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Thesynthesisofcomplex materialsthroughtheself-assemblyofparticlesatthe

nanoscaleprovidesopportunitiesfortherealizationofnovel materialproperties.

However,theinversedesignprocesstocreateexperimentallyfeasibleinterparticle

interactionstrategiesisuniquelychallenging.Standardmethodsfortheoptimiza-

tionofisotropicpairpotentialstendtowardoverfitting,resultinginsolutionswithtoo

manyfeaturesandlengthscalesthatarechallengingtomaptomechanisticmodels.

Hereweintroduceamethodfortheoptimizationofsimplepairpotentialsthatmin-

imizestherelativeentropyofthecomplextargetstructurewhiledirectlyconsidering

onlythoselengthscalesmostrelevantforself-assembly.Ourapproachmaximizesthe

relativeinformationofatargetpairdistributionfunctionwithrespecttoanansatz

distributionfunctionviaaniterativeupdateprocess.Duringthisprocess,wefilter

highfrequenciesfromtheFourierspectrumofthepairpotential,resultingininter-

actionpotentialsthataresmootherandsimplerinrealspace,andthereforelikely

easiertomake. Weshowthatpairpotentialsobtainedbythismethodassembletheir

targetstructuremorerobustlywithrespecttooptimizationmethodparametersthan

potentialsoptimizedwithoutfiltering.
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FIG.1.Togenerateanisotropicpairpotential(IPP)fortheself-assemblyofcomplexstructures,

theradialdistributionfunction(RDF)ismeasuredfromathermalizedidealcrystal,fromwhich

wegenerateasmoothguessfunctionink-space.Thisguessfunctionistheniterativelyupdatedby

transformingthepotentialintorealspaceateachiteration,executingaself-assemblysimulation,

measuringtheresponse,andthenupdatingthepotentialaccordinglyinFourierspace.Theinitial

guess,aswellasallupdatesaresmoothenedviaalow-passfilter(showninred)inordertoensure

thattheoptimizationisbiasedtowardsmootherpotentialsthatcarryonlythoselengthscalesthat

arecrucialfortheassemblyofthetargetstructure.

I. INTRODUCTION13

Theabilitytosynthesizenovelcomplexmaterialsviatheself-assemblyofbuildingblocks14

onthenanoscalepresentsanenormousopportunityforthedesignofmaterialswithtargeted15
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behavior,includingmechanicalandopticalproperties.1,2Followingthedefinitionof White-16

sidesetal.,3aself-assemblyprocessischaracterizedbytheemergenceofstructurefrom17

disordered,distinctconstituentsandgovernedbytheirshapesandinteractions.Inorderto18

designamaterialforsynthesisviaself-assembly,weneedtoanswerthequestion“Whatcon-19

stituentsarerequiredforthetargetedself-assemblybehavior?”Thisquestionrepresentsthe20

inverseproblemincontrasttotheforwardproblemof“Whatistheself-assemblybehavior21

ofcertainpredefinedconstituents?”1,4Themajorchallengeinsolvingtheinverseproblem22

isthevastsearchspaceconstitutedbythesheerlimitlesschoiceandpossiblecombinations23

offeasiblebuildingblocksandinteractions.5–7Ofcourse,simplyidentifyingtheconstituents24

thatproduceathermodynamictargetstructuredoesnotguaranteetheexistenceofarobust25

kineticpathwaytothatstructure.26

Althoughdirectingself-assemblyprocesseswithhighlyspecificinteractionsistechnically27

possible,8–10itisoftenmoreinformativetoknowwhatisthesimplestinteractionneededto28

achieveaspecificstructureviafacileandrobustself-assembly,11thatis,onshorttimescales29

andwithouttheneedforseedingthetargetcrystal.Thisso-calledsimplestinteractionwill30

notonlyprovideinsightintotheunderlyingmechanismsofself-assembly,butmayalsobe31

easiertorealizeexperimentallyandproducehigheryields.Simpleinteractionswithfeatures32

whoselengthscalesareontheorderoftheinterparticledistancesareexperimentallyrealiz-33

ablethrough,forexample,DNA-mediatedsurfacefunctionalizationofnanoparticles.12–1934

