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Abstract—By not requiring expensive licenses, unlicensed spec-
trum lowers the barriers for firms to offer wireless services.
However, incumbent firms may still try to erect other entry
barriers. For example, recent work has highlighted how customer
contracts may be used as one such barrier by penalizing
customers for switching to a new entrant. However, this work did
not account for another potential benefit of unlicensed spectrum,
having access to this open resource may incentivize entrants to
invest in new and potentially better technology. This paper studies
the interaction of contracts and the incentives of firms to invest
in developing new technology. We use a game theoretic model to
study this and characterize the effect of contracts on economic
welfare. The role of subsidies or taxes by a social planner is also
considered.

I. INTRODUCTION

Recently, there has been much interest in expanding the
amount of unlicensed spectrum available for wireless com-
munications. For example the TV white spaces [2] and the
Generalized Authorized Access (GAA) tier in the 3.5 GHz
band [3] are both recent examples of policy in the U.S. that
supports unlicensed usage. Unlicensed spectrum lowers the
barriers faced by new firms seeking to enter the market for
wireless services and to deploy new technologies. However,
this spectrum also has a greater risk of becoming over con-
gested and yielding lower profits to firms offering service in
such a band [1], [8]. Though a license is not needed to offer
service in such a band, there are other forms of entry barriers
that firms using the band can employ. In this paper we explore
one such example, the use of customer contracts, a common
practice in the wireless industry.

The use of contracts as an entry barrier has been studied
in the economic literature in work such as [4], which shows
that an incumbent firm in a commodity market can effectively
use a simple contract as an entry barrier, resulting in a loss of
welfare. In recent work [5], we adopted the model from [4] and
applied it to a market for service using unlicensed spectrum.
A key difference between the spectrum market in [5] and the
commodity market in [4] is that spectrum is a congestible
resource, i.e., a user’s value for service will degrade as more
users share this resource. Due to this, in [5] it is shown that
an incumbent firm can effectively use a contract as an entry
barrier, but that doing this can increase both consumer welfare
and overall social welfare. The reason for this is that by
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reducing entry, contracts also help to reduce congestion. The
work in [5] focuses on the entry decision of a wireless service
provider with a given technology. This does not account for
another key feature of unlicensed spectrum, namely, that it
can help incentivize SPs to invest in the development and
deployment of new technology. In this paper we consider
this dimension and seek to understand the impact of customer
contracts on the incentives of a SP to invest in the development
of new technology. Contracts in wireless markets have also
been studied in other contexts such as [11], [13], [14].

As in [4], [5], we consider a simplified contract consisting
of only two variables: the service price and the liquid damage,
which is the price a customer pays for breaking the contract.
We combine this with a model as in [1], [8] for competition
among service providers (SPs) with unlicensed spectrum. As
in [1], [8], we assume that customers choose a SP based
on the delivered price, which is the sum of a service price
and a congestion cost. Similar models are also studied in [6],
[7], [9]. The congestion cost is increasing in the number of
customers served in the band modeling the congestible nature
of this resource. Different from [5], we consider a model in
which given the customers under contract, an entrant firm must
decide on how much to invest in the development of a new
technology. We assume that the outcome of this development is
uncertain and if the resulting technology is not “good enough,”
the entrant will fail to profit in the market. A contract can
discourage this investment as it makes the threshold for the
technology’s performance higher as the entrant needs to be
able to compensate users for breaking their contract and paying
the liquid damages. Adding this investment consideration
significantly complicates the model compared to [5] and leads
to different types of conclusions.

We adopt a multi-stage Bayesian game to model this situa-
tion. We assume that there is one SP who is the first to offer
service using a new unlicensed band. We refer to this first
SP as the incumbent. This SP may offer a long-term contract
to its customers as well as give them the opportunity to buy
service without a contract. Subsequently, one new entrant SP
has the opportunity to invest to develop technology for offering
service in this band. If the entrant invests and offers service
in the band, the customers under contract have the option
of breaking the contract and buying service from the new
entrant. At the time that customers are offered the contract,
we assume that both the customers and the incumbent are
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uncertain about the future Quality of Service (QoS) that will
be offered by an entrant. This QoS will in turn depend on
the amount the incumbent SP invests as well as an additional
random parameter, whose distribution is common knowledge.
Note in this setting, at times the incumbent may profit more
from the entrant entering the market and receiving the liquid
damages from each customer who breaks their contract, and so
in designing its contract it must weigh these potential gains
against the gain it makes from discouraging investment and
maintaining its status as a monopolist. Customers must also
weigh the lower service price they obtain from a contract and
the potential benefits they obtain by being able to more easily
switch to a new entrant. Finally, from a social planner point-of
-view, it is not clear if such contracts are beneficial as in [5]
or if they will result in a loss of welfare.
Our findings in this work include the following.

e As in [5], the incumbent SP should always offer an
exclusive contract meaning that the liquid damage fee
is greater than the contract service price. We call the
difference of these two the strictness of the contract. Our
results show that the contract strictness is increasing with
how much the new technology can improve the spectrum
efficiency and the incumbent’s uncertainty about the
entrant’s spectrum efficiency, and decreasing with the
incumbent’s spectrum utilization efficiency. The contract
service price is more complicated, but it will decrease if
the entrant’s investment efficiency improves.

o The customers should sign the contract if they have
a better expected payoff. Our results show that more
customers will sign the contract as investment efficiency
increases. This might be counter-intuitive. The reason is
that the incumbent will make the contract more attractive
to encourage more customers to sign.

o The entrant provider will invest as much as possible
whenever he decides to enter the market. There exists a
threshold for the entrant SP’s spectrum efficiency above
which the entrant SP will enter.

o Contracts can still improve the expected social welfare
although it might lower the probability of improved
technology being adopted depending on the parameters
of the incumbent’s technology. A social planner can
either subsidize customers switching service or restrict
the strictness of the contract to improve the overall social
welfare.

