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Abstract. In this paper, we consider some CM fields which we call of dihedral type and
compute the Artin L-functions associated to all CM types of these CM fields. As a conse-
quence of this calculation, we see that the Colmez conjecture in this case is very closely
related to understanding the log derivatives of certain Hecke characters of real quadratic
fields. Recall that the ‘abelian case’ of the Colmez conjecture, proved by Colmez himself,
amounts to understanding the log derivatives of Hecke characters of Q (cyclotomic charac-
ters). In this paper, we also prove that the Colmez conjecture holds for ‘unitary CM types
of signature (n — 1, 1)’ and holds on average for ‘unitary CM types of a fixed CM number
field of signature (n —r, r)’.

1. Introduction

Inhis influential work in 1993 [4], Colmez discovered a conjectural deep and precise
relation between the geometry (Faltings height) and analysis (log derivatives of L-
functions) of CM types, which is a vast generalization of the well-known Chowla—
Selberg formula and Kronecker limit formula. The average version was recently
used by Tsimerman to prove the Andre-Oort conjecture [9]. The average Colmez
conjecture was then proved independently by Yuan-Zhang [13] and Andreatta,
Goren, Howard, and Madapusi Pera [1]. In addition to the average case, known
cases include the abelian case ([4,7]), the quartic case ([10,12]), and the unitary
case of signature (n, 1) ([2]). In all known cases, the analytic side is known and
involves simple L-functions in a simple way. In general, the analytic side is quite
mysterious and is very hard to understand. In this paper, we focus on a non-trivial
special case and completely unfold the analytic side. It sheds some light on what
kind of L-functions are involved. Now let’s describe the main results in a little
more detail and set up some basic notation. More notation and an introduction to
the Colmez conjecture will be given in Sect. 2.

Let F be a totally real number field of degree n, k be an imaginary quadratic
field (viewed as a subfield of C), and E = Fk. Let {7;}icz /n be the embeddings of
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F into R. For each subset S C Z/n of order 0 < r < n, there is a unique CM type
&g = {o; : i € Z/n} of E such that o;|p = 7; for all i and o;|k is the identity
embedding if and only if i ¢ S. We will say @y is of signature (n — r, r). In this
paper, we will prove the following theorem.

Theorem 1.1. (1) When |S| = 0, 1, n — 1 or n, the Colmez conjecture (2.5) holds
for g.

(2) For any 2 < r < n — 2, the Colmez conjecture (2.5) holds for the average of
all CM types of E of signature (n —r,r).

As a corollary, we show in Corollary 5.3 that if the Galois closure F¢ of F has
the symmetric group S, or alternating group A, as its Galois group over Q, then
the Colmez conjecture (2.5) holds for E, i.e., for every CM type of E. We mention
that Barquero-Sanchez and Masri [3] have proved a very nice density theorem
for CM number fields satisfying the Colmez conjecture using the average Colmez
conjecture and analytic tools.

For the rest of this introduction, let F¢ be the Galois closure of F and assume
that Gal(F“/Q) = D», is a dihedral group. The main purpose of this paper is to
compute the class function AQ = A%S for every CM type @ of E and relate it
to characters, and then compute the associated log derivative Z(s, Ag) in terms of
known Hecke class characters. Both Ag and Z(s, Ag) are essential in the Colmez
conjecture and will be defined in Sect. 2. The main results are Theorems 4.3 and 4.6.
As a consequence, we will prove in Sect. 5 the following theorem.

Theorem 1.2. Assume that Gal(F¢/Q) = Dy, = (0,7 : 0" =12 = 1,07 =

to Y withn = [F : Q. Let E€ = Fk, and let k; = (F)® be the real quadratic

subfield of F€ fixed by o. The following are equivalent.

(1) The Colmez conjecture (2.4) holds for all class characters vy of the real
quadratic field k;, 1 <k < %, whose associated Artin characters are

Ve Gal(ES/ky) — C%, (o) = e n, vp(p) = —1.

Here p is the complex conjugation on E°.
(2) The Colmez conjecture (2.5) holds for all CM types ®g of E.
(3) The Colmez conjecture (2.5) holds for all CM types ®g with |S| = 2.

In short, the Colmez conjecture for E amounts to understanding the log deriva-
tives of some simple (CM) Hecke class characters of the real quadratic field k; in
terms of geometry. This is very similar to understanding Jacobi sum characters via
the Fermat curves (or vice versa).

The paper is organized as follows. In Sect.2, we set up notation about CM
types, class functions, and review Colmez conjectures (2.4) and (2.5). We also give
a simple reinterpretation of the proved Average Colmez Conjecture. In Sect. 3, we
collect and prove some basic facts about CM types and class functions related to the
CM number field E = F k assuming that Gal(F¢/Q) = Djy,. In Sect. 4, we do the
main calculation for Ag and Z (s, Ag). To make the exposition clearer, we divide it
into two cases depending on whether 7 is odd or even. In the last section, we prove
the above theorems and also discuss the Colmez conjectures for CM number fields
of low degrees.
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2. The Colmez conjecture

In this section, we give a brief description of the Colmez conjecture and known
results after setting up notation. We also record an observation which will be used
later in this paper and should be of independent interest. We refer to [4] and [11]
for more detail on the Colmez conjecture.

