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Continuous-time Markov chain models are often used to describe the
stochastic dynamics of networks of reacting chemical species, especially in
the growing field of systems biology. These Markov chain models are of-
ten studied by simulating sample paths in order to generate Monte-Carlo
estimates. However, discrete-event stochastic simulation of these models
rapidly becomes computationally intensive. Consequently, more tractable dif-
fusion approximations are commonly used in numerical computation, even
for modest-sized networks. However, existing approximations either do not
respect the constraint that chemical concentrations are never negative (linear
noise approximation) or are typically only valid until the concentration of
some chemical species first becomes zero (Langevin approximation).

In this paper, we propose an approximation for such Markov chains via
reflected diffusion processes that respect the fact that concentrations of chem-
ical species are never negative. We call this a constrained Langevin approx-
imation because it behaves like the Langevin approximation in the interior
of the positive orthant, to which it is constrained by instantaneous reflection
at the boundary of the orthant. An additional advantage of our approxima-
tion is that it can be written down immediately from the chemical reactions.
This contrasts with the linear noise approximation, which involves a two-
stage procedure—first solve a deterministic reaction rate ordinary differen-
tial equation, followed by a stochastic differential equation for fluctuations
around those solutions. Our approximation also captures the interaction of
nonlinearities in the reaction rate function with the driving noise. In simula-
tions, we have found the computation time for our approximation to be at least
comparable to, and often better than, that for the linear noise approximation.

Under mild assumptions, we first prove that our proposed approximation
is well defined for all time. Then we prove that it can be obtained as the weak
limit of a sequence of jump-diffusion processes that behave like the Langevin
approximation in the interior of the positive orthant and like a rescaled ver-
sion of the Markov chain on the boundary of the orthant. For this limit the-
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orem, we adapt an invariance principle for reflected diffusions, due to Kang
and Williams [Ann. Appl. Probab. 17 (2007) 741-779], and modify a result
on pathwise uniqueness for reflected diffusions due to Dupuis and Ishii [Ann.
Probab. 21 (1993) 554-580]. Some numerical examples illustrate the advan-
tages of our approximation over direct simulation of the Markov chain or use
of the linear noise approximation.
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1. Introduction. A chemical reaction network is a chemical system com-
posed of a set of molecular species which are involved in multiple reactions. One
is usually interested in the time evolution of molecular abundances, or their con-
centrations, as a series of reactions occurs. The most common model for these net-
works is the so-called Reaction Rate Equation (RRE) model, which is described
by the following ordinary differential equation (written in integrated form):

(1.1) (1) = x(0) +/Ot,u()2(s))ds, t>0,

where p(x) =Y} vkAk(x) for x € Rfﬂ, {Ak}—, are the deterministic (nonnega-
tive) reaction rate functions, and the d-dimensional vectors {v};_; are such that
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v = v,j — v, denotes the change in the number of copies of each of the species
that occurs during the kth reaction, where v,j', v, have nonnegative integer-valued
entries. Fori =1, ...,d, and ¢ > 0, the ith component x; () of x(¢) represents the
concentration of molecular species i in the system at time ¢.

When the system is well stirred and under thermal equilibrium, the most widely
used stochastic model for this system is a continuous time Markov chain [10],
which tracks the number of molecules of each species and whose forward Kol-
mogorov equation is commonly known as the chemical master equation. For cer-
tain classes of chemical reaction networks, it has been shown [20, 22] that the RRE
model is the almost sure limit of a scaled version of this Markov chain model,
where the limit is taken as the volume of the vessel containing the molecules tends
to infinity. In particular, the RRE model is often adequate for modeling systems
containing large quantities of each molecular species.

However, in some application areas, such as molecular biology [27, 37, 43], the
number of molecules present in the system, at least for some species, is not large
enough to justify the use of the deterministic RRE model, since stochastic fluc-
tuations in the system are significant. In such cases, the Markov chain model is
most frequently used. Such a model is often studied by simulating sample paths.
These simulations are typically repeated many times to generate Monte Carlo es-
timates and they can become computationally expensive if performed by direct
methods [8, 9]. This can be aggravated in cases where the number of molecules
for some species are relatively large, since every reaction is tracked in these simu-
lations. Much effort has been given to finding efficient methods of simulation. One
approach to improve computational efficiency is through approximate simulation
algorithms, such as the r-leaping method [12]. Another alternative is via diffusion
approximations, which are often seen as reliable and yield efficient computer sim-
ulation through commonly known methods for Stochastic Differential Equations
(SDEs), such as the Euler—Maruyama method [13, 14, 26, 29]. To set the scene
for our proposed approximation, we next briefly describe the existing diffusion ap-
proximations. Readers interested in a more expository introduction to this paper
are referred to [1], where additional examples can also be found.

1.1. Existing diffusion approximations. One diffusion approximation is the
so-called linear noise (or van Kampen) approximation, which was introduced in
[38]. This approximation can be understood as linearizing a scaled version of the
Markov chain about the solution of the deterministic RRE model, to capture the
effect of stochastic fluctuations. In fact, under certain conditions, it was shown in
[22] that one may construct stochastic processes XV, D, {Wi}i—, on the same
probability space such that XV is the scaled Markov chain, D is the solution of the
following SDE:

t r t
D(t) :/0 Ju(x(s))D(s)ds + Z/() Ui/ M (X (8)) d Wi (s), t>0,
k=1
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and X" can be approximated by Z = x + V~1/2D, where the error in the approx-
imation is of order £ log(V)/V on a bounded time interval. Here, V is a constant
proportional to the volume of the vessel containing the chemical system, & is a
random variable with a finite exponential moment, x is the solution of the RRE
and J u(x) represents the Jacobian matrix of w(x), defined below (1.1). By direct
substitution, one can write Z as the solution of the following SDE:

~ t ~
Z(1) = %(0) + /0 (L(F ) + Ju(E®)(Z(s) — 5(5))) ds

+ %,;/ot Ui/ Ak (X () dWi(s),  t>0.

Since the linear noise approximation is an unconstrained diffusion process, it typ-
ically can take negative values, which may violate the natural nonnegativity of
concentrations. In addition, a two-stage procedure is required to use this approx-
imation: one must first solve the RRE for x and then solve (1.2). Note that the
right-hand side of (1.2) is linear in Z. As a consequence, the linear noise approx-
imation can capture local fluctuations near a steady-state of the RRE quite well,
but it typically fails to capture global nonlinear behavior well (see the examples in
Section 8).

A more frequently used diffusion approximation for chemical reaction networks
is the Langevin approximation [21, 22] (see also [11]), obtained by solving the
(chemical) Langevin Equation (LE). Unfortunately, this approximation is typically
only valid until the concentration of some species first reaches zero. It is often pre-
ferred in practice because it is a direct approximation to the scaled Markov chain
model and it can capture nonlinear effects in the noise. The Langevin equation is
given by the following SDE:

(1.2)

t
_wV
Zt) =X (0)—|—/0 w(Z(s))ds

1 < !
— Z
viad | ofmzeyames.  izo,

where now one approximates X" directly by Z. While there are results on the
weak existence and uniqueness of solutions to such equations when the Ay are de-
fined to be nonnegative everywhere on R? (see e.g., [6], page 459), where d is the
number of species, there are no known general results for existence or uniqueness
of solutions of the SDE for the A; associated with chemical reaction networks. In-
deed, as has been pointed out, for example, in [25, 28, 36, 42], these SDEs may not
make sense for all times since they may predict negative molecular concentrations
and their dispersion coefficients involve square roots of these quantities.

To illustrate the last point, the Langevin equation proposed as an approximation
for the Markov chain model associated with the simple chemical reaction network

(1.3)
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composed of two species S and S and the reactions:

o
Si= %
B

is written in differential form as

1
dZi(t) = (BZ2(t) —aZi(1))dt + TV(‘/ﬂzz(t)dWZ(t) —VaZi(t)dW(1)),

dZy(t) = («Z1(t) — BZo(1)) dt + %(«azl(t)dwl () =/ BZ2(t) dWa(1)).
As pointed out in [42], when Z| is near zero, the term /B Z>(¢) d W»(¢) may push
Z1 to take negative values and the equations become ill-posed, because one needs
to take the square root of the negative quantity o Z. Similarly, there is a problem
when Z5 is near zero.

Consequently, the Langevin approximation for chemical reaction networks, ob-
tained by solving the Langevin equation (1.3), is usually only valid up until Z
reaches the boundary of the positive orthant. Sufficient conditions for the valid-
ity of such an approximation, which involves stopped diffusions, are given in the
paper of Kurtz [21]. Some authors also have considered extending the range of
solutions for the Langevin equation to the complex numbers [32]. Here, we focus
on an approximation that respects the physical constraints of the positive orthant.