« If the incumbent’s technology has a constant investment
efficiency, then improving the limit of the technology’s
impact always increases social welfare, though it may not
benefit the incumbent’s expected profit. However, when
there exists a constant upper bound for the technology’s
impact, improving the investment efficiency is not always
beneficial for the social welfare when contracts are al-
lowed.

II. COMPETITION MODEL

In this paper, we focus on the situation where there is one
incumbent service provider, SP1, in the unlicensed market

facing the possible future entrance of one new entrant service
provider, SP2. We model this as a four-stage game among the
SPs and the customers.

Stage 1: The incumbent offers a contract to every customer.
Stage 2: The customers decide whether to accept or decline
the contract.

Stage 3: The entrant SP decides whether to enter the market
and how much to invest in a new technology.

Stage 4: If the entrant enters the market, both the entrant and
incumbent compete on price for customers.

We will discuss more details of these stages later.

A. Price competition Model

As in [1], [5], [8], we assume that all SPs in the market
compete for a common pool of customers to maximize their
revenue. The customers are modeled as non-atomic users with
a total mass of 1. Each customer will choose a SP considering
its delivered price given by the sum of its service price and a
congestion cost, which characterizes the SP’s QoS. We denote
the congestion cost of SP: by a function of total number of
customers in this band, g;(z7), and assume that it is increasing
in z7, the total number of customers receiving service from
any SP in the band. This means that the customers of all
SPs will suffer congestion due to all other users in this band;
this models the shared nature of the unlicensed band. For this
paper, to simplify our analysis, we assume that the congestion
costs are linear, i.e., g;(z7) = k;xr. Here, k; > 0 determines
the slope of SPi’s congestion cost function and may vary
across SPs to model differences in the technology they use
and the amount of infrastructure they originally invest in. Note
that a smaller slope indicates less congestion and thus a SP
with a better service. Hence, having a smaller k; enables a SP
to better compete in the market. Each SP announces a price
of p; for their service and seeks to maximize their profit p;xz;,
where z; is the mass of customers they serve. Each customer
is identified as x, © € [0,1], with a reservation price for
the service denoted by an inverse demand function v(x). We
assume v(x) is also linear and given by

v(z)=1-—=z.

A customer will only accept service if the delivered price
is no greater than its reservation price and seeks to obtain
service from the SP offering the lowest delivered price.
Without a contract, it follows that the customers must be in
a Wardrop equilibrium [10], which specifies that for an SP
serving customers it must be that g;(xr) + p; = v(zr). In
the market model in [1], [8] (without contracts) a market
equilibrium is a choice of price by each SP so that neither
can unilaterally improve their profit, assuming for any choice
of prices the customers are in a Wardrop equilibrium. In such
an equilibrium, it can be easily shown that the SP with the
larger value of k; will make no profit.

B. Investment

Different from prior work, here we assume that the entrant
firm is facing the option of investing in a new technology. We
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define g as the investment efficiency and I as the investment
of SP2. We denote k5 (7) as the slope of congestion function
g2 with investment I and assume this is given by:

k2(0) — BI,
k2(0) — A,

if 7 < Io,

O0.W.

ko(1) =

Here, A represents a maximum performance improvement
obtainable by investing no less than Iy, so that A = Slj.
k2(0) denotes the initial performance of the technology (with
no investment). It is private information of SP2. The customers
and SP1 only know that this is drawn from given distribution
which is common knowledge (as are all other parameters).
For simplicity in this paper we assume that this is a uniform
distribution on [(1—a)ky, (1+a)k;] for a given o > 0, i.e., the
expected value of the entrant’s technology without investment
is k1 and « indicates the uncertainty in the new entrant’s
technology. We will focus on the case where A < akj.
Otherwise, SP2 will always have a better technology than SP1
if it invests, in which case contracts are no longer interesting.
We denote this as Assumption 1. We further assume that when
making its investment decision the entrant is aware of the
outcome of the two previous stages, i.e., the parameters of
the contract offered and the number of customers that signed
the contract.

C. Contract

As in [4], [5] we consider that the incumbent offers all
customers a contract with service price PC and liquid damage
P,. Note that if the incumbent makes P, = 0, it will be
equivalent to not offering a contract. Such a contract is denoted
as {PC, Py}. In [5], it is shown that only exclusive contracts
are profitable for the incumbent, meaning that Py > Pf.1
Hence, we focus on such contracts in the following and we
denote the strictness of such a contract by y = Py — PF > 0.