We fix an embedding Q c C, and let QCM be the union of all CM number
fields in Q, and let GM = Gal(QCM /Q). It has a unique complex conjugation p
which is in the center of GEM. Let H (GCM) be the Hecke algebra of GCM, i.e.,
the ring (without identity) of locally constant functions f on GM with values in
C and multiplication given by the convolution:

Ji* fa(g) = / Si(h) fo(h ™" g)dh. 2.1
GECM

Here we require vol(GCM) = 1. Let HO(GCM) be the subring of H(GCM)
of locally constant class functions f on GM (e, f(g) = f(hgh™h)). It is
well-known that H%(GSM) has a C-basis of Artin characters (characters of Gaois
representations). For a class function A = ) a, x € H 0(GEM, expressed as the
linear combination of Artin characters, we define

Lo 1
= T 3 loe a0,

Z(s, A) =) ayZ(s, x), Z(s, x)
where fa,:(x) is the Artin conductor of x.
Let H(GM) be the subalgebra of H 0(GEM) of class functions A such that
A(g) + A(pg) is independent of g € GM, According to [8, Chapter I, Section
3], H(GCM) has a C-basis consisting of the Artin characters x = x, of Artin
representations of GM such that L(0, x) # 0. In particular, for a class function
A € HO(GEM), Z(0, A) is well-defined.
A CM type @ is a function on GM with values in {0, 1} such that ®(g) +
®(pg) = 1. There is a CM number field E such that ®(g) = 1 forall g € G%M =
Gal(QM /E). In such a case,

{0 :E< Q| ®(g) =1 for some g € GM with g|E = o)}

is a CM type of E in the classical sense, which we also denote by . When we need
to distinguish the field E, we will write ® g instead of simply ®. One can easily
associate a CM type function @ to a classical CM type of E in the obvious way.
We will not distinguish the two and often write it as a formal sum

o = Zo.
oed

We may assume that E is Galois over (Q because of the above identification. Let

- 1 -
®=Y 07", Ap= [E:Q]Cbcbzz%g,

oed
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and let

= — ZgAq;g Zagg, ag I[g]l Z ag, 2.2)

geG g1€lgl

be the projection of Ag onto HO(Gal(E/Q)) C HO(GCM), where [g] is the
conjugacy class of g in Gal(E/Q). Notice that A} € H®(GM). In terms of
functions, one has

Ap =D *dY, ®V(g)=d(gh),

and the projection is given by
1) = f fhgh™dh
GCM

for a locally constant function f € H (GCM).

On the other hand, let (A, ¢) be a CM abelian variety of CM type (Of, ®) (with
Og-action), where OF is the ring of integers of E. Then there is a number field
L over which (A, t) is defined and has good reduction everywhere. Let A be the
Neron model of A over Of, and let w 4/0, = A" 4,0, which is an invertible
Op-module. Here n = %[E : Q. Let 0 # o € w4/, , then the Faltings height of
A is defined to be (the normalization here is the same as in [4] but different from

[11])

1
hra(A) = “AL. 0 Z log

o:L—C

/ o) Ao(a)| +loglwao, /OLal.
(A)(©)

Colmez proved in [4] that

hra (P) = : 0] ———hra(A)
is not only independent of the choice of A but also independent of the choice
of E, i.e., it depends only on the CM type ® as a function. It is also clear that
hEa(®) = hpa (o @) for any o € Gal(Q/Q).
A key result of Colmez in [4, Theorem 0.3] is that there is a unique linear
function on H 00(GCM), called the height function £, such that

hra (@) = —h(AY). (2.3)

The Colmez conjecture asserts that for every class function f € H 0(GEM) one
has

h(f)=Z(, f"). (2.4)
We remark that for a CM type &, (A = A%. In particular, one should have

hea(®) = —Z(0, AY). 2.5

Colmez proved his conjecture (2.4) up to a multiple of log2 when f is a Dirichlet
character. The log 2 part was then taken care of by Obus [7]. In other words, they
proved the Colmez conjecture (2.5) when the CM field is abelian over Q. One of the
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authors proved (2.5) for quartic fields under some minor condition—the first non-

abelian case [10], [12]—using arithmetic intersection theory. The average version

of (2.5) was recently proved independently in [1] and [13]. It asserts: For a CM

number field E of degree 2n with maximal totally real subfield F, one has

L > hpa(®) = —%Z(o, XE/P) — 2log@m),  (2.6)
n 4

n
all CM types of E

where xg,r is the quadratic Hecke character of F associated to the quadratic
extension E/F. This theorem implies that the Colmez conjecture (2.4) holds for
all quadratic Hecke characters associated to all CM number fields. We state it as
the following proposition.

Proposition 2.1. Let E be a CM number field with maximal totally real subfield
F, and let xg/F be the Hecke character of F associated to E/F via the class
field theory. Then the Colmez conjecture (2.4) holds for xg,r. More precisely, view

XE/F as a character of Gp = Gal(QCM/F) which factors through Gal(E/F),
and let fg,r be the character of the induced representation IndgiM XE/F. Then
the Colmez conjecture (2.4) holds for fg,F:

h(fe/Fp) = Z(0, fE/F).

For simplicity, we will call the Hecke characters g, r quadratic CM characters.
The proposition asserts then that the Conjecture (2.4) holds for all quadratic CM
characters.