Inthisworkweoptimizeisotropicpairpotentials(IPPs)asamodelfortheinteraction35

betweenpointparticlesthatself-assembleintoaspecifictargetcrystalstructurefromafluid36

(disordered)state. Thatis,weseekpairpotentialsthatnotonlyhaveshapescontaining37

minimalfeatures,butalsowhichdriveassemblyofthetargetstructurerapidly,withoutneed38

foraseedandwithoutlongwaitingtimesfornucleation.ItwaspreviouslyshownthatFourier39

spacefiltersprovideanelegantwaytodesignsimpleIPPsfortheself-assemblyofcomplex40

structures.20,21Hereweapplythisknowledgetoadvancetherelativeentropyminimization41

(REM)approachoutlinedbyLindquistetal.22tobecarriedoutdirectlyinFourierspace42

andwiththerepeatedapplicationofasmoothlow-passfilterateachiterationinorderto43

effectivelysteertheoptimizationprocesstowardssimplersolutions.TheproposedFourier-44

filteredrelativeentropyminimization(FF-REM)method(Fig.1)isdesignedtooptimize45

forpotentialswithouttheneedtorestricttherangeofinteractionsfedintothealgorithm46

orlimitthesolutiontoaspecificparametrization.Instead,alow-passfilterisimposedin47
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reciprocalspacethatpenalizesfeaturesinthepotentialatlargek. Thisfilteringleadsto48

effectivelyfewerminimaandmaximaandthesuppressionofnoisyfluctuationsonlength49

scalessmallerthanthosefeaturesinrealspacewhilenaturallypreservingthereal-space50

potentialrangeandqualitativefunctionalform.51

Itisknownthattherobustnessofconvergenceofstandardmethodsforthederivationof52

IPPsforfluids,23–27manyofwhichfallunderthegeneralumbrellaoftherelativeentropy53

minimizationframework,28,29canbeimprovedthroughsmoothingdirectlyinreal-space.54

However,radialdistributionfunctions(RDFs)ofsolidshavemanymorecharacteristiclength55

scalescomparedtotheirfluidcounterpartsmakingitespeciallydifficulttoconvergenon-56

parametrizedsolutionsthatareneitherover-norunderfittedwithoutajudiciouschoice57

ofcut-offandsmoothingfilter. Thatmeansinthiscontextthattheycontaintoomany58

featuresandlengthscalesthatarenotactuallycriticalandarepossiblyevendetrimentalfor59

therobustself-assemblyofthetargetstructure.Sinceweknowthatcomplexstructuresmay60

beassembledfrommuchsimplerpotentialfunctions,30anefficientoptimizationalgorithm61

needstobebiasedtowardsthoselengthscalesthatareessentialforrobustself-assembly.62

Anotherapproachtosteertheoptimizationofpotentialstowardssimplersolutionsis63

toapplyconstraints,e.g.,bylimitingthesolutionspacetoaspecificfunctionalform.3164

Overfittingmayalsobepreventedwithearlystoppingformorebroadlyconstrainedsearch65

spaces,forexamplewhenthesolutionsarelimitedtoaspecificclassoffunctions,suchas66

repulsive,monotonicallydecreasingfunctions22,32orparameterizedsplinesthateffectively67

implementalowerlimitonallfeaturelengthscales.33TheFF-REMmethoddoesnotrelyon68

suchconstraints,butinsteadsteerstheoptimizationtowardssmootherandsimplersolutions69

bytherepeatedapplicationofafilterfunctioninFourierspace(k-space). Thisapproach70

isespeciallyadvantageousduringearlyexploration,e.g.,todeterminewhetheranysolution71

existsatall,orwhenthereisnospecificdesiredfunctionalform.Conversely,thepresented72

methoddoesnotallowonetotargetaspecificfunctionalform,evenifdesired.73

II. FOURIER-FILTEREDRELATIVEENTROPY MINIMIZATION74

Forthealgorithm’sderivationwerecognizethepotentialenergyEofathree-dimensional75

systemofinteractingpointparticlesinavolumeV=N/ρ,whereρdenotesthenumber76

density,maybeexpressedasafunctionoftheRDF,g(r),bothinrealspace,77
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E