Since customers are uncertain about the future QoS of an
entrant, they decide whether or not to sign a contract based on
their expected future pay-off, or equivalently on the expected
delivered price from the entrant. This in turn will depend on
the distribution of k5 (0), the investment decision of the entrant
and the number of other customers that sign the contract.

In stage 4, if SP2 enters the market with a better technology,
the customers may break the contract if SP2 is able to
offer them a sufficiently low delivered price. Note that if
2€ customers signed the contract, the delivered price for
customers in the contract is kyzp+ P, where x7 > ¢ is the
total customers accepting service at the end of the game. So, as
long as kexr+Py < kizr +P1C, SP2 is able to offer a positive
price for customers to switch service. This inequality gives a
threshold of ko smaller than which SP2 can make contract
customers break the contract and switch service. Denote this
threshold as ky.

When k, < ko < ki, SP2 may be able to make a profit
and attract customers who didn’t sign, but will not be able to

I These are termed exclusive because they require customers to break them
before getting service form a different SP modeling for example a market
with locked devices.

TABLE 1
KEY TERMS AND SYMBOLS
Symbol | Definition
ki Slope of congestion cost function of SPx.
A Technology impact. The maximum shift on the slope of
congestion cost function.
Investment efficiency that indicates the shift on the congestion
p cost slope given 1 unit investment.
1 Investment of SP2.
Plc Contract service price
Py Liquid damage fee paid to incumbent if contract is broken.
zC Number of customers sign the contract.
Y Defined as strictness of the contract, given by Py — Plc .
k* The threshold for SP2’s congestion cost slope to investment.
Tht threshold for SP2’s congestion cost slope to make contract
Ky customers switch service.

make contract customers switch. He will choose a price P> to
maximize his revenue, which is given by

Py = argmax po(xp — a:c)
D2
subject to koxp +p2 <1—x7p, (1)
> .
= 1+ Kk

Note in this case, SP1 and SP2 are competing for the remain-
ing customers on price and so to have a positive profit in
equilibrium, SP2’s price must be small enough so that SP1
can not undercut it. The second constraint in (1) ensures that
this is true as the right-hand side of this is the maximum
number of customers SP1 could serve when its price is zero.
If the realized ko is smaller than k;, this constraint should
hold because of the competition between SP1 and SP2. To
simplify our analysis we assume that « is small enough so
that this is always true in the remainder of the paper, in which
case T = lel if SP2 enters the market. We denote this as
Assumption 2. With this assumption, k, = k; — % can be
re-written as k; — (1 + k1)y. In the subsequent sections we
will give precise conditions for when this assumption holds.
Otherwise, when ko > k1, SP2 will not enter the market as is
explained in [1]. In this case, SP1 will offer a new price P}¥¢
to customers who didn’t sign before to maximize his revenue,
where
PNC = argmax  PPaC + py(zr — 2©)
p1 (2)

subject to kixp +p1=1—2x7.

C C
I=kz_ =2 We denote the amount of

xC

1
2(1+k1) 2 °
and the total customers when SP2 doesn’t enter is 2N F =

It follows that PNC =
new customers of SP1 as z1VC¢, where 2V¢ =

1 x
i T
III. METHOD
The proposed model leads to a multi-stage Bayesian game,
in which the players are SP1, SP2 and the customers. The

definitions of key terms and symbols are included in Table
I, and we will introduce the payoff functions and optimal
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strategies in the following subsections. We omit some detailed
proofs due to space limit and they can be found in [15].

A. SP2

As mentioned, in stage 3, SP2 needs to decide entry and
investment. There are three choices available: not entering,
entering without investment, or entering with investment. If
SP2 chooses not to enter, his payoff is 0. If SP2 enters, then
his pay-off is given by

u2(k2(0), I; POa-PlcvxC) =

-1, if k2(0) — BI = ku,
(e~ B 1 i< ) 51 < b
@Bl _ Cy —1, if k2(0) — BT < k.

In the first case, SP2’s technology is worse than SP1 so he
will lose the investment. In the second case, SP2’s can only
win the customers who didn’t sign the contract in stage 1. In
the third case, SP2 can attract customers to break contracts.

For sake of succinctness, we define h = (ﬁ —1)lp >0
as the maximum investment gain. It should be greater than
0, otherwise, SP2 will never invest. Equivalently, we assume
e > L

Note that at the stage SP 2 makes its decisions, it will know
Py, PC, ¢ and ko(0). Hence, given these parameters it will
seek to optimize uo over I and compare this with the pay-off
of 0 obtained by not entering. Also, note that ug is a convex
function of I, which means that SP2 will only choose to invest
0 or the maximum amount [.

Based on this, we define an investment judgment function
f(kQ(O)) = UQ(k2(0)7 Io)—’u,g(kg(()), 0) Since UQ(]CQ(O), 0) >
0, SP2 will enter and invest Iy if f(k2(0)) > 0 and not invest
if f(k2(0)) < 0. This leads to Lemma 1.

Lemma 1. If there exists k* € [(1 — a)k1, (1 + a)k1], such
thatf(k*) = 0 and f(k* —e€) > 0 for all € > 0, then SP2 will
invest Iy when ko(0) < k*, and not invest when ko(0) > k*.