Proof. Direct calculation (see for example [1, (9.3.1)]) gives
1 0 1 1
= Z Ay = Z]IGCM +EfE/F.
all CM types of E

Notice that our A% is [TIQ]‘IOE@ in their notation. Here 1 stands for the charac-
teristic function of G as a subset of GEM. So (2.6) and (2.3) imply that

1 1 1 1
—h(l —h = —Z(0, —log(2m).
) Lgem) + In (fE/F) n O, fe/F) + ) og(2m)

On the other hand, since 1 ;e corresponds to the trivial representation of GEM,
one has
¢'(0)

= log(2m).

Therefore,

h(fe/r) =2, fE/F).
O

We remark that when F is Galois over Q (equivalently E is Galois over Q),
one has

_ Jnxep(g) ifglF =1,

Thatis fg/r =n(1 — p) where n = [F : Q].
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3. CM number fields of Dihedral type

Let F be a totally real number field of degree n such that its Galois closure F°¢
(over Q) is of Dihedral type Dy, i.e.,

Gal(F/Q) = (o,1: 0" =1t =1, t0t =0 1),

and that 7 fixes F. In particular, {0’ : i € Z/n} gives all the real embeddings of
F. Let k be an imaginary quadratic field, and let E = F' k be the associated CM
number field. Then the Galois closure of E is E¢ = F¢k. Notice that F€¢ is totally
real and E€ is a Galois CM number field. Let p be the complex conjugation of E€.
Then p € Gal(E€/Q) and it commutes with ¢ and 7, where we extend o and 7 to
E* by acting trivially on k. Let G¢ = Gal(E€/Q), G = Gal(E“/k) = Gal(F¢/Q),
and H = Gal(E€/(E€)?) = Gal(F¢/(F)°) = (o). Then

G ={o.1,p) =G x (p).

For ¢ = p, 7, pt, we will denote K, for the quadratic subfield of E¢ such that
Gal(k,/Q) = (g). So k, = k, and k; = (F€)°. The following diagram is useful
in tracking various subfields of E€ used in this paper.

E/ \

(EC),OT

= (F%)° Kpe = (E€)\0P0)

Lemma 3.1. For a subset S of Z./n, let
ds={o'p:ieS)Ufc’:i¢S§).

Then S — dg gives a one-to-one correspondence between the subsets of 7./ n and
CM types of E.

We call a CM type @ of signature (n — r,r) if & = ®g with |S| = r. Two
CM types @ and P, are equivalent, denoted by ®; = P, if there is some g €
Gal(E€/Q) such that g&; = ®;. It is well-known that the Colmez conjecture
depends only on the equivalence class of a CM type.

Lemma 3.2. The following are true.
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(1) One has @5 = g, where S = Z/n—S

(2) There is only one CM type of signature (n — 1, 1) up to equivalence.

(3) Every CM type of signature (n—2, 2) is equivalent to some ®yo ;1,1 € Z/n—{0}.
Moreover, @10y = o,y if and only if i = %j. In particular, there are [5]
(the integral part of 5) equivalence classes of CM types of signature (n —2, 2).

(4) Forq > 3, every CM type of signature (p, q) is equivalent to some ® g sy where
S is a subset of Z/n — {0} of order q — 1. Moreover, ®g s} = P0,s,) if and
only if at least one of the following conditions hold:

(a) There is some i € Sy suchthat {—i, S —i} = {0, S2}. Here S—i = {j —i :
j €S}, and {0, S} ={0}US.
(b) §1 = —9,.

Proof. Claim (1) is clear as pdg = ®g. Claim (2) is also clear as o' ®(o = Dy;).
For (3), the same argument shows that every ®g with |S| = 2 is equivalent to some
Do,y via some O'j Since G¢ = (o, 1, p), Pj0,i) = d>{0 jy if and only if there is
some g = oke! (assuming n # 4) such that {g, go'} = {0, o/}. This implies
i ==+ (mod n). The same argument also gives (4) and we leave the details to the
reader. O

Recall that for a CM type ®, the reflex field E® of E is the subfield of C (also
E°) generated by

tro(z) = Zg(z), zeE.

ged

The following proposition should be of independent interest although it will not be
used in this paper.

Proposition 3.3. Let ® = &g ;) be a CM type of E.

() Ifn>4andi #n/2, E® = (E9)°'", & theﬁxedﬁeldofE‘ under o' .

) Ifn > 4isevenandi = n/2, then E‘D (E‘) o'.7)

(3) For n = 4, the reflex field of 9,1y is (E€)leT. ) , and the reflex field of ®y0,2)
is (E€)@*0),

Proof. Let ®¢ be the extension of ®(;} to E€. Then the reflex field of @ is the

same as that of €. It is easy to check

ee (2) = g (@) + (1 + ) (1 + ) (0 — D().

In particular, for z € k, troc(z) = 2nz +4(Z — z). This implies that k ¢ E® when
n # 4. Assuming k C E®. Then it is clear from the above identity that an element
g € Gal(E€/k) = Gal(F¢/Q) fixes E® = (E)®* if and only if

gd+oN0+D)(p—D=U+oHA+1)(p—1).