1.2. Our constrained Langevin approximation. In this paper, we provide mo-
tivation to approximate the scaled Markov chain, X", by a reflected diffusion pro-
cess that lives in the positive orthant of R, and thereby respects the fact that
chemical concentrations are never negative. We first propose approximating X"
by a jump-diffusion process. This jump-diffusion is a process that has the same
behavior as a solution of the Langevin equation in the interior of the positive or-
thant of R? and behaves like the scaled Markov chain X" at the boundary. Then, in
order to obtain a continuous diffusion approximation, we let the size of the jumps
decrease to zero, while simultaneously increasing their frequency. The resulting
limit process Z is a continuous process that lives in the positive orthant Ri and
satisfies the following Stochastic Differential Equation with Reflection (SDER):

t
Z(@) = Z(0) +/ w(Z(s))ds
(1.4) 0

1 ! ¢
" W(/o o(Z@)dW () + /O y(Z<s>)dL<s>), £20.

Here, @ (x) is defined below (1.1), o (x) is the symmetric positive definite square
root of the diffusion matrix I'(x) = > j_; vk v,/()\k (x), where ’ denotes transpose,
y(x) = u(x)/|m(x)| defines the reflection vector field on the boundary of R4,
and W is a d-dimensional Brownian motion. The process L is a one-dimensional,
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continuous, increasing process that tracks the cumulative amount of pushing done
at the boundary (the process L is sometimes called a boundary “local time”). The
integral term involving L is called the reflection term; when Z is on the boundary,
L increases instantaneously to push Z in the state-dependent direction given by y,
in the minimal amount needed to keep Z in the positive orthant of R?. Note that
the process Z has the same infinitesimal drift i and infinitesimal covariance %l"
as a solution of the Langevin equation (1.3). Consequently, the solutions of (1.3)
and (1.4) will have the same distributional behavior in the interior of the positive
orthant of d-dimensional Euclidean space.’

Assuming that the reaction network satisfies a mass-dissipating assumption,
augmented by inflows and outflows on all species, we show that the SDER is well
posed. We also prove that our sequence of jump-diffusion processes, with jump-
size tending to zero, converges weakly to a solution of the SDER. We call this
limit process, satisfying the SDER, the constrained Langevin approximation to the
scaled Markov chain.

1.3. Outline of the rest of the paper. The paper is structured as follows. We
begin in Section 2 by defining the common notation that will be used throughout
the paper. In Section 3, we introduce chemical reaction networks, present the as-
sociated Markov chain model for systems driven by the law of mass action and
introduce the assumptions that will be used throughout the paper. In particular, we
consider a class of chemical reaction networks that satisfy a “mass-dissipating”
assumption with additional inflow and outflow reactions for every species. In Sec-
tion 4, we present motivation to approximate the scaled Markov chain model for
this class of chemical reaction networks by a jump-diffusion process. We then
consider a family of such jump-diffusion processes, in which the size of the jumps
from the boundary is allowed to decrease to zero, and the frequency of the jumps
tends to infinity. We do this in such a way that the boundary terms stay of the
same order as the fluctuation terms, that is, of order ﬁ, as the jump size goes to

zero and the frequency goes to infinity. We will prove that any sequence of these
jump-diffusion processes with jump size tending to zero converges weakly to a so-
lution of the SDER, which we call the Constrained Langevin Equation (CLE). In
Section 5, we give a precise definition for solutions of the CLE and, in Section 6,
we show that the equation satisfies pathwise uniqueness, which also implies weak
uniqueness. For the pathwise uniqueness, we modify a proof for reflected diffu-
sions on bounded domains due to Dupuis and Ishii* [5]. In Section 7, we give the

30ne might consider keeping the form of the diffusion term in (1.3) (which involves r indepen-
dent one-dimensional Brownian motions W}), for the diffusion term in (1.4). However, under our
assumptions, we will have r > d, and it is more efficient to combine the r terms into a term driven
by a d-dimensional Brownian motion W.

4This fixes an issue with the assumptions on the reflection vector field in [5], which as stated (in
their global form), are impossible to satisfy.



CONSTRAINED LANGEVIN APPROX. FOR REACTION NETWORKS 1547

proof that any sequence of our jump-diffusion processes, with jump size decreas-
ing to zero, converges weakly to a solution of the CLE. For this limit theorem, we
adapt an invariance principle for reflected diffusions in piecewise smooth domains,
due to Kang and Williams [17], and use the uniqueness in law established in Sec-
tion 6. Finally, in Section 8, the results of simulation experiments are provided
that demonstrate the effectiveness of our proposed constrained Langevin approxi-
mation.

2. Preliminaries and notation. For any integer d > 1, let Zi denote the d-
dimensional lattice of points with nonnegative integer coordinates. We shall often
write Z instead of ZL. Let R? denote the d-dimensional Euclidean space and Ri
denote the set of points in R? whose coordinates are all nonnegative. When d = 1,
we usually write R and R, for R! and Rﬂr, respectively. The zero vector in RY will
be simply written as 0. Similarly, the vector in R? with all components set to 1 is
denoted by 1. For x € RY, let |x| = (Zle 1xi|*)1/? be the usual Euclidean norm,
and let |x |0 = maxl‘.l: | 1xi| be the maximum norm. Vectors will usually be column
vectors unless indicated otherwise. The transpose of a vector x or matrix A will
be denoted by x" or A’, respectively. For two vectors x, y € Rd, we use (x, y) to
denote the inner product between the two vectors. Inequalities between vectors are
to be interpreted componentwise, for example, x > y for x, y € R means x; > y;
fori =1,...,d. Let ¢; denote the unit vector in the ith coordinate direction in R,
The set of d x [ matrices with real-valued entries will be denoted by R?*!. For
A € R, we denote by |A| = (XL, ¥_, |4ij1*)'/2, the Frobenius norm of A.
Let S denote the set of d x d symmetric positive definite matrices with real-
valued entries. Here, positive definite means strictly positive definite: I' € S¢*¢ if
and only if there is a ¢ > 0 such that x'T'x > clx|? for all x e R4,

For a set S, we use |S| to denote the number of elements in S. For § C RY, we
define dist(x, ) = inf{|x — y| : y € S}. Let B, (x) denote the closed ball {y € R? :
|x — y| <r)} for all » > 0 and x € R?. In addition, for S ¢ R, let C,(S) denote
the set of functions f : § — R that are continuous and bounded on S; let C%(S)
denote the set of twice differentiable functions f : S — R that are continuous
and bounded together with their first and second partial derivatives; and let C%(S)
denote the set of twice continuously differentiable functions f : S — R that have
compact support.

We denote by C the set of continuous functions w : [0, c0) — R?, equipped
with the topology of uniform convergence on compact sets. In addition, let M
denote the Borel o-algebra associated with C. The measurable space (C, M) is
endowed with the filtration {M,}, where M, = o{w(s) : 0 < s < t}, which denotes
the smallest o -algebra of subsets of C that makes the coordinate maps w — w(s)
from C to R M;-measurable for 0 < s <t. Denote by D the set of functions w :
[0, 00) — R that are right continuous and have finite left-hand limits on (0, co),
equipped with Skorokhod’s Ji-topology. We also denote the Borel o-algebra on
D by M.
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Unless indicated otherwise, stochastic processes considered in this paper will
have sample paths living in R?, that are right continuous with finite left limits. Oc-
casionally, we will consider stochastic processes with sample paths that live in R?
or ]Rﬁ, augmented with an isolated cemetery state, to accommodate possible ex-
plosion in finite time. These stochastic processes will have right-continuous paths
with finite left limits at times when they are in R or ]Ri, and if they reach the
cemetery state, they stay there forever after. Consider a sequence of d-dimensional
stochastic processes {X"}°° |. This sequence is said to be tight if the probabil-
ity measures induced by the X" on the measurable space (D, M) form a tight
sequence, that is, the induced probability measures form a weakly relatively com-
pact sequence in the space of probability measures on (D, M). The sequence of
processes {X"}°° , is called C-tight if it is tight and if each weakly converging

subsequence has a limit point that has sample paths in C almost surely.

