https://doi.org/10.1137/S0895479803374840
https://doi.org/10.1109/TPWRS.2015.2390037
https://doi.org/10.1109/TPWRS.2015.2390037
https://projecteuclid.org/euclid.pjm/1102689794
https://projecteuclid.org/euclid.pjm/1102689794
https://doi.org/10.1007/BF01385613
https://doi.org/10.1080/10556788.2015.1121489
https://doi.org/10.1080/10556788.2015.1121489
https://doi.org/10.1145/779359.779363
https://doi.org/10.1137/15M1033198
https://doi.org/10.1137/15M1034386
https://doi.org/10.1145/1390768.1390792
https://doi.org/10.1006/jcom.1995.1005
https://doi.org/10.1109/TPWRS.2016.2615688
https://doi.org/10.1137/S1052623400366802
https://doi.org/10.1017/CBO9781107447226
https://doi.org/10.1017/CBO9781107447226
https://doi.org/10.1007/978-0-387-09686-5_7
https://doi.org/10.1109/CDC.2004.1428957
https://doi.org/10.4153/CMB-2003-054-7
https://doi.org/10.1090/surv/146
https://doi.org/10.1090/surv/146
http://web.mit.edu/ameg/www/images/spot_manual.pdf
http://web.mit.edu/ameg/www/images/spot_manual.pdf
https://doi.org/10.1007/978-1-4615-4381-7_10
https://doi.org/10.1007/978-1-4615-4381-7_10
http://http://docs.mosek.com/8.1/intro.pdf
http://http://docs.mosek.com/8.1/intro.pdf

SUM-OF-SQUARES OPTIMIZATION WITHOUT SEMIDEFINITE PROGRAMMING 29

Y

[41] Y

42]

[43]

(61]

(62]

(63]

o a <

S.

com/8.1/intro.pdf.

. NESTEROV, Squared functional systems and optimization problems, in High performance
optimization, H. Frenk, K. Roos, T. Terlaky, and S. Zhang, eds., vol. 33 of Applied
Optimization, Kluwer Academic Publishers, Dordrecht, 2000, pp. 405-440, https://doi.org/
10.1007/978-1-4757-3216-0-17.

. NESTEROV, Towards non-symmetric conic optimization, Optimization Methods & Software,
27 (2012), pp. 893-917, https://doi.org/10.1080/10556788.2011.567270.

. NESTEROV AND A. NEMIROVSKII, Interior-point polynomial algorithms in convex programming,
vol. 13 of SIAM Studies in Applied Mathematics, Society for Industrial and Applied
Mathematics (SIAM), Philadelphia, PA, 1994, https://doi.org/10.1137/1.9781611970791.

. NESTEROV, M. J. ToDD, AND Y. YE, Infeasible-start primal-dual methods and infeasibility
detectors for monlinear programming problems, Mathematical Programming Ser. A, 84
(1999), pp. 227267, https://doi.org/10.1007/s10107980009a.

. Y. PAN, Structured matrices and polynomials, Birkhauser, Boston, MA, 2001, https://doi.
org/10.1007/978-1-4612-0129-8.

. H. PApPADIMITRIOU, The largest subdeterminant of a matriz, Bulletin of the Greek Mathe-
matical Society, 25 (1984), pp. 95-105, http://eudml.org/doc/237382.

. Papp, Optimization models for shape-constrained function estimation problems involving
nonnegative polynomials and their restrictions, PhD thesis, Rutgers University, May 2011.

. Papp, Optimal designs for rational function regression, Journal of the American Statistical
Association, 107 (2012), pp. 400411, https://doi.org/10.1080/01621459.2012.656035, http:
//dx.doi.org/10.1080,/01621459.2012.656035.

. PApP, Semi-infinite programming using high-degree polynomial interpolants and semidefinite
programming, SIAM Journal on Optimizaton, 27 (2017), pp. 1858-1879, https://doi.org/10.
1137/15M1053578.

. PAPP AND S. Y1LDIZ, On “A homogeneous interior-point algorithm for non-symmetric convex
conic optimization”, arXiv preprint arXiv:1712.00492, (2017).