Now we check it case by case. Recall that Gal(F¢/Q) = {o/,0/7 : 0 < j <
n — 1}. Taking z = x8 with x € F¢ and § € k with p(§) = —4, the above identity
becomes over F° . '

g+ +)=010+0)141). (3.1)
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When g = o/, (3.1) becomes (restricting on F is enough)

ol +olti =1 —i—oi,
which is possible only when n is even and i = j = 5 (mod n). When g = olt,
(3.1) becomes

ol 4ol =140,

which is the same as j = i (any case) ori = 5, j = 0 and n is even. This verifies
the proposition except the case n = 4.
Now assume that n = 4. Write z = x + y§ € E with x, y € F, one sees that

tre(2) = trp/g(x) + trr/Q(y)8 — 2(y + o' (»))3.
So the reflex field E? is generated by
a(y) = trpo(y)8 —2(y + o' (»)8, y e F.

When i = 2, it is easy to see E® C (E")wz’f). If the inclusion is proper, E® has
to be fixed by at least one of p, o and 7p. One verifies that none of these elements
fix E®.

When i = 1, one checks that E® ¢ (E€)(©*7-7)_If the inclusion is proper,
E® has to be fixed by at least one of p, o> and p. One verifies that none of these
elements fix E®. O

3.1. Artin representations and class functions
Letg, =e(l/n) = e%. For j € Z/n, we define
wjH—C*, pij0)=¢, nj= Ind% M.

When j = 0, mg = xo @ xs decomposes into the direct sum of two characters of
G, factoring through (7). When 0 < j < n/2, 7; is an irreducible 2-dimensional
representation of G with character x;j = xr,. We extend pu; trivially to H =

H x (p), 7'[/? = Indgcc u?, and x; = xrc. When n = 2m is even, m,, decomposes
J
into one dimensional representations (characters): 7 = x;,.0B xm.1. Here (i =0, 1)

Xm,i (@) = =1, Xm.i(r) = (=1

Let v and ¥, be the trivial and non-trivial characters of Gal(k/Q), which can
also be viewed as characters of G¢ and even GEM. Given a function fionG and a
function f> on Gal(k/Q), we denote f1 f for the class function on G¢ = G x {p)
in the obvious way:

(f12)(g182) = fi(g1) f2(g2), &1 € G, g € {p).

We shorten f; = f111, where 11(g2) = 1 or 0 depending on whether g» = 1 or p.
We also use similar convention for a function f, on (p).
The following lemma is well-known and can be checked easily.
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Lemma 3.4. Let m = [75] be the integer part of 5. Then

(1) When n is odd, {xo, xs, xj, 0 < j < m} gives the complete set of irreducible
characters of G = D»,,.

(2) When n is even, {x0, x5, Xj»0 < j < m — 1, 0, Xm,1} gives the complete
set of irreducible characters of G = Dy,,.

(3) The complete set of irreducible characters of G = G X (p) is the union of Cyr|
and Cr,, where C is the complete set of irreducible characters of G = Dyj,.

Lemma 3.5. As class functions of G€ (also of GM), one has
ey
2X0 = 2Wge /o = X1naG® o0
2xs = Xnd&"
2Xj = Xina§e e L=J=m,
2xm,i = X1ndG xpni? when n is even.
(2) One has
(I=p)xo=0=p)tp o= Xk
(I =p)xs = Xk, /0
U= P)Xj = XinaGe ey, 1 =J =m,
(I = P)Xm,i = Xm,iVVp, when n is even.
Here xp iV, is viewed as a character of G in the obvious way.
Proof. All follow from a standard calculation. We leave it to the reader. O

On the other hand, when n = 2m + 1 is odd, G has m + 2 conjugacy classes

Op={1}, Oj={o!,07},1<j<m, andOpys ={o't:jeZ/n}
(3.2)
which we also write as formal sums sometimes. We denote 1y, for their char-
acteristic functions. When n = 2m is even, G has m + 3 conjugacy classes Oy,
0;,1 < j<m—1asabove, O, = {c"}, and

Opsri={o"r:0<j<m—1}), i=0,1.
In this case, we denote 1,41 = 10,,,, o + 10,41
Lemma 3.6. One has

2n 1— 1 = G¢ )
( p) Qo XI“dGal(EC/FC)XE‘/F”

(I =p)nlo, +10,,,) if n is odd,

SE/)F = {(1 —p)nlo, +210,,,,) ifniseven

where fg,F is the character of Indgsl( Ee/F) XE/F defined in Proposition 2.1.
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Proof. We verify the second identity and leave the first one to the reader. Let f be
the function defined in the right hand side. Notice that 7 = Indg;l( ge/F) XE/F has

a standard basis f; where f; (o)) = d;,j. One checks fora =0, 1 and b € Z/n
7(p*o”) fi(0") = fj(p"a" ) = (=1)*8}i1p = (1) fi-p(a"),
and so xz (p%0?) = (=1)%ndy, = f(po?). Next,
7 (p?o"0) fi(0") = fi(p%0" P T) = (=) fj(xo T ") = (=1)"8; —ip.
So
7 (p"o"T) fj = (=1 f-j-p,
and

xx(p 0Pty = (=1){j € Z/n: 2j = —b}| = f(p“c"7).