Denote I* as the optimal investment for SP2. It follows
from Lemma 1 that

e :{0
Iy

Given k*, we can determine the probability of SP2 entering the
market and beating SP1 to take the whole market. Including
SP2’s investment decision, the realized ko(I*) in stage 3 is
uniformly distributed on [(1—«a)ky — B1o, k* — BIo]UK*, (1+
a)k1]. Denote the probability that ko(I*) < kq, ie., the
probability of entry, as ®¥(k*) and the probability that SP2
will not enter as @V (k*) = 1 — ®¥(k*). From the assumed
distribution of k2(0) we then have:

if ko (0) > k*
if ko(0) < k*

B , if k* < ky,
U = {“*“)’“’“* i k> k.

N[ =

2akq ’

Denote probability that ko(1*) < ky as ®P(k*,y). This is
the probability that SP2 enters and makes contract customers
switch. This is given by

k" —BIo—(1—a)k: ——
(pB(k*’y) = k1—(1-§2-%f)11/—(1—<;)/€1+510 lf k* ﬂIO - kb’
.2o¢k1 s if k* — 5.[0 > ky.

B. Customers

Uncertain about SP2’s future performance, customers need
to decide whether to sign the contract offered by SP1 or
wait for SP2’s entrance. To do this, they will maximize their
expected payoff at the end of the game. For customer x with
service value 1 — x, his expected delivered price if signing is:

DS (PF k", 2%) = @NF(k*) - (k12 P (z€) + PY)
+ ®F(k*) - (k2f + PF).

Note that =% and z¥F are the total number of customers in
stage 3 when SP2 enters and does not enter, respectively. The
delivered price is not changing whenever ks < k; since to
maximize SP2’s revenue, SP2 only need to offer a delivered
price a little bit lower than SP1 for the contract customers to
switch.?

If this customer doesn’t sign, his expected delivered price
is:

DY (y,k*,2%) = @NE(k*,y) (1 — 27" (2))
+ (I)E(k*’y)(l - xE)

The customer will choose the option with lower expected de-
livered price. We know that x7 under different cases depends
on the number of customers that have already signed, and
the probability ® of each case depends on SP2’s investment
strategy k*. We will show that customers will keep signing
the contract until D° > DW . We will study this in detail in
Sect. V.

C. SP1

For SP1, his payoff wu; is the expected revenue
uy (PE,y; k*,x¢), depending on the contract he offers, the
distribution of k; and number of customers who sign the
contract, given by:

up = ONE . NOPNC L @B . 29 Py + (1 — P)2C PE.

SP1’s decision is then to chose the contract parameters
Py, PP in stage 1 and its service price PNC in stage 3.
Note that in order to specify its contract parameters, it needs
to know k* and z¢, which it can determine via backward

induction. Specifically, in a sub-game perfect equilibrium, if

2To be precise, and ensure an equilibrium exists, we assume that if SP2
offers the same price as SP1, then it gets all customers (in this case the
customer equilibrium is not unique).
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a pure strategy equilibrium y*, PC* k*, 2°* exists, then these
values should satisfy the best response conditions:

y*, P = argmax uy (PC,y; k¥, 29%)

v, PP
k* = min k2(0)
f(k2(0); Py ,PE* @) <0
26% = max 2.

DS(PP* k*,z@)<DW (y* k*,z%)

We proceed in the following sections to solve for these.
We first analyze SP2 strategy in Sect. IV given the contract
and amount of customers signed. SP2’s strategy determines
the prior distribution of ks. Then we analyze the customers
decision in stage 2 in Sect. V, and finally consider what
contract will SP1 offer in Sect. VI. We then give conditions
for an equilibrium to exist in Sect. VII and characterize the
equilibrium welfare in Sect. VIII and the role of a social
planner in Sect. IX.

IV. STAGE 3: SP2’S ENTRY AND INVESTMENT

In this section, we characterize SP2’s investment and entry
strategy given Pf, Py and €. In Sect. III, we derived that
there is a threshold of k2(0) for SP2 to invest Iy. To further
derive the dependence of this threshold &* on y and ¢, we
classify k* by its relationship to k; and k; as follows:?

type A: k¥ — BIy < ky < k* < kq,
type B: ky < k¥ — Bly < k1 < k¥,
type D: k* — By < ky < ky < k™.
It can be proved that these are the only possible relationships

of these variables. Next, we give f(k2(0)) for each of these
different types:

xc%ljfo) — 2%y + h, type A,
FU(0) =14 (il —2€) = — I, type B,
’“(11%;1()2) — 2%y + (ﬁ — 1)1y, type D.

Recall, Lemma 1 specifies that f(k*) = 0. This yields:
hy + MR, type A,
k*(y,2) = { B + by — 2R type B,

ki —2%y(1 4 k)% 4+ h(1 + k)2, type D.
3)

When k* increases, SP2 is more likely to invest from SP1’s
and the customers’ perspectives. Equation (3) shows that k* is
decided by the number of customers that sign and the strictness
of the contract (i.e., ¥). It can be seen from (3) that k*(y, z¢)
is decreasing with ¢ and y. This is intuitive since as more
customers sign the contract or the contract is more strict, SP2
will be less likely to invest.

