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1. Introduction

Suppose that K is a field. Associated to a valuation ν of K is a value group Φν and a
valuation ring Vν with maximal ideal mν . Let R be a local domain with quotient field K.
We say that ν dominates R if R ⊂ Vν and mν ∩ R = mR where mR is the maximal ideal
of R. We have an associated semigroup

SR(ν) = {ν(f) | f ∈ R \ (0)},
as well as the associated graded ring of R along ν

(1) grν(R) =
⊕
γ∈Φν

Pγ(R)/P+
γ (R) =

⊕
γ∈SR(ν)

Pγ(R)/P+
γ (R)

which is defined by Teissier in [18]. Here

Pγ(R) = {f ∈ R | ν(f) ≥ γ} and P+
γ (R) = {f ∈ R | ν(f) > γ}.

This ring plays an important role in local uniformization of singularities ([18] and [19]).
The ring grν(R) is a domain, but it is often not Noetherian, even when R is. In fact, a
necessary condition for grν(R) to be Noetherian is that Φν be a finitely generated group.

In this paper, we answer the following question, which is a natural generalization of
local uniformization.

Question 1.1. Suppose that R is a Noetherian local domain which is dominated by a
valuation ν. Does there exist a regular local ring R′ of the quotient field K of R such that

ν dominates R′ and R′ dominates R, a prime ideal p of the mR′-adic completion R̂′ of

R′ such that p′ ∩ R′ = (0) and an extension ν̂ of ν to the quotient field of R̂′/p which

dominates R̂′/p such that

grν(R′) ∼= grν̂(R̂′/p)?

A nonzero prime ideal p may be necessary to obtain the conclusions of Question 1.1, as
is shown in [17] and [10].

If ν has rank 1, then we easily obtain a prime p in the completion of R such that

grν(R) ∼= grν̂(R̂/p)

as we now indicate.
Suppose that R is a Noetherian local domain which is dominated by a rank 1 valuation

ν. For f ∈ R̂, we write ν(f) = ∞ if there exists a Cauchy sequence {fn} in R which
converges to f , and such that limn→∞ ν(fn) =∞. We define ([7, Definition 5.2]) a prime
ideal

P (R̂)∞ = {f ∈ R̂ | ν(f) =∞}
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in R̂. We then have a canonical immediate extension ν̂ of ν to QF(R̂/P (R̂)∞) which

dominates R̂/P (R̂)∞.
The following lemma appears in [11].

Lemma 1.2. Suppose that ν is a rank 1 valuation of a field K and R is a Noetherian local
domain which is dominated by ν. Let ν̂ be the canonical extension of ν to QF(R̂/P (R̂)∞)

which dominates R̂/P (R̂)∞. Then the inclusion R→ R̂/P (R̂)∞ induces an isomorphism

grν(R) ∼= grν̂(R̂/P (R̂)∞).

Proof. Suppose h ∈ R̂ \ P (R̂)∞. There exists a Cauchy sequence {fn} in R such that
limn→∞ fn = h. Let m be a positive integer such that mν(mR) > ν̂(h) (where ν(mR) =

min{ν(g) | g ∈ mR}). There exists n0 such that fn − h ∈ mm
R R̂ for n ≥ n0. Then

inν(fn) = inν̂(h) for n ≥ n0. �

From Lemma 1.2, we obtain a positive answer to Question 1.1 for local domains R and
rank 1 valuations ν which admit local unformization. A positive answer to Question 1.1

for rank 1 valuations with the additional conclusion that R̂′/p is a regular local ring is
given in [4] and in [7, Theorem 7.2] for R which are essentially of finite type over a field
of characteristic zero. This is generalized somewhat in [6] and [9].

Related to Question 1.1 is the following question, which we will also answer.

Question 1.3. Suppose that R is a Noetherian local domain which is dominated by a
valuation ν. Does there exist a regular local ring R′ of the quotient field K of R such that
ν dominates R′ and R′ dominates R, and an extension νh of ν to the quotient field of the
Henselization (R′)h of R′ which dominates (R′)h such that

grν(R′) ∼= grνh((R′)h))?

A positive answer to Question 1.1 would imply a positive answer to Question 1.3.
We prove the following proposition on the extension of associated graded rings under

an unramified extension in [5], which gives a start on answering Question 1.3. Related
problems are considered in [11].

Proposition 1.4. ([5, Proposition 1.7]) Suppose that R and S are normal local rings
such that R is excellent, S lies over R and S is unramified over R, ν̃ is a valuation of the
quotient field L of S which dominates S, and ν is the restriction of ν̃ to the quotient field
K of R. Suppose that L is finite over K. Then there exists a normal local ring R′ of K
which is dominated by ν and dominates R, such that if R′′ is a normal local ring of K
which is dominated by ν and dominates R′ and S′′ is the normal local ring of L which is
dominated by ν̃ and lies over R′′, then R′′ → S′′ is unramified, and

grν̃(S′′) ∼= grν(R′′)⊗R′′/mR′′ S
′′/mS′′ .