O
Corollary 3.7. When n is odd, one has
L(s. xe/P)*L(s. X, ) = LG, E/FOLGs. Xjgy)-
Proof. One checks (see Proposition 4.1):
1
1o, = =0 — xs)-
2
So Lemma 3.6 implies (recall that we shorten 1 — p = (1 — p)1,)
2fe/r =2n(1 — p)lo, + (A = p)xo — (1 — p) xs-
Therefore one has by Lemma 3.5
L(s, Xpe/0)
Ls, XE/F)2 = L(s, XEC/F‘)L(—/Q)-
5 Xk, /0
O

4. Class functions associated to CM types

In this section, we will compute the class function Ag = A%S associated to the
CM types @ of E, and the log derivatives Z (s, Ag) of the associated L-functions.
Due to the slight difference between the odd and even cases, we do it separately to
make exposition clearer.
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Table 1. Character table of D,,—the odd case

0o O Omt1
X0 1 1 1
X1 2 2 cos 2”1‘ 0
Xj 2 2c0€2n/k 0
Xm 2 ZCOS 27ka 0
Xs 1 1 -1

4.1. The general decomposition in the odd case

In this subsection, we assume that n = 2m + 1 is odd. Recall that G = G x (p)
with G = Gal(E“/k) = {0, t) = D»,. Inthis case, G = Dy, has m +2 conjugacy
classes given by (3.2). The Hecke algebra H 0(G) of class functions on G has an
inner product

(fih) =

1
|D2n|

ge€Dyy,

It has two canonical orthogonal bases, one given by characters of irreducible rep-
resentations of G, and the other given by the characteristic functions of conjugacy
classes:

0, = V2nlp,,
o = Vnlo,, (1 <k <m),
f0m+1 = ﬁﬂom+l' 4.1)
The characters of irreducible representations of G are given in Table 1.
Let A be the matrix in the Table 1, x be the column vector (xo, ..., Xj, .- -, XS)T,
and f be the column vector (fo,., ..., f(gmH)T. Then x = ABf, where B is the
diagonal matrix with diagonal elements («/_27:’ NARRE f [) Then AB is an
orthogonal matrix. So, f = BAT x. Then O = B’AT x, where O is the column
vector (1o, ..., 1o, )T and B’ is the diagonal matrix with diagonal elements
(ﬁ, %, R %, %). So we have proved the following proposition (note x; = x—;)-

Proposition 4.1. Let the notation be as above. As class functions of G = D»y,, we
have the following relations.
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n—1

1
]1(')0:2— ZX(/"‘X& s
n |

-1
1| ik
ﬂokZZ ZL{ Xj+xs|, 1=k=m,
j=0

1
1o, = E[XO — X5l

Proposition 4.2. Let the notation and assumptions be as above, and let r = |S/|.

Then
0 1 r r 1
AS = E tI'E(./k—;(l —p) trEz:/k_’_;(l —p) ]1(90 + ;]l(’)mﬂ
1 r(r—1)
+ (1 =p) Z aj($)o; + =51 =)o,
1<j<m
Here

aj($) ={(i,k) e S?:i—k=j (modn)}.

Proof. Let @ be the extension of ®g to E€. By definition, it is easy to check that

O§ = trpe p+(p— 1) (Z"') (1471)

ieS
and
& =ty g+ — D +1) (Zw’) :
ieS
Let
a= (Zo") (I+D)+0+7) (Zo—’)
ieS ieS
and
b= (Za) (1+1) (Zo—")
ieS ieS
2
=S|lo, + Y. a;(SHlo, + (Za) .
1<j<m ieS
Since

(trE(/k)a = (trEc/k)r = trEC/k = Zaj + Zajr,
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one has
1 c FC
A% = pe g T
_ ! ! 1 ! 1 b
= EtrEr/k'i_E(/o_ )trEr/ka‘l';( _10)

1 r 1
= 5trEC/k;—i—;(,o — l)trEC/k—i—;(l — p)b.

Direct calculations give

2
O r
b::mm%+-§:¢”wm@f+;mowr

l<j<m

Since 1 — p is a class function, one has ((1 — p)b)° = (1 — p)b°. So

0 1 r 1 0
AS=EtrEc/k;"';(p_DtrEf/k"';(l_p)b . 4.2)
The proposition is now clear. O

Now we have the main formula in the odd case for the L-function part of the
Colmez conjecture.

Theorem 4.3. Assume that n = [F : Q] = 2m + 1 is odd. Then for any subset S
of Z/n of order r, one has

Z(s, AY)
r 1 rn—r—+1)
= n—ZZ(S, XE/F) + ZZ(S’ {1 — n—ZZ(Ss Xk/0)
1 kj .
+ D GG 2w,
1<j<m
1<k<n—1

Proof. By Propositions 4.1, 4.2, and Lemmas 3.5, 3.6, one has

1 r r
Z(s, AY = 22088 = ~Z(5 xpgy) + 5 205, xayr)

n—1
1 .
+o3 2 @) [Z(s,xk/@HZ;,f’zm,uzwp)

1<j<m k=1

+205. Xk, 0]

-1
+ V(Vzn2 ) [Z(s, Xk/Q) — Z(s, Xk'pf/Q)]'

It is easy to see that

Z a;(S) = r(r — 1)'

- 2
1<j<m

Now the theorem follows from simple calculation. O
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Table 2. Character table of D;,—even case