3. Chemical reaction networks. Here, we introduce chemical reaction net-
works as described in [7]. For integers d > 1 and r > 1, a chemical reaction net-
work consists of a triple (., Z, %), where . consists of d molecular species
S £ (Sy,..., 84} involved in r possible reactions % £ (Ry,..., R.}. For each
Il <k=<r,lety € Zi be a vector denoting the number of molecules of each
species consumed by the kth reaction Ry. That is, if the ith component v;; of v~
equals a, then a molecules of species S; are consumed by reaction Ri. Similarly,
let v,j' € Zi denote the number of molecules of each species produced by reac-
tion Ry. These vectors v, and v,j are generally called complexes and form the set
€ (e., € = {vg s v,j : 1 <k <r}). For example, in a chemical reaction network
involving three species, namely Si, S and S3, a reaction Ry, that consumes one
molecule of S and one of $3 and produces one molecule of S; and one of Sz, is
usually denoted by

S+ 83— 851+ 83

and is associated with vectors: v, = (0, 1, 1)" and v,': = (1,0, 1)’. In general, the
kth reaction, Ry, is represented as follows:

d d
Z v Si —> Z v;,r{S,-,

i=1 i=l
for 1 < k <r. A reaction may consume zero molecules or not produce any

molecules at all. Such reactions are associated with vectors v,” = 0 or v,'f =0,
respectively, and are usually denoted by

d d

@—)Zv;,ZS[ or Zvi_kSi—>®.
i=1 i=1

The interpretation for these reactions is that molecules are joining the system from

an external source or leaving the system, respectively.
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The most common stochastic models for these chemical reaction networks use
continuous-time Markov chains that track the number of molecules of each species
that are present in the system at each instant of time. These models assume that
the times between consecutive reactions (or inter-reaction times) are exponentially
distributed. The rate parameters for these exponential distributions are functions
of the numbers of molecules of each species that are present in the system and are
usually called propensity functions in the chemistry and systems biology literature.

For well-mixed systems, these propensity functions are given by the so-called
stochastic law of mass action. Suppose x € Zi is the number of molecules of each
species in the system at some time. Fork=1,...,r,

d
A
3.1 Ak (x) £k _]_[1(xz')vl_7(
1=
is the rate of reaction Ry under the stochastic law of mass action when the sys-
tem is at the state x. Here, (xi)u; denotes the falling factorial: (xi)u; 2 xi(xj —
1)--- (x;i — v;; + 1), with the interpretation that (x;)o = 1. Also, kx > 0 is a given
constant, that is usually called the reaction rate constant.
Reactions are typically ranked according to the number of molecules consumed.
For instance:

e Zero-order reactions correspond to inflow of molecules from an outside source.
The propensities are given by Ay (x) = kx, where k. is a positive constant. An
example for this type of reaction is the following:

g — 81,

which corresponds to a molecule of S; joining the system from an external
source.

e First-order reactions consume one molecule of a certain species. The propensi-
ties are given by Ay (x) = kx;, for some positive constant kx andi € {1, ..., d}.
An example for such a reaction is

S] —> Sz,

where one molecule of S is consumed in order to produce a molecule of S,.
e Second-order reactions consume two molecules of one or more species. The
propensities are given by

. fori + j.
Apx) = KX X j ori 75.]
Kkexi(x; — 1) otherwise
for some i, j € {1, ..., d} and positive constant xx. An example of this type of
reaction is the following:
S14+ 85— 9,

which corresponds to a molecule of S and one of S, leaving the system to-
gether.
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The order of the reaction Ry is given by [v; ] = Zidzl v;;- Reactions of third or-
der and higher are considered unlikely to occur in nature, since it would require
more than two molecules to collide at the same instant [10]. Generally, a reaction
involving more than two molecules may be regarded as the combination of two or
more reactions of second order. However, it is not uncommon to find higher order
reactions in the literature. These are often employed as a simplifying device to re-
duce the number of species tracked in the system. In this paper, to allow the most
generality, we do not limit the order of reactions that we consider.

Under the assumption that the inter-reaction times are exponentially distributed
and the rates satisfy the stochastic law of mass action, the number of occurrences
of reaction Ry by time ¢ may be represented by

Ui(t) 2 Ng (/Ot Ak(X(s))ds>,

where Ny is a unit rate Poisson process and X (¢) is a random vector taking values
in Zi that tracks the number of molecules of each species that are present in the
system at time ¢. The Poisson processes {Ni};_, are assumed to be mutually inde-
pendent. For notational convenience, it is sometimes useful to define the so-called
stoichiometric matrix which has columns v; £ v,j —v, 1 <k <r,thatis,

SE (... v)eZd,

where Z4*" denotes the vector space of d x r matrices with integer-valued entries.
In addition, we define the vector valued process U 2 (Uy,...,U)Y.

The stochastic process X = {X (¢)},>0 is a Markov chain and, provided it does
not explode in finite time, it can be represented as the solution of the following
equation:

(3.2) X@)=XO0)+SU@),

for each t > 0, where the random vector X (0) taking values in 21 is the initial
configuration of the system, which is assumed to be independent of the driving
Poisson processes. If X explodes in finite time, (3.2) holds prior to the random
explosion time ¢. The function Ax(X(-)) is the stochastic intensity of the point
process Uy, and we henceforth refer to Ax(X(-)) as the intensity of reaction Ry.
Given X (0), Ny, ..., N,, there is a unique solution X of (3.2) up until ¢. For more
on this type of representation, see Anderson and Kurtz [2].

3.1. Assumptions on the chemical reaction network. Throughout this paper,
we consider the continuous-time Markov chain model X for the number of
molecules of each species in the chemical reaction network (%, Z, €), where the
propensity function Ay, for each 1 <k <r, is given by the stochastic law of mass
action (3.1). We suppose in addition that Assumptions 3.1 and 3.2, given below,
hold. We begin this subsection with the following definition. For this, recall that
the change in the state of X associated with reaction Ry is given by v = v;” — v} .
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DEFINITION 3.1. Let D C{l,...,r} be nonempty. The set of reactions { Ry :
k € D} is said to be:

(a) a mass-dissipating set if there exists a vector u € R? such that ¥ > 1 and
(u, vr) <0forall k € D,

(b) an external input setif v, = 0 for all k € D;

(c) an external output set if vk+ =Qforallk e D,

where 1 is the vector of all ones and 0 is the zero vector in RY.

The following is a fairly standard assumption in chemical reaction network the-
ory.

ASSUMPTION 3.1. The set of reactions # can be partitioned into sets 1,
%o, and #3 such that | is a mass-dissipating set, %> is an external input set, and
3 is an external output set.

REMARK 3.1. The partition of % in Assumption 3.1 need not be unique, since
the external output reactions are also mass-dissipating for any vector u > 1. In this
paper, however, we do not need this partition to be unique as long as it also satisfies
Assumption 3.2 below. Clearly, the partition can be made unique if we required no
external output reaction to be present in the mass-dissipating set % .

Notice that Assumption 3.1 implies that the system does not produce extra
“mass” as it evolves in time, other than that which is received from an external
input source. In other words, if the effect of external input sources is ignored, the
process X can always be found within the half-space given by {x € R? : (x,u) <
(u, X (0))}. With this assumption, we have the following result (see the Appendix
for the proof).

LEMMA 3.1. Suppose that (¥, %, %) satisfies Assumption 3.1. Then a.s., X
does not explode in finite time.

The following assumption requires each molecular species to have an input re-
action and an output reaction involving only itself. These assumptions are needed
for technical reasons in our proofs.

ASSUMPTION 3.2. Let (., #Z, %) be a chemical reaction network satisfying
Assumption 3.1. Suppose that foreach 1 <i <d:
(a) the set of input reactions %> contains a reaction R+ such that v;“T =e¢;;

(b) the set of output reactions %3 contains a reaction Rk; such that vkj =e;.

1
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Recall that ¢; denotes the ith element of the canonical basis for the d-dimensional
Euclidean space.

Assumption 3.2 is quite often assumed for continuous-flow stirred-tank reac-
tors used in chemical engineering. For biochemical systems, Assumption 3.2(b)
is often assumed, since all species eventually degrade or are diluted away. Even
when these assumptions do not hold, in practice, one might artificially introduce
the missing input and output reactions with very, very small reaction rate constants,
so that Assumption 3.2 is satisfied and the added reactions occur so rarely that they
have a negligible effect on the dynamics of the system.

From a technical standpoint, Assumption 3.2(a) is used to show that the CLE
has well-defined solutions (at least prior to explosion) and to prove tightness of
our sequence of jump-diffusion processes. In particular, this assumption implies
that the reflection vector field at any point on the boundary of Ri points into the
interior of Ri. It also ensures that the diffusion matrix I" will be positive defi-
nite. Assumption 3.2(b) prevents explosion of solutions of the CLE, and is used
in showing that our sequence of jump-diffusion processes satisfies a compact con-
tainment condition. In particular, we use it to show that the drift in the CLE will
be negative when dotted with the vector u, given by Definition 3.1(a), whenever
the solution of the CLE is far enough from the origin. This further implies that the
reflection vector field at the boundary of Ri will point toward the origin, outside
of a sufficiently large compact set.

3.2. The scaled system. When the number of molecules in the system is high,
it is common to represent the state of the system in molecular concentrations rather
than the number of molecules. This is often done in order to approximate the sys-
tem by models whose state descriptor varies continuously with time.