N
=2πρ

∞

0

drr2g(r)V(r), (1)

andequivalentlyinreciprocalspace,78

E

N
=2πρ

∞

0

dkk2ĝ(k)̂V(k), (2)

wheref(r)→ f̂(k)istheFouriertransform,definedby79

f̂(k)=
1

k

2

π

∞

0

drrf(r)sin(kr). (3)

andV(r)and̂V(k)representtheisotropicpairwiseinteractionpotentialinreal-andk-space80

respectively.81

TheFouriertransformationisuniqueandinvertibleandthuspreservesalltheinformation82

ofthereal-spacepotential.However,inpractice,inordertomeetthecomplexityconstraints83

introducedabove,areal-spacepotentialisstronglylimited,especiallyinitsrange. This84

meansthattraditionaloptimizationtechniques—carriedoutexclusivelyinreal-space—are85

inherentlytyingtheinformationexploitedfortheoptimizationprocesstotherangeofthe86

potentialenergyfunction.Inotherwords,apotentialoptimizedwith,e.g.,IterativeBoltz-87

mannInversion(IBI)isinherentlybiasedtomatchshort-rangedistancedistributionssince88

anylong-rangeinformationcontainedintheRDFbeyondthereal-spacepotentialcut-off89

iscompletelydiscarded. Byinsteadoptimizingthepairwiseinteractionmodeldirectlyin90

Fourierspace,weintroducenoinherentconstraintonthepotentialrangeandthepotential91

functionisonlytransformedintorealspaceforthesakeofcarryingouttheintegrationof92

forcesaspartofsimulatingtheassemblyprocessusingmoleculardynamics(MD).93

Fortheoverallprocess(showninFig.1),wefirstproposeanansatzfunctionV̂(0)(k),94

whichinourcaseisjustthesmoothenedFouriertransformofthepotentialofmeanforce.95

Thenweenteraniterativeupdateprocess,whereateachiterationwemapthepotentialto96

realspaceandcarryoutaMDsimulationofpointparticles.Specifically,wethermalizethe97

systematanelevatedtemperatureofkBT=3.0εtoensurethatitisinadisorderedfluid98

state,andthencoolandcompressthesystemoverthenext4milliontimestepstoafinal99

temperatureofkBT=1.0ε(seeSupplementalMaterial(SM)Sec.S3). Whetherthesystem100
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assembledthetargetedstructureornot,wethencalculatetheshiftedRDFh(r)=g(r)−1101

andFouriertransformtoobtain̂h(k).Theupdatestepisthenderivedfromtheminimization102

ofrelativeentropydirectlyinFourierspace(seeSec.S1.A-C,specificallyEq.S5toS30)and103

isexpressedasafunctionofthedifferencebetween̂h(i)(k)atiterationiand̂h∗(k)measured104

fromthetargetstructure105

V̂(i+1)(k)=̂V(i)(k)+αe−ckkBT[̂h
(i)(k)−ĥ∗(k)], (4)

whereαdenotestheeffectivelearningrate,cscalesthelow-passfilter,andkBTisthe106

thermalenergyofthesystem.Thelearningrateαisaunitlessdampeningfactortostabilize107

theoptimizationprocess;wefoundvaluesontheorderof0.1tobesmallenoughtoyield108

stableoptimization.Thelow-passlengthscaleoftheexponentialfilterissetbycsuchthat109