Oo e O, 1<k<m-—1 o Om+1,0 Om+1,1
X0 1 1 1 1
X1 2 200527;—]( 0 0
Xj 2 2c0s2jfljk 0 0
Yom—1 o) Zcosh(":li_l)k 0 0
Xm.0 1 (—Dk 1 ~1
Xm,1 1 (—DF —1 1
Xs 1 1 -1 -1

4.2. The even case

In this subsection, we assume that n = 2m is even. In this case, G has m + 3
conjugacy classes given by Qg = {1}, Oy = {cX,07%} (1 < k < m — 1),
Op = {o™},and Opy1; = {027 : 0 < j <m—1},i = 0,1. The irre-
ducible characters of G are given by xo, X5, Xm,0, Xm,1 and xj, 1 < j <m — 1
as described in Sect. 3. For convenience, we let Oy 11 = Opt1.0 U Opg11 and
Xm = Xm,0+ xm,1. The character table of irreducible representations of G is given as
Table 2.
The same argument as in the odd case gives the following proposition.

Proposition 4.4. We have the following relations among class functions on G =

D»,.
8k n—1
_ ik
]1(91( = ; Zé‘n Xi+ Xs |
j=0
1
]lOer],o = Z [XO + Xm,O - Xm,l - XS] )
1
]lOer],] = Z [XO — Xm,0 + Xm,1 — Xs] .
Here
1 ifl<k<m-—1,
k=11 . -
5 ifk=0,m.
Proposition 4.5. Let the notation and assumptions be as above, and let r = |S|.

Then
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1 r r

+£(1—,0) Y ai(lo, + 2an (1o,

I<j=m-—1

1
2
+ = Zbi(S)(l -plo,,,-
i=0

Herefor1 < j<m=735

HGi,k)eS?:i—k=j (modn)}| ifj#m,
MG,k es?: i—k=j (modmn) ifj=nm,

a;(s) ={
andfori =0, 1
bi(S) ={(j.k)eS*: j+k=i (mod?2)}|.

Proof. The same argument as in the odd case gives

1 r r
Ag = EtrEC/k_;(l - P) trEc/k"_;(l - Io)]]‘O()

2
1 .
+£(l—p) > i, +2an(S)lo, + (1= p) (Za) T.

I<j<m-—1 ieS

Notice that every term in the right hand side is a class function except ¢ =
Qies o')2z. Direct calculation gives

n

1
2b; (S)
= Z l 10,11
i=0

Now simple calculation proves the proposition. O

Theorem 4.6. Assume n = 2m is even and |S| = r. Then

Z(s, AY)
r(2n —2r +1)

r 1
= }’l_22(s’ XEC/FC) + ZZ(S’ é‘k) - 2}12

Z(8s Xk
1 ; ki bo(S) — b1 (S
b Y @@ + 626 159 + 2D 26, v,
1<j<m
1<k<m
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Proof. By Propositions 4.4, 4.5, and Lemmas 3.5, 3.6, one has
0 1 r r
Z(s, Ag) = 7 25, ) + —Z(5: Xgy) — 77 2085 XE</Fe)

1
== 2 4|26 ap0) + 26 1k, 1)

1<j<m

D 26 tm0¥p) + 2G5 1 Vo) |

1 ki .
+ D @S Y L 26wy
1<j<m 1<k<n-1

k#£m
1
2 i
+ 13 ;mm [Z<s, Xy — ZGs Xk, ) + (—D(Z (S, xm0¥0)

—Z(s, Xma¥p))] -

It is easy to see that the last sum is equal to

§ bo(S) — bi (S
Zr_nz <Z(S, Xk/Q) — Z(S, ka/Q)> + % (Z(S, Xm,Ol/fp)

_Z(S’ Xm,]wp)) .

On the other hand, notice that

Z a;(S) = r(r — 1)7

- 2
l<j=m
» bo(S) — b1(S)
E (—=Da;(§) = —————.
- 2
l<j<m
Putting all together proves the theorem. O

5. Proof of the main results
5.1. The Dihedral case

In this subsection, we prove Theorem 1.2 which we restate it here for convenience.

Theorem 5.1. Let F be a totally real number field of degree n such that its Galois
closure F€ is of Dy, type over Q. Let k be an imaginary quadratic field, and let
E = Fk. For each subset S of Z/n of order r, let ®g be the associated CM type
of E of signature (n — r, r). Then the following are equivalent.

(1) The Colmez conjecture (2.4) holds for all class characters /Lil/fp of the real
quadratic field k; = (F)?, 1 <k < %
(2) The Colmez conjecture (2.5) holds for all CM types ®g of E.

(3) The Colmez conjecture (2.5) holds for all CM types ®o,;y with 1 <i < %
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Proof. In the even case, X0V, is a quadratic Dirichlet character associated to
the imaginary quadratic subfield of E€ fixed by o2, 7, and po. Notice also that
Ep(s) = LWL, Xggy)-

Assume that (1) is true. All the other characters in Theorems 4.3 and 4.6 are
quadratic CM characters or the trivial character, for which the Colmez conjecture
holds by Proposition 2.1. So we have by Theorems 4.3 and 4.6 that

hra(®s) = —h(AS) = —Z(0, AY).