Using the conditions defining these types, we have:
o if 2¢ > h —, SP2 is in type A;

= . B
mm(y,ﬁ)

3We use type D instead of type C to avoid confusion with the subscript for
“Contract”.

li:x¢ =—
ly:x€ = 1l
2 1+ky y
L C 1 _1+k1
A X" ==
I I ak, + h
4 Y= —
#Y =00+ k) | 2xC
o akq,+BIy
lsty = 2(1+k1)
l3
ls B
0.2 0'3 0‘4 0.5 O‘G UI7 0‘8 0‘9 1
aki + Bl Y

2(1+ k1)

Fig. 1. The green lines separating the space to 3 areas shows how SP2’s type
depends on the number of customers signed and strictness of the contract.
The red line shows the equilibrium path, and the sub-figure on the left side
shows the value of the incumbent’s expected revenue on the equilibrium path.

: C 1 Io
o if ¢ < —
S TR min, )

e 1 I C o~ h .
o if 7 — 3 < 2™ <, SP2is in type D.

These constraints show that when z€ and y are big, k* will
be small so that SP2 will invest to make customers switch
service. When z¢ is small, SP2 will invest when ko(0) > k;
to win customers who didn’t sign. In this case, when y is
big, SP2 cannot make customers switch service, but when y
is small enough, SP2’s investment will enable it to win all
customers in service.

These three types are displayed in Fig. 1 with green dash
lines.

, SP2 is in type B;

V. STAGE 2: CUSTOMERS’ SIGNING PROCESS

In this section, we characterize how many customers will
sign the contract given Py and PC. When SP2 enters the
market with a good technology (k2(I) < kp), the customers
who signed the contract have an option of breaking the
contract and paying the liquid damage to SP1. This option
affects the customers’ consideration of signing the contract in
stage 1. As introduced in Sect. III, the condition that customer
a will sign is that his expected delivered price when signing
is lower than his expected payoff of waiting given that ¢
customers have signed, i.e.,

DS (PF k", 2%) < DV (y,k*,2°). (4)

Starting with 2¢ = 0, 2 will keep increasing as long as this
inequality holds. In other words, we need to find the largest
9%, such that for every z¢ € [0,2%*], this inequality holds
(see the left-hand side of Fig. 2). * Applying equation (3), we
have the following two lemmas:

1—4pPF
1+ky

Lemma 2. If k* < ki (type A), 2°* =

“It is possible for (4) to hold with equality for other values of z€, any
such choice would be a customer equilibrium; Here, we focus on 2% as the
most plausible of these.
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customers xC*
More customers

want to sign ;

1+k;

= Type A
Uppkr bound 1 A4kl N
1+k B
i \Type B
c 1k}21h112P16
0 xC* 1 x A+ky? 1 R(A+k)*
1+ky 4B 4 4ak,

Fig. 2. The figure on the left shows an example of the customers who sign
the contract. The figure on the right shows relationship between C* and Plc

Lemma 3. If k* < k* — BIy < ky < k*, i.e., SP2 is in type

ex 1 Io(14k1) 4ak, PP
B’ z T 14ky + akys—B1o (aklfﬂlo)(lJrkl)'
After applying the type constraints, 2°* has the following
forms:
2O (PC) =
1-4PC . 1+k1)?
T it 0< P < LRl
. 1 h(+k1)?
0, if PO > 1 - hOH)
1 Io(1+k1)?—4ak, PC oW
1+kq (ak1—BIo)(1+k1) o

This is shown in Fig. 2 (right). The number of customers that
sign the contract has nothing to do with the liquid damage Fy
but decreases with the contract service price PC. The reason
is that if SP2 comes with a better technology that attracts
customers to switch service, SP2 will need to set its price low
enough to compensate for Py. However, PC has a significant
effect that increases the delivered price of those customers.
The two lemmas above do not consider type D, and we will
show the reason in Sect. VI. For now, we just focus on type
A and B. We know that, when PF < (iﬂ’ SP2 will be
in type A, in which SP2 invest to attract contract customers.
Customers are less sensitive to PC in this case.

VI. STAGE 1: INCUMBENT’S CONTRACT DESIGN

Our last step of backward induction is analyzing how SP1
will decide the contract offered to maximize his expected
revenue. We first apply z* to k*(2C,y), so that k* is fully
determined by the contract. We use k*(PC,%) to denote k*
after applying the customers signing equilibrium and then con-
tinue to substitute k*, 2 in u; (PC, y, k*, 2°) with &*(PF, y)
and ¢ (P{), so that we have

u (P y) = <I>B(k*(Plc,y)) 2% (P +y)
+ ®NE(k*(PLLy)) -2y C (a9 (PO)) - PN (2 (PF))
+ (1 - P(k*(PF »y)7y))'96 - Pf.

Note SP1 will have different calculations of his expected
revenue under different types. In each type, we solve:

max ui (P, y)
P 5)
subject to: type constraints.