We give an example at the end of of [5, Section 5] showing that it may be necessary
to take R′ 6= R to obtain the conclusions of Proposition 1.4 if ν has rank greater than
1. The ring R is regular and there is no residue field extension in the example. This
example shows that it may be necessary to perform a proper extension R → R′ take
R′ 6= R to obtain a positive answer to Question 1.3 or 1.1, even if R is a regular local ring.
This problem arises from the fact that the residue field under blowing up of the center
of a composite valuation can increase. Related examples are considered in [11]. In [11,
Remark 2], it is already observed that the increase of residue field under blowing up of
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the center of a composite valuation is a critical issue in understanding an extension of a
valuation dominating a local domain to its completion.

In this paper, we show that Question 1.3 and Question 1.1 have a negative answer in
general. This is accomplished in Theorems 1.5 and 1.6 stated below, which are proven in
Section 5. The examples of the theorems are on three dimensional regular local rings which
are a localization at a maximal ideal of a polynomial ring over an arbitrary algebraically
closed field.

Theorem 1.5. Suppose k is an algebraically closed field. Then there exists a three dimen-
sional regular local ring T0, which is a localization of a finite type k-algebra, with residue
field k, and a valuation ϕ of the quotient field K of T0 which dominates T0 and whose
residue field is k, such that if T is a regular local ring of K which is dominated by ϕ
and dominates T0, T h is the Henselization of T and ϕh is an extension of ϕ to the quo-

tient field of T h which dominates T h, then ST
h
(ϕh) 6= ST (ϕ), under the natural inclusion

ST (ϕ) ⊂ STh(ϕh).

Theorem 1.6. Suppose k is an algebraically closed field. Then there exists a three dimen-
sional regular local ring T0, which is a localization of a finite type k-algebra, with residue
field k, and a valuation ϕ of the quotient field K of T0 which dominates T0 and whose
residue field is k, such that if T is a regular local ring of K which is dominated by ϕ and
dominates T0 and T̂ is the mT -adic completion of T , then there does not exist a prime
ideal p of T̂ such that p ∩ T = (0) with an extension ϕ̂ to the quotient field of T̂ /p which

dominates T̂ /p such that ST̂ /p(ϕ̂) = ST (ϕ), under the natural inclusion ST (ϕ) ⊂ ST̂ /p(ϕ̂).

A very interesting related problem, which is still open, is [11, Conjecture 1.1] on the
existence of “scalewise birational” extensions of associated graded rings. [11, Conjecture
1.1] is a refinement of [18, Statement 5.19]. The two results Theorem 1.5 and Theorem
1.6 of this paper are counterexamples to possible hopes of improving the statements of
Conjecture 1.11 and Theorem 7.1 of [11].

This paper relies on the construction of generating sequences (Section 3), using the
algorithm of [8], which is a generalization of the algorithm of [17]. The construction of
generating sequences in a local domain which is dominated by a valuation which provide
enough information to determine the associated graded ring along the valuation is an
important problem. Some recent papers addressing this are [9], [12], [14] and [16].

2. Notation

The nonnegative integers will be denoted by N and the positive integers will be denoted
by Z+. If Λ is a subset of an Abelian group G then G(Λ) will denote the group generated
by Λ and S(Λ) will denote the semigroup (containing zero) generated by Λ.

The maximal ideal of a local ring R will be denoted by mR. Suppose that K is a field.
A local ring of K is a local domain whose quotient field is K. We will say that a local
domain B dominates a local domain A if A ⊂ B and mB ∩ A = mA. If a regular local
ring B dominates a local domain A and B is a local ring of the blow up of an ideal I in
A, then a strict transform of an element f ∈ A in B is a generator g of the principal ideal
(f) :B IB; that is, g is a generator of the ideal of the strict transform of Spec(A/(f)) in
Spec(B).

If ν is a valuation of a field K, Vν will denote the valuation ring of ν, mν will denote
the maximal ideal of Vν and Φν will denote the value group of ν. The basics of valuation
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theory are explained in [21, Chapter VI] and [3, Chapter II]. We will say that a valuation
ν dominates a local domain R if Vν dominates R. We define the semigroup

SR(ν) = {ν(f) | f ∈ R \ {0}}.

3. Construction of generating sequences of a valuation

Suppose that R is a local domain and ν is a valuation dominating R. A sequence of
elements {Pi} in R is called a generating sequence for ν if the classes inν(Pi) of the Pi in
Pν(Pi)/P

+
ν(Pi)

generate grν(R) as an R/mR-algebra.