For chemical reaction networks, the concentration of molecules of each species
is measured by dividing the number of molecules in the system by Avogadro’s
number times the volume of the vessel in which the molecules are contained. Let
us denote Avogadro’s number times the volume of the vessel by V. With no loss
of generality, we suppose throughout the paper that V > 1. The vector of concen-
trations of each of the d species in the system at time # > 0O is then given by

_ XV @)
Vv A

where XV is the stochastic process satisfying (3.2), which is now indexed with
the superscript V to indicate the volume in which the molecules are contained.
Then, by (3.2), the molecular concentrations in the network at time ¢ > 0 satisfy
the following equation:

(3.3) V=X + %SUV@,
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where XV (0) = X (0) /V, U V' is the vector valued stochastic process U, which is
now indexed by the superscript V, and its components U kV , 1 <k <r,are given
by

(3.4) UY (t) &£ Ny (/Ot AL (VXY (s)) ds), t>0,

where A,Y denotes the propensity function for reaction Ry, given by (3.1), and the
superscript V was added to indicate its dependency on the volume of the vessel in
which the reactions occur. This dependency is via the reaction rate constant K,Y .

It is useful to scale the propensity functions A,‘(/, 1 <k <r, so that they repre-
sent changes in concentrations rather than the number of molecules. This is done
by scaling the reaction rate constants K,Y . The standard scaling for K,y , which is as-
sociated with reaction Ry of order [v} ] £ 2?21 V. is such that /ckV = VITlud,
where c; > 0 is a constant independent of V (see for instance [11, 20], [43], Chap-
ter 6, and [2]). We call this constant ¢, the normalized reaction rate constant. Let
us define the lattice G¥ £ {y/V : y € Z4}. Then, for x € G and « scaled as
above, we have that

d d Vil
AZ(Vx):ckVI_[”k]l_[(Vx,-)vi =aV ][] [] -1/,
i=1 ' i=1 =0

with the interpretation that ]_[l_:lo = 1. Therefore,

d
AL (Vx) = V|:ck l_[xl-l}ik + V_le,y(x):|,
i=1

where y° = 1 for any y > 0 and e,y (x) is a multivariate polynomial in the coordi-
nates of x and 1/V that is uniformly bounded on compact sets in GV (as V > 1
varies), for each 1 < k < r. Notice that the terms e,y (x), 1 <k <r, are nonzero
only when more than one molecule of the same species is consumed by reaction k.
For instance, if reaction Ry is a second-order reaction consuming two molecules
of §;, we have

(3.5) A,Y(Vx) =V 'Vxj(Vx; — 1) = V(ckxl»2 - V_lckx,-),

where the term EIY (x) is given by —cpx;.

So far, AV (V-) has only been defined on GV, where it is nonnegative. Since
6,}1 (x) is a multivariate polynomial in x and 1/V, it is well defined for x € Ri
and so we can define A,‘(/ (Vx) for all such x. We then define the scaled propensity
function )»,Y : Ri — R by

d _
(3.6) ME@EVIA V) =[x +Vv7lel (),
i=1
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for each x € Ri. For large V, the contribution of the term Vle ,Y (x) 1s small. Fur-
thermore, when X" is approximated by a process Z that takes values in R% , the
scaled propensity functions )»,‘C/ (Z) may become negative for small values of Z and
thereby lose their meaning as rates. For instance, for some x € R‘i with ith compo-
nent given by x; = 1/(2V), the value of )L,‘(/ (x), with corresponding A,‘C/ (Vx) given
by (3.5), is —cx/(4V?). Thus, in practice, when approximating X" by a process
taking values in all of R% , )L,Y is usually replaced by the deterministic rate function
for reaction Ry, Ay : Ri — Ri, which is defined by

d _
(3.7) M) 2o [[x*  forxeRl.
i=1
The name is a reference to the rate in the reaction rate equation (1.1), which is a

deterministic dynamical system describing an approximation to X", obtained by
letting V — oo.

4. Motivation and preparation for the constrained Langevin approxima-
tion. LetG = Rfﬂ denote the positive orthant of R? and let G° and G denote its
interior and boundary, respectively. The Markov chain XV, represented by (3.3),
is equivalent in distribution® to a Markov chain XV satisfying

(4.1) xV)=x"(0) + éS(UV’O(t) + U ()),

where, for each o« = o, b, U""? is an r-dimensional stochastic process with com-
ponents UkV’“, 1 <k <r, given by

4 -
(4.2) Ul ) = N,ﬁ‘(V /0 A (XV(S))I{XV(S)eGa}ds),

where {N; 1 <k <r,a = o, b} are independent unit rate Poisson processes, and
XX is the scaled propensity function given by (3.6). Notice that U kV ©and U kV ’b,
for 1 <k <r, are equivalent in distribution to the contributions of the process U kV s
given by (3.4), within the interior of the domain G° and at the boundary G?, re-
spectively. By defining the centered d-dimensional process UV with components
lA]kV’O, 1 <k <r, given by

2 o o ! o
oYem2cu) (t)—V/O W (XY O v regeds, 120,

SMarkov chains satisfying (3.3) and (4.1) are equivalent in distribution since they have the same
infinitesimal generator and so solve the same local martingale problem, which has a unique solution
by Theorem 4.1 of [6], Chapter 6, with the f; there defined to be zero outside of GV.
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and the vector-valued function AV £ (AY, ..., ky ), we may further rewrite (4.1)
as follows:

t
xV()=x"(0) +/ SAY (XY (D)1 37 (o) ege) d5
4.3) °
+ L(LS(}V%) + iw”’m)
VV AV vV '

For V fixed, but large, we seek a diffusion approximation for X". When AX =
A for all k£, Theorem 3.13 of Kurtz [21] provides such an approximation up until
the time of first exit from a bounded domain whose closure is contained in the
interior of G. Under our assumptions, this approximation can be extended until
the first time that the boundary of G is reached. We first review that diffusion
approximation. We then propose a way to extend this approximation beyond the
first time that the boundary of G is reached, using a jump-diffusion process.

4.1. Approximation inside G. 1f £ C G° is a bounded domain whose closure
is contained in G°, then the closure of £ is a positive distance from the com-
plement of G°, and on &£, Ay is bounded and uniformly Lipschitz continuous,
and /Ay is uniformly Lipschitz continuous. Supposing that )»,Y is replaced by
Ar in the definition of X" (stopped at the boundary of £), then Theorem 3.13
and Lemma 3.7 of Kurtz [21] provide that the Poisson processes used in defin-
ing XV () can be defined on the same probablhty space (2, F,P) as mdependent

one d1mens10nal Brownian motions Wl, .. W such that XV (- A {X ), where

¢ Rinf{r > 0: XV (1) ¢ £, is well approx1mated by a stopped diffusion pro-
cess Z that satisfies the following for ¢ > 0:

t/\Zr

Z(1) = X" (0) +/ Z uhk(Z(s)) ds

Vk tnt? N Z(s de(s)
\/_k 1

where g“Z £ 1nf{t > O Z(t) ¢ £} and Zis adapted to the filtration generated by
X" (0) and W1, ..., W,. This approximation is good in the sense that for each
T>0,V>e Z and XV can be realized on the same probability space such that

_ . . logV _
4.5) |XW¢)-Z(¢)|5T% forall 0 <r<¢ZacX’,

4.4)

where Y is a nonnegative random variable whose distribution depends on the
M, k=1,...,r},E, T and E[exp(é?)] < oo for some ¢ > 0. This result of Kurtz
is justified using an implied version of a well known strong approximation theo-
rem of Komlés, Major and Tusnddy [19], combined with the fact that a continuous
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local martingale can be time changed to a Brownian motion (see Lemma 3.7 of
Kurtz [21]).

By Theorem 4.2 of [18], page 170, the local martingale stochastic integral terms
in (4.4) can be combined into a local martingale term having the same covariation
process, so that, on a possibly enlarged probability space, the process Z is the
solution of the following stochastic differential equation for all # > 0:

(4.6) Z@t)=X"(0)+ /M Z(s) )ds + — /M Z(s) dW(s),

where W is a stand_ard d-dimensional Brownian motion, 7 is adapted to the filtra-
tion generated by X" (0) and W,

4.7) p) £y vk, x€G,
k=1

and the dispersion coefficient o : G — S¥*¢ is the symmetric, positive definite
square root of I' defined by

(4.8) T(x) = Z uvhi(x),  x€G,
k=1

which satisfies

d
(4.9) <mnllc T)|9| <;92 o <06 I'(x)0) < K (x)|0]%,

for all 6 € RY, x € G, where kl.T is given by Assumption 3.2(a) and K (x) =
Y kel |vk|2Ak (x). The function o is well defined and continuously differentiable,
since ' is continuously differentiable, being defined in terms of multivariate
polynomials in the coordinates of x, and the map A — A!/? is analytic on
the set of positive definite d x d symmetric matrices, by Lemma 5.2.1 of [35],
page 131.