The Colmez conjecture (2.5) holds for all CM types ®g of E.

Claim (2) obviously implies (3).

Assume that (3) holds. The same argument as above shows that for every subset
S of Z/n of order 2 (recall that Z(s, up,) = Z(s, u,¥,)), one has

oY 4@ + a6 Ha=o. (5.1)

I<k<% 1=j=m
Here

xe = h(AGuyp)) — Z(0, i),

and A(ugvp) is the associated class function, i.e., the character of the induced
representation Indgi. ug,. For §; = {0,i} with1 <i < Z,onehas a;(S;) =& ;.

2 b
Applying this to (5.1), we obtain

Y@+ =0

1<k<3%
forl1<i < % Solving this system of equations, one sees xx = 0, 1i.e., (1) holds. O

We believe that (3) can be replaced by the following statement: for a given
2 <r <mwith (r — 1, n) = 1, the Colmez conjecture (2.5) holds for all CM types
&g with [S| =r.

5.2. The general unitary case

In this subsection, we assume that F is a totally real number field of degree n and
k is an imaginary quadratic field (viewed as a subfield of C). Let E = Fk be
as in the beginning of the introduction. The following theorem is a refinement of
Theorem 1.1.

Theorem 5.2. (1) When |S| =0, 1, n — 1, or n, the Colmez conjecture (2.5) holds
for ®g. In other words, the Colmez conjecture holds for CM types of E of
signature (n — 1, 1) and (1,n — 1), and

1 1 1
hra (®5) = =320, 8jp) + ~Z(0. xjy) = — Z (0, Xt/ )-
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(2) Forany 1 < r < n — 1, the Colmez conjecture holds for the average of all CM
types of E of signature (n — r, r). That is,

Y hra(®s) =— Y Z(0, AY)

IS|=r IS|=r
1 (n n—2

1 (n-2
- (r B 1) Z(0, xe/F).

Proof. Let F¢ be the Galois closure of F over Q and E¢ = F°k. Let G° =
Gal(E‘/Q), G = Gal(E‘/k), H° = Gal(E°/F), and H = Gal(E°/E). Then
G =G x (p)and H® = H x (p) with p being the complex conjugation of E¢
(also E and k). For convenience, we identify Z/n with T, = {1,...,n} in the
proof. If we take coset representatives {o}, then

n n
G=|JHo;=|]Jo,H.
j=1 j=1

and {o;|E : 1 < j < n} gives the n distinct complex embeddings of E whose
restrictions on k is the identity map. Then for a subset S of T},,

oy = tI’E/k-f-(,O — I)ZUJ'
jes
and its extension to E€ is

O§ = trp g +(p — 1 Z ojh.

jeS.heH
So
[EC: QAs = ASAS
= (trEv/k:)2 + (p — l)trEC/k Z ojh
jeS,heH
+-1 > ot g g
jeS,heH
+=1 Y ojh Y, hlole-1
jeS,heH jeS,heH
= [EL : k] tI'EL/k—2|S||H|(1 - P)trEc-/k;
F2AHIA=p) Y Y aihoj_l.
heH(i,j)esZ
So, for |S| =r,

1 r 1 _
AS=EtrEC/k—;(l—P)trEc/k‘l';(l—P)Z Z aihaj ]’ (52)
heH (i, j)eSs?
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Lett, = <;l> Then, for r > 2,

tr riy
Z As — EtrE(./k—l-?(l — ,o)trEL./k;
[S|=r

:%(l—p) Z Z Z J,-hoj_l

heH (i, )T, |S|=r,(i,j)eS?

=%<’;:§>(1—p)z Z Uiho‘j_l-}-%(,::i)(l_p)zZal_ho_i—l

heH (i, )Ty, i#] heH ieT,
n—2 1[/n-1 n—2 1
(Yot (07 Do o
heHieT,
n—2 1 (-2 1
= (r_2> (1 _,O)trEC/k‘i‘; (r_1> (1_/0) Z Z O'il’lai s
heH ieT,

which is already a class function. Here we use the simple fact

Z Z o,-hoj_l :”Z ZokhzntrE(,/k.

heH (i,j)eT, heH keT,

So
1 (n n—2
0
ZA - ZAS:5<r>trEc/k—<r_l>(l—p)trEC/k
|S|=r |S|=r
l n—2 (1 ) ho !
N a-p Y Tee.

heH ieT,

Now we check that

-1
(1=p) > > oiho/ " = XinaS yz,r = JEIF (5.3)

heH i€T,

is the class function defined in Proposition 2.1. Let f be the class function on the
left hand side and 7 = Indgi xe/F- Then

f(g) = Z Z 8(7,'hcrfl,g - Z Z (Sﬂihai*l,pg‘

heH ieT, heH i€T,

Here 8, , is the Kronecker delta function. On the other hand, 7 has a standard basis
{uo;}, where

Ug;(0i) = 6i,j.
Given g € G = Gal(E“/k), g gives a transformation j — g(j) on T, via

0j8 = hog) forsomeh € H.
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Simple calculation shows
T(Qug; = uq; ifg(j) =1i.
So
X (@ =Ili € Ty : oigo; ' € H)|=2I{G, ) € T, x H : g = oiho; '} =[(g).
On the other hand,

Xz (Pg) = XE/F(P)Xn(8) = —f(g) = f(pg).