Let k be an algebraically closed field, The regular local ring R0 = k[x, y, t](x,y)
∼=

k(t)[x, y](x,y) has regular parameters x, y and residue field R0/mR0
∼= k(t). We will induc-

tively define a generating sequence

P0 = x, P1 = y, P2, . . .

in R0, defining a valuation ν dominating R0, using the method of the proof of [8, Theorem
1.1]. The generating sequence will satisfy the good conditions of the conclusions of [8,
Theorem 4.2]. Let p1, p2, . . . be the sequence of prime numbers, excluding the characteristic
of k. Define a1 = p1 + 1 and inductively define positive integers ai by

ai+1 = pipi+1ai + 1.

Define

Pi+1 = P
p2i
i − (1 + t)xpiai

for i ≥ 1. Set ν(x) = 1 and

ν(Pi) =
ai
pi
ν(x) for i ≥ 1.

We have gcd(ai, pi) = 1 for all i. Thus G(ν(P0), ν(P1)) = 1
p1
Z and

ni := [G(ν(P0), . . . , ν(Pi)) : G(ν(P0), . . . , ν(Pi−1)] = pi

for i ≥ 1.
We have ν(Pi) > p2

i−1ν(Pi−1) for i ≥ 2 and the value group

(2) Φν = ∪i≥1
1

p1p2 · · · pi
Z.

Let κ be an algebraic closure of k(t) and let αi ∈ κ be a root of fi(u) = upi− (1+ t) ∈ k[u]
for i ≥ 1. Since the pi are all pairwise relatively prime, by induction on i, we see that
fi(u) is the minimal polynomial of αi over k(α1, . . . , αi−1) and

di := pi = [k(t)(α1, . . . , αi) : k(t)(α1, . . . , αi−1)]

for i ≥ 1. Since ni = dini = p2
i for i ≥ 1, by the algorithm of the proof of [8, Theorem 1.1],

the Pi are the generating sequence of a valuation ν dominating R0 which has the property
that setting Ui = xai for i ≥ 1, we have Vν/mν = k({αi | i ≥ 1}) with

αi =

[
P
pi
i

Ui

]
∈ Vν/mν

for i ≥ 1.
From p1ν(y) = a1ν(x) with gcd(a1, p1) = 1, there exist a0, b0 ∈ Z+ such that p1b0 −

a1a0 = 1. Set

x = x
p1
1 ỹ

a0
1 , y = xa11 ỹ

b0
1 .
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Then ν(x1) > 0 and ν(ỹ1) = 0. Set

R1 = R0[x1, ỹ1]mν∩R0[x1,ỹ1].

By [8, Theorem 7.1],

x1, y1 =
P2

x
a1p21
1

are regular parameters in R1 and

P0,1 = x1, P1,1 =
P2

P
a1p21
0,1

,

Pi,1 =
Pi+1

P
a1p21···p2i
0,1

for i ≥ 1 is a generating sequence for ν in R1. For i ≥ 1, we have

Pi+1,1 =
Pi+2

P
a1p21···p2i+1

0,1

= P
p2i+1

i,1 − (1 + t)ỹ
a0ai+1pi+1

1 x
pi+1(p1ai+1−a1p21···p2i pi+1)
1 .

Set

ai,1 = p1ai+1 − a1p
2
1 · · · p2

i pi+1

and

τi,1 = ỹ
a0ai+1

1 ,

a unit in R1 for i ≥ 1. Then we have expressions

(3) Pi+1,1 = P
p2i+1

i,1 − (1 + t)τ
pi+1

i,1 x
pi+1ai,1
1

for i ≥ 1. We have

ν(x1) =
1

p1

ν(x) =
1

p1

and ν(Pi,1) =
ai,1
pi+1

ν(x1)

with gcd(ai,1, pi+1) = 1 for all i ≥ 1.
We have that

R1/mR1 = R0/mR0

[
P
p2
1

P a10

]
= R0/mR0 [α1] = k(t)(α1),

ni,1 := [G(ν(P0,1), . . . , ν(Pi,1)) : G(ν(P0,1), . . . , ν(Pi−1,1))] = ni+1 = pi+1

for i ≥ 1 and setting Ui,1 = x
ai,1
1 for i ≥ 1 and

αi,1 =

P pi+1

i,1

Ui,1

 ∈ Vν/mν .

Let τ i,1 ∈ R1/mR1 = k(t)(α1) be the class of τi,1 in Vν/mν . We have that

fi,1(u) = upi+1 − (1 + t)τ
pi+1

i,1

is the minimal polynomial of αi,1 over

R1/mR1)(α1,1, . . . , αi−1,1) = k(t)(α1, . . . , αi).