featuresinthereal-spacepotentialwithwavelengthsmuchsmallerthan2πcaredamped110

whilefeatureswithmuchlongerwavelengthsarepreserved(seeSMSec.S1.D).Thestudied111

filterstrengthsc=0.1σandc=0.2σarechosenempirically,suchthatfeaturesonlength112

scalesontheorderofparticleinteractionsO(1)arelargelypreserved,whilefeatureson113

smallerlengthsscalesaresufficientlysuppressed.114

IPPsmappedfromFourierspaceontorealspaceneedtobetruncatedsincetheyarein115

principleinfiniteinrange.Forthisweappliedthefollowingcut-offalgorithm:116

rcut=min
r
(r≥rmin∧V(r)≤ ∧V(r)≤ ), (5)

wherewechosermin∈{1.6,2.4},=0.3and =5.0.Thismeansthatthepotentialiscut117

offatthefirstextremumbeyondrmin thatissufficientlyclosetozero(seealsoSec.S1.E).118

Weensuresmoothnessatthiscut-offbyapplyingtheStoddard-Fordalgorithm34uptothe119

firstderivative.120

ToapplythisalgorithmtothederivationofIPPsfortheassemblyofsolidstructures,we121

computetheRDFfrompositiondistributionsofharmoniccrystals,whereparticlesarebound122

totheiridealcrystalsitesthroughharmonicbondssimilarlytomethodspreviouslydescribed123

intheliterature.22,33TheharmonicbondconstantKwaschosensuchthatthepeakswithin124

themeasuredRDFaresufficientlydistincttoreliablycharacterizethestructure,usuallyin125

arangeofK=[100,800],butalwayslowenoughtoavoidsingularities.126
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FIG.2. HereweshowtheobjectivelybestIPPs(correspondingtoϕmax,seeEq.7)optimized

withFF-REM(c>0)inblueandwithoutfiltering(c=0)inyellow. TheRDFmeasuredfrom

theassembledstructures(g(r),graylines)arecomparedagainstthoseobtainedfromthetarget

harmoniccrystal(g∗(r),shadedingray). WefoundthataperfectfittingofallRDFfeatures

isnotacriticalrequirementfortheassemblyofthetargetstructure. Thecorrespondingunit

cellsaredepictedasball-and-stickmodels(topright). Whileourmethodconsistentlyproduces

simplerpotentialscomparedtothecontrolmethodwithoutfiltering,itisnotguaranteedthatour

methodologyresultsinthesimplestpossibleinteractionpotentialforagiventargetstructure.This

becomesobviousincomparisonwithselectresultsfromtheliterature,wheresomepotentialsare

significantlysimplercomparedtoourresults,eventhoughmostsharegeneralcharacteristics.The

potentialsdrawnfromtheliteratureandplottedherearenotadjustedfordifferencesintemperature

anddensityoftheassemblystatepoint. 7
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AllmoleculardynamicssimulationswerecarriedoutwithHOOMD-blue35,36onXSEDE127

resources37(includingtheCometandBridgesclusters)andonthehigh-performancecompute128

clusteroftheUniversityof Michigan. Thecomputationalworkflowingeneralanddata129

managementinparticularforthispublicationwasprimarilysupportedbythesignacdata130

managementframework.38131

SimulationtrajectorieswereanalyzedwiththesoftwarepackageFreud39andvisualiza-132

tionswererenderedwithFresnel.40Structureswereanalyzedandidentifiedwiththeinhouse133

softwareInjavis. Wetrainedamachine-learningmodelbasedonadeepneuralnetworkwith134

sphericalharmonicdescriptorsofparticleenvironmentstoidentifycrystalstructuresfrom135

millionsofsimulationsnapshots41(Sec.S2).136

TobenchmarktheperformanceofFF-REM,wealsoattemptedacontroloptimization137

usingstandardREM,whichisequivalenttonofiltering(c=0).IPPsoptimizedusingREM138

withoutanykindoffilteringfailedtoself-assemblethetargetstructureinabout70%ofall139

cases.140

III. ISOTROPICPAIRPOTENTIALSFORCOMPLEXSTRUCTURES141

DesignandoptimizationofIPPsforsimpleandcomplexstructureshasyieldedaplethora142

ofdifferentmodelsrangingfromrepulsivetoattractive,fromshort-rangedtolong-ranged,143

