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Chapter 1
Preface

The coupling method is known as one of the few purely probabilistic techniques in
mathematics. In combination with other methods, the coupling has been an effective
tool in solving a variety of mathematical problems. For example, coupling can be
used for proving limit theorems, or uniqueness of limit measures. In the theory of
interacting particle systems, coupling is used for proving main invariance results.
See [38] and [39]. The history of the coupling method dates back to the work of
Doeblin [18] as documented by Lindvall [40], where a fascimile of parts of [18] are
included in the Epilogue. The renewed interest in the coupling method was sparked
by the reemergence of the mixing times [37]. Besides being used for proving the
convergence results for Markov processes, the coupling method is also used for
estimating the speed of convergence, characterized by the mixing times.

The theory of mixing times addresses a fundamental question that lies at the heart
of statistical mechanics. How quickly does a physical system relax to equilibrium?
A related problem arises in computational statistical physics concerning the accu-
racy of computer simulations of equilibrium data. One typically carries out such
simulations by running Glauber dynamics or the closely related Metropolis algo-
rithm, in which case the theory of mixing times allows one to quantify the running
time required by the simulation.

An important question driving the work in the beld is the relationship between the
mixing times of the dynamics and the equilibrium phase transition structure of the
corresponding statistical mechanical models. path couplingmethod introduced
by Bubley and Dyer [6] is a powerful tool in the theory of mixing times of Markov
chains in which rapid mixing can be proved by showing that the mean coupling
distance contracts between all neighboring conbgurations of a minimal path con-
necting two arbitrary conbgurations. Many results for statistical mechanical models
that exhibit a continuous phase transition were obtained by a direct application of
the standard path coupling method.

For models that exhibit a brst-order / discontinuous phase transition, the standard
path coupling method did not work. Thus, the path coupling method needed to be
extended for the cases when the mean coupling distance did not contract for some of
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the neighboring conbgurations. This extension, developed in [34, 35, 31], is referred
to asaggregate path couplingrhe aggregate path coupling method extends the use
of the path coupling technique in the absence of contraction of the mean coupling
distance between all neighboring conbgurations of a statistical mechanical model.
In this monograph, we show how to combine aggregate path coupling and large
deviation theory [21] to determine the mixing times of a large class of statistical
mechanical models, including those that exhibit a brst-order phase transition. Our
primary objective is to characterize the assumptions required to apply the method
of aggregate path coupling.

In this monograph, the complete theory of aggregate path coupling is presented.
While many of the results were brst introduced in original research papers, here
they are presented in a unifying theory, in greater generality, and with complete and
precise background, so that the book can serve as a stand alone reference for the
theory of path coupling and aggregate path coupling. The monograph is organized
as follows. Chapter 2 begins with an overview on mixing times, coupling, and maxi-
mal coupling. There, we introduce synchronized maximal coupling of three random
variables, and examine its applicability in Lemma 4.1 and Corollary 4.3, which we
then use to rigorously justify the path coupling method. Chapter 2 ends with Sec-
tion 8, where Theorem 8.1 that encompasses the main steps in the aggregate path
coupling method is proven.

A class of statistical mechanical models considered in this monograph is debned
in Chapter 3. There, Glauber dynamics is introduced, and distinct types of phase-
transition are discussed in Section 11. The two types of phase transition, continuous
and brst-order, are rigorously debned in Chapter 4, which covers large deviation
theory and equilibrium macrostates for the statistical mechanical models in Chapter
3.

Chapter 5 provides an example of successful use of path coupling (i.e. identify-
ing the parameter region of fast mixing) in the Curie-Weiss model, which exhibits
continuous phase transition. In the chapters following Chapter 5, we debne and
characterize the aggregate path coupling method for three classes of models. First,
in Chapter 6, we cover the the simpler setting, where the macroscopic quantity for
the model is one dimensional. Then in Chapter 7, we generalize the ideas of Chapter
6 to a large class of statistical mechanical models with macroscopic quantities that
are higher dimensional, including the mixing time results in Section 21 of Chapter
7 for a Glauber dynamics that converges to the so-called generalized Potts model on
the complete graph. Finally, in Chapter 8, we develop the aggregate path coupling
theory for the case where the underlying graph of the model is bipartite gaph

Parts of this monograph are based on the collaboration [31] wite Jesda
Hernandez. We would like to acknowledge the continued support and encourage-
ments for this work we received from Richard S. Ellis and Ed Waymire. We would
like to thank Jon Machta for providing us with valuable advice on how to introduce
phase transition in this monograph. Many people attended our presentations and pro-
vided their feedback and perspectives. Among them were Thomas M. Liggett, Amir
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Dembo, Robert M. Burton, Enrigue Thomann, Zhen-Qing Chen, Anatoly Yambart-
sev, Sourav Chatterjee, and many others. We thank Bruno Barbosa, a doctoral stu-
dent at Oregon State University, for pointing out a number of inaccuracies in an
earlier draft. Finally, we would like to thank the anonymous referees for providing
us with important comments and motivating remarks. This work was supported in
part by the NSF award DMS-1412557.






Chapter 2
Coupling, path coupling, and mixing times

In this chapter, we prst dePne coupling and the connection to mixing times of
Markov chains via the coupling inequality. We then motivate the method of path
coupling with a card shuf3ing example. In the remaining sections we provide the
complete derivation of the path coupling method in full generality and include the
debnition of the greedy coupling which is the particular coupling used for the sta-
tistical mechanical models discussed in this monograph. This will be done in an
alternative, and in our opinion, more rigorous way than usually employed.

The mixing time is a measure of convergence of a Markov chain to its stationary
distribution and is dePned in terms of the total variation distance.

Debpnition 0.1 Consider two probability measurgsand! on a measurable space
(" ,#), where" denotes the space a#dis a $-algebra. Theotal variation dis-
tancebetweery and! is debned as

| "
Pl = supl!t (A)" W(A)| = sup ! (A)" H(A) .
A A

There is an alternative equivalent depnition.

Debpnition 0.2 Let

o _du
Tarew MY YT arep

be the Radon-Nikodym derivatives. Then, tiital variation distance betweenu
and! is debned as

o]

1#
" =5 lgr " guld(! + ).

It follows that for a discrete state spate

!u"uw=;éymw"qu
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Given the convergence of the Markov chain to its stationary distrib@tjove debne
themaximal distance to stationaritp be

d(t) = maxt P(x,9" %

whereP'(x, g is the transition probability of the Markov chain aftesteps, starting
in conbguratiorx. Rather than obtaining bounds dft), it is sometimes easier to
bound thestandardized maximal distandebned by

) = maxt (69" Py.9ln ®

which satisbes the following result.
Lemma 0.3 ([37] Lemma 4.11)With d(t) andft) debned above, we have

d(t) $ Rt) $ 2d(t).
Given&> 0, themixing timeof the Markov chain is debPned by
to(& = min{t: d(t) $ &

In the modern theory of Markov chains, the interest is in the mixing time as a func-
tion of the system size. With only a handful of general techniques, rigorous analy-
sis of mixing times is difbcult and the proof of exact mixing time asymptotics (with
respect tan) of even some basic chains remains elusive. See [37] for a survey on the
theory of mixing times.

Rates of mixing times are generally categorized into two grorggsd mixing
which implies that the mixing time exhibits polynomial growth with respect to the
system size, andlow mixingwhich implies that the mixing time grows exponen-
tially with the system size. Determining the parameter region where a model under-
goes rapid mixing is of major importance, as it is in this region that the application
of the Glauber dynamics is physically feasible. The main application of the path
coupling and aggregate path coupling described in this monograph is to determine
the rapid mixing region for statistical mechanical models.

1 Coupling method

A couplingof two random variableX andY with respective distributions andpu
over a the probability measure spdte, #) is a joint distribution of the pai¢X,Y)
with values in the product spa¢é %" ,# & #) such that the marginal distribution
of X is p and the marginal distribution of is ! . Here,# & # is the smalles$ -
algebra containing all product sefs%B for all A,B# #. The following simple
lemma contains theoupling inequalityfor random variables.
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Lemma 1.1 Consider a couplingX,Y) of random variables X and Y with respec-
tive probability distributiond andp. Then,

" uly$ PXEY).
Proof. Observe that for anp# #,

I' (A)" H(A)|=§°(X#A)" P(Y#A)§
=YX # AY #A)" P(Y#A,X'#A)é
$P(XEY).

Thus, by Debnition 0.1,

" = supl! (A)" H(A)|S PXE V).
A#t#

There are many applications of couplings to the analysis of probability distributions
(see, e.g., [40, 15]), but we are interested in the extension of this idea to coupling of
Markov chains.

Debpnition 1.2 Consider a discrete time Markov process on a state spjaceith

the time homogeneous transition probability kefg(x, y)} xy# . We debPne eou-

pling of two copies of a discrete time Markov process to be a stochastic process
(%,Y) on" %" satisfying the following two properties:

¥ Both X and Y evolve as a Markov process with the transition kerngd, y);
¥ Once together, i.e.p& Y;, the two margins will stay together.

The procesgX,Y;) in Debnition 1.3 can be either a Markov process, or a non-
Markovian process. In caqe&, ;) is a Markov process, its transition probability
kernel | % %

&
q. (X,y),(X(,y() =P xt+l: X(v Yt+l: Y($xt: X, Yt =y

should be such that the marginal distributions
# ! n # ! n
g o), 04 dY) = pxx) and g (xy), (dX¥) = p(yyd),

and % '
! 0 ( if x(= y(
( o p(x,x) if X ,
X, X), (X, = .
q (x.04¥) = [ fxm
DebPnition 1.3 Consider a couplindX;,Y;) of two copies of a time homogeneous
Markov process (Markov chain) on a state spacawith the transition probability
kernel{ p(x,y)}xy# . Thecoupling time is the Prst meeting time of And Y, i.e.

"ci=minf{t) 0 :X =Y},



The following theorem provides us with renowaupling inequalityfor Markov
processes. It follows immediately from Lemma 1.1 by observing that for every bxed
t) 0, the pair(X,Y;) is the coupling of the random variablsandy;.

Theorem 1.4 (The Coupling Inequality) Consider a couplingX, Y;) of two copies
of a time homogeneous Markov process on a state spagéh the transition prob-
ability kernel{ p(x,y)} xy#" - Let!{ and be the distributions of pand ¥ respec-
tively. Then,

" ! $ POk=Y)=P(c>1).

The Coupling Inequality has an immediate implication on the mixing ti&) as
stated in the following corollary.

Corollary 1.5 Let(X;,Y;) be a coupling of a Markov process (Markov chain) where
Yy is distributed by the stationary distributic¥ Then, for all initial states = X,

TP (X%,8" % $ P(c>t)

and thus (& $ E[ ¢/ &

The above Corollary 1.5 implies that the total variation distance to stationarity,
and thus the mixing time, of a Markov process can be bounded above by the proba-
bility P(X; = ;) for a coupling procesgX, Y;) starting with any initial conditions.
Consequently, obtaining a good bound on the mixing time requires bnding a good
(or optimal) coupling.

From the Coupling Inequality, it is clear that in order to use the coupling method
to bound the mixing time of a Markov chain, one needs to bound the coupling time
for a coupling of the Markov process startingdh pairs of initial states. The ad-
vantage of thgath coupling methodescribed in Section 6 is that it only requires a
bound on couplings starting in neighboring pairs of initial states.

2 Example: random-to-random shuff3ing

The following motivational example illustrates the idea of path coupling. Here, we
consider the shuf3ing algorithm whereby on each iteration we select a card uni-
formly from the deck, remove it from the deck, and place it in one ofthesitions

in the deck, selected uniformly and independently. Each iteration being done inde-
pendently of the others. This Markov chain on &eis referred to as the random-
to-random card shufR3ing algorithm. We need to shuff3e the deck so that when we
are done with shuf3ing the deck, eachnbpossible permutations is obtained with
probability close tonl—!. The mixing time of this card shuff3ing algorithm can be eas-
ily shown to be of ordefO(nlogn) using the notion of thatrong stationary time

For this, one would consider the time it takes for each card in the deck to be se-
lected at least once. Then, using tt@ipon collectorargument, one would prove
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theO(nlogn) upper bound on the mixing time. The same coupon collector problem
is applied to show that we need at le@¢hlogn) iterations of the shuf3ing algo-
rithm to mix the deck. Our goal here is to arrive with the polynomial upper bound
using the coupling methdd

2.1 The coupling

Consider two decks of cards, each containirgards labeled from 1 to. The cou-

pling here is an algorithm of shuf3ing the two decks simultaneously, so that each
deck is shuf3ed according to the random-to-random Markov chain. Yet, the cou-
pling algorithm should guarantee sufbciently fast matching between the two decks.
Here, we will consider one such algorithm. We take two decksa#rds, A and B.

On each iteration, we implement the following procedure.

1. Randomly and uniformly sampief {1,...,n}.
2. Remove the card with labefrom each of the two decks.
3. Randomly reinsert catidn deck A.
4. ¥ If the new location of cardin the deck A is on the top of A, then in the deck
B, place card on the top of the deck.
¥ If the new location of card in the deck A is below card, then insert card
below cardj in the deck B as well.

Let A # S, andB; # S, denote the card orderings (permutations) in decks A and B
aftert iterations.

2.2 Computing the coupling time with a laces approach

We introduce the following path metri{43 : $,%S,* Z. by lettingd($,$() be

the minimal number of nearest neighbor transpositions to traverse between the two
permutations$ and$ (. For example, for the two decks A and B in Figure 1 (left),

a distance minimizing path connecting the two permutations is given in Figure 1
(right). -

Note thatd($,$0) $ 2 . We consider the quantitgt = d(A;, By), the distance be-
tween our two decks at tinteWe want to Pnd the relationship betwegak. 1] and

Eld].

We consider al(4§-metric minimizing path. We call the path taken by a card label
alace Thus each lace representing a card label is involved in a certain number of
crossings. Let; be the number of crossings per lace, averaged ovarcaltd labels.
Then we havel = 5.

1 This coupling was constructed as part of the REU project of Jennifer Thompson that was super-
vised by Yevgeniy Kovchegov in the summer of 2010 at Oregon State University.



10

A B A B
2 4 2><4 4 4 4
4 3 4 2——2 3—3

—1 >< 3 2 1
—3 1——1 2

Fig. 1 Left: A conbguration of matchings between two decksnaf 4 cards. Right: Minimal
number of crossings between the two permutations is four.

1 1 1

3 2 3

2><4—4
4 2 1
1—1><2

Fig. 2 Removing lace 3 decreases the number of crossings to two.

The evolution of the path connectig to B; can be described as follows. At each
time step we pick a lace (corresponding to a card labeli)sgtyrandom and remove

it. For example, take a minimal path connecting decks A and B in Figure 1, and
remove a lace corresponding to label 3, obtaining Figure 2. Then we reinsert the

removed lace back. There will be two cases:

1. With probability% we place the lace corresponding to card laktel the top of
the deck. See Figure 3. Then there will be no new crossings.

3—3—3
2 4——a4
<

4 2 1
1—1><2

Fig. 3 Placing lace 3 on top does not add new crossings.
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2. We choose a lacgrandomly and uniformly among the remaining 1 laces,
and place lacedirectly below lacg. This has probability“"n—l. Then the number
of additional new crossings is the same as the number of crossings df lase
in Figure 4. Here

&nr % 2

E[new crossings= 7t r 1

3
x 4 3—3 1 2
1—1 2 ><
3

1—1——1 3——3

Fig. 4 Left: Inserting lace 3 directly below lace 2 adds the same number of crossing as there were
of lace 2. Right: Counting the crossings.

Then,

nre

E[di+1|A, B] = 5 T - 5 Tty =

+
I
=
N
2

Hence,

—~

Eld+a]= 1" — Eld],

and therefore, by Markov inequality,

C € 4()
P(A=B)=P(d) DS E[d]= 1" — E[d]$ 1" —  $&

whenever

" 2logn log24 log& _ 1 , 2
“ = En logn+ O(n%).

n2

t)
log 1"

Thus, by Corollary 1.5, we conclude that the mixing time
1, 2
tix (&) En logn+ O(n%).
Here, we established a polynomial upper bound on mixing time via coupling. As we

know, the above upper bound is not tight. Yet, this example demonstrates the idea of
path metric, the distance minimizing path of neighbor states, and of synchronized
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coupling of multiple copies of the Markov process. All of these notions will be
introduced in the following sections of this chapter.

3 Maximal coupling of a pair of random variables

We begin by debning themaximal coupling of a pair of random variables in full
generality. Supposk andY are a pair of random variables distributed according to
respective probability measuresandp on a measurable spate ,#). A coupling

is a joint distribution ofX andY such that the marginal distributions greand! . A
maximal coupling is a coupling that maximizes the probability of the eXentY.
Naturally, that probability hasto beé'L ! " u!,.

Here we will follow the approach from Frank den HollanderOs lecture notes [15].

Let . q
- @ - O
g M T arew
be the Radon-Nikodym derivatives. We debne new measures as follows
# "
(A= g +gu d(t +p),
A
# | n # I n
o(A)= 9" gy, dt + )= 9" (o +gu) d(! +p),
A
and | " # "
Ho(A)=  gu" g ,d(t +p)= gu" (o +gu) d(! + ).
A A
Consequently we have
I=1o+( and  p=Ho+ (, )

where! o andplp are mutually singular, and by DepPnition 0.2,

((")=1"t 1" ul,.
We will use the decomposition (2) in the maximal coupling construction below.

Now, assumind! " p!, > 0, we proceed with the maximal coupling construction
of X andY. We sample four independent random variables,

B, Vi, V,, andV,

| "
2 Here, symbols- and, denote minimum and maximum respectively, /i = 3 [x|+ x .
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whereB is Bernoulli with probability parameté(" )= 1"! 1 " plq, andVvi,V,
1 1 1 ;
V( are sampled fronﬂiw! 0 (¢ Ho, m( respectively. Next, we let
X=BV+(1" B\ and Y =BV +(1" B)V,. 3

We observe that the above construction (3) insures that the distributidharmdY
arelo+ (=" andpo+ (= p . Also,

P(X=Y=V)=PB=1=((")=1"1 ! " plq.

Example 1Supposé' = {0,1,2,3,4,5,6}. Let) 5 denote a unit point mass con-
centrated ab. Let X andY be distributed according to the corresponding discrete
probability measures

3 4 5

1*,\_-))2‘F T5)3+ T5)4

—i)+£)+
H= 150" 15/t

and 1 1 1 1 1 1
= 2)1+ D)o+ D)3+ 2)at D)5+ e
6)1 6)2 6)3 6)4 6)5 6)6

The decomposition (2) is given by the following discrete measures

1 1 1 1 1 1 1
0= ==)1+ =)5+ = = o+ =)o+ )3+ =
0 30)1 6)5 6)6, Ho 15)0 30)2 10)3 6)4,

and 2 1 1 1
(= E)l+ 6)2+ 6)3+ 6)4-
One can verify that
19
()= 35=1"" 1" Hln.

The following lemma is readily obtained from Lemma 1.1 and the above maximal
coupling construction for a pair of random variables.

Lemma 3.1 Letp and! be two probability distributions oh . Then

* +
" 1y =inf P{X =Y} :(X,Y) is a coupling ofu and!