Thus

di,1 := [R1/mR1(α1,1, . . . , αi,1) : R1/mR1(α1,1, . . . , αi−1,1)] = pi+1
5



and

ni,1 := di,1ni,1 = p2
i+1

for i ≥ 1.
Iterating this construction, we have an infinite sequence of birational extensions of

regular local rings

R0 → R1 → · · · → Rj → · · ·
which are dominated by ν where Rj has regular parameters xj , yj and a generating se-
quence {Pi,j} for ν defined by

P0,j = xj , P1,j = yj

and for i ≥ 1,

Pi+1,j = P
p2i+j
i,j − (1 + t)τ

pi+j
i,j x

pi+jai,j
j

where τi,j are units in Rj and gcd(ai,j , pi+j) = 1. We have

ν(xj) =
1

p1 · · · pj
and ν(Pi,j) =

ai,j
pi+j

ν(xj)

for i ≥ 1.
We have that

Rj/mRj = Rj−1/mRj−1

 P p1+j1,j−1

P
a1,j−1

0,j−1

 = Rj−1/mRj−1 [α1,j−1] = k(t)(α1, . . . , αj),

ni,j := [G(ν(P0,j), . . . , ν(Pi,j)) : G(ν(P0,j), . . . , ν(Pi−1,j))] = ni+j = pi+j

for i ≥ 1 and setting Ui,j = x
ai,j
j for i ≥ 1 and

αi,j =

P pi+ji,j

Ui,j

 ∈ Vν/mν .

Let τ i,j ∈ Rj/mRj = k(t)(α1, . . . , αj) be the class of τi,j in Vν/mν . We have

fi,j(u) = upi+j − (1 + t)τ
pi+j
i,j

is the minimal polynomial of αi,j over

Rj/mRj (α1,j , . . . , αi−1,j) = k(t)(α1, . . . , αi−1+j).

Thus

di,j := [R/mRj (α1,j , . . . , αi,j) : Rj/mRj (α1,j , . . . , αi−1,j)] = pi+j
and

ni,j := di,jni,j = p2
i+j

for i ≥ 1.
Suppose A is a regular local ring of the quotient field K of R0 which is dominated by ν

and dominates R0. Then there exists a largest l such that A dominates Rl, so there exist
regular parameters z and w in A such that xl and yl are monomials in z and w. We thus
have a factorization (by [2, Theorem 3])

(4) Rl = D0 → D1 → · · · → Dn = A

where D0 has regular parameters z = xl, w = yl and Di+1 has regular parameters zi+1,
wi+1, such that either zi = zi+1, wi = zi+1wi+1, or zi = zi+1wi+1, wi = wi+1.

6



We have shown that D0 has a generating sequence {Qi} with Qi = Pi.l for i ≥ 0, so
that

Q0 = z0, Q1 = w0,

and

Qi+1 = Q
p2i+l
i − (1 + t)τ

pi+l
i,l z

pi+lei,0
0

where ei,0 = ai,l for i ≥ 1. We have D0/mD0 = k(t)(α1, . . . , αl). Set

γi = αi,l =

[
Q
pi+l
i

Q
ei,1
0

]
for i ≥ 1. We have that

(5) fi,l(u) = upi+l − (1 + t)τ
pi+l
i,l

is the minimal polynomial of γi over

D0/mD0(γ1, . . . , γi−1) = k(t)(α1, . . . , αi−1+l)

so
[D0/mD0(γ1, . . . , γi) : D0/mD0(γ1, . . . , γi−1)] = pi+l.

We will show by induction on j that Dj has a generating sequence {Qi,j} defined by

(6) Q0,j = zj , Q1j = wj ,

(7) Q2,j = Q
p1+lcj
1,j − (1 + t)τ

p1+l
1,l Q

p1+le1,j
0,j

with cj = [G(ν(Q0,j , ν(Q1,j)) : G(ν(Q1,j))] and ν(Q
cj
1,j) = ν(Q

e1,j
0,j ) with gcd(cj , e1,j) = 1

and for i ≥ 2,

(8) Qi+1,j = Q
p2i+l
i,j − (1 + t)τ

pi+l
i,l Q

pi+lei,j
0,j Q

pi+lfi,j
1,j

with ν(Q
pi+l
i,j ) = ν(Q

ei,j
0,j Q

fi,j
1,j ), and with

pi+j = [G(ν(Q0,j), . . . , ν(Qi,j)) : G(ν(Q0,j), . . . , ν(Qi−1,j))].