. PApp AND S. YILDIZ, Sum-of-squares optimization without semidefinite programming, arXiv
preprint arXiv:1712.01792v2, (2017).

. A. PARRILO, Structured Semidefinite Programs and Semialgebraic Geometry Methods in
Robustness and Optimization, PhD thesis, California Institute of Technology, May 2000.

. PEYRL AND P. A. PARRILO, Computing sum of squares decompositions with rational coeffi-
cients, Theoretical Computer Science, 409 (2008), pp. 269-281, https://doi.org/10.1016/j.
tcs.2008.09.025.

PRrRAJNA, A. PAPACHRISTODOULOU, P. SEILER, AND P. A. PARRILO, SOSTOOLS: Sum of
squares optimization toolbox for MATLAB, 2004, http://www.cds.caltech.edu/sostools.

M. PUTINAR, Positive polynomials on compact semi-algebraic sets, Indiana University Mathe-

J.

>

o

>

(-

matics Journal, 42 (1993), pp. 969-984, https://doi.org/10.1512/iumj.1993.42.42045.

RENEGAR, A mathematical view of interior-point methods in convex optimization, MOS-
SIAM Series on Optimization, Society for Industrial and Applied Mathematics (SIAM),
Phiadelphia, PA, 2001, https://doi.org/10.1137/1.9780898718812.

. T. ROCKAFELLAR, Convezx analysis, Princeton Landmarks in Mathematics, Princeton Uni-
versity Press, Princeton, NJ, 1997.

. SCHMUDGEN, The K-moment problem for compact semi-algebraic sets, Mathematische
Annalen, 289 (1991), pp. 203206, https://doi.org/10.1007/BF01446568.

. SEILER, SOSOPT: A toolbox for polynomial optimization, arXiv preprint arXiv:1308.1889,
(2013).

. SKAJAA AND Y. YE, A homogeneous interior-point algorithm for nonsymmetric convex
conic optimization, Mathematical Programming Ser. A, 150 (2015), pp. 391-422, https:
//doi.org/10.1007/s10107-014-0773-1.

. SOMMARIVA AND M. VIANELLO, Computing approzimate Fekete points by QR factorizations of
Vandermonde matrices, Computers & Mathematics with Applications, 57 (2009), pp. 1324—
1336, https://doi.org/10.1016/j.camwa.2008.11.011.

. F. SturM, Using SeDubMi 1.02, a Matlab toolbox for optimization over symmetric cones,

Optimization Methods & Software, 11-12 (1999), pp. 625-653, https://doi.org/10.1080/
10556789908805766. See also http://sedumi.ie.lehigh.edu/.

M. A. TAYLOR, B. A. WINGATE, AND R. E. VINCENT, An algorithm for computing Fekete

K

points in the triangle, STAM Journal on Numerical Analysis, 38 (2000), pp. 1707-1720,
https://doi.org/10.1137/S0036142998337247.

. C. Ton, M. J. Topp, aAND R. H. TUTUNCU, SDPT8 — a Matlab software package for
semidefinite programming, version 1.3, Optimization Methods & Software, 11-12 (1999),
pp. 545-581, https://doi.org/10.1080/10556789908805762.


http://http://docs.mosek.com/8.1/intro.pdf
http://http://docs.mosek.com/8.1/intro.pdf
https://doi.org/10.1007/978-1-4757-3216-0_17
https://doi.org/10.1007/978-1-4757-3216-0_17
https://doi.org/10.1080/10556788.2011.567270
https://doi.org/10.1137/1.9781611970791
https://doi.org/10.1007/s10107980009a
https://doi.org/10.1007/978-1-4612-0129-8
https://doi.org/10.1007/978-1-4612-0129-8
http://eudml.org/doc/237382
https://doi.org/10.1080/01621459.2012.656035
http://dx.doi.org/10.1080/01621459.2012.656035
http://dx.doi.org/10.1080/01621459.2012.656035
https://doi.org/10.1137/15M1053578
https://doi.org/10.1137/15M1053578
https://doi.org/10.1016/j.tcs.2008.09.025
https://doi.org/10.1016/j.tcs.2008.09.025
http://www.cds.caltech.edu/sostools
https://doi.org/10.1512/iumj.1993.42.42045
https://doi.org/10.1137/1.9780898718812
https://doi.org/10.1007/BF01446568
https://doi.org/10.1007/s10107-014-0773-1
https://doi.org/10.1007/s10107-014-0773-1
https://doi.org/10.1016/j.camwa.2008.11.011
https://doi.org/10.1080/10556789908805766
https://doi.org/10.1080/10556789908805766
http://sedumi.ie.lehigh.edu/
https://doi.org/10.1137/S0036142998337247
https://doi.org/10.1080/10556789908805762