4 Synchronized maximal coupling of three random variables

Similarly to the maximal coupling of a pair of random variables introduced in Sec-
tion 3, in some instances we may be able to constregnahronized maximal cou-
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pling of three random variables. SuppaXeY, andZ are random variables dis-
tributed according to respective probability measures,, and* , on a measurable
space( ,#). We consider whether we can construct a random veetgpy, Z) on

%" %" so that each pair of random variables is a maximal coupling, as debned
earlier. Let

~ el ~ du 4 o= d*
SO TED SR (TR S S - (RS TEE )
be the Radon—Nikodym derivatives. We debne new measures,
# # "
(A= g +gu+g* dit +p+*), 'o(A= 9" (Qu, g) ,d(t +p+*),
A A
# "
Ho(A)=  gu" (9, ) L d(! +p+7*),
A
# "
and *o(A)=  g" (g, gu) ,d(! +p+*).
A
Let also
# " # "
(uA™= (& +gu)" g ,d( +u+*)= g +gy d(! +p+*)" ((A),
A A
# " # " (4)
(= (A= (9 +g)" gy ,d(! +u+*)= g +g d(! +p+*)" ((A),
A A
(5)
and
# " # "
(WA= (u*tg)" g ,dll +p+*)= gu+g d(! +p+*)" ((A).
A A
(6)

Then, similarly to (2), each probability measure decomposes into a sum of measures

P=lot+ i+ (i +(,
H=Ho+ (rp+ (u+ + (,
and (7

* =*O+ (|* + (u* + (’

where by Debnition 0.2 and equations (4), (5), and (6),
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(!H(" )+ ((" ): (R B VW
(e )+ ()= 1m0 o,
and (8)
(e ")+ ()= 170 " >l
Hence, the following three quantities are equal,

Po(" )™ (ur (" )= Ho(" )™ (i (" )= *0(" )" (" ). (9)

Let+=1o(" )" (u (" )in(9).

Lemma 4.1 One can construct a random variab{&,Y,Z) on" %" %" such
that each pair of marginal random variables is maximally coupled if and only if

L%l T L T * ) 20 (), (10)

We will call such construction th&/nchronized maximal couplingof three random
variables.

Observe that by (7) and (8), condition (10) is equivalent fp 0.

Proof. Suppose condition (10) is satisbed, and therefoje 0. Then we can con-
sider the following Bernoulli vector

(1,0,0,0,0)  with probability((" ),
| *(0,1,0,0,0) with probability (i x (" ),
B(,Biy,Bi» ,Byx,Bo = (0,0,1,0,0) with probability(;« (" ),
: (0,0,0,1,0)  with probability (= (" ),
(0,0,0,0,1) with probability+.

Next, let random variables
\/!,prv*,v(,\/!u,\/]* yvu*

be individually sampled from
1 | 1 1 N 1 1 ( 1 ( 1 (
o) % ol )R %ot ) @ ()Y Gl e (Y (™

respectively. Then, we construct a synchronized maximal coupling §8f andZ
by letting

(,

X = BV(+ By pViu+ Bie Vis +(Bys + Bo)Vi,

Y = B+ BiyVip+ By Vs +( B + Bo)Vy,
and

Z=B\V(+ Bix ix + B+ Vyx +(By i+ Bo) V.
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Next, we prove the converse by contradiction. Suppose that condition (10) is not
satisped, and therefore,< 0. Suppose there is a synchronized maximal coupling
of X,Y, andZ. Let

rE{x#E" 19 (0% (¥, g (X8 g (X},

"aEx#E" (<9 (¥, gu(®)$ g (¥},
and
= {x#" 1 g ()< 9 (%), 9 (¥) < gu(¥)}
Then,” =",-",-"« and
PX=Y=2)=P(X=Y=Z#" )+ PX=Y=Z#" )+ PX=Y=Z#".)
$5(X#"1)+P(Y#"#J)+P(Z#"*)
= gd!+pu+*)+ gud(! +p+*)+ ged(! +p+*)
..#!! " -
= g tgutge d( +p+*)=(("). (11)
A

Also, since each pair of variables needs to be a maximal coupling, by (8),
PX=Y)= ((" )+ (u),
PX=2)=((" )+ (» ("), and
P(Y=2)=((" )+ (= ("). (12)

Therefore, combining the above equations (11) and (12), we arrive with the follow-
ing contradiction:

P(X=Y=2Z)+P(X=YE Z)+ P(X=Z= Y)+ P(Y= Z= X)
= P(X=Y)+ P(X=2)+P(Y=2)" 2P(X=Y = 2)
) (O GuC )+ G )+ (e (")=1" +> 1

Debnition 4.2 We say that the probability measuresy, and* on a measurable
space(" ,#) aremonotone orderedif the following is valid up to a permutation of
I 1, and* :for (! + p+ *)-a.e.xin" , either

g() gu¥) (¥ or g ()% gu(x)$ g (x). (13)

Note that if" is a discrete sample spade,lt, and* are monotone ordered if (up
to a permutation of , i, and* ) for anyx# " ,

) u(¥)) * () or 1(x)3$ pux)$ *(x. (14)
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We have the following corollary to Lemma 4.1.

Corollary 4.3 If the probability measuré, |, and* are monotone ordered, then
there is a synchronized maximal coupling of X, Y, and Z.

Proof. Observe that monotonicity assumption (13) implies
# "
e x iy =1" g tg d(t )= 1" (1)

and

e L“w‘”H" oy

# #
S a0 rurr B oo ruen

=1 (),

Thus
e IJ-!TV+!! ) *!Tv+!u" *!TV: 2" 2((" )

Hence, condition (10) in Lemma 4.1 is satisbed.

5 Greedy coupling

Given a bnite grapl® = (V,E), and a space . Let" =, VI be the state space
consisting of conbgurations= ~ x, vy Of values (spins), from, assigned to each
vertexvinV. Consider a Markov process whose transition kefpék, y)} xy#+ can
be represented as a randomization over the valyes takérofra discretechoice
variable - as follows. For a given conbguratiaF X, wy 7", letthe transition
probability be debned as

p(x,X) = Gux(. )P(- = V) (15)

for all neighboring conbgurations

Xy uU=v
u=v

X = with . #, \{ x},

where aux(. ) is a probability distribution on that depends entirely owm and
Xu g v The remaining probability is accumulated in

pe,x) = 1 aqux(X)P(- = V). (16)
VHV
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Here, the Markov processes whose transition kernel can be represented as in (15)
and (16) will be calledpin dynamics The choice variable , independently sam-

pled for every time step, represents the selection of a vertex on a graph for the update
of the spin value.

Suppose we are constructing a coupling of two copiesand;, of the Markov
process evolving according to the transition kernel represented as in (15) and (16)
so that on every time step, we sample a common choice variafile both Markov
chains. Next, conditioning on = v, X = X, andY; = y, we sample the values #f; 1
andY;.+ 1 according to the maximal coupling procedure (3) of respective distributions
Ovx(. ) andayy(. ) of X+1(v) and¥i+1(v) as detailed in Section 3 of this chapter.
Such coupling of two copies of a Markov process is referred gresdy coupling

A greedy coupling is an efbcient and easy-to-implement coupling construction
that often yields an optimal order of upper bound on the mixing time. See [1, 29].
Essentially, conditioned on the same value of the choice variablthe greedy
coupling would maximize the probability of updating to the same spin value on
each time step. Yet, it may not achieve the most rapid coupling time, while the more
efbcient non-Markovian coupling constructions, often yielding the desired optimal
order bound, had been proposed in the past.

6 Path coupling

The idea of the path coupling method is to view a coupling that starts in conbgu-
rations$ and' as a sequence of couplings that stam@ighboringconbgurations
(%, %+1) such that($ = xp,X1,X%2,...,% = '). Then the contraction of the origi-

nal coupling distance can be obtained by proving contraction between neighboring
conbgurations, which is often easier to show.

Let" be a bnite sample space, and supp@§eY;) is a coupling of a Markov
chain on" . Suppose also there is a neighborhood structuré pand suppose it
is transitive in the following sense: for amyandy, there is a neighbor-to-neighbor
path

Xo Xg. X2. .ooo X"1. Y

whereu. vdenotes that sitasandv are neighbors.

Letd(x,y) be a metric ovet such thatd(x,y)) 1 foranyx=y, and
r
d(x,y) = O/m,!nyi!zld(xi-- 1, %),

where the minimum is taken over all neighbor-to-neighbor paths

%: Xo=X. X1. X2. oo X1, X =Y
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of any number of steps Such a metric is callegath metric. Next, we debne the
diameter of the sample space:

diam(" )= Xn;#ax d(x,y).

Consider a couplingX;, Y;) of two copies of a time homogeneous Markov process
on a state space with the transition probability kerndlp(x,y)} xy#* . We debne
themean coupling distanceas follows:

dk (x,Y) := E[d(Xe+ 1, Y+ 2) [X = X Yo = V).

We will need the following two conditions.

Condition 1 (Triangle inequality) Given a path metric ¢k,y) over" . Then the
Markov procesg p(x,y)}xy# is such that for any y,z# " satisfying

d(x,2) = d(x,y)+ d(y,2),

we have
dK(X, Z) $ dK(X1 y) + dK(y! Z) .

Condition 2 (Monotonicity) Given a bnite graph G (V,E), a space, , and a
path metric dx,y) over" =, V. Suppose procegg(x, Y)}xy# IS aspin dynam-
ics, i.e. its transition kernel can be represented as in (15) and (16). Then for any
Xy, z# " satisfying
d(x,2) = d(x,y)+ d(y.2),

and any vertex ¥# V, the probability measures, @ oy, and g,; are monotone
ordered, as in Debnition 4.2,

Importantly, the monotonicity property of Condition 2 will be established for some
of the Glauber dynamics of the statistical mechanical (spin) models considered in
this monograph.

Lemma 6.1 Suppos€X;,Y;) is a greedy coupling as constructed in Section 5 for
the Markov process satisfying Condition 2. Then Condition 1 is also satisbed.

Proof. Givenx,y,z# " satisfyingd(x,2) = d(x,y)+ d(y,2). Consider three copies

X, Y, andZ of the Markov process. We condition dix,Y:,Z) = (x,Y,2) and

the same value = v, sampled for all three processes. Then, by Corollary 4.3 to
Lemma 4.1, there exists a synchronized maximal coupling of the spinfoathe

three copies of the Markov process. We use the synchronized maximal coupling of
distributionsayx, Oy, andayz to sampleXe. 1, Y+ 1, andZgs 1. This way, X+ 1, Yi+ 1,
andZ;. 1 are debned in the same probability space, and by the triangle inequality,

Eld(Xe+1,Zt41) X = XY = ¥, 2= 2- = V]
$ E[d(X+1, Y+ 1)+ AV 1,2+ 1) X = X Ve = ¥, 2= 2,- = V).
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Hence,

dk(x2)= | E[d(X+1,Zt+1) X = X2 = 2z- = VIP(- =V)$ dk(x,y)+ dk(y,2).
VH#V

Path coupling, invented by Bubley and Dyer in 1997, is a method that employs
an existing coupling construction in order to bound the mixing time from above.
This method in its standard form usually requires certain metric contraction between
neighbor sites. Specibcally, we require that for anyy,

| "
dk(xy) $ 1) (") d(xy), a7)
where 0< ) (" ) < 1 does not depend onandy.

The above contraction inequality (17) has the following implication.

Theorem 6.2 Suppose there is a couplin@¢,Y;) such that Condition 1 and the
contraction inequality17) are satisbed. Then

0Iogdian(" )" Iog&l
) (") '

Proof. For anyxandyin" , consider a path metric minimizing path

tmi><(84) $

%: Xp=X. Xg. X2. oo X1, X =Y

such that .
dx,y)= I d(x 1,%).
i=1
Then, by Condition 1,

E[d(%+1, Y1) X = %Y=y = de(xy) $ | dk(X 1,%)
i=1

"o "

$(2")() 1 dl,x)=(1" ) (") d(xy).
i=1

Hence, aftet iterations,
" | "
E[dOG YIS (17 ) (1) 'd(Xo.Yo) $ 17 ) (") ‘diam(" )
for any initial (Xo, Yp), and

[ ' ! "
PO4=Y) = P d(%.Y)) 1 $E[dXY)I$ 1" ) (") 'diam(" ) $ &

whenever
logdiap(" )" log&

Y g 1) ()
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Thus, by the Coupling Inequality (Corollary 1.5),
2 3 0 1
logdiap(" )" log& $ logdiam(" )" log&

"log 1) (") ) ()

b (&)

The following corollary of Theorem 6.2 is due to Lemma 6.1.

Corollary 6.3 Suppos€X,Y;) is a greedy coupling as constructed in Section 5 for

the Markov process such that Condition 2 and the contraction inequ@lityare

satisped. Then 0 1
logdiam(" )" log&

tn(&) $ )

The emergence of the path coupling technique [6] has allowed for a greater sim-
plibcation in the use of the coupling argument, as rigorous analysis of coupling can
be signibcantly easier when one considers only neighboring conbgurations. How-
ever, the simplibcation of the path coupling technique comes at the cost of the strong
assumption that the coupling distance for all pairs of neighboring conbgurations
must be contracting. Observe that although the contraction between all neighbors
is a sufbcient condition for the above mixing time bound, it is far from being a
necessary condition. In fact, this condition is an artifact of the method.

There had been some successful generalizations of the path coupling method.
Specibcally in [19], [30] and [5]. In [19], the path coupling method is generalized
to account for contraction after a specibc number of time-steps, debPned as a random
variable. In [30] a multi-step non-Markovian coupling construction is considered
that evolves via partial couplings of variable lengths determined by stopping times.
In order to bound the coupling time, the authors of [30] introduce a technique they
call variable length path couplinthat further generalizes the approach in [19].

7 Example: Ising model on ad-dimensional torus

Consider an Ising model onddimensional torug9/ nz9. LetV denote the set

of all n? vertices 0fz%/nz4, andE be the set of all edges. L&t = {" 1,1} " be
the spage of all spin conbgurations, and for any pair of conPguréagienss$,

and' = ' Y
between them,

u#Vv
in" , let the path metrid($,') be the number of discrepancies

d$. )= 1 Lsey

u#zd/ nzd

1 if$y="u,

3 Herevl{$u‘:'u} = 0 if $u ="
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The Gibbs potential is given by the followingamiltonian energy functian

HE)=" 2 1 s@sm= " | $WsW

uVv: u. v e=[uV[#E
and probability of a conbguratidh# " is

e [ H ($)

0/(($)= W’

where the parametér > 0 is also known as Qinverse temperatureO Zéhyl=
I g4 €M ®)isthe normalizing factor.

For eachv# V, we debne théocal Hamiltonian

Hiocal($,V)=" | $(U)$(v),

uu v

where we writeu . v if and only if u andv are neighbor vertices connected by an
edge. Then, the Hamiltonid# ($) can be expressed via the local Hamiltonians

1
H($)= EI Hiocal($,V) .
ViV

Glauber dynamics: The Glauber dynamics for the Ising model on d-dimensional
torus evolves as follows. Suppaoge= $. In order to sampl. 1, we select a vertex
with a choice variable . Conditioned orn = v, we update the spin ataccording

to the distributior?4 required to agree with the spins at all vertices of the graph not
equal tov. The probability for the spin atto be updated to 1 is equal to

g /H ($+) e/ Hiocal($+ V)
q\l,$(1) B e" ITH($)+ e" IH ($+) - e" I Hiocal($" V) + e" I Hiocar($+ V) ' (18)
$, ifu=v, . . . . .
where$, = 1 i is the conbguration we obtain fronif we assign spin
ifu=v

1 to vertexv. Similarly, the probability for the spin atupdating to' 1 is

. e" IH($) e" ! Hgcal($" V)
Ous (" 1) = g /H @) g /H®G:) @ /Hical® M)+ g/ Higcal($+V)’

$, ifusv
"1 ifu=v
" 1 to vertexv.

(19)
where$- =

is the conbguration we obtain frofnif we assign spin

Note that Glauber dynamics is a reversible Markov chain on the state space of all
conbguration$ such that the probability measu¥as its stationary distribution.
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Observe that sincél joca($+ ) = " Hgca($+), equations (18) and (19) can be

rewritten as
e" ! Higcal($+,V)

qV,$ (1) = el H jocal($+.V) + e" I Hocal($+,V) (20)
and
i e/ H jocal($+,v)
q\/.$( l) - e/ H 1ocal($+,V) + eII ! Higcal($+.V) ° (21)

Observe thagw(l) is monotone ingeasing args (" 1) is monotone decreasing
functions of{u :u. v, $(u) = 1} the number of neighbors af with spin 1

in conbguratior$. Thus Condition 2 required for Corollary 6.3 of Theorem 6.2 is
satisped.

Greedy coupling: Following the greedy coupling construction in Section 5, condi-
tioned onX = $ andY; = ', we sampleX+ 1 andY;. 1 as follows. First, we select a
vertex- jointly for both copies of the Markov chain. Next, conditioned-or+ v,

we simultaneously update the spin at vertefor both, X;+1 andY;+1, using the
maximal coupling of probability measures

P=oys(D)at aus(" 1)) 2

and
H=ay (D)1+ay (" D)1
We let
dk($,") = E[d(X+1,Y+1) X = $, Y= "]

denote the mean coupling distance. Helida 9 is a pseudometric ch by Lemma
6.1.

Here, by the debnition of maximal coupling in Section 3, conditioned env, the
probability that the spins at the vertexipdate differently is equal

! ..
= ;éCIv,ss(" D 40D+ o e

Next, by (20) and (21),

1% & % & (V%
ety = 5 anh / Hocal($+,v) " tanh / Hocal(' +,V) (22)

Path coupling: Consider a pair of neighboring conbguratiéghand' in " . That
is$ and' agree everywhere except at a single discrepancy vertexvaere
$u="u ifusw

$u='y ifu=w

SetX = $ andY; = ' . Then,X+1 = Y1 ifand only if- = w, i.e.
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1
P(d(xt+laYt+1)= 0|X{= $,Yt= '): P(- = W): m

If - = wandif- is nota neighbor vertex tw, then the number of discrepancies is
not going to change

PAX+1, Y4 1) = 1% =8, =",- Sw- " w)= 1,

Finally, if - is a neighbor vertex tav, the number of discrepancie$X.+ 1, Y;+1)
may equal 1 or 2 with respective probabilities provided using formula (22). There-
fore,

d($,")=P(- =w- " w+ 1 E[d(X+1,Y%+1) [X=8,%=",- =VIP(- =V)
11 féw & 2 Wi
=1" @—F era' 5 anh / Hocal($+,v) " tanh / Hgcal(' +,V)

VIV. W

where ifv. w, |Hoca($+,V) " Hiocal('+,V)| = 2 asw is the only discrepancy
betweers and' . Thus, since for all reatand/ > 0,

! !
[tanh / (x+2) " tanh / x | $ [tank(/ )" tanK" /)| = 2tanK/ ),

we have 1" adtant(/ )
1 n an
Hence, ifl < 4, the contraction condition (17) is satisPed witfi )= %

and by Corollary 6.3 of Theorem 6.2,

0 1 0 1
logdiam(" )" log& _ o dlogn" log&

_ ~d d
@) = Wanr(/) = Cnlogn+ O(n"),

tmix(&) $

_ d
where C = T 20tk -

We saw that, if tanff ) < 4, the mixing time is polynomiat,,(& = O(n®logn).
Thus, in that parameter region, the Glauber dynamics is a polynomially fast way to
sample from a probability distribution approximating distributién

8 Bounding total variation distance with aggregate contraction
and concentration inequalities

The following result is an extension of the coupling inequality that will be funda-
mental for the method of aggregate path coupling presented in Chapters 6, 7, and
8.



25

For a given integer system size parameter 0, consider an irreducible and
aperiodic Markov chain with a unique stationary distributigrover the state space
" n with $-algebra#.

Theorem 8.1 Suppose that for alk> 0 small enough, and n large enough, there
exists a set &n # #, such that following inequalities are satisped:

(a) Aggregate Contraction: There is a const@nt 0 such that for all sufbciently
large values of n, there exists a coupling proce$sY;) on" %" ,, and a path
metric d§9 on" |, for which the mean coupling distance satispes

dc(xy)$ e %"d(x,y) /x#", and/y# Agn. (23)

(b) Concentration Inequality:  For al&> 0 small enough and all n large enough,
there is a functioriL(n) > 0 such that the stationary probability of the comple-
ment 4 , of Agn is bounded

1

()’ @4)

! n
% Agn $

where dialng('?.) 5% " oasn* .