IEEE Conference on Computer Communications

For example, when SP2 is type A, applying the type constraint
c h

z¢ > —t 10 2¢*(PF) yields
min(y, 120 )
1 h(1+ k)
P < 1 4 i By
4 - min(y, 1Jrkl)

The expected payoff of SP1 when SP2 is type A can be written
as

1,1—kia® —2¢ 1—ka€ —2¢
PC ) == .
u1( 1 aZ/) 2( 2(1+k1) 9 )
(14+ o)k — k" - ¢
P, 6
Dok, z¢ Py (6)
E*—(1—a)k
Tklxc(y+Pf),
where
. h(l+k
k :k1_(1+k1)y+%7
1—4pP¢
20 — 1

14k

The first line of (6) denotes the expected profit from new
customers in stage 4. Since k* < k;, the probability that k;
is smaller than k9 is 1 . The maximized profit is % .
1-ke®—a® , where the price for new customers is 1=k12°—a%
The second line of (6) denotes the expected profit from
contract customers when the contract is not broken. The
probability of this case is % because k* > k;, while

— BI < k. The profit in this case is ¢ PF. Similarly,
the third line of (6) denotes the expected profit from contract
customers when the contract is broken. Optimizing this over

y yields

ook b
Y T+ ky) | 220

Oékl h(1+k1)

k* =k — —2 p T
e

Substituting these into (6) and taking derivatives gives

our(PC,y*)  h2(1+ ky)? 1 —4PF ak;
OPC  2ak;(1—-4PF)2  1+k  2(1+k)?
o?k2 (+k)> .
Assuming h > 73f(1+k e or 3 > 71_2(?&1), it can be

aul(Pl Y )
shown that —opo

> 0. We denote this assumption
Assumption 3. With this assumption, u; (P, y*) is increasing
in PF. So, PF* should be the largest value allowed in this

case, ie, PC* = 1 - % At the equilibrium, y
min(y, TTh;

should be greater than 1&101 to enlarge SP1’s expected profit.

To sum up, if SP2 is type A, SP1 will choose the contract

to be

*_ak1+ﬂ10
2(1+ k1)’
. (1+k)?
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Using these one can verify that k* — 8y < kb < k* < kq, as
required to be type A.

Similarly when SP2 is type B, we can show that 1f z =

%ﬁgﬁfﬁ,ﬁz) - 4%31 + ID(;;]?)Q > (Hkl) , SP1 will choose
the contract to be
« _ aki+ Bl
214 ky)’
pox_ 1 (Blo+ ak))?  BIy  To(1+k1)?
! 4 Saki(1+Fk) 4ok 8ak,

If SP2 is type D, u;’s derivative of y can similarly be given
by:

our(PC.y)  h(+k)> 1 4PC
y  daky 4
c")E(ul)

Note that is always greater than 0. In other words, u;
is increasing 1n y. Thus y* will hit the boundary of this type.

VII. EQUILIBRIUM

In this section, we characterize the equilibrium of this game.
Lemma 4. u,(PC,y) is a continuous function of PC and y.
Lemma S. No equilibria could be in type D.

We illustrate this in Fig. 1. In area A, w; is maximized on
4. In area C, u; is maximized on [5. From Sect. VI, we know
that in type D, u; (P, y) is maximized on the type boundary,
I, and 5. Since u; is a continuous function of ¢ and v, the
value of uq on [; and [y is smaller than u; on l4 and l5. So
SP1 will never select a contract resulting in type D.

Theorem 1. If Assumptions 1-3 hold, there exists a unique
equilibrium, either in type A or type B, and
* _Oékl + BIO
21+ k1)’

= I

if ko(0) < k*
x 1 (BIo+ak)? BI
Let P} = PB—*_Wﬂkl)_m&
If P > Pg, the equlllbrlum is in type A, and
PC* = Pj,
ck 1 _ (1 + kl)
14k g
ak; 510
E* =k — —+—
T T
If P} < Pg, the equilibrium is in type B, and
Plc* = PE?
oo (BIg+ aky)? + Io(1 + kq)?
2(1 =+ kl)Z(Oék'l — ﬁfo) ’
Io(1+ k)2
=0lh+k ———mFF—.
Blo + ki 1= (1+ky)aC
The equilibrium is unique because under our assumptions,
u1 (PE,y*) is monotonically increasing in PC when PF <

(1+k1)

Io(1+k1)?
8ak1 :
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0.12 —— Assumption 1
——Assumption 2
Assumption 3

Fig. 3. An example of feasible region when k1 = 1, o« = 0.5.

PF*, and monotonically decreasing in PX when PS > PC*.
A numerical example of the relationship between u; and 2¢*
is shown on Fig. 1.

First, we discuss the assumptions in this theorem. Assump-
tion 3 is a sufficient condition for monotonicity of u; (P, y*)
in type A. If this condition is violated, the maximum of
uy (PF ,y *) is difficult to characterize. Assumption 2 implies
m-i- 2 < 1+1k , meaning that for any possible
kg, it is not p0551b1e for SP2 to attract more customers than
I +k1. As is shown on Fig. 3, the resulting feasible values of
£ and I satisfying these assumptions is the region labeled
I. Region II violates Assumption 2, making the equilibrium
difficult to characterize. Region III violates Assumption 1, in
which case no customer will sign the contract. This is easy to
solve but not as interesting.

Using this result, we can then characterize how the param-
eters affect the equilibrium. As investment efficiency 3 or I
increases, SP1 will make the contract more strict and lower
the contract service price so that more customers will sign the
contract. If SP1 is more uncertain about of SP2’s technology
(i.e., v increases), SP1 will also make the contract more strict.