30 DAVID PAPP AND SERCAN YILDIZ

[64] L. N. TREFETHEN, Approzimation Theory and Approzimation Practice, SIAM, Philadelphia,
PA, 2013.

[65] L. N. TREFETHEN AND D. BAau, III, Numerical Linear Algebra, STAM, Philadelphia, PA, 1997.

[66] H. Waki1, S. KiM, M. KoJiMA, AND M. MURAMATSU, Sums of squares and semidefinite pro-
gramming relazation for polynomial optimization problems with structured sparsity, STAM
Journal on Optimization, 17 (2006), pp. 218-242, https://doi.org/10.1137/050623802.

[67] T. WEISSER, J. B. LASSERRE, AND K.-C. ToH, Sparse-BSOS: a bounded degree SOS hierarchy for
large scale polynomial optimization with sparsity, Mathematical Progamming Computation,
10 (2018), pp. 1-32, https://doi.org/10.1007/s12532-017-0121-6.

Appendix A. Review of LHSCBs.

In this appendix, we provide a brief review of notions that are central to interior-
point method theory. Our presentation is based on the textbook [55].

Let K C R™ be a proper cone, and let K° denote its interior. Throughout this
appendix, we consider a twice continuously differentiable function F': K° — R. Let g
and H denote the gradient and Hessian of F'. We assume that H(x) is positive definite
for all x € K°. For any x € K°, the local norm at x is defined as v — ||H(x)Y?v]||.

Let Bx(u,r) o {veR"||H(x)"?(v —u)|| <} denote the open ball of radius r > 0
centered at u € R™ with respect to the local norm at x. The function F is said to
be self-concordant if for all x € K°, one has Bx(x,1) C K°, and for all v # 0 and
u € Bx(x,1), one has

|2y _ I
IHGO72] = T=[HG72(a — )]

1—|[H(x)"(u-x)| <

The function F is said to be a logarithmically homogeneous self-concordant barrier
(LHSCB) if it is self-concordant and satisfies the following conditions:

iy SUpyerco || H(x)~Y2g(x)||? is finite, and

ii. F(tx) = F(x) —vint for all x € K£° and ¢ > 0.
The quantity v is called the barrier parameter of F'.

Appendix B. Omitted Proofs.

Proof of Proposition 6.1. The cone ngl,zd C Vs,zd is always convex and has
nonempty interior. It can be shown using Corollary 9.1.3 in [56] that 2572(1 is also closed
whenever the system (18) is infeasible. In the remainder of the proof, we show that
Ei,Zd is pointed if and only if the system (18) is infeasible. Let dmax = max;=1, . m d;.
Suppose Z%,zd is not pointed. Then there exists a nonzero polynomial ¢ such that
(-t ¢ Ei,Qd' Let sf,s; € ¥,.24, be such that £ =Y"1" g;s7 and —0 =" g;s; .

3
Let s; def s;r +s; fori=1,...,m. It is clear that > ", g;s; = 0 and s; € ¥, 24, for

i=1,...,m. Furthermore, we cannot have sj =s;, =0foralli=1,...,m because
¢ is nonzero. Then Y /", s; = Yi" (s + s;7) # 0 because Iy, 24, is pointed. For
the converse, suppose there exist polynomials s1 € ¥, 24,,...,5m € Xy 24,, such that
St gisi=0and Y", s; # 0. Assume without loss of generality that s; is nonzero.
Then g;s1 is nonzero and belongs to E%Qd. Furthermore, —gis1 = Z;ZQ giS; € Ei@d'
This shows that g1s1 belongs to the lineality space of %% ,;, and hence X% ,; is not
pointed. 0
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