Then, for such Markov chainX¥n" ,, the total variation distance after t time steps
will be bounded above by
%

&
1P(X0,4" %! $ diam(" ) € %YM+ t/1(n)
for all sufbciently large n.

Proof. Let (X, Y;) be a coupling as in condition (a) of the theorem, and’de‘sjf‘t %,
the stationary distributiofi Then, by Corollary 1.5, for sufbciently large

IP'(X0,3" %!w $ P(X = %)= P(d(X.,Y%)) 1)
$ E[d(X, Y] = E[E[MY) 1% 1% 1]
$ E[Ede) X 1% 1l | Y 1 # Agn] P(Ve 1 # Agn)
+ diam(" n) &P(Yr 1 # A)
= E[dc (X 1, Y 1) | Yo 1 # Agn] &P(Yer 1 # Agn)
+ diam(" n) &P(Ye 1 # Agp)-

By iteratively applying the inequality (23), it follows that

4 Symbol L™ means Odistributed according toO.
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P (%0, Py k! $ € O B[O 1,Yer 1) | Yer 1 # Agn] @P(Yer 1 # Agn)
+ diam(" n) @Y 1 # A )

$ e YPE[d(Xe 1, Yo 1)] + diam(" 1)) &P(Ye 1 # Agn)

"1
$ € OYNE[d(Xo,Yo)] + diam(" n) &l P(Ys# AS)
s:O| "

- e Ot/nE[dé(XoaYO)]"' dian’('(')/on) a% Agn
$ dlan.(n n) e" Ot/n+ t/ 1(n)

by inequality (24).

The concentration inequality (24) that we employ in this monograph in order to
apply Theorem 8.1 is the upper bound (53) in the large deviation principle, which
is essentially the exponential Markov inequality also known as Chernoff bound.
However, in order to use aggregate path coupling, one may utilize a much weaker
concentration inequality. For example, the functibfn) in (24) could be just a
polynomial of a sufpciently large degree.



Chapter 3

Statistical mechanical models and Glauber
dynamics

In recent years, mixing times of dynamics of statistical mechanical models have
been the focus of much probability research, drawing interest from researchers in
mathematics, physics and computer science. The topic is both physically relevant
and mathematically rich. But up to now, most of the attention has focused on partic-
ular models including rigorous results for several mean-peld models. A few exam-
ples are (a) the Curie-Weiss (mean-pbeld Ising) model [16, 17, 36], (b) the mean-pPeld
Blume-Capel model [23, 34], (c) the Curie-Weiss-Potts (mean-beld Potts) model
[2, 13]. A good survey of the topic of mixing times of statistical mechanical models
can be found in the recent paper by Cuff et. al. [13].

The aggregate path coupling method was developed in [34, 35, 31] to obtain
rapid mixing results for statistical mechanical models, in particular, those models
that undergo a brst-order phase transition dePned in Section 11. For this class of
models, the standard path coupling method fails to be applicable. The remainder
of this book is devoted to the exposition of the path coupling and aggregate path
coupling methods applied to Glauber dynamics of statistical mechanical models.

As stated in [21]QIn statistical mechanics, one derives macroscopic properties
of a substance from a probability distribution that describes the complicated inter-
actions among the individual constituent particleSii distribution referred to in
this quote is called the Gibbs ensemble or Gibbs measure which is debned next.

A conbgurationof the model has the for@ =(21,25,...,2,) #, ", where
, is some Pnite, discrete set. We will consider a conbguration on a grapimwith
vertices and leX;(2 ) = 2; denote thespinat vertexi. The random variableX Os for
i=1,2,...,nare independent and identically distributed with common distribution
3.

Statistical mechanical models are debned by the interactions among the spins
that are expressed through tHamiltonian(energy) functiorH , and we denote by
Mn(2) the relevant macroscopic quantity corresponding to the conbgugatibhe
lift from the microscopic level of the conbguratioBsto the macroscopic level of
M is through thénteraction representation function that satisbes

Hn(2)= nH(Mn(2)). (25)

27
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We now debned the Gibbs ensemble of statistical mechanics for arbitrary Hamil-
tonian functions which is what we refer to as Ostatistical mechanical modelsO.

Debnition 8.2 TheGibbs ensembleor Gibbs measurein statistical mechanics is
debned as the sequence of probability measures
# #

Py (B) = ﬁl,) _exp{" | Hi(2)) dfy = ﬁ _exp(" / nH (My(2)} d,
(26)

where R is the product measure with identical margin8lsand
#
Zn(l) = nexp{" I Hn(2)}dR,

is thepartition function . The positive parametér represents the inverse tempera-
ture of the external heat bath.

Next, we debne the Glauber dynamics corresponding to the Gibbs endgmble
These dynamics yields a reversible Markov proogswith stationary distribution
P,/ . For more on Glauber dynamics, see [7].

Debnition 8.3 On the conbguration space”, we debne th&lauber dynamics
for the class of spin models considered in this paper. Supppse2X# , ", then
X+1 Is sampled as follows.

(i) Select a vertex from the underlying graph uniformly with a choice variable

(i) Conditioned on = v, update the spin at vertex v according to the distribution
R,/ , conditioned on the event that the spins at all vertices not equal to v remain
unchanged. For # , , the probability of updating the spin at vertex v.tas
denoted by ¢ (. ).

Such Markov processes are a case of what we referredsfmmdynamice Section
5 of Chapter 2, i.e. its transition kernel can be represented as in (15) and (16).

In the following two sections, we debne four (classes of) statistical models used
to illustrate the theory of aggregate path coupling. The models are divided up by the
dimensionality of the macroscopic quantiil4 in order to develop and motivate the
aggregate path coupling method.

9 One dimensional models

We begin with two models for which the relevant macroscopic quantity is the (one-
dimensionalmagnetizatiomenoted by§,(2 )/ nwhereS,(2) = 1 [L, 2; is the total
spin of the conbguratiod .
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9.1 Curie-Weiss (mean-beld Ising) model

One of the simplest (and most studied) models in statistical mechanics is the Curie-
Weiss model, whose individual spins take values ir {" 1,1} and each spin
interacts with every other spin. It is the mean-beld approximation to the famous
Ising model.

The Hamiltonian function on the conbguration spack= {" 1,1}" for the
Curie-Weiss model is debned by
( ) 2

Wioyer L pp e S2)
HOW2)=" o1 22j=" 0 2

For inverse temperature, the Curie-Weiss model is debned by the the following
Gibbs ensemble
‘v lsi2)? 1
exp — =
2 n Zy(!)

6 7
PeN(2) = exp "/ H W(2)

Za(l')

with partition functionZn(/ ) = ! ,% nexd" / H CW(2)]. The interaction repre-
sentation function of the Curie-Weiss model is
Z

HY@ =" 5

For a much more complete discussion of the Curie-Weiss model, see [21].

The Glauber dynamics for the Curie-Weiss model evolves by sampling a vertex
with a choice variable . Next, conditioned on = i, updating the spin ataccord-
ing to the distributiorPE}"’, conditioned to agree with the spins at all vertices not
equal toi. Given the current conbguratiéh, and conditioned on = i, then the
probability for the spin atto be updated te 1 is equal to

g S2.)/n 1+ tani/ §2,i)/n)
gi2(1)= d2iiny g /2.0 2 @)
where§(2,i)= | 2jis the total spin of the neighboring verticesioBimilarly,
jrj=i
the probability ofi updating to" 1 is
) g/ S2.i)/n 1" tanh(/ 2 ,i)/ n)
g2("1)= g S20)ing g/ 2,0)/n 2 ' (28)

Note that heregj » (1) is increasing with respect &2 ,i) andgq; » (1) is decreasing
with respect td¥2 ,i). Thus Condition 2 required for Corollary 6.3 of Theorem 6.2
is satisped.
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9.2 Mean-peld Blume-Capel model

The next model presented is the mean-peld Blume-Capel (BC) model. While the
most descriptive macroscopic quantity for the BC model is the empirical measure
or magnetization vector, since the spins take valugs in{" 1,0,1}, as shown in
[26], the analysis of the model is simpliPed by re-characterizing it as a Curie-Weiss
type model as described below.
The Hamiltonian function on the conbguration space= {" 1,0,1}" for the
mean-beld Blume-Capel model is debned by
8 9,
n K n
Hoc(2)=1 28" — 1 24
j=1 N =1

HereK represents the interaction strength of the model.
For inverse temperature, the mean-beld Blume-Capel (BC) model is debPned
by the Gibbs ensemble

6 7
P,E,CYK(z )= exp "/ HE(2)

1
Zy(! ,K)

with partition functionZ,(/ ,K)=1 5, nexd" / H n’BKC(Z)].

In Section 13.2, the phase transition structure of the BC model is described. The
analysis ofP,, ¢ is facilitated by expressing it in the form of a Curie-Weiss type
model. This is done by absorbing the noninteracting component of the Hamilto-
nian into the product measuRy that assigns the probability 8 to each2 # , ",
obtaining

4 ) 2°

S(2)

P,?’,C’K(dZ): dexp n/ K = P, (d2) (29)

1
Zy(/ ,K)

In this formula,P, 3, is the product measure on" with identical one-dimensional
marginals
— 1 A n 2
3, (d2)) = ﬁaexp( 12 ¥)3(d2)), (30)
Z(/') is the normalizing constant exp(" /2 #)3(d2;)= 1+ 2e'/, andZ(/ ,K)
is the new partition functiofz(/ )] Zy(/ ,K).

Although Pr?,C’K has the form of a Curie-Weiss model when rewritten as in (29),
itis much more complicated because of thelependent product measiigs, and
the presence of the paramekerThese complications introduce new features to the
BC model described that are not present in the Curie-Weiss model. In particular, the
type of equilibrium phase transition for the Curie-Weiss model is continuous with
respect to the temperature paraméteiOn the other hand, in a certain region of
the(/ ,K) parameter space of the mean-peld Blume-Capel model, the model under-
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goes a brst-order phase transition, which traditionally, is more difbcult to analyze
rigorously. These aspects will be discussed in sections 13.1 and 13.2.

The Glauber dynamics for the mean-peld Blume-Capel model evolves as follows.
Suppose the current conbgurationXis= 2. We sampleX.. 1 by Prst selecting a
vertex at uniformly random with a choice variable Next, conditioned on = i,
we update the spin ato 1, 0, or* 1 with the corresponding update probabilities

o2 K(2,i)/n
Gi2(1)= 2 KX2.)iny o " (I K)nt g 2 K2,i)/n’ (31)
g " (K)n
Gi2 (0)= 2 KX2.)iny o " (I K)nt g 2 K2,i)/n’ (32)
and
e 2 K2,i)/n
Gi2("1)= 2 KX2)iny & " Kiny @ 2 KK2,)/n’ (33)
where§(2,i) = | 2 is the total spin of the neighboring vertices iofNote

jrj=i
that hereg; » (1) is increasing with respect 82 ,i), gi» (" 1) is decreasing with
respect to¥2,i), and g, (0) is decreasing foiX(2 ,i) > 0 and increasing for
¥2,i) < 0. Thus Condition 2 required for Lemma 6.1 and Corollary 6.3 of The-
orem 6.2 is satisbed.

10 Higher dimensional models

We now move onto statistical mechanical models for which the relevant macro-
scopic quantities are higher dimensional. As will be discussed in Chapter 7, the
aggregate path coupling theory is greatly more complex in the higher dimensional
setting.

Let g be a bxed integer and debne= {e!,€,...,e%}, whereeX is thekth stan-
dard basis vector d®9, fork= 1,...,q. A conbguration of the higher dimensional
models has the ford =(21,25,...,2,) #, ". We will consider a conbguration on
a graph withn vertices and leX;(2 ) = 2; be the spin at vertex The random vari-
ablesxX;Os for= 1,2,...,nare independent and identically distributed with common

q
uniform distribution3 = % 1| ) &«. We also denote b§ = ( 33,...,3q) the probabil-

g !
k=1
ity vector inRY all of whose coordinates equad = q L.
In terms of the microscopic quantities, the spins at each vertex, the relevant
macroscopic quantity is thempirical measuréa.k.a proportion vector)

Ln(2 ) = ( I-n,1(2 )- I—n,2(2 ), ceey I—n,q(z )) ) (34)
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where thekth component is debned by

L(2)= T1) 218
i=1

which yields the proportion of spins in conbgurati®rthat take on the valueX.
The empirical measuieg, takes values in the set of probability vectors
& % q ;
ng n n
Png= —,—,...,— :eachnc#{0,1,...,nfand| nc=n (35)
n'n n =1

inside the continuous simplex

q
Pg= ! #RI:1 =(11,15,...,1g,eachly) 0, | I,=1
k=1

Remark 1Forq= 2, the empirical measulg, yields the magnetizatio&,(2 )/ nin
Subsection 9.1.

10.1 A general class of empirical measure models

The brst class of higher dimensional models we consider are debned on the com-
plete graptK, in terms of general Hamiltonian functions whose corresponding in-
teraction representation functions satisbes the assumptions stated below. As men-
tioned at the start of this chapter, statistical mechanical models are debned in terms
of the Hamiltonian function, denoted by EM(2) for this class of higher dimen-
sional models, which encodes the interactions of the individual spins and the to-
tal energy of a conbguration. The link between the microscopic interactions to the
macroscopic quantity, in this cakg(2 ), is the interaction representation function,
which we debne again for convenience.

Forz# RY, theinteraction representation functipdenoted byH(2), is a differ-
entiable function satisfying

H o Y(2) = nH(Ln(2))

For this class of models, we suppose the interaction representation fuHgtpis
a bnite concav€ 3(RY) function. For example, for the Curie-Weiss-Potts (CWP)
modep,

1< = 1, 1, . 1
H@=" 32z = éz% Ez% 52‘24'

5 CWP is a mean-beld version [27] of the classical Potts model [44].
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The general class of Gibbs ensembles with respect to the empirical mégasure
considered in this section is debned by

# N +
PEM(B) = exp "/ HEM2) dp, (36)
’ Zn(1) #B
1
= exp{" / nH(Ln(2))} dR
whereR, is the product measure with identical marginaland
# *

+
Z(/)=  exp "/ HZEM2) dR

is the partition function.

Remark 2To simplify the presentation, we take= {e!, €,...,e%}, whereeX are
the q standard basis vectors Bfl. But our analysis has a straight-forward general-
ization to the case where = {41,42,...,49}, where4X is any basis oRY. In this
case, the product measiBewould have identical one-dimensional marginals equal

to q
B= }I )4
q|:1

For a given conbguratid = ( $1,$2,...,%$n), denote bys; « the conbguration that
agrees witl$ at all verticesj = i and the spin at the verteéis € i.e.

$i o= (%1,%2,.... i 1,6 % 1,...,%n)

On the conbguration spacé', the Glauber dynamics for the class of Gibbs ensem-
bles PE/M debned in (36) is constructed as follows. Suppgse $. We select a
vertex uniformly at random from vertices with a choice variable. Conditioned

on- = i, we update the spin ato & with probability equal to
* +
exp ",/ nH(Ln($; &)) .

tis(€)=

Lo,exp "/ nH(Ln($; o)) =1....q (37)

Let thelogarithmic moment generating functionof the individual spins be debned
by 8 9
1 9
5(@=1log -1 expz} . (38)
=1

Next, we show that the update probabilities of the Glauber dynamics above can be
expressed in terms of the derivative$afThe partial derivative d in the direction
of € has the form {2}
exp{z
[651(2)= —— -

ke 1 6xp{ Z} .
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Lemma 10.1 Let q g (&) be the Glauber dynamics update probabilities given in
(37). Then, forany ¥ {1,2,...,q},

& / ;> ? %
Gs(€)=[65] "/ #H(Ln($))" o QH(La(E)+ $(iiQ|)'|(|—n($)) $i
+ 0 rle , (39)

whereQ is the following linear operator:
| "
QF(2 := 6{F(2, 65F(2), ..., 62F(2 ,

forany F:R9* R inC?2

Proof. Supposes; = €". By TaylorOs theorem, for aky
> ()

1> : 1
H(Ln($;e)) = H(La($)+ = € en#H(Ln($)) +O —
()
1 1
= H(La(®)+ _[6H(La($)) " BmH(La($N]+ O
. & Y%, & %
Thus, sinceexpO % =1+ 0 3 ,thetransition probability (37) has the form

(39).
We introduce the following function that plays the key role in our analysis. Let

exp(" / [6:H](2)

H/ oy " _
9" @=1651C 1 #H@)= o e 6 oy (40)
and denote & %
@= d"@...d" @ . (41)

Note thatgH” (2) maps the simplex

. ;
P= 1#R9:1 =(14,15...,1g),eachly) 0, | 1y=1
k=1
into itself.
Next, using Taylor expansion, Lemma 10.1 can be restated in terght'df).

Corollary 10.2 Let g 5 (&) be the Glauber dynamics update probabilities given in
(37). Then, forany ¥ {1,2,...,q},

H/ -y ( 1)
0.3 (€)= g (La($))+ 7 7ks (Ln(3)+ O

where
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> ?

1 ¢ > ?> ?
The (D:=" 5 QH@.WBSEI("/ #H(Z) + €,QHE

& #65](" / #H(D) .

10.2 The Potts model on the bipartite graph

The Pnal statistical mechanical model we introduce is the Potts model on the bipar-
tite graphKn n. The additional feature this model provides is an example of a non-
classical mean-beld model, which can be viewed as models dePned on the complete
graph, since every spin interacts with every other spin.
For, = {e'¢,...,€%}, a conbguration of a model on the bipartite grag
has the form($,') #, "%, ", where the spin conbguration on the left setnof
vertices ofK, , is denoted by$ and the spin conbguration on the right setof
vertices is denoted By. The Hamiltonian for the Potts model on the bipartite graph
Knn is debPned by
1 n n
HRRs, ) =" 21 1)@ ),
Ni=1j=1
1 ifu=v ) I
where) (u,v) = 0 ifusy Note that with the Hamiltonian dePned as above,
the interactions of the model are governed by the edges of the bipartite lgsaph
more specibcally, the spin values $fon the left side of the bipartite gragth n
only interact with the spin values 6fon the right side oKp .
The Potts model on the bipartite graph or the bipartite Potts model (BPM) is
debPned by the probability ¢6," ) #, "%, ", corresponding to inverse temperature
/ > 0 given by the Gibbs ensemble

Puny (8.7)= o exp(" / H BP($," )) RoPn($.") (42)
Zan(l)
whereZ, (/) is the partition function
#
Znn(l )= exp(" / HBP($," ) dR%P($,' )= |  exp" / H BP($, ))q%n.
, "%, N $ 40

In terms of the microscopic quantities, the spins at eagh vertek,@af .the
relevant macroscopic quantity is the pair of empirical measurgé$ ), Ln(') #
RY%RY with ! "

La(2)= Lna(2),Ln2(2),...,Lng(2) , (43)

where thekth component is debned by

L(2)= T1) 218
i=1



36

which yields the proportion of spins B # , " that take on the valueX.
Let 0§ d.denote the inner product drfl. Then, since

q
On($),Ln(")1= 1 Lnok($)Lnk(')
k=18 98 9

1) (8,69 1) (.69

k=1 i=1 =1

n q n
51 )G CRd= 51 )6,

Sl

. ot
i,j=1k=1 ij=1

it follows that the Hamiltonian for the bipartite Potts model can be rewritten as
H2P($,") = " nLa($), La(' )1

Hence,

Pans (8,') = ﬁ(,)exp[n/ 0Ln($), La( ) IPRIEPH(S " ),

where #

Znn(l) = - nexp[n/ On($), Ln(" ) dR %P ($," ).