Further,
ν(Q2,j) > p1+lcjν(Q1,j) = p1+le1,jν(Q0,j)

and
ν(Qs,j) > p2

s+l−1ν(Qs−1,j)

for s > 2.
We also have that Dj/mDj = k(t)(α1, . . . , αl) and

(9) γ1 =

[
Q
cj
1,j

Q
e1,j
0,j

]
and γi =

 Q
pi+l
i,j

Q
ei,j
0,j Q

fi,j
1,j

 ∈ Vν/mν

for i ≥ 2.
We inductively construct the generating sequence Q0,j , Q1,j , . . . as follows. Suppose that

Q0,j , Q1,j , . . . has been constructed. We will construct Q0,j+1, Q1,j+1, . . .. We either have
that

(10) zj = zj+1wj+1, wj = wj+1

or

(11) zj = zj+1, wj = zj+1wj+1.
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Suppose (10) holds, so that ν(wj) < ν(zj). Then

(12) wj+1 = Q1,j+1 = Q1,j and zj+1 = Q0,j+1 =
Q0,j

Q1,j+1
.

Substitute for Q0,j , Q1,j in

Q2,j = Q
p1+lcj
1,j − (1 + t)τ

p1+l
1,l Q

e1,jp1+l
0,j ,

to obtain
Q2,j = Q

p1+lcj
1,j+1 − (1 + t)τ

p1+l
1,l Q

e1,jp1+l
0,j+1 Q

p1+le1,j
1,j+1 .

Since ν(Q0,j) > ν(Q1,j), and p1+lcjν(Q1,j) = p1+le1,jν(Q0,j), we have p1+le1,j < p1+lcj .
Thus a strict transform of Q2,j in Dj+1 is

(13) Q2,j+1 =
Q2,j

Q
p1+le1,j
1,j+1

= Q
p1+l(cj−e1,j)
1,j+1 − (1 + t)τ

p1+l
1,l Q

p1+le1,j
0,j+1 .

Suppose we have constructed the generating sequence out to

Qi,j+1 =
Qi,j

Q
e1,jp1+lp

2
l+2···p

2
l+i−1

1,j+1

.

Substituting into

Qi+1,j = Q
p2i+l
i,j − (1 + t)τ

pi+l
i,l Q

pi+lei,j
0,j Q

pi+lfi,j
1,j ,

we have

Qi+1,j = Q
e1,jp1+lp

2
l+2···p

2
l+i

1,j+1 Q
p2i+l
i,j+1 − (1 + t)τ

pi+l
i,l Q

pi+lei,j
0,j+1 Q

pi+l(ei,j+fi,j)
1,j+1 .

We have that

p2
i+lν(Qi,j) = pi+lei,jν(Q0,j) + pi+lfi,jν(Q1,j) < pi+l(ei,j + fi,j)ν(Q0,j)

since ν(Q1,j) < ν(Q0,j), and from the inequalities

ν(Qs,j) > p2
s+l−1ν(Qs−1,j)

for s > 2 and
ν(Q2,j) > p1+le1,jν(Q0,j)

we have
e1,jp1+lp

2
2+l · · · p2

i+l < pi+l(ei,j + fi,j)

and thus
(14)

Qi+1,j+1 =
Qi+1,j

Q
e1,jp1+lp

2
2+l···p

2
i+l

1,j+1

= Q
p2i+l
i,j+1−(1+t)τ

pi+l
i,l Q

pi+lei,j
0,j+1 Q

pi+l(ei,j+fi,j−e1,jp1+lp22+l···p
2
i−1+lpi+l)

1,j+1

is a strict transform of Qi+1,j in Dj+1.
Now suppose (11) holds, so that ν(wj) > ν(zj). Then

(15) zj+1 = Q0,j+1 = Q0,j and wj+1 = Q1,j+1 =
Q1,j

Q0,j+1
.

Substitute for Q0,j and Q1,j in

Q2,j = Q
p1,lcj
1,j − (1 + t)τ

p1+l
1,l Q

p1+le1,j
0,j

to obtain
Q2,j = Q

p1+lcj
0,j+1 Q

p1+lcj
1,j+1 − (1 + t)τ

p1+l
1,l Q

p1+le1,j
0,j+1 .
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Since ν(Q1,j) > ν(Q0,j) and p1+lcjν(Q1,j) = p1+le1,jν(Q0,j) < p1+le1,jν(Q1,j) we have
p1+lcj < p1+le1,j . Thus a strict transform of Q2,j in Dj+1 is

(16) Q2,j+1 =
Q2,j

Q
cjp1+l
0,j+1

= Q
p1+lcj
1,j+1 − (1 + t)τ

p1+l
1,l Q

p1+l(e1,j−cj)
0,j+1 .

Now suppose we have constructed the generating sequence out to

Qi,j+1 =
Qi,j

Q
cjp1+lp

2
2+l···p

2
i−1+l

0,j+1

.