Under our assumptions (and with A in place of )»,Y), by using a sequence of
stopping times and showing nonexplosion of the approximating diffusion process,
one can extend the aforementioned approximation (with a relaxed error estimate)
to where the domain £ is all of G°. (The requisite nonexplosion is a consequence of
estimates that we give in Section 4.4.) However, this only gives an approximation
to XV up until the first time that the boundary G? is reached. In the next subsection,
we propose an extension of this approximation, beyond the first hitting time of G?,
by using a jump-diffusion process.

REMARK 4.1. The book of Ethier and Kurtz (see [6], page 459), is often cited
in the applied literature to justify a Langevin-type diffusion approximation to a
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chemical reaction network model. However, that book assumes that the analogues
of our Ar (which are called 8; in [6]) are nonnegative everywhere on all of d-
dimensional Euclidean space, not just on the positive orthant, and a Lipschitz con-
tinuity condition is usually imposed on /A to ensure uniqueness of solutions of
the Langevin equation. We have cited the paper [21] here because its statement of
the diffusion approximation uses stopping times to restrict to a domain where the
requisite nonnegativity and Lipschitz conditions are satisfied.

REMARK 4.2. The process Z in (4.6) can also be obtained as a weak limit
of a sequence of processes {Z%} where §, tends to zero as n — oo and for any

0<é< f’ 79 satisfies for all ¢ >0,

2 A ine? )
Z2°(t) =X (0)+/(; w(Z°(s))ds

78

L - Sof =2 [ >3
+~/V<8k§kak<5 fo Mm(Z (s))ds>)

and Nk (1) = NZ (1) — t, { =inf{t > 0: Z‘S(s) ¢ £}. By comparlson with (4.3),
we see that when Ak is replaced by Ak, the equation for XV (- A {X ) is the same
as that for Z%(-) when 8§ = f Thus, one can view Z as a limit of stopped ap-

proximations to X" in which the jump size and jump rate in the fluctuation term
in X" have been sent to zero and infinity, respectively, in a manner such that the
limit is a diffusion process with fluctuations of order ﬁ A similar type of limit,
involving rescaling of a boundary process, will be used in proposing a reflected
diffusion approximation for the unstopped process X V.

4.2. Jump-diffusion approximation. Our proposed Jjump-diffusion approxima-
tion to XV is a d-dimensional, adapted process Z that is defined on a filtered
probability space (2, F, {F;},P), on which there is also defined a standard d-
dimensional Brownian motion W that is a martingale with respect to {F;}, a
random variable XV (0) that is Fy-measurable, and r independent Poisson pro-
cesses {N,ﬁ’ ; 1 <k <r} that are independent of W and XV (0), such that 7 (1) e
G forall t >0,

A - t el
Z(t) = X" (0) +/0 M(Z(S))I{Z(S)GGO}dS
(4.10)

1/ )
" W(fo T(ZE) 556y AW () + Y(t)>’ t>0,
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where

Y() 2 %Sﬁb(t),

~ t A
U,f(t)éN,’j<V/0 )\k(Z(s))l{A

forl <k <r,and

R . r
OP ) 2 TP (r) — V/ w(Z6)1 o ds.
0 {Z(5)€GP, Z; (5)= "k for i=1,....d)
4.11) . t
YO 2Y@) -V vf)»isl - ds,
@) @) ,; k 0 K2() {2(5)eGP, Zi(s)= 1k fori=1,...,d)

are local martingales with respect to the filtration {F;}.
Notice that the process Y is defined analogously to the jump process YV (-) £

L syV-b (+) in (4.3), but where Ak is replaced by Ay and the indicator function

NiG
of the set {Z;(s) > "k fori = 1,...,d} is included in the definition of U?. The
reason for the latter is that this prevents the process Z from jumping to a point that
is outside of G. Such a constraint was not needed for X" as it lives on a lattice in
G and the form of the rates )\,‘(/ prevents XV from jumping outside of G from these
lattice points. However, Z diffuses in G° and so it may reach parts of the boundary
where more than one component of Z is so small that certain jumps from there
would take it outside of G.

Since Y cannot increase until Z first reaches the boundary of G, the equation
for Z and the equation (4.6) for z agree until the boundary of G is first reached.
Because of the uniqueness of solutions, it follows that Z agrees with Z until this
time. After this first hitting time, Z continues by jumping in an analogous manner
to how X" does at the boundary (with 1) + replaced by Ax) and then as soon as Z
jumps back into the interior of G, it continues on in the same manner as if it had
started from there. This defines a strong Markov process Z that behaves like Z in
the interior of G and jumps from the boundary in a similar manner to X", except
for a small perturbation in the dynamics when more than one component of Z is
near zero.

We emphasize that Z is a formal approximation that we propose for X", that is
based on the idea of extending the approximation of Kurtz beyond the first time that
the boundary of G is reached, where the extension is in a manner that is consistent
with the original behavior of X" on the boundary of G. We believe this jump-
diffusion process Z should be a good approximation to XY It would be interesting
to have error estimates to confirm this. However, the focus of our attention in this
paper is on proposing a continuous reflected diffusion approximation for XV. To
obtain this, we shall modify the boundary process Y so that the jump sizes are of
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order § rather than 1/4/V and the rate of jumping is of order §~2 rather than V.
This is similar to the kind of rescaling described in Remark 4.2 that leads to the
approximation of XV by a diffusion in the interior of G. We now define our family
of jump-diffusion processes, indexed by the parameter & € (0, ﬁ]. A version of

the process Z, just described, can be realized by setting § = ﬁ We will obtain

our candidate reflected diffusion approximation for X" by letting § — 0.

DEFINITION 4.1 (Family of jump-diffusion processes). For each § € (0, ﬁ],
we suppose that there is a filtered probability space (€2, F, {F;}, P) on which there
is defined a standard d-dimensional Brownian motion W that is a martingale with
respect to {F;}, an Fp-measurable random variable X V(O)_, independent Poisson
processes {N ,ﬁ’ ; 1 <k <r} that are independent of W and X V(0), and an adapted

d-dimensional process Z° satisfying for all r > 0, Z%(t) € G and

_ t
Z%t) = X" (0) +/0 1(Z°()) 125 (syeceo) ds

(4.12) | t )
+ W(/o o (Z2 ()1 z5(5)ecoy AW (s) + Y‘S(t)),
where
(4.13) Yo(r) 2 8SU%P (1),
with U8¢ = (Uf’b, e U,‘S’b)/, where each component U,f’b, 1 <k <r,is given
by
(4.14) U2’ (t) 2 Np (5—2 /Ot PAVAIC)) rampmers ds),

the rates Xi, 1 <k <r, are defined by

(4.15) M) E @1 - x €G,

{XzZ\/in fori=1,..., d}’

and the compensated processes Ut = (lA]{S‘b, lA],‘S*b)/ and Y9 = (1?15, e I?r‘s)/
defined for 1 <k <r,t >0, by

A ~ t~
@16) UM 2 0P - 5*2/0 HIPAIE))
V028> w0

4.17) =

= Yg(l') — (S_l Z 'Uk/(; Az(ZS(S))l{ZS(S)eGb} dS,
k=1

are local martingales with respect to the filtration {F;}.
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_ REMARK 4.3.  We note, by the right continuity of the sample paths of Usb,
Y?®, and W, that the (local)-martingale properties also hold with F; replaced by
Fir = Ny=; Fs» 50 we may assume that the filtration {F;} is right continuous.
Now, a random variable ¢ : Q2 — [0, oo], is a stopping time relative to {F;} if and
only if {¢ <t} € F; for all t > 0. In particular, the first time that Z? is in an open
set is an {F;4 }-stopping time.

The process Z° is well defined as a strong Markov process up until the explosion
time,
(4.18) ¢S = lim &by,

M— o0

where ;“;f,[ =inf{r > 0: (u, Z’(¢)) > M}. (We shall shortly show that this explosion
time is +oo almost surely, and so 7% is well defined for all time, almost surely.)
Indeed, up until the explosion time and prior to hitting the boundary G?, Z® can
be constructed from a given standard d-dimensional Brownian motion W and ini-
tial condition, as a strong solution of a stochastic differential equation driven by
W with drift coefficient x and dispersion coefficient o. The stochastic differen-
tial equation is uniquely solvable until this time because the drift and dispersion
coefficients are continuously differentiable on G and the dispersion coefficient is
positive definite on G. Once Z° has reached the boundary G?, at some point x
say, it waits there for an exponentially distributed amount of time with parameter
872 Y kel 5\2 (x) before jumping to another state. For k =1, ..., r, with probability

M)
Yo M)

Z% jumps to x + \/LVUI“ Then Z? continues on from there, as a strong Markov

(4.19) Pl =

process, as if it had started there. Note that Z® does not get stuck on the boundary
and the jump times do not accumulate because ):,’Z (x)=cp >0forallk e Zand x €
G", where T denotes the set of external input reactions. By the construction, the
strong Markov property of Brownian motion and the exponential holding times on
the boundary, Z° is well defined as a strong Markov process up until the explosion
time g“go. To make Z° well defined for all time, we define Z° (t)y=o0forallt > ;“go,
where 9 is a “cemetery state” that is disjoint and isolated from G. Let G? denote
G augmented with this isolated state, endowed with the usual augmented topology
where {0} is an open (and closed) set.
The space where the paths of Z° lie is

420) D? = {w: [0, 00) = G?, w is right continuous with finite left limits

atr € [0, {x), and w(t) = d for all 1 > {0},
where ¢oo 2 inf{s > 0: w(s) = d}. We endow this space with the o -algebra

M? =a{w(s):0<s < o0, we D},
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and filtration
(4.21) M =clw(s):0<s<t,weD), t>0.