The above expression &, allows us to debne the interaction representation
function for the bipartite Potts model : R1%R%* R as follows

H(xY)= "0xyl=" xy1" X¥2" 4daXqyq. (44)
This function is a bnit€ " (R4%RY) function satisfying
HP($,")= nH(Ln($),La(")).

Utilizing the interaction representation functibh the bipartite Potts model can be
expressed as
#

_ 1
Zn,n(/ ) B

whereR, is the product measure with identical margina/8 belong to thes -peld
of subsets of "%, ", and
#
Znn(l) = . exp[" / nH(Ln($),Ln("))] dF %dR,.
s noD’ n

Puny (B) = exp[" / nH(Ln($),Ln(" )] dR, %dR,,

Thefree energyfor the model is the quantit§ (/ ) dePned by the limit

. o 1
/8 (/)= lim 5-10gZun(/ )- (45)
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For any given conbguratiad = (23,...,2n) #, ", denote by2; « the conbgura-
tion that agrees wit@ at all verticesj = i and the spin at vertexs € ; i.e.

2i,é(=(21|-"12i" 11ek12i+]_,---,2n).

Below, we will describe the Glauber dynamics for the bipartite Potts model over the
conbguration space"%, ". Suppose the current spin conPguration on the bipartite
graphKnn is X = ($,"). SamplingX 1 is done in two steps, as described at the
beginning of Section 5 in Chapter 2. First, the choice variablgelects one of the

2n vertices inKn, with probability 4. It could be vertex on the OleftO side of the
bipartite grapKn n, or vertexi on the OrightO side of the graph. Next, we update the
spin value at the vertex with one of the two possible kinds of update probabilities,
one for the left side of the graph and one for the right side. Specibcallysélects

a sitei on the left side oKy, n, then the probability of updating the left conbguration
from$ t0$; o« is

ds. (€= leq"/nH(Ln($i,ek)an(' )} . (46)

! exp{" / nH(Ln($i,e|),|-n(' ))}

=1

Similarly, if - selects a siteon the right side oKy n, then the probability of updat-
ing the right conPguration fromto"; .« is

"/ NH(La($), Ln(';
o, (= S THGA®). L) an

I exp" / nH(Ln($),Ln(';¢))}

=1

The above Glauber dynamics is a reversible Markov chain with stationary distribu-
tion R, ,, debPnedin (42).

Thelogarithmic moment generating function for the bipartite Potts model is
8 9 8 9

14 14
5(x,y)=1log =1 & +log =1 & . (48)
q|:l q|:l

Now, as it was done in Lemma 10.1 of Section 10.1, we show that the update prob-
abilities of the Glauber dynamics introduced above can be expressed in terms of the
derivatives ob . For our analysis we introduce the following two functions

! ..
o (xy)=[6,5] " #H(xy) = =AM} (49)
| expl/ yid
k=1

and
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! "
gz‘/ (X’y):[6)45] "I #H(xYy) = M (50)

I exp{/ xJ
k=1

Next, we make an important observation that will be used later in the paper. We
notice thatngI ! (x,y) only depends og andgg’/ (%,y) only depends or.

Also we dePng™’ : P %P ¢* P %P qas follows:

| y
g 6= (G Gy (G g

Our next result is the following lemma.

Lemma 10.3 Let d g - (¢X) and d g . () be the update probabilities given in (46)
and (47), respectively. Then, for anyK 1,...,q},
| n ( 1)
1 " [
ds, (€9= g/ La®).La(') +O (51)

and | ( 1)
Ois, (¢ = g?k" Ln($),Ln(") +O = (52)

Proof. Suppose selects a siteon the left side oK, 5, and$; = €™. We consider
the probabilityq; ¢ . (€9 of updating from($,") * ($; " ). Given the interac-
tion representation functiad (x,y) = "0 x, y1, we have that its gradient and Hessian
matrix are given by

#HXY) =" (Y1,---, Yo X1, - -+ Xq),

and

Q)

0 0 4440 |"1 0 4440 ¢
0 0 4440 |0 " 14440

[« EE

0 0 &aa0 0 4441

HestH) = R~1 0 aaa0 [0 0 a&a0 §

0 "1aaa0 |0 0 aaao0

WESPESPESRST>

0 0 &aad 10 0 aaao0

2q%2q
Applying TaylorOs theorem to the functidrwe have
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H(Ln($; &), Ln(" )
F G

q
= H(La(®). LaC )+ | Z—Q(Ln@),Ln(' ) Lni($,00" Lui($) +
=1
()
%(Ln($i,ek)" Ln($).0,...,0)THesgH)(Ln($ 6) " Ln($).0,...,0)+ 0 nflz

q F c ()
= H(La@),Ln( )+ | " Lni() Lni$ie)” Lni($) +0
=1

Now, note that
Loi($,60)" Lai(8)= ~0 (¢56)" ) (81,€)).

Thus, sincesj = €M,

q F G I

" L) Li($)” Li(8) = = "

| n Ln,k(' )+ I—n,m(' )
=1

L )

~ 6H ., 6H ,
A CONR @R CIORE)

Therefore, we have that

H(Ln($; &), Ln(")) =

) ()
. 1'6H .. 6H . 1
H(Ln($),Ln(" )+ A 6T(k(Ln($),Ln( ) m(l-n($)1|—n( ) *o )

Similarly, if - selects a siteon the right side oKy, and if'j = €. Then, consid-
ering the probability g . (€) of updating from($," ) * ($," i &), We obtain

H(Ln($),Ln(' ie)) = ) ()
, 1" 6H ... O6H ) 1
H(Ln($),Ln(" )+ N ?W(Ln($),|-n( ) 67wn(|-n($)1|-n( ) +o ]

The above two expressions, together wil®) and(50), imply that the transition
probabilities (46) and (47) can be expressed as in (51) and (52) respectively.

Now, as it was observed following formula (50), the functgﬁib/ (x,y) depends

only ony andngk" (x,y) depends only om. Consequently, it is convenient to intro-
duce the following functiom™ (2) : P q* P g, forz#P ¢, debPned as

¢ )= 6 D6 Dl @ where gl (9= SR

I exp{/ z}
=1
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Then,

! ol "
g (xy)= (g ) = g ). ()
Utilizing this new notation fogXHk'/ andngk’/ , we rewrite the probability transitions
in Lemma 10.3 as follows.

Corollary 10.4 Let d,$,- (€9 and ds (€) be the update probabilities given in (46)
and (47), respectively. Then, for anyK 1,...,q},

()

ds: (€= 6" (L( N+ 0 —

and ( 1)
ds (€)= g (La($))+ O >

This new expression emphasizes the fact that the probability transition on the left
side depend on the right conbguration in the bipartite gi&ph and vice versa.
Note that the above depbnition g/ (2) is consistent with (40) in Section 10.1.

11 Phase transitions: continuous and brst-order

While the method of aggregate path coupling is general enough to be applied to
various settings, the motivation for the development of the theory was to provide a
new efbcient and effective method for analyzing dynamics of statistical mechanical
models. In particular, as mentioned in the Preface, aggregate path coupling was brst
derived to investigate the deep connection between mixing times of the dynamics
and the corresponding equilibrium phase transition behavior of the statistical me-
chanical model for the case where the phase transition is of type OPrst-orderO, for
which the classical path coupling method fails.

The term Obrst, second, and higher order phase transitionO began with the Ehren-
fest classibPcation of phase transitions in 1933 where the OorderO corresponded to the
highest order of the free energy function that has a (jump) discontinuity at the phase
transition critical value. See [32] for history of the Ehrenfest classibcation. After
some initial success in applying the Ehrenfest classibcation to known phase transi-
tions of physical systems, researchers discovered examples of phase transitions that
lied outside of the Ehrenfest classibcation andiiye 19700s, a radically simplibed
binary classibcation of phase transitions into Obrst-order® and Ocontinuous® tran-
sitions was increasingly adopted{32]. In this context, Obrst-orderO refers to the
case where the relevant macroscopic quantity of the system exhibits a discontinuous
transition with respect to some parameter; e.g. external temperature. A OcontinuousO
transition refers to all cases where the macroscopic quantity exhibits a continuous
transition regardless of the order of the free energy derivative that is discontinuous
at the transition value. With this evolution of the Ehrenfest classibcation of phase
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transitions, the term brst-order has become synonymous with a discontinuous tran-
sition of the macroscopic quantity of the system and second-order synonymous with
a continuous transition. In this book, we will adopt this binary classibcation of con-
tinuous and Prst-order phase transition and in Chapter 4, we debne the two types
of phase transitions in terms of large deviation theory. More on phase transitions in
general can be found in [42].






Chapter 4

Large deviations and equilibrium macrostate
phase transitions

The application of the aggregate path coupling method to prove rapid mixing takes
advantage of large deviations estimates that these models satisfy. In this chapter, we
brst give a brief summary of large deviation theory used in this book, written in the
context of Gibbs ensembles debned in Chapter 3. For a more complete theory of
large deviations see for example [14] and [21]. We then debne the set of equilib-
rium macrostates in terms of the large deviation principle upper bound, as originally
debned in [22]. In section 12, we debne the types of phase transitions in terms of the
sets of equilibrium macrostates and, in the following sections, we give descriptions
of the phase transition behaviors of the four classes of models introduced in Chapter
3.

A function | on RY is called arate function if | mapsRY to [0," ] and has
compact level sets.

Debnition 11.1 Let |, be arate function ofR9. The sequendgM,} with respect to
the Gibbs ensemble, P is said to satisfy théarge deviation principle (LDP) on
RY with rate function / if the following two conditions hold.

For any closed subset F,

. 1
lim supﬁ logR, {My# F} $" 1, (F) (53)
n* "
and for any open subset G,
Iinngi“nf %Iog Puy{Ma#G})" [, (G) (54)

where } (A) = infxal; (2).

The LDP upper bound in the above debnition implies that vaiusstisfying
I, (2 > 0 have an exponentially small probability of being observed &s " .
Hence we debne the seteduilibrium macrostates of the system by

E ={z:1, (9= 0}. (55)

43
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12 Continuous versus brst-order phase transitions via LDP
theory

For the class of Gibbs ensembles studied in this book, the set of equilibrium
macrostates exhibits the following general behavior. There exists a phase transition
critical value, denoted by, of the inverse temperature parametesuch that

(@) For0O< / </, the sef consists of a single equilibrium macrostate (single
phase); i.e.

E={z}

(b) For/ < / ,the seE; consists of a multiple equilibrium macrostates (multiple
phase); i.e.
E={2172..74

The transition from the single phase to the multiple phase follows one of two general
types as discussed in Section 11 of Chapter 3.

(I) Continuous phase transition: For ajl= 1,2,...,q,

lim z ;=%

1*1¢
(I) First-order phase transition: For ajl= 1,2,...,q,

lim Z/’jI:Z]

I* 1 ¢

As mentioned throughout the book, understanding the relationship between the mix-
ing times of the Glauber dynamics and the equilibrium phase transition structure of
the corresponding Gibbs ensembles is a major motivation for the theory of aggregate
path coupling.

Recent rigorous results for statistical mechanical models that undergo continuous
phase transitions, like the famous Ising model, have been published in [37, 36, 16].
For these models, it has been shown that the mixing times undergo a transition
at precisely the thermodynamic phase transition pbintin order to show rapid
mixing in the subcritical parameter regime € / ;) for these models, the classical
path coupling method can be applied directly.

However, for models that exhibit a brst-order phase transition; e.g. Potts model
with q > 2 [44, 12] and the Blume-Capel model [3, 4, 8, 9, 10, 26] with weak
interaction, the mixing time transition does not coincide with the thermodynamic
equilibrium phase transition.

First-order phase transitions are more intricate than their counterpart, which
makes rigorous analysis of these models traditionally more difbcult. Furthermore,
the more complex phase transition structure causes certain parameter regimes of the
models to fall outside the scope of standard mixing time techniques including the
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classical path coupling method discussed in subsection 6. This was the motivation
for the development of the aggregate path coupling method.

13 Equilibrium phase structure of four classes of models

From the discussion in the previous two sections, the equilibrium phase transi-
tion structure of statistical mechanical models are derived from the large deviation
principle of the macroscopic quantity with respect to the Gibbs ensemble for each
model. The LDP then debnes the set of equilibrium macrostates of the model as
zeros of the LDP rate function. In the following subsections, for the four classes of

models introduced in Chapter 3, we (a) state the LDP, (b) dePne the set of equilib-
rium macrostates, and (c) determine the set of equilibrium macrostates in terms of
the model parameters which will reveal the phase transition structure of the model.

13.1 Curie-Weiss model
We begin by dePning the rate function in Crenfds theorem
1 1
[(x) = E(1" X)log(1" x)+ E(1+ X)log(1+ Xx)

which states the LDP fo&,/ n with respect to the product measuf@s[21, Thm.
11.4.1]. From the LDP with respect t#8,, applying Theorem 3.3 in [26], we get the
LDP for Sy/ n with respect to the Curie-Weiss modg)|, , which is stated next.

Theorem 13.1 Forall / > 0, with respectto B, , S/ n satisbes the large deviation
principle on[" 1, 1] with rate function
H

|
9= 100" 3¢ it 10)" 51

From the LDP stated in Theorem 13.1, we debne the set of equilibrium macrostates
for the Curie-Weiss model to be

E ={x#["11]:1,=0}={x#["L1:1(x" %/ x2 is minimized .

From this debnition, the equilbrium macrostatésatisfyl (x?) = / x2. This equa-
tion is equivalent to the mean-peld equation

X2 = (10" 1/ x?) = tanh(/ x?).

The full description oE; is stated in the following theorem.
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Theorem 13.2 For all B > 0, let &g be the set of equilibrium macrostates of the
Curie-Weiss model.

(a) For0 < f <1, 63 = {0}.

(b) For B > 1, there exists m(3) > 0 such that &g = {+m(B)}. The function
m(B) is monotonically increasing on (1,) and satisfies m() — 0 as p — 17.

From part (b) of the above theorem, we conclude that the Curie-Weiss model
undergoes a continuous phase transition at the critical value . = 1.

The LDP stated in Theorem 13.2 implies the following weak convergence result
used in the proof of rapid mixing in the subcritical region (f < 1) of the Glauber
dynamics that converge to the Curie-Weiss model. Let the symbol => denote weak
convergence.

Theorem 13.3 For B > 0, the weak limit

) fO<B<P=1

P,3(Sy/ne€dx) = .
B(Sa/n & dx) {%5m<ﬁ)+%5—m<ﬁ>v‘5>ﬁc:1

as n — oo,

13.2 Mean-field Blume-Capel model

We begin by stating the large deviation principle (LDP) satisfied by the magnetiza-
tion S, /n with respect to P, g x defined in (29), which is the Gibbs ensemble for the
mean-field Blume-Capel (BC) model. In order to state the form of the rate function,
we introduce the cumulant generating function cg of the measure pg defined in (30);
for ¢ € R this function is defined by
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# 4

5
o
G (1)=log exp(t21)3 (d2)= log 1T €*eH

1+ 2"/ (56)

We also introduce the Legendre-Fenchel transforrg ofwhich is debned for #
[" 1,1] by
J (9= sudtz" ¢ (1)}
t#R

and is bnite foz# [* 1,1]. J is the rate function in CragrOs theorem, which is the
LDP for Sy/ nwith respect to the product measuRgg [21, Thm. Il.4.1] and is one

of the components of the proof of the LDP f&/ n with respect to the BC model
P./ k- This LDP is stated in the next theorem and is proved in Theorem 3.3 in [26].

Theorem 13.4 For all / > 0 and K> 0, with respect to B, x, S/ n satispes the
large deviation principle oif" 1, 1] with rate function

i k@=3@" TKZ" int{3 ()" Ky}

The LDP in the above theorem implies that thasge[" 1, 1] satisfyingl, «(2) > 0
have an exponentially small probability of being observedas" . Hence, the set
of equilibrium macrostate€s5) is debned by

E = {z# [ L1 1 | x(2= 0.

Forz# R we debne

G k(@=1KZ" ¢ (2 K2 (57)
and as in [24] and [25] refer to it as}h’n&ee energy functional of the BC model.
The calculation of the zeroes 4f ¢ N equivalently, the global minimum points
of J k(" / Kz N is greatly facilitated by the following observations made in
Proposition 3.4 in [26]:
1. The global minimum points @§ k(2" / K Z coincide with the global minimum

points ofG; k, which are much easier to calculate.

2. The minimum values mipr{J k(2" / KZ%} and minzr{G, «(2)} coincide.

From 1, we get the alternate characterization that

E x = {z#[" 1,1]: zminimizesG, x(2)}. (58)

The free energy functionaB; x exhibits two distinct behaviors depending on
whether/ $ /.= log4 or/ > /.. In the brst case, the behavior is similar to the

Curie-Weiss model. Specibcally, there exists a critical vKlﬁé(/ ) debned in (59)
such that foK < Kéz)(/ ). G; k has asingle minimum point at= 0. At the critical
valueK = Kéz) (/). G, g develops symmetric non-zero minimum points and a local

maximum point az= 0. This behavior corresponds to a continuous phase transition
and is illustrated in Figure 6.
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| I
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Fig. 6 The free-energy function@, « for/ $ /¢

On the other hand, fof > /¢, G, x undergoes two transitions at the values

denoted by (/) andKél) (/). ForK < Ky(/ ), G/ k again possesses a single min-
imum point atz= 0. At the brst critical valu&(/ ), G, x develops symmetric
non-zero local minimum points in addition to the global minimum point atO.
These local minimum points are referred torastastable stateand we refer to
Ki(/ ) as themetastable critical valueThis value is dePned implicitly in Lemma
3.9 of [26] as the unique value &f for which there exists a unique> 0 such that

G§,K1(,)(z)=o and G}{Kl(,)(z):o

As K increases fronKKy(/ ) to Kél) (1), the local minimum points decrease until at

K= Kél) (/), the local minimum points reach zero a@d x possesses three global
minimum points. Therefore, far > / ¢, the BC model undergoes a phase transition
atkK = K®P(/ ), which is debned implicitly in [26]. Lastly, foK > KP(/ ), the
symmetric non-zero minimum points drop below zero and thug has two sym-
metric non-zero global minimum points. This behavior corresponds to a brst-order
phase transition and is illustrated in Figure 7.

In the next two theorems, the structureEfy corresponding to the behavior of
G, k just described is stated which depends on the relationship betwaed the
critical value/ ¢ = log4. We Prst describg ¢ for0</ $ /¢ andthenfor > /.
In the Prst casg x undergoes a continuous bifurcationkagncreases through the

critical vaIueKéZ)(/ ) debned in (59); physically, this bifurcation corresponds to a
continuous phase transition. The following theorem is proved in Theorem 3.6 in
[26].

Theorem 13.5For0< / $ /., we debne

1 _d+2

@y =
K1) = =
<=3 (o)~ 4

(59)

For these values df, E;  has the following structure.
(@Foro< K$ KP(/),E = {0}.
(b) For K > K2(/ ), there exists@ ,K) > 0such thatE; x = {* z(/ ,K)}.
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(c)z(/ ,K) is a positive, increasing, continuous function fol>KKé2) (/),and as

K* (Kéz) (/! N*, Al ,K)* 0. ThereforeE, « exhibits a continuous bifurcation at
(2)

Ke™ (/).
For/ # (0,/ ¢), the curve(/ ,Kéz)(/ )) is the curve of second-order critical points.
As we will see in a moment, fot # (/¢," ) the BC model also has a curve of
brst-order critical points, which we denote @y, Kél) ).
We now describeg; « for / > /. In this caseE x undergoes a discontinuous
bifurcation asK increases through an implicitly debned critical value. Physically,
this bifurcation corresponds to a pPrst-order phase transition. The following theorem
is proved in [26].
Theorem 13.6 Forall/ >/, E g has the following structure in terms of the quan-
tity K& (/) debned implicitly fof > / ¢ in [26].