VIII. WELFARE ANALYSIS

Next we analyze the firm’s expected profit, the expected
customer surplus, defined as the sum of all customers’ ex-
pected payoffs, and the expected social welfare defined as the
expected sum of firms’ profit and customer surplus.

A. Impact of new technologies maximum power.

Here, we set 3, the investment efficiency, to be unchanged,
so that the technology power A = [, is increasing with
Iy. As is shown in Fig. 4, without contracts, SP1’s expected
revenue SP1 ¢ is decreasing with Ip; SP2 expected revenue
SP2y¢ is increasing with Iy. This is intuitive. However, in
the market with contracts, when SP1’s technology represented
by k; is good enough, its revenue SPlo can be increasing
with Iy when the new technology can sufficiently improve the
spectrum efficiency. The reason is that contracts enable SP1
to profit from the liquid damage, and the liquid damage profit,
no mater paid by the customers or the entrant is because of
the improved spectrum utilization. So, as the new technology
can improve the spectrum efficiency more, SP1 is able to get
more revenue. Interestingly, the two firms’ profit can be both

1931



IEEE INFOCOM 2018 - IEEE Conference on Computer Communications

SP1's Profit
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Fig. 4. An example of SP1, SP2’s expected revenue, expected customer
surplus and social welfare under contract, no contract and monopoly cases
changing with Ip when k1 =1, 3 =6, a = 0.5.

decreasing with Iy when I is small. As Ij increases, SP1 will
make a stricter contract, decreasing SP2’s revenue decrease.

We can observe from the lower left graph that the expected
customer surplus is dramatically increased (compared to the
monopoly case) due to the potential entry of SP2, and it
is increasing linearly with I if contracts are not allowed
in the market. However, when contracts are allowed, the
expected customer surplus will first increase with I, but as Iy
grows, the equilibrium moves from type B to type A and the
expected customer surplus becomes constant. From the lower
right graph, observe that the expected social welfare is also
increasing with Ij.

B. Impact of the investment efficiency.

If we keep A as power of the new technology unchanged
and increase the investment efficiency (5, SP1’s revenue is
always decreasing with 3 and SP2’s profit, customer surplus
and social welfare are all increasing with S when contracts
are not allowed in the market, as is shown in Fig. 5. This is
intuitive, but it is more interesting when contracts are used. As
is shown in Fig. 5, SP2’s expected profit is decreasing with 3
when ( is small and the equilibrium is in type A. The reason
is that SP1 will set a more strict contract as the investment
efficiency increases while the number of customers who sign
in equilibrium increases. This lowers the expected profit of
the entrant provider. However, as 3 grows, the equilibrium
moves to type B. The positive effect of an increased investment
efficiency is now dominating as the probability that SP2 enters
the market and invests increases and the cost of investment
decreases. We can also observe from this figure that when S is
large enough, social welfare is decreased by the contract. The
intuition is that as 3 increases, the new technology is more
beneficial for improving welfare. However, the existence of

SP1’s Profit

0.07 0.055 SP2's Profltv

-=== SPly 0.05
SP1,

0.045
0.04
’

0.035

Revenue
o
o
o
a
)
Revenue

S 0.03
0.025

Social welfare

0.195

eee SWyg
A

Customer Surplus

0.08 - - 0.175
5

Fig. 5. An example of SP1, SP2’s expected revenue, expected customer
surplus and social welfare under contract and no contract cases changing
with 8 when k1 =1, A =0.2, « = 0.5.

SP1's Profit SP2's Profit

0.066

Customer Surplus

0.3 0.4 0.5 0.6 0.7 0.2 03 0.4 0.5 0.6 0.7

Fig. 6. SP1, SP2’s revenue, customer surplus and social welfare under contract
and no contract cases when k1 = 1, 8 =5, Ip = 0.02.

the contract as an entry barrier lowers the possibility that the
new technology is adopted. When £ is small, social welfare
with the contract is increased, and the social welfare is not
always increasing with 5 when contracts are allowed in the
market. The reason is similar as in the former section where I
decreases SP2’s expected profit. When [ is small, the increase
of 3 urges SP1 to set a more strict contract which harms SP2’s
expected payoff and in turn decreases the social welfare.

C. Impact of the incumbent’s uncertainty level.

Next, we analyze how the welfare will change when «
increases, as is shown in Fig. 6. It is surprising that when
there is no contract, SP1’s expected revenue can be increasing
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with a. The reason is that as « increases, the probability that
SP2 will not enter the market is actually increasing. We can
observe from the figure that SP1’s expected profit is increased
when contracts are offered to customers. What is not shown
in the figure but equally important is that the coefficient of
variation (CV) is also greatly decreased by the contracts. In the
example shown in the figure, the CV of SP1’s profit without
contracts is around 100% while the CV is reduced to around
45% if contracts are offered. So, by using contracts, SP1’s
profit is more stable in stage 3, which SP1 would prefer if he
is risk adverse. Intuitively, customer surplus is decreased with
«, as the customers have better payoff when SP2 enters the
market. However, the increase of « decreases the probability
that SP2 enters which hurts customers.