fromsimpletocomplex. Wehaveselectedafewexemplarymodelstocompareourresultsto,144

includingtheGaussiancoremodel(GCM),42,43theinverse-power-lawpotential(IPL),43–47145

theDzugutovpotential,48–50thesoft-repulsive-shoulderpotential(SRS),51andpotentials146

publishedbyRechtsmanetal.,52,53Jainetal.,54andrecentlybyLindquistetal.33thathave147

beenshowntoassemblesomeofthestructureswetargetedaspartofthisstudy,andmany148

ofwhichsharequalitativecharacteristicswithourresults.149

UsingFF-REMwefoundIPPsfortheassemblyofsimplecubic(cP1),body-centered150

cubic(cI2),face-centeredcubic(cF4),β-tintI4-Sn(tI4),A15-typecP8-Cr3Si(cP8),di-151

amond(cF8),clathrate-IcP54-K4Si23(cP54),andσ-phasetP30-CrFe(tP30)structures.152

ThecorrespondingIPPsareplottedinFig.2. Withoutfiltering,i.e.,c=0,wewereonly153

abletooptimizepotentialsforcP1,cI2,cF4,andtI4.Notably,thepotentialswefoundfor154

theFrank-Kasperphases(cP8,tP30)arehighlysimilartothosereportedbyLindquistand155

co-workers33obtainedwithstandardREMincombinationwithasplineinterpolation.156
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TABLEI.ThecomplexityΩasdefinedbyEq.6, measuredfordifferentstructuresandfilter

strengthsc(Eq.4).

CrystalStructure c=0 c=0.1σ c=0.2σ Mean

cP1-Po 1.04 0.22 0.18 0.48

cI2-W 0.46 0.08 0.06 0.20

cF4-Cu 0.99 0.06 0.04 0.37

tI4-Sn 0.71 0.07 0.04 0.27

cF8-C - - 0.70 0.70

cP8-Cr3Si - - 0.09 0.09

tP30-CrFe - - 0.06 0.06

cP54-K4Si23 - - 0.07 0.07

AttemptstofindpotentialsforcP4-Li(cP4),β-manganesecP20-Mn(cP20),andγ-brass157

cI52-Cu5Zn8(cI52)werenotsuccessfulwithparameterstestedforthisstudy,thatmeans158

theydidnotassemblethetargetstructureafterafixednumberoftimesteps.Thisdoesnot159

ruleoutthepossibilityoftheobtainedpotentialstoself-assemblethetargetstructureusing160

alternativeprotocols,e.g.,bystartingfromaseededconfigurationorsimplysamplinglonger161

toovercomepotentialnucleationbarriers.Thisisevidencedbythefactthatpotentialsthat162

willself-assemblethetargetedstructuresareknownforalltestedstructures,includingcI5255163

andcP20,56andbecausetheassemblyyieldisequalorgreaterforallpotentialswhenthe164

systemisdopedwithacrystallineseed(Fig.S10). Withintherealmofthisstudy,weonly165

reportthosepotentialsthatassemblethetargetstructurewiththetestedprotocol,others166

wereconsideredunsuccessfulandconsequentlydisregarded.167

Toquantifytheeffectivenessofourfiltering,weintroducedameasurementofcomplexity,168

Ω,definedas169

Ω≡
1

kmax

kmax

k=0

dk k̂V(k)
2

. (6)

Ωisnonnegativeandbecomeslargewhenthepotentialhassmall-scalereal-spacefeatures170

(Sec.S5).171

Theeffectivenessofthelow-passfilterbecomesobviouswhencomparingΩbetweenop-172
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FIG.3. Wecanusethefilterstrengthctoeffectivelycontrolthecomplexityofoursolution

ink-space(Eq.4),resultinginsmootherpotentialswithfewerfeaturesonsmallerlengthscales.