(@) For0< K< K&P(/),E « = {0}.

(b) There exists(@ ,K(/)) > 0 such tha, o= ol KO

(c) ForK > Kél)(/ ) there exists@ ,K) > Osuch thatg, ¢ = {+ z(/ ,K)}.

(d) z(/ ,K) is a positive, increasing, continuous function foj KKél) (/),and as
K* KO0, a4, K)* 2/ KD (1)) > 0. Therefore E;  exhibits a discontin-
uous bifurcation at " ).

The phase diagram of the BC model is depicted in Figure 8. The LDP stated in
Theorem 13.4 implies the following weak convergence result used in the proof of
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Fig. 8 Equilibrium phase transition structure of the mean-beld Blume-Capel model

rapid mixing in the brst-order phase transition region. It is part (a) of Theorem 6.5
in [26].

Theorem 13.7 For / and K for whichg, x = {0},

P k{S/n#dx =3 )o as n* ".

13.3 A general class of empirical measure models

By SanovOs Theorem, the empirical mealspisatisPes the large deviation principle
(LDP) with respect to the product meas#avith identical marginal8 and the rate
function is debned in terms of tmelative entropy

(,)

q !k
R(!I3)= 1| !klog =
k=1 3k

for! # P ,. Theorem 2.4 of [22] yields the following result for the Gibbs measures
P, (36).

Theorem 13.8 The empirical measure pLsatisbpes the LDP with respect to the
Gibbs measure  with rate function
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I (2= RE@3)+ I H@)" inf{R(t3)+ / H(®)}.

As discussed at the start of this chapter, the LDP upper bound stated in the previous
theorem yields the following natural descriptionemfuilibrium macrostate5) for
the model

E ={! #P :! minimizesR(! |3)+ / H(!)}. (60)

For our main result, we assume that there exists a positive intBrsath that for
all/ # B, E consists of a single stat& . We refer to this intervaB as the single
phase region.

Again, from the LDP upper bound, whénlies in the single phase region, we get
Poy (Ln#dX) =3 ) as n* ", (61)

The above asymptotic behavior will play a key role in obtaining a rapid mixing time
rate for the Glauber dynamics corresponding to the Gibbs measures (36).

An important quantity in our work is the free energy functional, debPned below in
terms of the interaction representation functidand the logarithmic moment gen-
erating function of the individual spirts introduced in (38).

Debnition 13.9 Thefree energy functionalfor the Gibbs ensemblg, P is debned
as
G (D=1 ("H)*("#H(2)" 5(" | #H(?) (62)

where for a Pnite, differentiable, convex function FRSh F2 denotes its Legendre-
Fenchel transform debned by

F2(2) = sup{Qx,z1" F(x)}
x#R4

The following lemma yields an alternative formulation of the set of equilibrium
macrostates of the Gibbs ensemble in terms of the free energy functional. The proof
is a straightforward generalization of Theorem A.1in [12].

Lemma 13.10 Suppose H is bnite, differentiable, and concave. Then
inf { R +/H = inf
inf (R(Z3)+ / H(2)} = inf (G, (2}

Moreover, g# P is a minimizer of ig3) + / H(2) if and only if 3 is a minimizer
of G (2).

Therefore, the set of equilibrium macrostates can be expressed in terms of the free
energy functional as
*

+
E = z#P :zminimizesG, (2 (63)

As mentioned above, we consider only the single phase region of the Gibbs en-
semble; i.e. values df whereG; (2) has a unique global minimum. For example,
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for the Curie-Weiss-Potts model [12], the single phase region are valueswth

that O< / < /. At this critical value/ ¢, the model undergoes a brst-order phase
transition in which the single phase changes to a multiple phase discontinuously.
Specibcally, Ellis and Wang [27] show the following result.

Consider the Curie-Weiss-Potts model. Debne the funétiof0,1] * P q as fol-

lows atar Ds 1 s 10 &
7(9= +(q )S, S S )
q q q
& %

andletz = ¢,...,

ol

Theorem 13.11Fix a positive integer q 3. Let/. = Z%Iog(q" 1), and for
/ > Olet /) denote the largest root of the equation

oo 1o
 1+(g" DEVS

The following conclusions hold.

(a) The quantity @ ) is well debned. It is positive, strictly increasing, and differen-
tiable with respect td in an open interval containinff ¢," ). Also, &/ ¢) = %,
andlim; « » s(/ )= 1.

(b) For/ ) /¢ debneél=7(s(/))andlet!’ (i=1,2,...,q) denote the points in
RY obtained by interchanging the brst and tHedoordinates of . Then

i {7} forO</ < /g,
E =, ... 9% for/ >/, (64)
{z 11, 1% for/ =1/

For all / ) /, the points inE, are all distinct. The point 1(/ ) equals
7(sl/ )= 7((q" 2/(q" 1)).

As we will show in Chapter 7, the geometry of the free energy functi@ahot
only determines the equilibrium behavior of the Gibbs ensembles but it also yields
the condition for rapid mixing of the corresponding Glauber dynamics.

We end this section by deriving the equilibrium phase structure for a specibc sub-
class of empirical measure models, called the generalized Curie-Weiss-Potts model
(GCWP), studied recently in [33]. The classical Curie-Weiss-Potts (CWP) model,
which is the mean-peld version of the well known Potts model of statistical me-
chanics [44] is a particular case of the GCWP model with2. The mixing times
for the CWP model has been studied in [13] without the theory of aggregate path
coupling. In [35], the brst results for the mixing times of the GCWP model were
derived using aggregate path coupling. These mixing time results are presented in
Section 21 as an application of the general aggregate path coupling theory in higher
dimensions developed in Section 20.
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that in the weak limit

q

/ %*':1)“(’ ane+(1 u/ anyzy 1> 1arn)

S )y if / <1/c(qr)
P r(Ln# dX) =3
k

asn* " where(/ ,q,r) isthe largest solution to the so-called mean-beld equation

_ 1 exp(+(u)
YT TH (g7 1) exp(+ ()

6 . w7
with +(u) := " # (1+(g" Dw™ 1" (1" v 1. Moreover, for(q,r) # {2} %
[2,4], the function’ 5* u(/ ,q,r) is continuous whereas, in the complementary case,
the function is discontinuous at(q,r).

See Figure 9 for the case g 3 andr = 2.

13.4 Bipartite Potts model

Following the approach described in general at the start of this chapter, the equi-
librium phase structure of the bipartite Potts model will be debned by the large
deviation principle ofR, ,, . As a corollary to the LDP (SanovOs Theorem) for the
empirical measuré,, with rate function expressed as the relative entrBpy|3)

stated in the previous section, thg-@imensional empirical measure vecfap, L)
satispes the large deviation principle with respect to the product meBsui,

overP %P 4 with rate function given by the sum of relative entropies, that is,

Ph9%Py((Ln, Ln) # d( %d! ) 6 e "RUD+FREIZ) (66)

DenoteR(((,!)|3) = R((|3)+ R(! |3). Now, since(Ly, L) satispes the large devi-
ation principle onP 4 %P ¢ with respect td?,%P, with rate functionR(((,!)|3),

the Laplace principle implies the following lemma (see [21] and [43]), analogous to
Lemma 13.10 in the preceding section.

Lemma 13.13 Let8 (/ ) be the free energy debned in (45). Then

"8 (/)= sup 0y ((\!), (67)
(1 )#P %P g

where

0/ (G1)= 70011 RI((.1I3) (68)

Next, applying Lemma 13.13, we obtain the following large deviation principle for
the Potts model oK, .
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Theorem 13.14The empirical vector paifLn,L,) satisPes the large deviation
principle with respect to the Gibbs ensemble probability measyfg Pas debned
in (42), onP %P g with the rate function

(D= REGHB*FTHECH ™ Inf RO+ /HC ),
where H is the interaction representation function debned in (44).

The above theorem yields the following natural description of eqeilibrium

macrostate$55) for the bipartite Potts model
*

E = ((,1)#Pq%Pq: ((,!) maximizesd, ((,!) .

Remark 1In Subsections 10.1 and 13.3, it is assumed that the interaction represen-
tation functionH is concave in order to guarantee that the free energy functi@gnal
debned in (70) has a maximum. In the case of the bipartite nkbdel) is bilinear,

yet this is still sufbcient to guarantee the existence of a unique macrostate in the
single phase region.

We analyze the equilibrium macrostatgsby writing 0, ((,! ) as follows

(, ) )
0,((,!)= 50(,(1" R((I3) + 50,!1" R('3) " 5'( 112, (89)

and arriving to the following lemma.

Lemma 13.15 The maximum dd, ((,! ) occurs on the identity lineé= 1! .

Proof. Let ECYP denote the equilibrium macrostates (64) for the Curie-Weiss-Potts

model. Consider the functiod, (2) = %Oz, 71" R(Z3) over the compact s .
Then, as stated in (60), Theorem 13.8 implies

* +
E/CWP= (#Pgq: ( maximizesO, (() .

Now, for all z# E“WF, Theorem 2.1 in [27] implies that
0,((,')$0,(z2, forall ((,!)#P q%P g

Hence, the maximum d, ((,! ) occurs on the identity liné="!.

By Lemma 13.15, in order to compute the equilibrium macrostates of the bipartite
Potts model we need to minimize the functibl, ((,! ) restrictedto sef( =!}.
Thus H |

E = ((LO#P q%P 4 : ( minimizesR((|3)" /50(,(1 ,
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and the corresponding result describing the structure of thi sktr the bipartite
Potts model follows from Theorem 13.11.

Theorem 13.16 Fix a positive integer q 3. Let/ ¢ = Z%Iog(q" 1), and let! !

(i=1,2,...,0) beasdebnedin Theorem 13.11. Then

’ {(z.7)} for0</ </,

/ {(oirh,..., (rar9} for/ >/,
{((z,z),0Y,...,0919) for/ =/

Forall/ ) /¢, the pointsirE, are all distinct. The point 1(/ ¢) equals7 (s(/ ¢)) =
7((a" 2/(q" 1)).

As debned in Section 12, the behavior exhibited by the set of equilibrium
macrostate&; for the bipartite Potts model stated in Theorem 13.16 is referred to
as abrst-order phase transitiowith respect to the parameter This is because ds
passes through the critical valugfrom below, in the set of equilibrium macrostates
E , a spontaneous emergence of additiatisfinctmacrostates occurs.

E/:

Thefree energy functionalfor the canonical ensembl ,; is
G (xy) =/ (" H?(" #H(xy) " 5(" / #H(x.Y)), (70)

where the logarithmic moment generating function of the individual §piwas
debned in (48), an@' H)?2 is the Legendre-Fenchel transform"oH (x,y) = 0x, y1,
computed here:

(" H)2(x,Y) = SURzuy#ravwa{ AZ W), (,Y) 1+ H(z W)}
= sugsz)#Rq%Rq{ Oz, x1+ Ow,y1" 0z, w1}
x, y1

Therefore, sinc&tH(x,y)

G (%y)

YL Y XL e Xg)s

= /(" H)2(" #H(x,Y) " 5(" / #H(x.Y))
=/ ("H)Ayxg' 5(xly) g 9

g q
=/0yl"log ! &% "log %1 €V

i=1 i=1
Next, employing the identity®,y1= ! x! 2+ Iyl 2"l x" yI2 and debning
8 9

q
G (X)= %0(,x1" log %! exp{/ x}
i=1

for all x# RY, we rewrite the functior@, (x,y) as follow

/
G (xy)= G (9+ G (V)" 5!x" 12 (71)
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Then, by Theorem A.1 in [12] (or a more general version stated in Lemma 13.10)
we have that

sup {0, (xy} = inf {G/ (xy)}
(XY)#P q%P g (x,y)#RU%RY






Chapter 5
Path coupling for Curie-Weiss model

In Chapters 6-8, we describe the method of aggregate path coupling for one and
higher dimensional models. As previously discussed, the aggregate path coupling
method was initially derived to prove rapid mixing for models that exhibit brst-order
phase transitions. To help put the aggregate path coupling method in context, we
begin in this chapter with an illustration of application of the standard path coupling
to the Curie-Weiss model.

Here, we will adapt the greedy coupling construction from Section 5 in Chapter 2
for the Curie-Weiss model. Debne the path medran, "= {" 1,1}" by

d($,' )= 1 l{$j';'j}:%! %j" 'jg (72)
=1 j=1

In this greedy coupling construction, conditionedXnr= $ andY; = ', we sample
X+1 andY;. 1 as follows. First, we select a vertex jointly for both copies of the
Markov chain. Next, conditioned on = i, we simultaneously update the spin at
vertexi for both, X+ 1 andY;+ 1, using the maximal coupling of probability measures

=agis(1))rtais(" D)1

and
=G (1)1t q, (" 1)
The update probabilitieg ¢ (1) andg; ¢ (" 1) were debned in (27) and (28).

Following the notions in Chapter 2, we let
dk($,") = E[d(X+1,Ye+1) X = $, 4= "]

denote the mean coupling distance.

Consider a pair of neighboring conbguratiéhand' in, "= {" 1,1}". That is$
and' agree everywhere except at a single discrepancy vertgxdtere

59
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$i="i ifi=j,
$i=i ifi= .

Here, by (27) and (28),

, - 1+ tani/ §$,i)/n)
C 2

" tanh(/ ¥$,i)/ n)
2

Ji+ )r1

and
1+ tani(/ ' ,i)/n) 1" tanl/ &' ,i)/ n)
M= )it )" 1.
2 2
Thus, the spin at vertexupdates to the same value with probability

ifi=j,

., . _ 1
1" U-!Tv - 1" %aanr.(/ j$,|)/ n) " tan[‘(/ S' ,|)/ n)§ ifi= J

Ifi= j, then
§3($,i)" S ¢ 7i)§= 1$;" "jl=2

and by the mean value theorem,
}gtank(/ $,i)/n)" tan/ &' ,i)/n)§: }gtanr(/ x)% = /—secﬁ(/ C)
2 ndx x=c N

for some value betweer($,i)/ nands(' ,i)/ n. Note that sectx) $ 1 for allx# R,
and therefor%secﬁ(/ 0$ ’ﬁ Therefore,

(8.1 = EI00 1Yo X = 8.%= "]
( / /
$ 1" “+2- P(- =)
¢ M n
= 1+L E
n n

$ (1) (M)d(s."),

where) (n) = % andd($,' )= 1. Thus, if/ < 1, the contraction condition (17) is
satisbed for this greedy coupling. Alsix (49 is a pseudometric on" by Lemma
6.1. Hence, by Theorem 6.2,

0 1
logn" log& _ 1
) (II ) 1II /

whenever/ < 1. Importantly, the standard bottleneck ratio argument using the
Cheeger constant proves slow mixing for> 1. Observe that here, the interface
between fast and slow mixing behaviors matches the phase transition atob-
served in Theorem 13.2.

b (&)

nlogn+ O(n)



Chapter 6

Aggregate path coupling: one dimensional
theory

In this chapter, we illustrate the aggregate path coupling method for models with one
dimensional macroscopic quantities. The model chosen is the mean-peld Blume-
Capel model where the relevant macroscopic quantity is the one-dimensional mag-
netizationS,/ n. The mean-peld Blume-Capel model is ideally suited for the analy-

sis of the relationship between the thermodynamic equilibrium behavior and mixing
times due to its intricate phase transition structure. Specibcally, as discussed in Sub-
section 13.2, the phase diagram of the model includes a curve at which the model
undergoes a continuous phase transition, a curve where the model undergoes a brst-
order phase transition, and a tricritical point which separates the two curves.

14 Path coupling

We begin by setting up the coupling rules for the Glauber dynamics of the mean-
peld Blume-Capel model. Debne the path metran, "= {" 1,0,1}" by

asy=1 By d (73)

=1

Remark 1In the original paper [34] on the mixing times of the mean-peld Blume-
Capel model, the incorrect path metric was used. In that paper, the path metric
3(%,')=1 ?:1]{3;1:- hE With the correct metric debned in (73), the proofs in [34]
remain valid.

Consider the greedy coupling construction from Section 5 in Chapter 2 adapted to
the mean-beld Blume-Capel model. There, conditionedkon $ andY; = ', we
sampleX+ 1 andY;+ 1 as follows. First, we select a vertexjointly for both copies

of the Markov chain. Next, conditioned en = i, we simultaneously update the
spin at vertex for both, X+ 1 andY;+ 1, using the maximal coupling of probability
measures
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=10is(1))1+ 0is(0))o+ ds(" 1)1
and

H=a, (1D)1+ g, (0)o+a, (" 1)1
The update probabilitieg; ¢ (1), g $(0), andg; s (" 1) were debned in (31), (32),
and (33).

Once again, we let
dk($,") = E[d(Xs1, Y1) X = $,¥i="]
denote the mean coupling distance.
Consider a pair of neighboring conbguratiéhand' in, "= {" 1,0,1}", i.e.

$i=" ifi=j,
$i= dfi= .

Here, by (73)d($,") = [$;" ' | is either equal to 1 or 2.

Conditioned on = i, the spin at vertekupdates to the same value with probability
"1 V" uly,. Thus, ifi = j, thenXs1= Y1 If i = j, then|¥$,i)" ' ,i)| =
[$;" ' j|. We assume without loss of generality that

EERIDIE QR (74)

| "
and letS= sgn ¥$,i) . ThenS= =1 and
e KIS )i

&2/ KIS iy
2c0sh 2Kg($,i) +¢ " U K)n -

> St .
2cosh ZXg iy +¢ " (K)in

Therefore, by (31), the above rewrites as
as(S >, (9.
Similarly, by (32) and (33),
ds(0<aq (0 and gs("9<ag ("9.
Thus, the spin at vertexs updated to the following:

¥ The same value with probability"> ! " p!w, = 1" (Gis(9" i (9);
¥ The valuesSand 0 inX;+ 1 andY;+ 1 respectively with probability

g, (0)" d,s(0);

¥ The valuessand" Sin X+ 1 andY;+ 1 respectively with probability
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g, (" 9" ais("S.
Therefore, ifi = j and assuming condition (74), we have
| "
Ed(Xe+ 1, Yee 1) X = 8, %=, = i]=d($,")+ a,(0)" ais(Q)
+26,(9" as("9
=d($,")+ Gis(9" gis("9
" (9" g ("9 (75)
asgi2 (0)+ g2(" 9= 1" g2(9 forall2 #, ". Debne

Then, by (31-33) and (75),
E[d(X+1, Yi+1) X =8, Yt =",- =i]=d($,")+ 7, ,K(|$$!i)p"1 )7/ <D
=d®.)* 7 k(ISEGD 7 k(SCD+ O (77)

asg$,i)" ' ,i)= S($)" S(') and$ and' are neighbor conbgurations, thus
resulting in a second order error term. Thus, summing up the terms in (77) over all
i= j, we have
& o/on.. 1 ( 1)
de($,)= d$, )+ 7/ k(IS 7/ k(IS()) —=+0 5
Finally, removing condition (74), we obtain the following result.

Lemma 14.1 Let d be the path metric debned [@2) and (%, Y;) be the greedy
coupling of the Glauber dynamics of the mean-beld Blume-Capel model. Then for
any pair of neighboring conbguratio§sand' in, ",
& % g"h" AL
de($,')= d($, )+ ¥ k(SN 7/ k(S NS —=+0

Next, we observe that differentiatimg dePned in (56), we have

2sinn(t)

((y= =2 "/
& 2coskt)+ €

and therefore, for any pair of neighboring conbgurat®rend' ,

( o) )
2 k3 cf 2 k33, o iz
n n n

)
7 k(SN 7 k(S = o
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This yields the following corollary.