Although we have defined Z % above with initial condition X" (0), for some devel-
opments below, we shall need to consider arbitrary starting states z € G for Z°.
Thus, for each z € G, if Z°® starts from z € G, we let PZ6 denote the probability
measure induced on (D?, M?) by this process:

(4.22) PX(A)=P(Zz°cA)  forall Ae M.

We let w(-) denote the canonical process on (D?, M?). The function z — Pf (A)
can be shown to be Borel measurable on G for each set A € M?.

4.3. Inequalities for yu and ;1 In this subsection, we obtain some important
inequalities 1nV01V1ng w and 1%, where the latter function is defined analogously to
w but with Ak replacing Ag. That is, for each § € (0, f] 8. G — R4 is defined
as follows:

(4.23) A000) 2 ) vehd (x), x €G.
k=1

Recall that 5\2, 1 <k <r, are defined by (4.15). These inequalities enable us to
show nonexplosion of Z°, almost surely, and they are also used in the proof of
tightness in a later section.

For 1 < j <d, let n be the unit normal vector on the face

(4.24) Fjé{xeG:xJ-:O}.

For x € G, define I(x) £ {1 < j <d:x € F;}. The proofs of Lemmas 4.1 and
4.2 below are given in the Appendix.

LEMMA 4.1. Let T be the set of indices of external input reactions [as in
Assumption 3.2(a)] and let M™* be the constant defined by

ML Zkel’ckuvk’ u)|

(4.25) —d
ming_, ¢,y

+ 1.

There exists an o > O such that:

(1) (u(x),n;)>a,forall j€l(x)andx € G?;
(i) {(u(x), —u) > o for all x € G such that {x,u) > M*,

where u is the vector given in Definition 3.1(a).
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LEMMA 4.2. Let u be as in Definition 3.1(a) and define the constant

- 1 &
4.26 M*2M*+ — 3
( ) + % 122; uj
where M* is defined by (4.25). Then, there exists a constant a > 0 such that for all
(O

1) (,ll‘s(x),nj) >, forall j€l(x)andx € G?;
(ii) (2%(x), —u) >« for all x € G such that (x,u) > M*.

4.4. Estimates for hitting times by Z°. In the following, the stopping times for
7% will be with respect to the right-continuous filtration {F;} and for w(-) will be
with respect to the right-continuous filtration {/\/lfJ )

In the next lemma, we develop an estimate which implies that almost surely Z°
does not explode in finite time for any § € (0, ﬁ]. For M > 0, recall the definition

of g,‘f,, from (4.18). We also define on the canonical space (D?, M?), the following
stopping time:

4.27) iy =inflr >0: (u, w(r)) > M},

where ¢y = 0 if w(¢) = d for all £ > 0. The proof of the lemma is deferred to the
Appendix.

1
LEMMA 4.3. Foreach$ € (0, TV]’ t>0and m >0,

(4.28) sup Plty<t)—>0  as M — .

z€G:(u,z)<m

REMARK 4.4. Since the law of Z° given Z%(0) = z is P for each z € G,
it follows immediately from the lemma that almost surely, Z°, with initial state
X" (0), does not explode in finite time. Consequently, without loss of generality,
we may and do assume henceforth that Z® surely does not explode in finite time.

The following result will be used in a subsequent section to establish a compact
containment condition as part of a proof of tightness for a sequence of processes
{ Z‘Sﬂ};’lozl, where 8, — 0 as n — 00. In preparation for the lemma, we make the
following definitions. Let

(4.29) o=1 ngli(](u, ).

1
IV
the sizes of the jumps of (u, Z®) are bounded by %p < p. We also define for each
m >0,

(4.30) o =inf{t > 0: (u, Z°(1)) < m}

Note that, since & € (0, ], V > 1, and the jumps of 7% are of the form %vk,
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and the set
(4.31) Om={z€G:m<(u,z) <m+p}.

The proof of the following lemma can be found in the Appendix.

LEMMA 4.4. For each fixed m > M* + p and t > 0, there is 59 € (0, ﬁ]
(depending on m, t), such that

(4.32) sup sup PZ‘S(§M <t)—>0 as M — oo.
0<8<802€O0m

5. Definition of the constrained Langevin equation (CLE). Recall the def-
initions of i and o from Section 4.1. Let S| denote the unit sphere in R centered
at 0, that is S| £ {x € R? : |x| = 1}. Define a reflection field on the boundary of G,
y :GY = Sy, by

(5.1) sy e P et

()]
where | (x)| 0 since we have that for x € G?, |u(x)| > [(u(x),nj)| > o for
j€l(x),by Lemmad4.1.
In the following, we define the notion of a (weak) solution to the constrained
Langevin equation. This is similar to the definition of a (weak) solution of a
stochastic differential equation with reflection (SDER) used in [16].

DEFINITION 5.1 (Solution of the CLE). Given a Borel probability measure
on G, asolution of the Constrained Langevin Equation (CLE), with initial distribu-
tion ¥, is a d-dimensional {F;}-adapted process Z defined on a filtered probability
space (€2, F, {F:}, P?), on which there are also defined auxiliary processes W and
L, such that:

(i) Z(t) € G forall t > 0, P”-a.s., and the distribution of Z(0) is given by ¥;
(i) under P, W is a standard d-dimensional Brownian motion that is a mar-
tingale with respect to {F;};
(iii)) L is a continuous, {F;}-adapted, one-dimensional process that is nonde-
creasing, P?-a.s., and satisfies

t
L(t) = / 1i7(s)ecry dL(s) for all 1 > 0, P’ -as.,
0

that is, P”-a.s., L only increases when Z is on G?;
(iv) the triple (Z, W, L) satisfies equation (1.4) P”-a.s.

REMARK 5.1. In addition to the conditions stated in Definition 5.1, it is usu-
ally required for solutions of an SDER that the following condition holds:

P’ </Ot|,u(Z(s))| + o (Z(s))|Pds < oo> =1
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for every 0 <t < 0o. However, since the paths of Z are continuous P?-a.s. and W,
o are continuous, the above condition is automatically satisfied.

REMARK 5.2. The auxiliary process L is sometimes referred to as a local time
process associated with Z. We shall occasionally use this terminology to refer to
this auxiliary process. We shall refer to the triple (Z, W, L) as a solution of the
CLE along with its auxiliary processes.

Our definition of a solution of the CLE uses a stochastic differential equation
with reflection (SDER) approach. An alternative approach to describing such re-
flected diffusion processes is via submartingale problems. In the recent work [16],
Kang and Ramanan give sufficient conditions (which are satisfied for the situation
considered in this paper) for the SDER and submartingale problem approaches to
be equivalent, in that they both characterize the law of the process given the initial
condition. While we do not use the submartingale problem approach here, it can
be useful, for example, for characterizing the stationary distribution of a solution
of an SDER, as seen in [16].

6. Pathwise and weak uniqueness for the CLE. In this section, we first
prove pathwise uniqueness for the CLE. Our proof relies on the work of Dupuis
and Ishii [5], which gives sufficient conditions for pathwise uniqueness, and then
for strong existence and uniqueness of solutions, for certain SDERs on bounded
domains. (In fact, we use a slight modification of the pathwise uniqueness argu-
ment in [5], as we explain in the proof of our Theorem 6.1 below.) In order to use
the work of [5], which is for bounded domains, we let

(6.1) Gu={xeG:(x,u) <M},

for each M > M*, where M™* is defined in (4.25), and u is the vector associated
with the mass-dissipating reactions of Assumption 3.1. The vector n; is the unit
normal vector on the face FJM £ {xeGy:x;=0},for j=1,...,d. Letus define
in addition ng41 £ —u/|u| to be the inward unit normal vector on the face F K%r | =
{x e Gy : (x,u) = M}. Let Gé’w denote the boundary of Gy and let Ip;(x) £ {; :
I<j<d+1l,x€ FJM}, for x € Gﬁ,,. Then we have the following result.