Importantfeaturessuchasthelocationofextremaandtheirrelativewell-deptharepreserved.The

controloptimizationwithc=0isobviouslymuchmorecomplex.

timizationprocedureswithdifferentfilterstrengthsc,seeTab.I. Optimizationrunswith173

thehighercvalueof0.2σconsistentlyyieldedsolutionswithlowercomplexity.174

Thiseffectcanbevisualizedwhencomparingsolutionsmappedontorealspaceforthe175

identicaltargetstructure,butcarriedoutwithdifferentfilterstrengths.Fig.3showssolu-176

tionsforcI2,optimizedwithcrangingfrom0to0.2σ.Thesolutionforc=0isclearlymuch177

morecomplexcomparedtoallothersolutions,butthemaincharacteristicsofthepotential178

functionswithc>0areconserved.Thesolutionwithc=0.1σclearlycontainsadditional179

non-criticalfeaturesonsmallerlengthscalescomparedtosolutionsobtainedwithc=0.2σ.180

IV. METHODEVALUATION181

ToquantifytheobjectiveofminimizingthedifferenceintheRDFmeasuredfromthe182

thermalizedidealcrystalandthedistributionmeasuredfromtheself-assemblyresult,with183

theadditionalconstraintofminimizingcomplexityandpotentialrange,wedefinetheob-184

jectivefunction,185

ϕ(i)=
f(i)

Ω(i)·r
(i)
cut

, (7)

10

http://dx.doi.org/10.1063/1.5063802


1.0 1.5 2.0 2.5 3.0

r []

0.5

0.0

0.5

1.0

1.5

V
(r
) 
[
]

cP1-Po

min max
Objective  (norm.)

c=0.0

c=0.1

c=0.2

FIG.4. Alloptimizedpotentialswereevaluatedbytheobjectivefunctionϕ(definedbyEq.7

andvisualizedbycolor),whichrewardsabetterfitwiththetargetRDFandpenalizescomplexity

(Eq.6)andlong-rangedpotentials(Eq.5). Plottedarepotentialsthatwerefoundassolutions

fortheself-assemblyofthecP1structureforagivensetofoptimizationparametersandmultiple

replications. Thepotentialshaveaboutthesameshape,butthecomplexityissharplyclustered

withrespecttothefilterstrengthc.

where186

f(i)=1.0−
j|g
(i)(rj)−g

∗(rj)|

j[g
(i)(rj)+g∗(rj)]

. (8)

Thefunctionsg(i)(rj)andg
∗(rj)denotethediscreteRDFmeasuredatiterationiandfrom187

thetargetstructure,respectively;thereforethefitnessfisameasureofhowcloselytheRDF188

matchesthetargetdistributionatiterationi.Themeasurefisnormalizedbytheabsolute189

magnitudeofthecomparedvaluessothatdifferentsystemsarecomparable.57Thismeans190

thattheobjectivefunctionnaturallyincreasesastheRDFmatchesbetter,butisreducedby191

increasedcomplexity(Eq.6)andtherangeofthepotentialevaluatedinrealspace(Eq.5).192

TheobjectivefunctionisusedtorankdifferentIPPsolutionsforthesamestructureas193

showninFig.4andFig.S6.194

Forthestructuresthatwewereabletofindasolutionfor,theFourierspacefiltering195

notonlyresultsinareductionofIPPcomplexity,butalsogenerallyyieldsanoverallhigher196

fitness(seeFig.S2). Whiletheliteraturesuggeststhatanincreasedfilterstrengthwould197
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resultinimprovedrobustnessoftheoptimizationprocessandtheassemblykinetics,24,25we198

founditbothsurprisingandreassuringthattheleastcomplexsolutionsresultinanoverall199

betterfittingofthetargetfunctionaswell.200

Ingeneral,thefitnessoftheresultingRDFsisnotagoodindicatorforsuccessfulassembly.201