Corollary 14.2 For any pair of neighboring conbguratiogsand' in, ",

( ( ) ( ) B
. d($,,)+§t§ 2SO g SO gnnho 1

n n?

By the above corollary, we conclude that the mean coupling distdo®,"' ) of a
coupling starting in neighboring conbguratidhgnd’ contracts if and only if

( oy ) ( )

,,1d($,')>§5 o kIO g S %
n" 1 ( n ) n

G%d( Z/Kﬁ

A ")

:%Cf( Z/Kim d(s$,")
n n

1Sh(") " S($)

As we letn go to inPnity, this is equivalent to

( )
( SE) 1
¢t 2K . < K (78)
Therefore, contraction of the mean coupling distance, and thus rapid mixing, de-
pends on the concavity behavior of the functtr.}n This is also precisely what de-
termines the type of thermodynamic equilibrium phase transition (continuous versus
prst-order) that is exhibited by the mean-peld Blume-Capel model. We state the con-
cavity behavior ofc,( in the next theorem which is proved in Theorem 3.5 in [26].
The results of the theorem are depicted in Figure 10

Theorem 14.3For/ > /.= log4debne

() )
We(/ )= cosh t ée/ "4e ) 0 (79)

The following conclusions hold.

(@For0</ $ /g, C} (w) is strictly concave for v O.

(b)For/ > /¢, cf (w) is strictly convex fo0 < w< we(/ ) and ¢ (w) is strictly
concave for w> we(/ ).

By part (a) of the above theorem, for$ /¢, () $ c¢f((0)= 1/ (2 K (/).
Therefore, by (78), the mean coupling distance contracts betalepairs of neigh-
boring states whenevét < Kéz) ).

By contrast, for > / ¢, we will show that rapid mixing occurs whenewek Ki(/ )
whereK;(/ ) is the metastable critical value introduced in subsection 13.2 and de-

picted in Figure 7. However, since the supremum sugcf(x) > Kll(/ . the
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23 Kéz)( . w

28K N\

)

Fig. 10 Behavior ofc} (w) for large and small .

conditionK < Kj(/ ) is not sufpcient for (78) to hold. That i& < Ki(/ ) does
not imply the contraction of the mean coupling distance betvedigoairs of neigh-
boring states. However, we prove rapid mixing forkalk Ki(/ ) in section 16 by
using an extension to the path coupling method that we refer égqegate path
coupling

We now prove the mixing times for the mean-pbeld Blume-Capel model, which
varies depending on the parameter val(lesk) and their position with respect
to the thermodynamic phase transition curves. We begin with the cise. where

the model undergoes a continuous phase transiti0n<a$d<é2)(/ ) which corre-
sponds to the single phase region.

15 Standard path coupling in the continuous phase transition
region

In this section, we assunie$ / . which implies that the BC model undergoes a

continuous phase transition l&t= Kéz)(/ ) debned in (59). By Theorem 14.3, for
I'$ /e, c,( (x) is concave fox > 0. See the brst graph of Figure 10 as reference. We
next state and prove the rapid mixing result for the mean-beld Blume-Capel model
in the continuous phase transition regime.

Theorem 15.1 Let t,,(& be the mixing time for the Glauber dynamics of the mean-
peld Blume-Capel model on n vertices ar{@& ) the continuous phase transition
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curve debned i(69). Then for/ $ /.= log4and K< Kéz)(/ ),
(8 $ £ (logn+ log(V/ &)

k2 ) K
KAy

(
foranyO # O, and n sufbciently large.

Proof. Consider a pair of neighboring conbguratiéhand' . By Corollary 14.2 of
Lemma 14.1,

( . ( ) ( ) (
d(s, )= 1n Lo (D 1)% kI SE) §+o 1
: n n / ! n

n n2

)

Observe that{( is an even function and that fér$ / ¢, supc{{(x) = c{((0). There-
X
fore, by the mean value theorem and Theorem 13.5,

W e « ()
B S G GG (NP

1 n . n2
) 1" 2/ Kdf(0) o( 1)
A L
exp - 2
'8 9 ;
_ 1 KAU)" K ()
noK() n
< e 0/n
(
K2 ()" K - @
foranyO # 0, =< andn sufbciently large. Thus, fd€ < K¢™(/ ), we can

@)
Ke™(1)
apply Theorem 6.2, where the diameter of the conbguration space of the BC model
, Misn, to complete the proof.

16 Aggregate path coupling in the brst-order phase transition
region

Here we consider the regidn> / ¢, where the mean-beld Blume-Capel model un-
dergoes a brst-order phase transition. In this region, the fum:ﬁt(oc)u which deter-
mines whether the mean coupling distance contracts (Corollary 14.2) is no longer
strictly concave fox > 0 (Theorem 14.3). See the second graph in Figure 10 for ref-
erence. We will show that rapid mixing occurs wheneer Ki(/ ) whereKy(/ )

is the metastable critical value debPned in subsection 13.2 and depicted in Figure 7.
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As shown in Section 14, in order to apply the standard path coupling technique of
Theorem 6.2, we need the inequality (78) to hold for all valueS,¢$) and thus

sup- 116X < 5% . However since  syp; 4;¢f{(x) > ﬁl(/) the conditiorK <

K1(/) is not sufpcient for the contraction of the mean coupling distance between
all pairs of neighboring states which is required to prove rapid mixing using the

standard path coupling technique stated in Theorem 6.2.

In order to prove rapid mixing in the region whete> /. andK < Ky(/ ), we

take advantage of the result in Theorem 13.7 which states the weak convergence
of the magnetizatiorg,/ n to a point-mass at the origin. Thus, in the coupling of
the dynamics, the magnetization of the process that starts at equilibrium will stay
mainly near the origin. As a result, for two starting conbgurati®nand' , one

of which has near-zero magnetizatidg($)/ n 6 0), the mean coupling distance

of a coupling starting in these conbgurations will be the aggregate of the mean
coupling distances between neighboring states along a minimal path connecting the
two conbgurations. Although not all pairs of neighbors in the path will contract, we
show that in theaggregate contraction between the two conbgurations still holds.

In the next lemma we prove contraction of the mean coupling distance in the ag-
gregate and then the rapid mixing result for the mean-beld Blume-Capel model is
proved in the theorem following the lemma by applying the new aggregate path
coupling method.

Lemma 16.1 Let (X,Y) be a coupling of one step of the Glauber dynamics of the
BC model that begin in conbguratiofisand' , not necessarily neighbors with re-
spect to ghe path mgjric d dePned82). Supposé > / ¢ and K< Ky(/ ). Then for

any0 # 0, KlK(i (),")K there exists a&> 0 such that, asymptotically as*n " ,

dk($,')$ e %nd($,") (80)
wheneveS,($)| < &n.

Proof. Observe that fof > / ; andK < Ky(/ ),

( |X]
I (X $ TK.0) for all x
& %
We will show that for a gived (# 5 Kll(/ 7 10 there exist&> 0 such that
It ()"l (x0)| $ 0(x" xo| wheneveixo| < & (81)

asc,( (X) is a continuously differentiable increasing odd function aﬁqco) = 0.
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- 1 1 i (C
In order to show (81), observe the§é(0) K00 < TR and sincec;' is

continuous, there exists)a> 0 such that
c((x) < 0¢  wheneveix| < )
The mean value theorem implies that

lof ()" ¢f (xo)| < 04x" xo  forallxo,x# (") .))
Now, let&= %%) < ). Then for any|xo| < &and|x|) ),

M+ xol o (1+&))IN
20 Ka(l) " 2 Ka(l)
_ X%l 1+ &)
2/ Ka(/) 11" xof X]
X" Xo| 1+ &)
2/ Ke(/) 1" &)
0(x" xol.

lcf ()" ¢f ()| $

Let%: $ = Xg,Xq,..., X ="' be apathin "connectings to' such that
¥ %is amonotongath with respect to metrid, i.e.

r

I d(x1,%) = d($,");

i=1
¥ Pairs(x 1,%) are neighboring conpgurations.

Then by Lemma 6.1, Corollary 14.2 of Lemma 14.1, and (81), we have asymptoti-
callyasn* " for |Sy($)| < &n,

d($,")$ _! dk (X" 1, %)

. ( )« )
= Dyg,ryr O 1)§t ?Xs8) " o Z’nKan)g

()
+d($,")&0 =z
()
(
s Dy )+ U Vs s )L rds @ S
T Cgked (K
$d(s,") 1" — +0 = $ends$,")

as|S($)" (') = d($,"). This completes the proof.
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Theorem 16.2 Let t,,(& be the mixing time for the Glauber dynamics of the mean-
beld Blume-Capel model on n vertices and/K be the metastable critical point.
Then, for/ > /;and K< Ky(/ ),

(&) $ § (logn+ log(2/ &)

%

&
forany0O # O, KlK(i& )K and n sufbciently large.

Proof. For all sufbciently smalk> 0 and for alln large enough, let

Aen={$#, " 1 |Si($)|$ &n}.
%

&
Then, for a giverd # 0, KlK(i()/ )K , Lemma 16.1 implies the aggregate contraction

(23) in Theorem 8.1.

Recall thaP,, g is the stationary distribution for the Glauber dynamics./For/ ¢
andK < Kj(/ ), Theorem 13.7 states the weak convergence

P k(S/n#dX) =3 )o asn* ".

Moreover, for any > 1 andn sufbciently large, the LDP Theorem 13.4 implies that
the stationary probability of the complemeA, of A is bounded above by

Poy k(A5 = Poy k(ISVNI) &$ e (" x(®,

Therefore, we have established the concentration inequality (24) in Theorem 8.1
with 1(n) = e <& Hence, by Theorem 8.1,

& - %
LP(X0,8" Py k! $ 0 e 0w te (k@

where fort = g (logn+ log(2/ &), the above right-hand side convergest@ as
n* ".

17 Slow mixing

In [34], the slow mixing region of the parameter space was determined for the mean-
peld Blume-Capel model. Since the method used to prove the slow mixing, called
the bottleneck ratio or Cheeger constant method, is not a coupling method, we sim-
ply state the result for completeness.

Theorem 17.1For (a)/ $ /. and K> Kéz)(/ ),and(b)/ > /. and K> Ky(/ ),
there exists a positive constant b and a strictly positive funct{gnK) such that
for the Glauber dynamics of the mean-peld Blume-Capel model on n vertices,
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Fig. 11 Mixing times and equilibrium phase transition structure of the mean-beld Blume-Capel
model

tmix(gL) ) bé(/ 'K)n'

We summarize the mixing time results for the mean-beld Blume-Capel model and
its relationship to the modelOs thermodynamic phase transition structure in Figure
11. As shown in the bgure, in the continuous phase transition refi&n/(c) for

the BC model, the mixing time transition coincides with the equilibrium phase tran-
sition. This is consistent with other models that exhibit this type of phase transition.
However, in the prst-order phase transition regior»(/ ¢) the mixing time transi-

tion occurs below the equilibrium phase transition at the metastable critical value.



Chapter 7

Aggregate path coupling: higher dimensional
theory

In this chapter, we extend the aggregate path coupling technique derived in the pre-
vious section for the Blume-Capel model to a large class of statistical mechani-
cal models that is disjoint from the mean-peld Blume-Capel model. The aggregate
path coupling method presented here extends the classical path coupling method
for Gibbs ensembles in two directions. First, we consider macroscopic quantities in
higher dimensions and Pnd a monotone contraction path by considering a related
variational problem in the continuous space. We also do not require the monotone
path to be a nearest-neighbor path. In fact, in most situations we consider, a nearest-
neighbor path will not work for proving contraction. Second, the aggregation of the
mean path distance along a monotone path is shown to contract for some but not
all pairs of conbgurations. Yet, we use measure concentration and large deviation
principle to show that proving contraction for pairs of conbgurations, where at least
one of them is close enough to the equilibrium, is sufpcient for establishing rapid
mixing.

Our main result is general enough to be applied to statistical mechanical mod-
els that undergo both types of phase transitions and to models whose macroscopic
quantity are in higher dimensions. Moreover, despite the generality, the application
of our results requires straightforward conditions that we illustrate in Section 21.
This is a signibcant simplibcation for proving rapid mixing for statistical mechan-
ical models, especially those that undergo brst-order phase transitions. Lastly, our
results also provide a link between measure concentration of the stationary distri-
bution and rapid mixing of the corresponding dynamics for this class of statistical
mechanical models. This idea has been previously studied in [41] where the main
result showed that rapid mixing implied measure concentration debned in terms of
Lipschitz functions. In our work, we prove a type of converse where measure con-
centration, in terms of a large deviation principle, implies rapid mixing.

71
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18 Coupling of Glauber dynamics

We begin by debning a metric on the conbguration spdc&or two conbgurations
$ and' in, ", dePne

d($!l): I 1{$j':'j} (82)
=1

which yields the number of vertices at which the two conbgurations differ.

Let (X%, Y;) be a greedy coupling of two copies of the Glauber dynamics. Suppose
X =%, Yt ="'.Then(X+1,Yi+1) is sampled as follows. At each time step a vertex
is selected at random uniformly from thevertices with the choice variable. We
condition on the vertex selection = i. Next, we erase the spin at locatioim both
processes, and replace it with a new one according to the maximal coupling of the
following probability measures

q q
=1 gs(@)e and p=1 g () u
k=1 k=1

as constructed in Section 3 of Chapter 2. The update probabijiewere debned
in (37).

Finally, applying the notions introduced in Chapter 2, we let
de($,") = E[d(Xi+ 1, Y+ 1) X = $, Y= "]

denote the mean coupling distance.

19 Bounding mean coupling distance

We observe that by Corollary 10.2 of Lemma 10.1,

q
ékl $1v$(ek) "Gy (ek)$
=1
q ()
o B Len @ e pdo i

k=1

B 1
Povs " Qv ! =

Thus, for &> 0 small enough there is a constar# O such that for any pair of
conbguration$ and' satisfying

&$! Ln($)" La(" )1 < 28
and anw# {1,...,n},
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q ?
%! as” et 1S L0 L®) 8 (L) $§< . (89
k=1

This is true for anyC? functionf : P * R, there exist€ > 0 such that
> ?
%(z() ") A" z#1(2) §< Cc& (84)

forall z Z# P satisfying&$! 24" 211 < 2&

We next derive a formula for the mean coupling distance of a coupling starting
in two conbgurations that are connected by a path of conbgurations with a bounded
distance between the magnetizations of successive conbgurations.

Debnition 19.1 Let$ and' be conbgurations in ". We say that a patfconnect-
ing conbguration$ and' denoted by

%:$:X01X11---1Xr: )
is amonotone pathif

() 1 dow 1= d(8.)

1=
(i) for each k= 1,2,...,q, the kth coordinate of {(x;), namely lyk(X;) is mono-
tonic as i increases frofito r;

Observe that here the poingson the path are not required to be nearest-neighbors.
A straightforward property of monotone paths is that

r

q
Il Lok() " Lok(X 1) = La($)" La(")
i=1k=1

Another straightforward observation is that for any given path

Ln($)= 20,22,...,% = Ln(")

in P 5, monotone in each coordinate, wittg," z- 1!1> O foralli # {1,2,...,r},
there exists a monotone path

%: $ = Xo,X1,..., % =

such that.y(x) = z for eachi.

Given conbguration$ and' in, ". By equation (37), there exis®s) 0 such that

()
'ovs " Oy !nw=9+0 % forall v#{1,...,n}.

Then,
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(.)
($.') S d($.)" d($ Jar 9y+ MG g, 4 %
P g
+ =
- d($,)a 1"% ek (85)

Given&> 0. SupposéLn,($)" La(')!1) & andlet%:$ = xo,Xy,..., x =" be
a monotone path connecting conbguratiresnd' such that

&$! Ln(%)" Ln(Xr1)!'1< 2&
foralli= 1,...,r. Then, by equation (83),
r
Pavs " Oy ! 1 Taux " Ouxes! v (86)
i=1

?
$5 ?Ln(m) L0 1), 20" (La(x 1) B¢ c&

Putting together equations (85) and (86), we obtain the following bound on the mean
distance between a coupling of the Glauber dynamics starting in conbgurgtions
and' :

L @ ? .'CO
La(x)" La(X 1), #g (Ln(x| 1) %+ c&+ O n
' ' n lA k— |— K
ds s as Bl 2d($, )/n BE
L @ ? '
La(xi)" Ln(X 1), #gk (Ln(X| 1)) $+c&+ O 3
k—l|—
sas ol 2B IL.(5)" Lo )12 EE
(87)

Observe from the inequality (87) that if there exists a monotone paths between all
pairs of conbgurations such that there is a uniform bound less than 1 on the ratio

!k—l - 1§Ln(x| Ln(Xi" 1), #gk (Ln(X| 1)) %
'La($)" La(')'a

then the mean coupling distance will contract, yielding a bound on the mixing time
via the coupling inequality in Corollary 1.5.

Although the Gibbs measure are distributions of the empirical medsude-
Pned on the discrete spa€e,, proving contraction of the mean coupling distance
is often facilitated by working in the continuous space, namely the sinipleXve
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begin our discussion of aggregate path coupling by debning distances along paths
inP .

Recall the functiorg™/ debned in (41) which is dependent on the Hamiltonian
of the model through the interaction representation fundti¢z).

Debnition 19.2 Debne theggregateg-variation between a pair of points x and z
in P along a continuous monotone (in each coordinate) (&th be

DY(x,2) := g#g " (). dy %

k—13

Debne the correspondinpeudodistancéetween a pair of points points x and z in
P as
dg(x,2) := inf DY (x,2),

where the inPmum is taken over all continuous monotone paths é@onnecting x
and z.

Note that if the monotonicity restriction is removed, the above inbmum would sat-
isfy the triangle inequality. We will need the following assumptions.

Property 1 Let z be the unique equilibrium macrostate. There exjst$ (0, 1)
such that
dy(z.2/)

'22111)

forallzinP .

Observe that if it is shown thatly(z,z ) < ! z" z !, forall zin P , then by conti-
nuity the above assumption is equivalent to

I|msup do(22) <1

12" 71y

The following result is a straight forward approximation of a continuous monotone
function by a smooth monotone function.

Lemma 19.3 Suppose Property 1 is satisped. Then there exists a fai@ly of
smooth curves, monotone in each coordinate such that for each an P , there
is a curve3 in the familyNG, connecting z to z, and

D3(z,
D322) ¢ 10y
12" z 11

Such family of smooth curves will be referred toran-geodesic

Suppose Property 1 is satisbed. Then, for anliere is a curv@ connectingz to
zsuch that
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0§ £
/

! #g.” (y),dy

13

g 2" ¢ (z)! - D
9" @ o @) _ " ‘3’"(2,21)$1..),2_
12" z 14 12" z 14 12" z 14
Hence,
L oHd (A" qH I
Iimsup'g (2 . g (Z/)'1< 1. (88)
z gz 'z" 71y

SinceH(2) # C3, the above equation (88) implies that & 0 sufbciently small,
there existg # (0,1) such that

¢ @" g (W)
1z" whq

<1" ( (89)

forall zandwin P satisfying

12" z11<& and !'w" z!;1<&

Once Property 1 is established, the following stronger property may be considered.