Then substituting into

Qi+1,j = Q
p2i+l
i,j − (1 + t)τ

pi+l
i,l Q

pi+lei,j
0,j Q

pi+lfi,j
1,j ,

we have that

Qi+1,j = Q
p2i+l
i,j+1Q

cjp1+lp
2
2+l···p

2
i+l

0,j+1 − (1 + t)τ
pi+l
i,l Q

pi+l(ei,j+fi,j)
0,j+1 Q

pi+lfi,j
1,j+1 .

We have

p2
i+lν(Qi,j) = pi+lei,jν(Q0,j) + pi+lfi,jν(Q1,j) < pi+l(ei,j + fi,j)ν(Q1,j)

since ν(Q0,j) < ν(Q1,j), and from the inequalities

ν(Qs,j) > p2
s−1+lν(Qs−1,j)

for s > 2 and
ν(Q2,j) > p1+lcjν(Q1,j),

we have
p2
i+lp

2
i−1+l · · · p2

2+lp1+lcj < pi+l(ei,j + fi,j)

and thus
(17)

Qi+1,j+1 =
Qi+1,j

Q
cjp1+lp

2
2+l···p

2
i+l

0,j+1

= Q
p2i+l
i,j+1−(1+t)τ

pi+l
i,l Q

pi+l(ei,j+fi,j−cjp1+lp22+l···p
2
i−1+lpi+l)

0,j+1 Q
pi+lfi,j
1,j+1

is a strict transform of Qi+1,j in Dj+1.
Since gcd(cj , e1,j) = 1,

(18) [G(ν(Q0,j), ν(Q1,j)) : G(ν(Q0,j))] = cj

and since G(ν(Q0,j+1), ν(Q1,j+1), . . . , ν(Qs,j+1)) = G(ν(Q0,j), ν(Q1,j), . . . , ν(Qs,j)) for s ≥
1, we have

(19) [G(ν(Q0,j), ν(Q1,j), . . . , ν(Qi,j)) : G(ν(Q0,j), ν(Q1,j), . . . , ν(Qi−1,j))] = pi+l

for i ≥ 2. Dividing the relation (7) by Q
p1+le1,j
0,j and taking the residue in Vν/mν , we obtain

(20) 0 =

 Q2,j

Q
p1+le1,j
0,j

 = f1,l(γ1)

where f1,l, defined by (5), is the minimal polynomial of γ1 over Dj/mDj = k(t)(α1, . . . , αl).

Dividing the relation (8) by (Q
ei,j
0,j Q

fi,j
1,j )pi+l , and taking the residue in Vν/mν , we obtain

(21) 0 =

[
Qi+1,j

(Q
ei,j
0,j Q

fi,j
1,j )pi+l

]
= fi,l(γi),
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where fi,l, defined by (5), is the minimal polynomial of γi over Dj/mDj (γ1, . . . , γi−1) for
i ≥ 2.

We now verify (9) by induction on j. If we are in case (10), then the formula follows
for j + 1 from induction and (12), (13) and (14). If we are in case (11), then the formula
follows for j + 1 from induction and (15), (16) and (17).

The formula D(i) of [8, Theorem 4.2] holds for the Q0,j , Q1,j , . . .. That is, if we have a
natural number i, a positive integer m and natural numbers fn(s) for 1 ≤ n ≤ i such that
0 ≤ f1(s) < p1+lcj for 1 ≤ s ≤ m and 0 ≤ fn(s) < p2

n+l for 2 ≤ s ≤ m and 1 ≤ n ≤ i. If

ν(Q
f0(s)
0,j Q

f1(s)
1,j · · ·Q

fi(s)
i,j ) = ν(Q

f0(1)
0,j Q

f1(1)
1,j · · ·Q

fi(1)
i,j )

for 1 ≤ s ≤ m, then

1,

[
Q
f0(2)
0.j Q

f1(2)
1,j · · ·Q

fi(2)
i,j

Q
f0(1)
0.j Q

f1(1)
1,j · · ·Q

fi(1)
i,j

]
, · · · ,

[
Q
f0(m)
0.j Q

f1(m)
1,j · · ·Qfi(m)

i,j

Q
f0(1)
0.j Q

f1(1)
1,j · · ·Q

fi(1)
i,j

]
are linearly independent over Dj/mDj = k(t)(α1, . . . , αl). This formula follows from in-
duction on i and (9), (5), (18) and (19) as in the proof of D(i) of [8, Theorem 4.2]. Since
ν has rank 1 by (2), the fact that Q0,j , Q1,j , . . . is a generating sequence in Dj is verified
as in the proof of [8, Theorem 4.10 and Lemma 4.9].