In summary, we have verified (5.3). One has by Proposition 2.1,

Y hra(®s) =— Y h(AS) =— Y Z(0, AY).

[S|=r [S|=r [S|=r

This proves (2) for r > 2.
For r = 1, the same calculation (easier) give

n 1
Z Ag = EtrEf/k_(l — ,o)trEC/k+;fE/F-
1S|=1

Notice that all CM types of E of signature (n — 1, 1) are equivalent. So for |S| = 1
one has

1 1 1
hra (P5) = =Z(0, ®%) = = Z(0, &)+~ Z(0. Xgyq) = 5 Z(0. xXe/p).

As a CM type of E of signature (n — r, r) is equivalent to a CM type of signature
(r,n —r), the case |S| = n — 1 is also true.

Then case r = 0 (also r = n) is a restatement of the well-known Chowla—
Selberg formula. Indeed, &g = tr Ik is in this case the extension of the CM type

{1} of kto E. So

1 1
hpal(®s) = hea (P () = EhFal(A) = _ZZ(O’ 1)

by the Chowla—Selberg formula ([6, (0.15)]), where D m is the CM type {1} of
k, and A is a CM elliptic curve with CM by O O

Corollary 5.3. Let F¢ be the Galois closure of F over Q and assume that
Gal(F¢/Q) = S, or A, is the symmetric group or the alternating group of order n
withn = [F : Q). Then the Colmez conjecture holds for every CM type of E = Fk,
where k is an imaginary quadratic field.

Proof. Let ® = &g be a CM type of E with |S| = r as above. By Theorem 5.2,
we may assume 2 < r < n/2. In this case, notice that S,, and A, act transitively on
the subsets S of order r of 7, = {1, ..., n}. So Gal(F¢/Q) acts on the CM types
dg of E of signature (n — r, r) transitively. Theorem 5.2 implies that the Colmez
conjecture holds for each of them. O
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5.3. CM number fields of small degree

It is well-known and easy to check that the Colmez conjecture only depends on
the Galois orbit of a CM type. Fresan observed that the average Colmez conjecture
and the Colmez conjecture for abelian CM number fields (both are theorems now)
imply that every quartic CM number field satisfies the Colmez conjecture. He and
one of the authors (T.Y.) showed using the same idea in a private note that every
sextic CM number field satisfies the Colmez conjecture with the help of Dodson’s
classification of sextic CM number fields and their CM types ([5]). We consider the
case n = 5 here. Let E be a CM number field with maximal totally real number
field F. Let E€ be the Galois closure of E, and let F¢ be the Galois closure of F.
Then E€ is a CM number field and F¢ is a totally real subfield (which may be not
maximal). Let G = Gal(E“/Q) as above and let Gy = Gal(F¢/Q) as in [5] (this
notation is a little different from the rest of this paper). Assume that F = Q(«),
and let o1 = «, a2, . . . a0, be the Galois conjugates of . Then the action of G on
these roots gives an embedding of Gy into S,. The following is a special case of
[5,5.1.3].

Proposition 5.4. Let the notation be as above and assume n = [F : Q] = 5. Then
the possible Galois groups G are:

(1) G = Gg x (p) with Gy = Z/5, D19, /5 x Z/4, As or Ss. Here
Z)5 x )4 = ((12345), (2354)) C Ss.

2) G = (Z/2)5 x Go. Here G is again one of the five choices listed in (1), and
it acts on (7,)2)° by permutation of the coordinates. In this case, all CM types
of E are equivalent.

Theorem 5.5. The Colmez conjecture (2.5) holds for all CM number fields of degree
10 with the following possible exception: E = F kwhere F is a totally real number
field of degree 5 whose Galois closure F€ is of type Dy over Q and k is an
imaginary quadratic field. In such a case, the Colmez conjecture (2.5) holds for ®g
with |S| =0, 1,4, 5. Moreover, every ®s with |S| = 2, 3 is equivalent to ®(; 2y or
®y1,3). Finally, the Colmez conjecture (2.4) holds for A({)I,Z} + A?1,3} in this case.

Proof. Itis asimple case by case verification using Proposition 5.4. In case (2), the
average Colmez conjecture proved in [1] and [13] implies the Colmez conjecture
as all the CM types of E are equivalent. In case (1), there is an imaginary quadratic
subfield k of E€ such that Gal(E“/k) = Gal(F¢/Q), and E = Fk. So every CM
type of E has the form &g with S C T5 = {1, 2, 3, 4, 5}. The Colmez conjecture
holds for &g for |S| = 0, 1, 3, 4 by Theorem 5.2.

Now we assume that |S| = 2. The abelian case Gy = Z/5 is known due
to Colmez and Obus. In all other cases, @y is clearly equivalent to some gy ;,
i =2,3. Incases Gy = As, S5 or Z/5 x Z/4, there is T € G such that 7(1) =1
and 7(2) = 3, and so TPy 2) = Py1.3). So all g with |S| = 2 are equivalent,
and Theorem 5.2 implies the Colmez conjecture for all &5 with |S| = 2. The same
is true for |S| = 3 as Py is equivalent to 5. We are left with G = Go x (p),
Go = Djg. Theorem 5.1 takes care of this case. O
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