Property 2 Assume Property 1 is satisPed. There exists a neo-geodesic @iy
and a scalar @ > 0 such that for every curv@ in the familyNG, , the curvature
is bounded above bysC

For sufbciently larga, the bound on the curvature allows approximation of any
in NG, with a discrete monotone path

%: 20,21,...,%

onP ,with steps&$! z" z-1!1 < 2&such that

2
" $>Z. zr 1,100 (2 1) % D3(22)
, DI

1z" wlq 1z" z 'y

k=1i=1

20 Aggregate path coupling

A major strength of the aggregate path coupling method is that it yields a proof for
rapid mixing even in those cases when contraction of the mean coupling distance
between all pairs of neighboring conbgurations does not hold. Here we will take
advantage of the large deviations estimates discussed in Subsection 13.3. Recall
interval B debned following (60). Assume that# B, and the set of equilibrium
macrostatek,; , which can be expressed in the form givenin (63), consists of a single
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pointz . In order to use Theorem 8.1, we need to Prst establish contraction of the
mean coupling distance between two copies of a Markov chain, wheteg, tredue

of one of the coupled dynamics starts near an equilibrium. Then, this contraction,
along with the large deviations estimates of the empirical medsyrwill yield

rapid mixing of the Glauber dynamics converging to the Gibbs measure.

Observe that we only need to show contraction along one monotone path con-
necting two conbgurations in order to have the mean coupling dist(& ')
contract in a single time step. However, Pnding even one monotone path with which
we can show contraction in the equation (87) is not easy. The answer to this is in
Pnding a monotone patin P connecting theé., values of the two conbgurations,

$ and', such that 5
q: :
! g#gﬂ” (y),dy %
k=13

'La($)" Ln(")'a
Although 3 is a continuous path in continuous spdee it is used for Pnding a
monotone path

<1

%: $ = Xg, Xg,..., % =
such thatl.y(xg), Ln(X1),...,Ln(%) in P , are positioned along, and

q r ?
I §Ln(xi)" La( 1), #0 (Ln(X 1)) §
k=1i=1

2
q: !
is a Riemann sum approximating ?# gr / (y),dy $ Therefore we obtain
k=13

q r
Pl

¥ E
S L0 Lalxe 0. #0 (La(x 1)
La($)" Ln()'1

that in turn implies contraction in (87) fé& small enough and large enough. See
Figure 12.

Observe that in order for the above argument to work, we need to spread points
Ln(x) # P , along a continuous path at intervals of Pxed orde® Thus%has to
be not a nearest-neighbor pathin the space of conbgurations, another signibcant
deviation from the classical path coupling.

k=1i= <1,

Lemma 20.1 Suppose Propertiy 2 holds. L&X;,Y;) be a greedy coupling of the
Glauber dynamics. Lej} zbe the single equilibrium macrostate of the corresponding
Gibbs ensemble. Then there existsar 0 and an& > 0 small enough such that
for n large enough,

de($,")$ e %"d($,")

whenevet Ln($)" z!1< &
Proof. Let) be as in Properties 1 and 2. Take 0 and& > 0.
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L @ g ? «CO
TS U B L0 Lo 0 #6 (Lalxe 1) +car 0 3 "B
(@) dS IR (&) L( )l ;
J 1, K
ds,’) 1" - 1" (1" )I/3)" )12
J K
=des,) 1 H)M

as 1 c& O(1)

N L) Ln( )12 $ ) /12 for&small enough and large enough.

Case Il. Let &and & be as in Case |. Supposg(' ) = zandLn($) = w, where
12" 1< &+ &andlw" 71, < &

Similarly to (85), equation (83) implies farlarge enough,

) 18 !g”"!Ln($)"" gH'/!Ln(')"!195 ()
K@) S dE a1 [ Lo *O w
F G
U 1
$ d($, )aFl = ;O =
$ d($, Va1 ZL

by (88).

We now state and prove the main theorem of the paper that yields sufbcient con-
ditions for rapid mixing of the Glauber dynamics of the class of statistical mechan-
ical models discussed. Recall the interBah the parameter space is such that for

all/ #B,E ={z}.

Theorem 20.2 Suppose Kiz) and/ # B are such that Property 2 is satisbed. Then
the mixing time of the Glauber dynamics satisbes

tux(& = O(nlogn)
Proof. For all sufbciently smak > 0 and for alln large enough, let
n={S#, " La($)" 711 < &Y.

Then, Lemma 20.1 implies the existencédo$ O for which the aggregate contrac-
tion condition (23) in Theorem 8.1 is satisped wigéis sufbciently small and is
sufbciently large.

Recall the LDP limit (61) for in the single phase regidsy

Pr/ (Ln(Xo0) # dX) =3 ), asn* "
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Moreover, for any (> 1 andn sufPciently large, the LDP upper bound (53) implies
that the stationary probability of the complemé@t’n of Ag n is bounded above by

wn (
Ry (Ay )8 e (),

Therefore, we have established the concentration inequality (24) in Theorem 8.1
with 1(n) = e("" (@) Hence, by Theorem 8.1,

& vy e 70
!Pt(xoiau Pny/-lTv$ ne Ot/n+te (TII(&) '

where fort = §(logn+ log(2/ &)), the above right-hand side converges#t? as
n* ",

21 Aggregate path coupling applied to the generalized Potts
model

In this section, we illustrate the strength of our main result of Section 7, Theorem
20.2, by applying it to the generalized Curie-Weiss-Potts model (GCWP), studied
recently in [33]. The classical Curie-Weiss-Potts (CWP) model, which is the mean-
Peld version of the well known Potts model of statistical mechanics [44] is a partic-
ular case of the GCWP model with= 2.

Let g be a bxed integer and debpe= {e!,€,...,€%, wheree" are theq
standard basis vectors &Y. A conbgurationof the model has the forn2 =
(21,25,...,2,) #, ". We will consider a conbguration on a graph witkertices
and letx(2) = 2; be thespinat vertex. The random variable§Os for= 1,2,...,n
are independent and identically distributed with common distribi8ion

For the generalized Curie-Weiss-Potts modelyfpr2, the interaction represen-
tation function, debned in general in (25), has the form

1 4
H@=" "1 7
r.
=1
and the generalized Curie-Weiss-Potts model is debned as the Gibbs measure
#

Pn,/ ,r(B) = m 5

exp{" / nH(Ln(2))} dR, (90)

whereLp(2) is the empirical measure debned in (34).

From Subsection 13.3, recall the equilibrium phase structure of the GCWP
model. Specibcally, as stated in Theorem 13.12, there exists a critical/ vétije)
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such that (a) fofq,r) # {2} %2, 4], the model undergoes a continuous phase tran-
sition from the single phase to the multiple phasé &t,r), and (b) in the com-
plementary parameter region, the model undergoes a Prst-order phase transition at

/e(q,r).
For the GCWP model, the functicgﬁ"/ (2) debned in general in (40) has the form

o7

H oy = _ _
%" @=[6S5]( #H(@))=[6S5](/ 9= AT, L dAT

fFor the remainder of this section, we wjll replace the nptation, and refbt¢z) =
d"(@,....d¢" (@ assimplyd(d= di@.... .05(2) . As we will prove next,
the rapid mixing region for the GCWP model is debned by the following value.

/s(q,r) :=sup{/ ) 0:g(2) < zforallz# P suchthag # (1 q,1]}. (91)

Lemma 21.1 If / ¢(q,r) is the critical value derived in [33] and debned in Theorem
13.12, then

/S(qu) $ /C(q! r)

Proof. We will prove this lemma by contradiction. Suppds€q,r) < / s(g,r). Then
there existg such that

le(qr) </ </s(q,r).
Then, by Theorem 13.12, sinég(q,r) < / , there exista1 > 0 satisfying the fol-

lowing inequality
1" e

S T pe ! .

6 . Wil
where +(u) :== " # (1+(g" Hu)™ 1" (1" w" 1. Here, the above inequality
(92) rewrites as

&) = ox /4( v “) " ( 1+(q" 1)“) o < 1" u (93)
P q q (9" Du+ 1

Next, we substituté = (1" u) %2 into the above inequality (93), obtaining
A, ) e ) 15; .
wor * < .
( ) (1|| * )(qn l)

exp / (94)

gq' 1

Now, consider ( )
* *
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Observe thatz; = 1" * = 1" (1" u)9== &;‘"D > 1 asu> 0. Here, the
inequality (94) can be consequently rewritten in terms of the above seleeted

follows .
el (1" *)r 1 )
n=1"* < s = 62,

¢ (g nd 71
thus contradicting < / 5(q,r). Hence/ s(q,r) $ / <(q,r).

Combining Theorem 13.12 and Lemma 21.1 yields that for parameter values
(g,r) in the continuous phase transition regiogtq,r) = /¢(q,r), whereas in the
brst-order phase transition regidr(q, r) is strictly less than ¢(q,r). This relation-
ship between the equilibrium transition critical value and the mixing time transition
critical value was also proved for the mean-beld Blume-Capel model discussed in
section 9.2. This appears to be a general distinguishing feature between models that
exhibit the two distinct types of phase transition. We now prove rapid mixing for
the generalized Curie-Weiss-Potts modelffox / 5(q,r) using the aggregate path
coupling method derived in section 7.

We state the lemmas that we prove below, and the main result for the Glauber
dynamics of the generalized Curie-Weiss-Potts model, a Corollary to Theorem 20.2.

Lemma 21.2 Property 1 and Property 2 are satisbed foralk / ¢(q,r).
Corollary 21.3 If / < /4(q,r), then

tw(& = O(nlogn).

Proof. Property 2 required for Theorem 20.2 is satisPed by Lemma 21.2.

Proof of Lemma 21.ZFirst, we prove that the family of straight lines connecting to
the equilibrium poinz =( 1/ q,...,1/ ) is a neo-geodesic family as it was debned
following Property 1. Specibcally, for arg= ( z1,2,...,z5) # P debne the line
path3 connectingzto z by

2t) = %(1" )+zt, 0$t$1 (95)

Then, along this straight-line pa# the aggregatg-variation has the form

q # ? q#1
Di(zz) = | f#g[((y),dy % . %[QL(Z(t))]gdt- (96)

= |
k=14 k=1
Next, forallk= 1,2,...,gandt # [0, 1], denote

2t)y = %(1" 0+ 2d
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Then ! Y
(M (1" t)+ %t
gi(2t) = ! T (97)
19 d War gt
H le
and
d6 7 F( ) r 2( 1) G
at (1) =1 (r" Dgi((1) a(l" )+ zd z" q "0z" 7,9 () 1
(98)
where(z" z ,d(z(t)) 13 is the weighted inner product
] POy ) vz
@' 7,9 (=)= | gi(«t) " q a(l" )+ zd

=1

Now, observe that faz(t) as in (95) withz= z , the inner produdi(z" z ),g"(z(t)) 13
is monotonically increasing insince

. 8 D0, ) e

aOZ" z,9(z(t) ) / (r" })Vary  z-" q a(1" t)+ zt >0

where Vag (3 is the variance with respect tp.
So(z" 7,9 (z(t)) 13 begins atz" z ,g"(z(0)) 13 = " z ,z 1= 0andincreases
forallt# (0,1).

The above monotonicity yields the following claim about the behaviay ((t))
along the straight-line patB.

(@)Ifz $ 1/ q, theng,(z(t)) is monotonically decreasing in
(b)If z > 1/ g, theng] (z(t)) has at most one critical poitg on (0, 1).

The above claim (a) follows immediately from (98) @' z ,g"(z(t)) 13 > O for
t > 0. Claim (b) also follows from (98) as its right-hand sidg;’ 1/q> 0 and
@" z bgr(z(t))lig is increasing. Thus there is at most one qunon (0,1) such

that $ gi(z(t)) = 0.

Next, debPne
Az={k:z> 1q}

Then the aggregatpvariation can be split into

#aRy § #aRy §
[gk(z(t))]Rdt+ | [gk(z(t))]Rdt
o “at kia, 0 O

Fork# A, claims (a) and (b) imply

Di(zz)= |
k#t A,
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# l% r § " # ! d r r n r 1!! r
| ERlO@ONgdt=" " Glh(0)] dt= G0) " gEM)= " 62

Fork# A, letty = maxt2,1} ,wheret? is debned in (b). Then, we have

# 1%y % #2 g #
@ gdt= gD dt”
0 0

d r — r 2\y 1 ~F " 1
2 Gel9(A] dt= 29, (A1) " Gk(2) q
Combining the previous two displays, we get

( DI )

Di(zz)=1 20(zt))" d(@" = + | " g2
KA a4  a

( )

1
=21 gA)" =
KA q

Ol

Since/ < /sandk# Az, we have

g(2(t7)) < 2tk $ Ak = %

and we conclude that

( 1)
Di(zz)<2l z" = =1z"z!,
KitA q

Thus
dg(Z'Z/ ) Dg(Z!Z/ )

12"z, 12" 7!

<1 forallz=z inP . (99)

DenoteZ=(%,...,4)= z" z . Then by TaylorOs Theorem, we have

o1
q
'g(@" d'(z)!
limsup g()" g(z)h = limsup -
z 7 1z" 71, z 7 1z" z 14
& %y !
'q ™y 3 | A+Q 1413
) 1% q+O 1213
= 140,
/I (r" 1)
i (100)

Recall that ¢(g,r) $ / <(q,r) was shown in Lemma 21.1, arid(q,r) $ (ﬂr—ll was

shown in the proof of Lemma 5.4 of [33]. Thereforg,< /¢(q,r) $ ?r—ll and the
last expression in (100) is less than 1. We conclude that
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Di(zz) '@ d@ g 1D
2z 12" 71 z 7 1z" z 1, gl '

This, in turn, guarantees that

d ]
lim Supﬂ <
z*

1. 101
z ‘2" 7!, ( )

Thus, combining together (99) and (101), we have Property 1 proven for the GCWP
model. Moreover this proves that the family of straight line segmaritsa neo-
geodesic family (see debnition following Property 1). Indeed, theje#s(0, 1)
such that

H |

3:zt)= %(1" t)+ zt, z# P is aNG, family of smooth curves,

i.e./z=z in P ,and corresponding : z(t) = é(l" t)+ zt,

Di(zz)

L S12

Since the family of straight line segmer&sProperty 2 follows. !

Finally, the region of exponentially slow mixirlg> / s(qg,r) can be shown using
the standard approach of bottleneck ratio or Cheeger constant method.






Chapter 8
Aggregate path coupling: beyondK,

In this section, based on the results in [31], we illustrate the strength and generality
of the aggregate path coupling method for proving rapid mixing by applying it to
the Potts model on the bipartite graph which differs from the traditional mean-peld
model where every spin interacts with every other spin; i.e. interactions are debned
by the complete graph. Recent studies of the dynamics and equilibrium structure of
the related model, the Ising model on general bipartite graphs, include [28, 11]. The
contributions of [31] Prst include the large deviation principle for the Potts model
on the bipartite graph that yields the equilibrium phase transition structure of the
model and then identifying the interface valugat which the Glauber dynamics
exhibits rapid mixing for < / 5 using the method of aggregate path coupling. The
(somewhat surprising) result in Lemma 23.1 is that the interface Valdier the

Potts model on the bipartite graph, » is equal to the corresponding value for the
Curie-Weiss-Potts model, which is the Potts model on the complete graph [13].

22 Coupling of Glauber dynamics for the bipartite Potts model

We begin by recalling the debnition of a discrepancy distance for a pair of conbgu-
rations2 and2 (in, "as used in Section 18 of Chapter 7:

n
d(2,2(): I 1{21521(}
j=1

For the Potts model on the bipartite graghn, we debne the corresponding metric
on the conbguration spacée' %, ". For a pair of conbgurationé$," ) and($¢," ()
in, "%, ", we dePne the distance between them as

87
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n n n

!
d($.).(840 =1 11{$(j)t$<<j>} + 1 11{'0):'((1)}-
1= ]

d$,$9+d¢," 0.

Let X = (X1, %?) and¥; = (Y, Y?) be two copies of the Glauber dynamics of the
bipartite Potts model. Here, we describe the standard greedy coupl@gody; as
in Section 5 in Chapter 2. Suppose that ($," ) andY; = ($(," (). Once again, for
both copies of the process, we use the same choice variatiiat selects a vertex
at random, uniformly from ther2vertices inKy .
Conditioning on  selecting vertex on the left side of the bipartite gragé n,
we erase the spin at the selected vertex in both processes, and replace it with a new
one according to the maximal coupling of the following probability measures

q q
=1 og: (€& and p=1 gg () u
k=1 k=1

as constructed in Section 3 of Chapter 2.

Similarly, conditioning on  selecting vertex on the right side oK, », we erase
the spin at the selected vertex in both processes, and replace it with a new one
according to the maximal coupling of the following probability measures

q q
L=1 ds () and p=1 dge &) e
k=1 k=1

The update probabilities} . (€) andq] . (€¥) were debned in (46) and (47) re-
spectively.

For the above greedy coupling proc€Xg Y;), we let

!
de (3.).(30") = E[d(X+1, Y1) X =($,"), Y = (30" 0]
denote the mean coupling distance.

Recall that in the greedy coupling construction, conditioned cselecting ver-
texi on the left side oK, the probability of the spin updating & in exactly one
of the two process (but not in the other) is

$1i!,sx;,- (€)" qig ((ek)é

Analogously, conditioned on selecting vertex on the right side oKy, the prob-
ability of the spin updating te* in exactly one of the two process is

%ir,&' (9" d g ((ek)é

Thus, by Corollary 10.4 of Lemma 10.3,
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q
oyg: " Qg =] ih!,s;,- (€9" a0 ((ek)$

1
- k!jl%r" 1 ¢ wenb o nlz) (102)
and
loys: " Ohg( v = k'i%h (9" dlg. ((é)i
- k!jl%b" (La($9) " 6" (La($) B+ o nlz) . (103)

Observe that for different values of the gighg/hand side in both (102) and (103)
will differ by only a magnitude of orde© niz , which is incrementally small for
this computation.

Therefore, agh’ : P q* Risin C?2, for all n large enough there exists> 0 such

that if
&$! Ln($,")" Ln($(" O 11< 28,

thenforallv# {1,2,..., n},

q ?
§! s, " st " 5] FLCO" LOAgY L) §§< & (104)

k=1

and

q ?
%l s, " st 5] an@() " La($) £ (Ln($)) $%< c&. (105)
k=1

23 Bounding mean coupling distance

In this section, the rapid mixing region for the bipartite Potts model will be deter-
mined by the following parameter value:

H

|
/s(q)=sup /) O: g’ (9<ycandg”’ (y)<x forall

(xY)#P %P g such thatky,y.# %,1 (106)

Lemma 23.1 If / ¢(q) is the critical value debned in Theorem 13.16, then

Is(a) $ /().
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Proof. Recall the corresponding; value for the Curie-Weiss-Potts model as stated
in Section 21 of Chapter 7, and originally derived in [13]. In this sectignjalue
for the Curie-Weiss-Potts model will be denoted by
H ( Kl
1SR = sup /) 0:g (%) < x forall x# P 4 such thatx # %,1

Also, in [13], the inequality/ $WP(q) < / ¢(q) was proved, wherég(q) is the same
for the Curie-Weiss-Potts model as for the bipartite Potts model, as shown in Theo-
rem 13.16.

Next, we prove thats(q) = / $WP(q). We partition the values @f into the following
three subsets,

H
B = / ) g¢” (W<ycandg;”’ <% fo& all
B " (x)#P %P q SUCh thaky# 11 andye<x,
H
B = /)0 o’ (9<y andgt’ (y)<x, fog all
- " (xy)#P qP q Such thak.y# 11 andy>x
and H
= /)0 o (9<yandg}” (y)<x, fog all

" ()#P %P g Such thakyy# 11 andye=x

and note that sypB" = sup B* $ sup B®=/ $WR(q) $ / <(q). Furthermore, we
have that
H (K
B -B%-B*7 /) 0:g" (9 < zforallz#P qsuchthag # =,1

ol

Thus/ s(q) $ / $WP(g). This concludes the proof of the Lemma 23.1.