4. Construction of unramified extensions which have larger valuation
semigroups

Let notation be as in the previous section. Let K = k(t, x, y). Let A be a regular local
ring of K which dominates R0 and is dominated by ν. Then there exists a factorization of

R0 → Rl = D0 → Dn = A

of the form (4). Let

(22) λ be a p1+l-th root of 1 + t

in an algebraic closure of K, L = K(λ) and ν be an extension of ν to L. Let ω ∈ k be a
primitive p1+l-th root of unity.

Let p = p1+l and f(u) = up−(1+t), the minimal polynomial of λ over K. Let B = A[λ].
The ring B is finite over A. We have the formula for the discriminant

DL/K(1, λ, . . . , λp−1) = (−1)
p(p−1)

2

p∏
i=1

df

du
(ωiλ)

by [13, Proposition 8.5 on page 204] and [13, Formula (4) on page 204]. Thus

DL/K(1, λ, . . . , λp−1) = (−1)
p(p−1)

2 pp(1 + t)p−1.

Now 1 + t ∈ R0 and 1 + t 6∈ mR0 , so 1 + t 6∈ mA. Thus the discriminant ideal D(B/A) in
A is equal to A, and so B is normal and A→ B is unramified by [3, Proposition 1.43] and
[3, Theorem 1.44]. Let C = Bmν∩B. Then A → C is unramified, and so C is a regular
local ring, since the maximal ideal of C is generated by a regular system of parameters in
A.

Proposition 4.1. With the above notation, we have inequalities of semigroups

SC(ν) 6= SA(ν),

under the natural inclusion SA(ν) ⊂ SC(ν).
10



Proof. Since A = Dn in (4), A has regular parameters zn, wn and a generating sequence

Q0,n = zn, Q1,n = wn, Q2,n, . . .

defined by (6), (7) and (8). so

SA(ν) = S({ν(Qi,n) | i ≥ 0}).
We have

(23) ν(Qi+1,n) > ν(Qi,n)

for i ≥ 1,

[G(ν(Q0,1), ν(Q1,n)) : G(ν(Q0,n)] = cn

and

(24) [G(ν(Q0,n), ν(Q1,n), . . . , ν(Qi+1,n)) : G(ν(Q0,n), ν(Q1,n), . . . , ν(Qi,n))] = pi+l+1

for i ≥ 1.
By (7), we have

Q2,n = Q
p1+lcn
1,n − (1 + t)τ

p1+l
1,l Q

p1+le1,n
0,1 = w

p1+lcn
n − (1 + t)τ

p1+l
1,l z

p1+le1,n
n .

We have

γ1 =

[
wcnn
z
e1,n
n

]
∈ Vν/mν ⊂ Vν/mν .

Let β = [λτi,l] ∈ Vν/mν which is nonzero since λ and τ1,l are units in C. There exists at
most one index j with 1 ≤ j ≤ p1+l such that ωjβ = γ1. We have that

hj = w
p1+l
n − ωjλτ1,jz

e1,n
n ∈ C

for all j. If ωjβ 6= γ1, then ν(hj) = e1,nν(zn). Since

p1+l∑
j=1

ν(hj) = ν(Q2,n) > p1+le1,nν(zn),

there exists a unique value of j such that ωjβ = γ1, and ν(hj) > e1,nν(zn). If ν(hj) ∈
SA(ν), we must then have that ν(hj) ∈ S(ν(zn), ν(wn)), since

ν(hj) = ν(Q2,n)− (p1+l − 1)e1,nν(zn) < ν(Q2,n)

and by (23). Thus ν(Q2,n) ∈ G(ν(zn), ν(wn)), which is a contradiction to (24). �

Let µ be a valuation of Vν/mν = k(t)[{(1 + t)
1
pi }i∈Z+ ] which is an extension of the

(t)-adic valuation on k[t](t). The value group of µ is Z. Let ϕ be the composite valuation

of ν and µ on K, so that the valuation ring of ϕ is Vϕ = π−1(Vµ) where π : Vν → Vν/mν

is the residue map ([3, Section 10]). The residue field of ϕ is Vϕ/mϕ = Vµ/mµ
∼= k. Let

T0 = k[t, x, y](t,x,y), which is dominated by ϕ.

Proposition 4.2. Suppose that T is a regular local ring of K which dominates T0 and is
dominated by ϕ. Then there exists a finite separable extension field L of K such that T is
unramified in L. Further, if ϕ is an extension of ϕ to L, and if U is the normal local ring
of L which lies over T and is dominated by ϕ, then the following properties hold:

1) U is a regular local ring
2) the extension T → U is unramified with no residue field extension
3) SU (ϕ) 6= ST (ϕ) under the natural inclusion ST (ϕ) ⊂ SU (ϕ).
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Proof. Let R0 = (T0)mν∩T0 = k(t)[x, y] and A = Tmν∩T . By consideration of the factor-
ization R0 → Rl → A = Dn in (4), let λ be a p1+l-th root of 1 + t in an extension field
of K, and let L = K(λ) (as in (22)). Let ϕ be an extension of ϕ to L and let ν be the
extension of ν to L with which ϕ is composite.