IX. SOCIAL PLANER

For a social planner, a key question is how to regulate the
market to increase social welfare. There are several options.
One choice is add a subsidy or tax d on the liquid damage
Py. Another choice is to set an upper bound for the difference
between the liquid damage and contract price, i.e. y.

A. Subsidy or tax

Suppose that the social planner can charge SP1 —d tax for
the liquid damage if d < 0 or compensate SP1 for the loss of
customers by a subsidy d if d > 0. Then the payoff of SP1 is
now given by

up = ONE . G NOPNC L B . 2C (P 4+ d) 4+ (1 — &B)2C PE.

We can solve for the resulting equilibrium as before, yielding:

Lemma 6. Social welfare can be increased if the incumbent
SP is compensated with some subsidy d > 0.

The intuition is that due to the subsidy, SP1 will offer a less
strict contract increasing SP2’s likelihood of investing.

B. Bounding y

The subsidy lowers the barrier to entry and investment
indirectly. A more straightforward approach is restricting the
strictness of the contracts offered, i.e., bounding y. It follows
that y* will be equal to the bound that social planner sets. Due
to the space limit, here we just include a numerical example
in Fig. 7, where the bound is set to be % of the optimal y for
SP1. We can see that the expected social welfare can also be
improved this way.

X. CONCLUSION

We studied a game theoretical model of an unlicensed
spectrum market with the option of contracts and investments
in new technologies. The resulting model is a multi-stage game
with incomplete information, which captures the behavior of
entrant and incumbent SPs and customers. We are able to give
conditions under which a unique market equilibrium exists.
Further, we show how the welfare during the equilibrium
changes with different factors. Finally, we characterize how
social planners can better regulate the market.

Social Welfare

0.19 0.188
0.1821
0.1787
0.18 0.1758
0.17
0.18 0.1562
0.15
0.14
Licensed Contract Contract Contract with Contract
prohibitive allowed subsidy restricted(50%)

Fig. 7. An example of increased social welfare under different regulations
when k1 =1, a = 0.5, 8 =6, Ip = 0.02.

REFERENCES

[1] Nguyen, Thanh, et al. “The impact of additional unlicensed spectrum
on wireless services competition.” New Frontiers in Dynamic Spectrum
Access Networks (DySPAN), 2011 IEEE Symposium on. IEEE, 2011.

[2] Federal Communications Commission, “Unlicensed Operation in the TV
Broadcast Bands/Additional Spectrum for Unlicensed Devices Below 900
MHz and in the 3 GHz Band”, FCC Report and Order, September, 2010

[3] Federal Communications Commission, “Amendment of the Commission’s
Rules with Regard to Commercial Operations in the 3550-3650 MHz
Band,” Report and order and second further notice of proposed rulemak-
ing, 2015.

[4] P. Aghion and P. Bolton, “Contracts as a Barrier to Entry,” The American
economic review, pp. 388-401, 1987.

[5] Yining Zhu, R. A. Berry, “Contract as Entry Barriers in Unlicensed
Spectrum”, IEEE INFOCOM Workshop on Smart Data Pricing, May.
2017.

[6] C. Liu and R. Berry, “Competition with shared spectrum,” 2074 IEEE
International Symposium on Dynamic Spectrum Access Networks (DYS-
PAN), 2014.

[71 F. Zhang, and W. Zhang, “Competition between wireless service
providers: Pricing, equilibrium and efficiency,” 2013 11th International
Symposium on Modeling & Optimization in Mobile, Ad Hoc & Wireless
Networks (WiOpt), 2013.

[8] T. Nguyen, H. Zhou, R. Berry, M. Honig, and R. Vohra, “The Cost of
Free Spectrum.,” Operations Research, vol. 64, no. 6, pp. 1217-1229,
2017.

[9] P. Maill, B. Tuffin, and J. Vigne, “Competition between wireless service
providers sharing a radio resource,” International Conference on Research
in Networking, 2012.

[10] J. G. Wardrop, “Some theoretical aspects of road traffic research,” ICE
Proceedings: Engineering Divisions, vol. 1, no. 4, 1952.

[11] L. Duan, L. Gao, and J. Huang, “Contract-based cooperative spectrum
sharing,” 2011 IEEE Symposium on New Frontiers in Dynamic Spectrum
Access Networks (DySPAN), 2011.

[12] D. Braess, “ber ein Paradoxon aus der Verkehrsplanung,” Un-
ternehmensforschung vol. 12, pp. 258-268, 1968.

[13] G. S. Kasbekar, S. Sarkar, K. Kar, P. Muthusamy and A. Gupta,
“Dynamic contract trading in spectrum markets,” 2010 48th Annual Aller-
ton Conference on Communication, Control, and Computing (Allerton),
Allerton, IL, 2010, pp. 791-799.

[14] L. Gao, X. Wang, Y. Xu and Q. Zhang, “Spectrum Trading in Cognitive
Radio Networks: A Contract-Theoretic Modeling Approach,” in IEEE
Journal on Selected Areas in Communications, vol. 29, no. 4, pp. 843-
855, April 2011.

[15] Y. Zhu and R. Berry, “Contracts as
Barriers in Unlicensed Spectrum [extended
https://www.dropbox.com/s/e9hnepyjfshlur3/appendix.pdf?dl=0

Investment
version],

1933