Next, we need to establish aggregate contraction (23) and concentration inequal-
ity (24) conditions required in Theorem 8.1 in order to apply the aggregate path
coupling method and bound the mixing time for the Glauber dynamics of the bi-
partite Potts model. We observe that the measure concentration result of the large
deviation upper bound (53) makes it sufpcient to show contraction (24) of the mean
coupling distance between a coupled process where one starts in an arbitrary con-
Pguration and the other starts in a conbguration for which the macroscopic quantity
for the bipartite Potts model, the pair of empirical vectors, is near equilibrium; i.e.

L' La($).Ln(") " (7.2) 1< &

Second, in order to prove contraction (23) of the mean coupling distance of a
coupling of the Glauber dynamics of the bipartite Potts model where one starts near
equilibrium, we aggregate the intermediate distances over a monotone path in the
conbguration space"%, "debned below. The aggregation over the discrete path is
carried out by integrating over an approximating continuous path in the continuous
spaceP %P 4. The details of this second step are provided next.
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Let($,") and($(," () be conbgurations in "%, ". Consider a patB6in, "%
, " connecting conbguratiorf$,' ) and($(" 0,

%:($,") = (56.59), (4,3), ..., (¢, x0) = (84, 0).

Debnition 23.2 We say tha%is a monotone path if

rol " "

() 1 d (06 ), (D) =d ($,).800;
i=1 .

(ii) foreach k#{1,2,...,q} and j# {1,2}, the kth coordinate of i(x), denoted by
Ln,k(xi’) is monotonic as i increases fro@to r.

Given conbguration&s,' ) and($(," (). By the equations (46) and (47), there exists
9eft) 0and9ygnt) Osuchthatforal# {1,...,n},

() (,

[T — n —
!qv,ss qv,' Iy = 9Ieft+ ) ﬁ and !Q\r/,$ q\r/,' Iy = 9right+ @) ﬁ

)

Then, the mean coupling distance after one iteration of the coupling process starting
in($,") and($(," ) is bounded as follows

( ) ()

De iy (aliy A N T 1 1
dK ($! )l($! ) $ 1 % d ($! )1($! ) +§9Ieft+ Egright"'o ﬁ
! . 18 Ot + 9 +o!1"95
' . (1 ( no= " Ipft right whn
$d®).E) 1 2n d($,),(3(' 0 /n
(107)

whereas the original distance was

d!($,' ), (8! ()" =d($,80+d(' "0

Now, Px&> 0. Suppose conbguratio(®," ) and($¢,"' () are such that
"o "
RLio) ) " ' Las0. L 9 R) &

and let%: ($,") = (x5, %3), (x1,X2),...,(x},x3) = ($(,' {) be a monotone path con-
necting($," ) and($(,' () such that for each# {1,...,r},

&s R Ln(x%),Ln(xﬁ" " !Ln(x-l- 1), La(x@ 1)" Bl< 2& (108)

Then, by (104) and (105), we have
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;
! q{/,$,' " qi/,$(,' (! v $ ' ! q\!/,x-l,x-z " qi/x-l., 1 Xi2" 1! v (109)
i:]. 1 1 " ’
1 a.r % 2\ u 2 H,/ 2 ?
$ > DB La0)" La(% 1), #0 " (La(X 1)) B+ c&
k=1i=1
and
r
! q\r/$ " q\r/,ss(,- VR q\rAXJ 2 " q\r,x;l e 1! v (110)
i=l ] L N
1 a.r g 1y n 1 H,/ 1 ?
$ > DS L))" (X 1),#9 " (La(%+ 1)) B+ c&
k=1i=1

Putting together equations (107), (109) and (110), we obtain the following bound
on the mean distance for a coupling process starting in conbgurd#igh¥ and
(347 0:
4 8 1 95
" 1 51T52+4C&+O..%

| " |
NG ey (6(r () qn L
dK ($1 )1($1 ) $ d ($1 )1($1 ) 1 2n 2d($,'),($(,'() /n
| n

! 4 ° S+ S+ 4c&+ O & %
! , (0 ( P + S+ +0 =
$AEE) Y Y L LEY L L) (O
(111)
where
q r ?
Si=11 gLn(xﬁ)" LaO ), #00 (La( 1) $
k=1i=1
and

q r ?$
=11 $>Ln<x?> " L0 1), # G (LaOF 1)
k=1i=1
Notice that here, (109) and (110) are obtained by aggregating (104) and (105) along
the path%

24 Aggregate path coupling for the bipartite Potts model

For a given/ < /4(q), our goal is to Pnd a monotone path with which we can
show contraction in the equation (111). Thg answer to this is in Pnding a continuous
monotone patli(, in P %P o connecting Ln($),Ln(') and Ln($9),Ln(" ) ,

such that
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;e %ﬁg?” (x),dx1$+ ¢ iﬁgﬂ” (y),vaE
=1( k=16

P La($)" La(30 e+ P La(")" La(" O 2

Although ((,® is a continuous path in continuous spateg %P ¢, it is used for
Pnding a monotone path

%:($.")= (56.6), (40, ... () = (84
, 1%, " Connectmg conbgurat|0m$ ) and($( () such that
LD La0d) Lol LaGD) 1ot Lo, L)
in P q%P ¢ are positioned alonf(, ® and satisfy (108) e quantm dS

<1 (112)

debned in (111) are the Riemann sums apprommat!ng gE’ (), d and

%ﬁg (y) d;ﬂ%respectlvely Therefore we obtain

S+ S+ Ac&+ O %
PLa($)" La(BO e+ T La(")" La( O 11

<1,

for & small enough, and large enough. This will imply contraction of the mean
coupling distancelk ($,'),($(') in (111).

The above inequality (112) motivates the debnition of the aggregedeiation be-
tween a pair of pointéx(, y{) and(x({ y(() in P %P 4 along a continuous monotone
path((,8 debned as follows

DY o (039, <x«¢<»—| %w /.o + q#ﬁﬁg oy

= D?(X( X + Dg(y( YO,
where DJ(x(, x(§) = 3 :(i#gr'/ (x),d>d$ was debned (96).
k=1

From Theorem 13.16 and Lemma 23.1 we have that far/ s, the point(z ,z ) #
P q%P ¢ is the unique equilibrium macrostate. Thus, we have the next proposition
that follows immediately from Lemma 21.2.

Proposition 24.1 Suppose < /¢(q) and let(z ,z ) be the unique equilibrium
macrostate. Then

. LY (0" g (7)1 g ()" g (z)
limsup max <1

x9* (z 7)) Ix" z !, ’ Iy 7 1,
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Proof. By Lemma 23.1 we have that(q) is equal to the mixing time critical value

for the Curie-Weiss-Potts rgodel. W)" (X) is the same function for the Curie-
Weiss-Potts model, argl = % e % , employing Lemma 21.2 of the preceding
chapter and equation (88) obtained from Property 1, we conclude the proof of the
Proposition 24.1.

We now state and prove the main contraction result for the mean coupling distance
where one of the coupled processes starts near the equilibrium.

Lemma 24.2 Supposé < /¢(q). Let(X,Y) be a coupling of the Glauber dynam-
ics of the bipartite Potts model starting in conbguratigfs’ ) and ($(,' (), and
let(z ,z ) be the single equilibrium macrostate of the corresponding canonical en-
semble P, debned in (42). Then there exists@r 0 and & small enough such
that for n large enough,

dK!($,'),($<,')"$ e 0’”d!($,'),($(,‘ <)",
whenevet !Ln($),Ln(‘ ) " (z,7)!1< &

Proof. We will follow the steps in the proof of Lemma 20.1. ek /.
Case |. Suppose&> 0 is sufbciently small. Consider a pair of conbgurations
($,") and($(," () with magnetizations

!Ln($),Ln(') =(zw) and !Ln($(),Ln(' ()"=(Z(,W()-

Also, consider a straight lin&(,§ connecting(z ,z ) to (£, W), constructed as
follows

(= {x(®)=(1" t)z +tZL : t#[0,1]} and 8= {y(t)=(1" t)z +twl : t# [0, 1]}.

Then, as it was proved in Lemma 21.2, there exjistis(0, 1) such that

Do (.z) _ Dl(xz)+ Dgyz) 1)
Ix"z 1+ ly"z 1y Ix"zli+1y"z !, 2

Given&> 0 and& > 0. Suppose that
HZAW)" (z,2)!1) &+ & and!(zw)" (z,2)!1< &

Then, provided® and &/ & are sufpciently small, for al large enough, there is a
discretemonotone patln P , %P p,

(zW) = ( Z0,Wo), (z1, W), .., (Z,Wr) = ( Z, W),
approximating (dotting) the continuous monotone &9, such that

&$ ! z" zgl1+ W wegly < 2& for i=1,2,...,1,
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for which

q r g o/ 9 q r % " ’)%
L 182" 2e0#g! (@) 3¢ L 1 Sw" wep#g (wry) |
k=1i=1 k=1i=1 .
TZ" 21+ LW wig <1" 3
(113)

Next, one can construct a monotone path as in DePnition 23.2
%:($,")=(%6.6), 04,3, ..., (¢ ) = (84 0.
connecting conbguratiorf$,' ) and($¢," () such that

, .
La(),La0@) = (z,w).

Hence, by equation (111),

1 " "
: . ( : ' (1 (
dK ($1 )1($: ) $d Sl$l )1($8! ) & SZ 4cg O!]_" 95
1 ) + S+ + =
P o VL) LY L) L0
)13") 112
2n

$d((s,89.¢,' O 1"
J K

- 6 ) 10
=d(($,$9.0.' ) 1" 2

1
as 2%17;% $ ) /12 for & small enough and large enough, where we

used the same quantiti€s andS, as debned following (111).

| "
Case Il. Let & and & be as in Case I. Supposén($),Ln(') = (zw) and
La($39,La(" O = (£ W) such that! (Z,wW)" (z,2)!1< &+ & and! (zw)"
(z.,2)1< &
Then, by Proposition 24.1, there exists@ 0 such that for alh large enough,
8 ! " I "9
1 g™ La($),La(") " ¢ La($0,La( ) 11

R )
U Y T LE) Le0 L) e oY e

for all conbgurations of spins. Therefore, similarly to (107), equations (102) and
(203) imply
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de ($,),(80') $d(($,89,¢.09) 1" +0 5
n n

s ae.89.0. G v L

(89,079 17 2 .

This, concludes the proof of Lemma 24.2.

Determining the parameter regime where a model undergoes rapid mixing is of
major importance, as it is in this region that the application of the Glauber dynamics
is physically feasible. This rapid mixing parameter regime given in the theorem
below is the main result of this section.

Theorem 24.3 Let/ 4(q) be as debned in formula (106). Then fok / 4(q), the
mixing time of the Glauber dynamics for the bipartite Potts model satisbes

t.(& = O(nlogn).

Proof. For all sufbciently smak{> 0 and for alln large enough, let

!
Agn={($.")#, 0%, n: ! La($).Ln(') " (7.2)!1< &},

Then, the contraction result in Lemma 24.2 implies the existend® »f0 such
that the aggregate contraction condition (23) in Theorem 8.1 is satisbed for small
enough& > 0 and large enough

Now, it is known from Lemma 23.1 that(q) $ / ¢(q). Thus,/ </ ¢(q) implies that

E ={(z,z)} by Theorem 13.16. By the large deviation principle Theorem 13.14,
the probability measur®, ,, is cancentrated on the conbgurati¢fis' ) #, 1%, n

with magnetization Ln($),Ln(') in the neighborhood ofz ,z ) in P q%P q.
Therefore, the complemeA@z(,n of Ag  is bounded above by

I:)n,n,/ (A(ég,n) < e jl/ (@ for . (> 1.

Hence, the concentration inequality (24) in Theorem 8.1 is established (ijt+
e (&(), and Theorem 8.1 implies the statement of Theorem 24.3.

Finally, the standard bottleneck ratio argument using the Cheeger constant (see
[37]) proves slow mixing fof > / ¢(q). Thus, the above result provides the bound-
ary point for the rapid mixing region.



97

References

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

D. Aldous and J. Fill Reversible Markov chains and random walks on graghgnished
monograph(2002) Available ahttps://www.stat.berkeley.edu/ aldous/RWG/book.pdf

. N. Bhatnagar and D. Randall, Torpid mixing of simulated tempering on the Potts nrudel,

ceedings of the 15th annual ACM-SIAM symposium on Discrete algorig#88487 (2004).

. M. Blume, Theory of the brst-order magnetic phase change ixn BAys. Rev141(1966)

517D524.

. M. Blume, V. J. Emery, and R. B. Grifbths, Ising model for the#ansition and phase separa-

tion in He’-He* mixtures, Phys. Rev. 4 (1971) 1071D1077.

. M. Bordewich and M.E. Dyer, Path coupling without contractialgurnal of Discrete

Algorithms Volume 5 Issue 2 (2007) 280D292.

. R. Bubley and M.E. Dyer, Path coupling: a technique for proving rapid mixing in Markov

chains, Proceedings of the 38th IEEE Symposium on Foundations of Computer Science
(FOCS),223D231 (1997).

. P. Bemaud, Markov chains, Gibbs belds, Monte Carlo simulation, and quetiests in

Applied Mathematics, vol. 31, Springer-Verlag, New York, 1999.

. H. W. Capel, On the possibility of brst-order phase transitions in Ising systems of triplet ions

with zero-pbeld splittingPhysica32 (1966) 966D988.

. H. W. Capel, On the possibility of brst-order phase transitions in Ising systems of triplet ions

with zero-peld splitting 11,Physica33 (1967) 295D331.

H. W. Capel, On the possibility of brst-order phase transitions in Ising systems of triplet ions
with zero-pbeld splitting Ill,Physica37 (1967) 423D441.

F. Collet, Macroscopic limit of a bipartite Curie-Weiss model: a dynamical apprdaamal

of Statistical Physigsvolume 157, Issue 6, 130191319 (2014).

M. Costeniuc, R. S. Ellis, and H. Touchette, Complete analysis of phase transitions and ensem-
ble equivalence for the Curie-Weiss-Potts modiurnal of Mathematical Physic§olume

46, 063301 (2005).

P. Cuff, J. Ding, O. Louidor, E. Lubetzy, Y. Peres and A. Sly, Glauber dynamics for the mean-
beld Potts modelJournal of Statistical Physi¢&olume 149, Number 3, 432D477 (2012).

A. Dembo, and O. Zeitouni, Large deviations techniques and applications, Springer, New
York, Second Edition (1998).

F. den Hollander, Probability theory: The coupling method, Lectures Notes-Mathematical
Institute, Leiden University (2012).

J. Ding, E. Lubetzky, and Y. Peres, The mixing time evolution of Glauber dynamics for the
mean-beld Ising modeComm. Math. Physi¢&0olume 289, Number 2, 725D764 (2009).

J. Ding, E. Lubetzky, and Y. Peres, Censored Glauber dynamics for the mean-peld Ising
model, Journal of Statistical Physi¢&0olume 137, Number 1, 1619207 (2009).

W. Doeblin, Expos de la tleorie des chadnes simples constantes de Markova un nombre bni
d@tats,Mathematique de IOUnion Interbalkanigivelume 2, Number 77-105, 78080 (1938)

M. Dyer, L.A. Goldberg, C. Greenhill, M. Jerrum, and M. Mitzenmacher, An extension of
path coupling and its application to the Glauber dynamics for graph color8igé/ Journal

on Computing30(6), 1962-1975 (2001).

T. Eisele and R. S. Ellis, Multiple phase transitions in the generalized Curie-Weiss model.
Journal of Statistical Physi¢c&olume 52, Number 1/2, 1619207 (1988).

R. S. Ellis,Entropy, Large Deviations and Statistical Mechani&pringer, New York, 1985.
Reprinted in 2006 irfClassics in Mathematics

R. S. Ellis, K. Haven, and B. Turkington, Large deviation principles and complete equivalence
and nonequivalence results for pure and mixed ensemhlesrnal of Statistical Physics
Volume 101, Numbers 5/6, 99991064 (2000).

M. Ebbers, H. Kepfel, M. Lewe, and F. Vermet, Mixing times for the swapping
algorithm on the Blume-Emery-Grifbths model,Random Structures and Algorithms
DOI:10.1002/rsa.20461 (2012).



98

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.
39.

40.

41.

42.

43.

44

R. S. Ellis, J. Machta, and P. T. Otto. Asymptotic Behavior of the Magnetization Near Critical
and Tricritical Points via Ginzburg-Landau PolynomialsStat. Phys133(2008) 1019129.

R. S. Ellis, J. Machta, and P. T. Otto. Asymptotic Behavior of the Finite-Size Magnetization
as a Function of the Speed of Approach to Criticaliyn. Appl. Prob20(2010) 2118-2161.

R. S. Ellis, P. T. Otto, and H. Touchette, Analysis of phase transitions in the mean-peld Blume-
Emery-Grifbths modelAnn. Appl. Prob15 (2005) 2203D2254.

R. S. Ellis, K. Wang, Limit theorems for the empirical vector of the Curie-Wiess-Potts model,
Markov Proc. and Their AppB5 (1990) 59BD79.

M. Fedele and F. Unguendoli, Rigorous results on the bipartite mean-peld rhdelys. A:
Mathematical and Theoretical/olume 45, Number 38, 385001 (2012).

T. P. Hayes and A. Sinclair, A general lower bound for mixing of single-site dynamics on
graphs46th Annual IEEE Symposium on Foundations of Computer Science (FOCSOEE)

520 (2005)

T.P. Hayes and E. Vigoda, Variable length path couplRayd. Structures and Alg/olume

31 Issue 3 (2007) 251D272.

J. C. Herandez, Y. Kovchegov, and P. T. Otto, The aggregate path coupling method for the
Potts model on bipartite graptipurnal of Mathematical Physic§8, 023303 (2017)

G. Jaeger, Ehrenfest classibcation of phase transitions: Introduction and evéltdrorist.

Exact Sci. Volume 53 (1998) 51P81.

B. Jahnel, C. Kiske, E. Rudelli, and J. Wegener, Gibbsian and non-Gibbsian properties of
the generalized mean-peld fuzzy Potts-modiédrkov Proc. and Related Fieldsolume 20,
601D632 (2014)

Y. Kovchegov, P. T. Otto, and M. Titus, Mixing times for the mean-peld Blume-Capel model
via aggregate path couplinglournal of Statistical Physi¢d/olume 144, Numbers 5, 1009
1027 (2011).

Y. Kovchegov and P. T. Otto, Rapid mixing of Glauber dynamics of Gibbs ensembles via
aggregate path coupling and large deviations methamlg;nal of Statistical Physi¢c&/olume

161, Issue 3, 553-576 (2015).

D. A. Levin, M. Luczak, and Y. Peres, Glauber dynamics of the mean-peld Ising model: cut-
off, critical power law, and metastabilitiProbability Theory and Related Fieldgolume 146,
Numbers 1, 223D265 (2010).

D. Levin, Y. Peres, E. Wilmer, Markov Chains and Mixing Times. American Mathematical
Society, USA (2009)

T. M. Liggett, Interacting Particle Systems, Springer (1985).

T. M. Liggett, Stochastic Interacting Systems: Contact, Voter and Exclusion Processes,
Springer (1999).

T. Lindvall, Lectures on the Coupling Method, John Wiley & Sons, New York (1992). Reprint:
Dover paperback edition (2002).

M. J. Luczak, Concentration of measure and mixing times of Markov ch@issrete Math-
ematics and Theor. Comp. S¢Proceedings of the 5th Collog. Mathem. Comp. Sci. ) 959120
(2008).

R. V. Sok, Phase transitions, Princeton University Pres (2011).

S. R. S. Varadhan, Asymptotic properties and differential equat@msim. Pure Appl. Math

19: 261D286 (1966).

F. Y. Wu, The Potts modeRev. Mod. Phy$4:235-268 (1982).