Let U be the normal local ring of L which is dominated by ϕ and lies over T . Then U is
a regular local ring and the extension T → U is unramified with no residue field extension,
by the argument before Proposition 4.1 and since Vϕ/mϕ = Vϕ/mϕ = k by [21, Corollary
2, page 26]. Let C = Umν∩U . Then C is a regular local ring and A→ C is unramified (by
the argument before Proposition 4.1). We have that

(25) SC(ν) 6= SA(ν)

by Proposition 4.1.
By the explanation on [3, page 56] or [21, Theorem 17, page 43], we have a commutative

diagram of homomorphisms of value groups, where the horizontal sequences are short exact
and the vertical arrows are injective,

0 → Φµ → Φϕ → Φν → 0
↓ ↓ ↓

0 → Φµ → Φϕ → Φν → 0,

which induce a commutative diagram of homorphisms of semigroups, where the horizontal
arrows are surjective and the vertical are injective,

ST (ϕ) → SA(ν)
↓ ↓

SU (ϕ) → SC(ν).

We will show that the first horizontal arrow is surjective. The proof for the second horizon-
tal arrow is the same. Suppose α ∈ SA(ν). Then there exists f ∈ A such that ν(f) = α.
There exists g ∈ T \ (x, y) such that gf ∈ T . Thus ϕ(g) ∈ Φµ and ϕ(gf) = ϕ(g) +ϕ(f) so
ϕ(gf) ∈ ST (ϕ) maps onto ν(f) = α. Thus ST (ϕ) 6= SU (ϕ) by (25). �

5. Proofs of Theorems 1.5 and 1.6

We first give the proof of Theorem 1.5.
A Henselization T h of T can be constructed as follows, as is explained in [15, Chapter

VII]. Let N be a separable closure of K. Then N is an (infinite) Galois extension of K
with Galois group G(N/K). Let E be a local ring of the integral closure of T in N , and
let

Gs(E/T ) = {σ ∈ G(N/K) | σ(E) = E}.
A Henselization T h of T is then T h = EG

s(E/T ), which is a local ring of the fixed field
M = NGs(E/T ) of Gs(E/T ) which lies over T .

Let K → L be the field extension of Proposition 4.2. Choose an embeddingK → L→ N
of L as a subfield of N , and let U be the local ring of the integral closure of T in L which
is dominated by E. By Proposition 4.2, U is unramified over T with no residue field
extension. Thus Gs(E/T ) ⊂ G(N/L) (c.f. [2, Section 2] or [5, Section 4]). Thus we have
that

L = NG(N/L) ⊂ NGs(E/T ) = M.

Thus U is dominated by T h since U = E ∩ L and T h = E ∩M . Let ϕ = ϕh|L. Then

ϕ dominates U and T h dominates U , so SU (ϕ) ⊂ ST
h
(ϕh). But SU (ϕ) 6= ST (ϕ) by

Proposition 4.2, so ST
h
(ϕh) 6= ST (ϕ).
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We now give the proof of Theorem 1.6.
By [15, Theorem 43.5], the completion T̂ of T is a Henselian local ring, and so by [15,

Theorem 30.3], T̂ dominates the Henselization T h of T .
Now T h = Fm where F is the integral closure of T in the quotient field M of T h and

m is a maximal ideal of F . Suppose q is a nonzero prime ideal of T h. Then there exists
a nonzero element f ∈ q, so that f = g

h where g, h ∈ F and h 6∈ m. Now g is integral
over T and T is normal, so the norm NK(g)/K(g) satisfies 0 6= NK(g)/K(g) ∈ q ∩ T by [20,
Theorem 4, page 260] and [20, formula (15) on page 91]. Thus q ∩ T 6= (0).

Suppose there exists a prime ideal p in T̂ with an extension ϕ̂ of ϕ to the quotient field

of T̂ /p which dominates T̂ /p such that ST̂ /p(ϕ̂) = ST (ϕ). Then p ∩ T h = (0), and so T̂ /p
dominates T h. Let ϕh be the restriction of ϕ̂ to the quotient field of T h. We then have
natural inclusions

ST (ϕ) ⊂ STh(ϕh) ⊂ ST̂ /p(ϕ̂).

But ST (ϕ) 6= ST
h
(ϕh) by Theorem 1.5, giving a contradiction to our assumption that

ST̂ /p(ϕ̂) = ST (ϕ).
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