Infact,whenevaluatedforthecompletedataset,thefitnessisonlyweaklycorrelated202

withtheyield.Inotherwords,mostoptimizationrunsreturnedpotentialsthatreliably203

reproducedtheRDF,uptoaspecificprecision,butfromthatalonewecannotdiscernthat204

thispotentialassemblesthetargetstructure,oranyorderedstructureatall. However,205

forthosepotentialsthatdidassemblethetargetstructure,wecanusethefitnessasa206

quantitativemeasureofhowwellthesolutionmatchesthetargetdistribution,whichinturn207

allowsustorankmultiplesuccessfulsolutions.208

WhilewewereabletodetermineIPPsformanydifferentstructures,inmanycasesthe209

optimizationresultedinpotentialsthateitherfailedtoassembleanystructure,i.e.,they210

formedsomekindoffluid,orassembledhighlydefectivestructuresthatmightormightnot211

resemblethetargetstructure.Inonlyveryfewcasesdidtheoptimizationresultinastructure212

differentfromthedesiredstructure.Forexample,noneoftheattemptstooptimizeanIPP213

forcI52weresuccessful,butsomeofthemyieldedcI2instead. Whiletheoptimization214

didnotsucceedinthiscase,itatleastyieldedacloselyrelatedstate:cI52representsa215

(3×3×3)-foldsuperstructureofcI2.Similarly,someofthecP20optimizationrunsyielded216

cI2aswell.Apotentialenergyanalysis(Fig.S11)showsthattheFF-REMalgorithmisable217

todetermineapotentialforwhichthetargetedstructurepresentsthegroundstateamong218

thecompetitorpoolinallcasesexceptforcI52,wherecI2hasalowerpotentialenergy. We219

thereforepresumethatthefailuretofindaIPPforatargetedstructureisrelatedprimarily220

totheassemblyprotocolinallbutthiscase.221

Weanalyzedtheoptimizationperformancewithrespecttotheoptimizationparameters222

andwithrespecttothetargetstructures.Inparticularweareinterestedindetermining223

whichparametersyieldthebestresultsandwhetherwecandiscernforwhichstructures224

itisinherentlyhardertooptimizepotentialswiththepresentedmethodsbasedonspecific225

structuralcharacteristics.226

Weevaluatedtherobustnessofaspecificparameterandstructurecombinationbydivid-227

ingthenumberoftimestheyresultedinthesuccessfuloptimizationofapotentialinatleast228

oneiterationwiththetotalnumberofattemptsforthatcombination.Allcombinationswere229

12

http://dx.doi.org/10.1063/1.5063802


cP1cI2cF4cP4tI4cF8cP8cP20tP30cI52cP54

Crystal Structure

0.0

0.2

0.4

0.6

0.8

1.0

O
pt
i
mi
z
at
i
o
n 
Yi
el
d 
[-
]

Filter Strength c []

0.0

0.1

0.2

0.00.10.2

Filter Strength c []

0.0

0.2

0.4

O
pt
i
mi
z
at
i
o
n 
Yi
el
d 
[-
]

(a)Optimizationyieldbystructure

(b)Optimizationyieldby

filterstrength

1 2 4 820305254

Unit cell size

0.0

0.2

0.4

0.6

0.8

1.0

c

(c)Optimizationyieldby

unitcellsize

FIG.5.Theyieldshownhereisthenumberofsuccessfulattempts,i.e.,astructureandoptimiza-

tionparametercombination,whereatleastoneiterationledtoanIPPthatwouldassemblethe

targetstructure,dividedbythetotalnumberofattempts.

replicatedindependentlythreetimeswithadifferentrandomseed.230

WefoundthattheoverallyieldofFF-REM(41%)forfinitefilterstrengths(c>0)is231

highercomparedto30%withnofiltering(c=0). Theyieldamongreplicationgroups,232

thatmeansallattemptswithidenticaloptimizationparametersexceptfortherandomseed,233

whereatleastoneattemptledtosuccessfuloptimization,ismuchcloser(87%(filtered)234

versus95%(non-filtered)).235

Forthethreetestedfilterstrengthsc,wefindthatFF-REMperformsbetterwithhigher236

valuesofcforalmostallstructuresexceptforcP1andcI2(Fig.5a)aswellastheoverall237

average(Fig.5b).Thisfindingissurprisingtousasweexpectedthatincreasedsmoothing—238

thatmeansseeminglylesspreservedinformation—mightmakeitmoredifficulttoassemble239
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FIG.6.ThemeltingtemperaturekBTmeltisthetemperatureatwhichthetargetstructuredisinte-

grates,i.e.,isnolongerstablewithparticlesatthelatticecoordinatesinteractingviatheoptimized