LEMMA 6.1. Fix M > M*. Then there are functions Ly ‘R > RY Ty
RY — S thar coingide with ., I, respectively, on G 1, and yyy - RY — R4 that
coincides with y on G?\/[ Lixe GIZ’VI 1 x ¢ G°}, such that:

Q) (0, Tar(x)0) > kp |02, for all x,0 € RY, for some constant ky; > 0;

(i) |pnr () = DV o (x) —om ()| < Knlx — yl, forall x, y € R?, for
some constant K pr > 0, where opy(x) is the symmetric positive definite square root
of Ty (x) for x e RY;
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(iii) yum is twice continuously differentiable, |yy| = 1 in a neighborhood of
Gﬁ,l, yMm is a constant vector outside of a compact set, and there is a B € (0, 1)
such that

U Big(x —tym(x)) C(Gy)"  forxe G4,
0<t<p

where B, (x) LyeR: |x—y|<plforx eR¥and p e Ry, (Gy)© =R\ GY,,
and G35 is the interior of G .

The proof of Lemma 6.1 is given in the Appendix. We now present the main the-
orem of this section, which states that pathwise uniqueness holds for the CLE. As
we will show in a subsequent corollary, this implies weak uniqueness for solutions
of the CLE, which is actually the result we shall use in the next section.

THEOREM 6.1. Fix a Borel probability measure ¥ on G. Suppose that
W, w, LDy and (Z®, W, L®) are two solutions to the CLE (together with
their associated auxiliary processes) defined on the same filtered probability space
(2, F, {F}, P?), with the same initial condition, so that Z(V(0) = 23 (0) = &
P?-a.s., where & is a random variable taking values in G with distribution . (Note
that the Brownian motion W is common to the two solutions.) Then (Z(D, L)
and (Z @, L(z)) are indistinguishable under P? | that is,

(6.2) PP (21, LDY@t) = (2P, L)) forall t > 0) = 1.

PROOF. For a fixed M > M*, let pp, T'ar, opr and yyy be the functions de-
scribed in Lemma 6.1. Define

Ty =inf{t > 0: (u, Z(l)(t)> > M or (u, Z(2>(t)) > M}.
Then, siqce u, I', o coincide with wps, 'y, oy on Gy, and y coincides with
YyM on G%,, P?-as. on {¢ € G}, up until the time Ty, (z®, w, LDy and
(Zz®, W, L) solve an SDER on G, with drift and dispersion coefficients given

by uuy and oy /+/V, respectively, with reflection vector field given by yu on the
boundary G}I’VI of Gy, and with initial condition given by &. In particular, if we let

ZW LD 7@ [ W E be defined for 1 > 0 by

ZW(@0) 2 2V At ligecy)s LY@ 2 LD A ) lgecy)
ZD1) 2 ZP @ A t) LigeG ) LP®) 2 LD At igegy)s
W) 2 Wt A i) ligeG ) E 2 Eligegy)s

then equation (5.3) in [5] holds P”-as. with (ZV,Z(, W, «/I_Vi(l)’ 3

> oM 7(1) 72) 72 w _Lj@ £ ~
t/\vvaMMv W7V(Z )) [resp" (Z 7Z 7W’ ﬁL ’S’[/\tM’MM’
y(Z@))] in place of (Y, X, M, |k|, x,t, b, 0, ) there.

oM
VV?



1566 S. C. LEITE AND R. J. WILLIAMS

We would like to use the result of Theorem 5.1 in [5], to establish the desired
uniqueness. It turns out that we need to make a slight modification to the argument
in [5], in order to obtain the result. The reason is revealed when one attempts to
check the conditions in [5]. First, we can complete the probability space and aug-
ment the filtration so that the filtered probability space (<2, F, {F:}, P?) satisfies
the usual conditions assumed in Section 5 of [5]. Furthermore, by Lemma 6.1, the
drift, dispersion and domain, .y, oy, and G, satisfy the conditions of Section 5
and Case 1 in [5]. An issue arises with the vector field y,;, which satisfies the con-
ditions of Case 1 of [5], except that it is only of unit length in a neighborhood of
G’,{,,, whereas the paper [5], and the paper [4] on which [5] relies for the existence
of the functions f. and 4 in Theorem 3.2 (Case 1) of [5], assumes y;; is of unit
length everywhere on R?. (In fact, due to homotopy considerations,® one cannot
extend ys continuously from G?\/[ to R such that it is nonzero everywhere on R?.)
However, this issue can be resolved as follows. (We are grateful to Paul Dupuis for
a private communication related to resolving this issue.)

Scrutiny of the proof of Case 1 of Theorem 5.1 in [5] reveals what is needed
for this proof to apply is the existence of functions f, and / satisfying Case 1 of
Theorem 3.2 in [5], where (3.15) there only need hold for x € GII’M and (3.16) there
only need hold for y € Gé’w. In fact, the function # is readily seen to exist since it
can be made zero off a neighborhood of G,bw. The function f, can be defined using
a localization of the procedure used to define the function w, on pages 1136-1137
of [4]. In particular, we can define f = efz(x, xe;y), for

~ (p, ym(x))
. e, p)=1+ t%m(x)(%) + (1= Y2 (0))(p, P

forxeG,peRd,

where /> is as in our construction of y, [see (A.61)] in our proof of Lemma 6.1
in the Appendix, and g, 6 are as defined in Lemma 4.4 of [4] (with a suitable value
of § there related to 6 in Theorem 3.2 of [5]). The function g(p, &) is a function of
p € R and & lying on the unit sphere in RY. The second term in the right member
of (6.3) is well defined since it is defined to be zero where v, > is zero, and on

the support of v, /2 [which is contained in the set Gﬁ,’ln/ ? defined by (A.59)], the

vector field yy has unit length. We note that v, /2 is equal to one on Gﬁ,’,”/ 4 The

function f, satisfies the conditions (3.13)—(3.19) in Case 1 of Theorem 3.2 and can
be used in the proof of Theorem 5.1 in [5]. (We note in passing that this same line
of reasoning shows that the results for Case 1 in [5] only require the vector field to
be of unit length on the boundary of the domain.)

The simplest example illustrating the problem occurs when G is the unit interval (0, 1) and the
associated vector field y is such that y(0) =1 and y (1) = —1; any continuous extension of y to R
must cross 0 at some point x € G.
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With the above modification, it follows by the proof of Theorem 5.1 (Case 1) in
[5], that for each T > O, there is a constant C7 > O such that forO<¢ < T,

E”[ sup [20(s) = 2P (5]
0<s<t

(6.4) t ] )
< CT/ B[ sup |20 () — 2@ )] ds,
0

O0<vu<s

where E” denotes expectation with respect to P and we used the fact that
VA M) = VAL 0) = 5 , P”-a.s. (although the stochastic processes in Theorem 5.1
of [5] are not stopped and the initial condition is constant, rather than random as
we have here, Theorem 5.1 in [5] still applies. Indeed, the proof of Theorem 5.1
on page 575 of [5] still holds with ¢ there replaced by ¢ A T3 and, since the ini-

tial condition is almost surely the same for ZM and Z@, these conditions cancel
one another.). Using Gronwall’s inequality, and because 7 > 0 was arbitrary, we
conclude from (6.4) that

P (ZV ()= ZP (1) forallt > 0) = 1.

Rewriting this in terms of the original processes Z(), Z(®)| and using the fact that
on {& ¢ Gy} we have Ty =0 and ZW(0) = 2@ (0), P”-a.s., we see that

(6.5) P (2Dt A ty) = ZP(t A Ty) forall £ > 0) = 1.

Since Z" and Z® have continuous paths in G for all time, it follows that 73, —
oo PY-a.s. as M — oo. Therefore, letting M — oo in (6.5) yields

(6.6) PY(zW (1) = 2P (1) forall r > 0) = 1.

It follows from this and the CLE satisfied by Z( (resp., Z®) that we also have
P? -a.s., forall t >0,

t t
67 VP2 / y (2 () dLD(s) = / y(Z2@)()dLP(s) £V @)
0 0
Combining (6.6)—(6.7) with the facts that y is a unit length vector field on G?,

and LD (resp., L@) can increase only when Z M (resp., Z @) is on G?, we have
P?-as., forall t >0,

LY@ = fo t<y(z<”<s>), y(ZzWD(9)))dLD(s) = /0 ’ y (2D (5))dVvP(s)

©® = [[1z2 )@ = [ (22 6). (22 ) ar )

=LP@).
The desired result (6.2) then follows from (6.6) and (6.8). [
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COROLLARY 6.1. Fix a Borel probability measure v on G. Suppose that
(Z, W, L) is a solution of the CLE (together with its auxiliary processes) with
initial distribution ©. Then the law of (Z, L) is unique.