IPP.Themeltingtemperaturewasdeterminedbyinitializingthesysteminthetargetstructural

configurationandthenslowlyraisingthetemperaturefromkBT=1.0uptokBT=3.0(Fig.S12).

morecomplextargetstructureswithlargerunitcells. Overallwewereabletofindmore240

structuresmorerobustlywithFF-REMinthevastmajorityofstudiedcases.241

Itappearsthatforthetestedstructurestheyieldisnegativelycorrelatedwiththeunit242

cellsize(seeFig.5c).However,wewouldneedtotestmorestructurestodeterminewhether243

thisisinherenttotheoptimizationalgorithm,orwhether,e.g.,itisbecausestructureswith244

largerunitcellsaregenerallymoredifficulttoassemblewiththeusedprotocolsandwithout245

seeds.Furthermore,theyieldincreaseswiththeaveragecoordinationnumberofthefirst246

neighborshell(seeFig.S7). Withtheexceptionoftheextraordinarilyrobustoptimizationof247

potentialsforthecP1andtI4structures,whichbothhaveanaveragecoordinationnumber248

of6,thereappearstobeaapositiverelationshipbetweenaveragecoordinationnumber249

andtheyield.Specifically,itappearstobegenerallymoredifficulttooptimizeIPPsfor250

lower-coordinatedstructures,suchascP4orcF8(seeFig.5a).251

Toassesstheoptimizationrobustnessforallruns,evenforthoseparametercombinations252

wherethetargetstructurecouldnotbeassembled,wedeterminedthemeltingtemperature253

kBTmelt forthebestpotential,i.e.,thepotentialwiththeobjectivelyhighestvalue(ϕmax)254

(seeFig.6). Themeltingtemperatureisdefinedasthetemperatureatwhichthetarget255

structurecomprisedofparticlesinteractingviathecorrespondingpotentialwouldstartto256

disintegrate. Weinitializedsimulationconfigurationswiththetargetstructure,andthen257

slowlyincreasedthetemperaturewhileevaluatingtheLindemanncriterion:58,59258
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L= (ri−r0)
1/2

. (9)

ThemeltingtemperaturewasthendeterminedtobeexactlythetemperatureatwhichL259

andδL
δt
wereaboveaspecificbutuniversalthreshold(seeSec.S8formoreinformation).260

Wefoundthatthemeanmeltingtemperatureisslightlyhigherwithlowerfilterstrengths261

c. Themeanmeltingtemperatureforindividualstructureswasoftencomparableoreven262

higherwithnofilter(c=0),evenwhenthelatterdidnotresultinapotentialthatwould263

assemblethetargetstructure.264

Inconclusion,wedemonstratedthatbytakingadvantageoftheuniquepropertiesof265

Fourierspace,weareabletoimplementasimplebuteffectiveoptimizationalgorithmre-266

sultinginsmoothIPPsfortheself-assemblyofcomplexstructures. NotonlyisFF-REM267

morerobustanddemonstratedanoverallhigheryieldcomparedtothecontroloptimization268

withnofilter,theresultingsmootherpotentialsleadtoasignificantlyhigheryieldwhenit269

comestotheself-assemblyofcomplexcrystalstructures.270

SUPPLEMENTAL MATERIAL271

Seesupplementalmaterialforamoredetaileddescriptionoftheoptimizationalgorithm272

andallassociatedsimulationprotocolsaswellasaslightlyexpandedanalysisoftheyield,273

fitness,andqualityofsolutionswithrespecttotargetedstructureandstructureproperties.274
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