PROOF. Since we have proven pathwise uniqueness in the previous theorem
and the corollary assumes the existence of a solution with initial distribution ¢, the
result follows by a standard argument due to Yamada and Watanabe, which usually
is summarized as “pathwise uniqueness implies uniqueness in law.” Although the
original argument of Yamada and Watanabe was given for stochastic differential
equations without reflection, the argument is quite general and easily extends to the
situation with reflection. See, for example, Step 1 of the proof of Theorem V.17.1
in [31]. In that proof, one replaces (X, W) there with our (Z, L, W). O

7. Weak convergence of a sequence of jump-diffusion processes. This sec-
tion is devoted to showing that the jump-diffusion process Z° of Definition 4.1
converges in distribution to a solution of the constrained Langevin equation as
8 | 0 through a monotonic decreasing sequence {5,}2, of positive real num-
bers. We begin by showing, in Section 7.1, that such a sequence {Z%} of jump-
diffusion processes, along with certain interior processes and boundary processes,
is C-tight. The results are based on the conditions for C-tightness given by Kang
and Williams [17] for approximately reflected processes in domains with piece-
wise smooth boundaries. Next, in Section 7.2, we prove that any weak limit point
of the C-tight sequence yields a solution of the CLE. Using uniqueness in law for
solutions of the CLE, we then conclude that {Z%} converges weakly to a solution
of the CLE.

7.1. Tightness. Let {5,};2, be a monotonic decreasing sequence of positive
real numbers such that §; <1/ V'V and 8, — 0 as n — oo. Recall the definition of
i,i", for 1 <k <r, given by (4.15) and that of ﬁ]i" given by (4.23). For notational
convenience, we write XZ instead of ):,‘i” and also write ;" instead of /1% . For later
reference, we define the vector field y” : Gt - S by

A " (x)
| (x)]
Notice that 7" (x) is well defined for x € G?, since |2 (x)| > O for all such x, by

Lemma 4.2. The following lemma establishes a property involving the vector fields
7" and y, where y : G — Sj is given by (5.1). The proof is in the Appendix.

for x € GP.

(7.1) P (x)

LEMMA 7.1. For each M > 1, the functions y, 7" : G® — Sy satisfy the fol-
lowing condition: for each € > 0 there is a ng > 1, which may depend on M, such
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that
ly(x) —7"(0)| <e,

foralln > ng and x € G” such that |x| < M.

Recall the definition of the stochastic processes AR Ut and }A"S", from Defi-
nition 4.1. For notational convenience, we shall simply denote these by Z" = Z%,
Unb = %0 and ¥" = Y%, where the superscript §, was replaced by n. The fam-
ily {(Z", onb,y ")},2, of processes can be defined on a single probability space
(2, F,P), on which the driving Brownian motion W and Poisson processes N ,f ,
k=1,...,r are defined. For each n, let { 7'} be the filtration defined by F' = G',
where G} L 6{Z"(s), W(s), Unb(s), ¥(s),0 < s < t} for t > 0. The processes
W, U™ and ¥" are local martingales with respect to {F/'}, for each n.

We now rewrite the equation (4.12) satisfied by Z”, using (4.12)—(4.17), (4.23)
and (7.1), as follows:

(72)  Z"(1) = X"(1) + V" (1) + —— / "(Z'(s))dL"(s), 120,
where for ¢t > 0,

_ t
X" 2 XV (0) + fo W(Z" ()1 z0(5)eG7) ds

(7.3) t
. /0 o (Z"()) 1120 (sye o) AW (5),

7.4 V') = Umb
(7.4) (t) = fl;vk 2O,

yn,b _arb[ o2 l'”n n

Uk (t)—Nk 571 /()kk(Z (S))l{zn(s)eGb}dS
(7.5) ;.

—5;2/0 K(Z" () zn 5 er) s,

and
(7.6) L") 2 — / [ (Z"(5)) 1205 er) ds.

For completeness, we include the following proposition, which will be used to
verify that a sequence of processes is C-tight.

PROPOSITION 7.1.  Suppose £ > 1 and that for each n, ¢" is an £-dimensional
stochastic process defined on (2, F,P). The sequence {c"} is C-tight if and only
if the following two conditions hold:
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(1) foreach T >0, € > 0, there are K > 0 and ng > 0 such that

IP’( sup |¢"(1)| > K) <e for all n > ny,

0<t<T
(i1) foreach T >0, € > 0 and n > 0, there are v € (0, T) and no > 0 such that
P(wr(s",v)>n) <e for all n > ny,
where for w € D,

wT(a),v)ésup{ sup |w(U2)—a)(v1)|:O§t<t+v§T}.
vy, v €[t 14Vv]

PROOF. See, for example, Proposition 3.26 of Chapter VI in [15], page 351.
O

REMARK 7.1. The first condition in Proposition 7.1 is usually referred to as
a compact containment condition.

LEMMA 7.2. The sequence of processes {Z"} satisfies the compact contain-
ment condition (1) of Proposition 7.1.

_ PROOF. Fix T > 0 and € > 0. Recall the vector u from Assumption 3.1. Since
XV (0) is a finite random variable, there is K. > 0 such that

P((u, XV (0)) > K¢) < €/2.

Note that since u > 1, for z € G, (u, z) > Zflzl z; > |z|. Thus, if |Z"(¢)| > K for
some K > 0, then (u, Z"(t)) > K as well. Now suppose K > m + p where m =
max(Ke, M* + p) and p is given by (4.29). We use the notation of Section 4 with
the superscript n in place of §,; in particular, ¢, = inf{s > 0: (u, Z"(s)) > m}.
Note that, on {(«, XV (0)) < K.}, if | Z"| exceeds the level K by time T, then Z"
must reach @, ={x € G :m < (u,x) <m + p} by time T and the supremum
of {{u, Z"(¢g)) +1)),0 <r < T} will exceed K. Consequently, using the strong
Markov property of Z", we have

IP’( sup |Z"(1)| > K)

0<t<T

<P((u, XV (O)) > Ke) +P({u, X (0) < Ke, ¢ < T, sup |2"(0)| > K)
0<t<T

(7.7)

IA

+P((u, X)) < Ke, ¢p < T, sup {u, 2" (¢ +1)) > K)

0<t<T

AN
(CRIO U S

+ B[ vy <kecn=ry P2rien Gk < T)].
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Let ng be such that §, < §q for all n > ng, where 8o (depending on m and T) is
defined in Lemma 4.4. Then, by that lemma, we can choose K sufficiently large
that

(7.8) sup PI(¢k <T) <

€0,

for all n > ng. Since Z"(¢,;) € ©, on {(u, XV (0)) < K}, it then follows from
(7.7) and (7.8) that

IP’( sup |Z"(1)| > K) <e
0<t=<T

foralln >ng. 0O

THEOREM 7.1. For each n, let ¢" = (Z", X", V", L"). The sequence of
(3d + 1)-dimensional processes {c"} is C-tight.

PROOF. ForT >0,¢>0,n>0,v>0, M >0, K > 0, recalling the defini-
tion of Gy from (6.1), we have

P zop, <" 01 > K)

<P( sup (u, 2" (1) > M) +P( sup (u, 2"®) <M, sup |¢"()| > K)
0<t<T 0<t<T 0<t<T

M
51@( sup |2 (t)| > —) +P(ghy =T, sup ["(t AChy)| > K)
0<t<T |u] 0=<t<T

n M n
5[?’( sup |Z"(1)| > )+]P’(Z 0) € Gy, sup [¢"(t A&y)l >K>
0<t<T |ut] 0<t<T

and similarly,
P(wr(s",v) > n)

M
< P<OsupT|Z”(t)| > —l) +P(Z"(0) € Gy, wr(s" (- ALyy)sv) > ).
<t<

By Lemma 7.2, there is M, > M* and n, > 0 such that

M, €
IF’( sup |Z"(1)| > > — for all n > ne.
0<t<T |ul 2

Thus, for all n > n., we have

(7.9) P sup [¢"(0)]>K) < +P(ZH(O)EGM@ sup " (t A iy )| > K),

0<t<T 0<t<T
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and
(7.10)  P(wr(s" v)>n) < % +P(Z"(0) € Gag, wr (" (- A L), V) > 1)

Letc"()=c¢c"(-A 41?45)1{2" (0)eGyy, }- To estimate the last probabilities in (7.9) and
(7.10), we consider Z"(- A ;}(,,6)1{ Zn(0)eGy, } @s living in the bounded polyhedron
Gy for a suitable M > M.. Then we can apply a C-tightness criterion developed
by Kang and Williams [17] for approximations of reflected processes in domains
with piecewise smooth boundary, to prove that {¢"} is C-tight. We can then use this
to estimate the last terms in (7.9) and (7.10). The result we will use from [17] is
Theorem 4.2. This requires that various assumptions on the domain and directions
of reflection be satisfied (see Assumptions (A1)—(AS5) in [17]) as well as by the
processes ¢ (see Assumption 4.1 in [17]).

We first make the choice of M for G, and define faces and directions of reflec-
tion associated with G ;. We also develop several properties of these quantities.
Then we verify that Assumptions (A1)—(AS5) in [17] hold.

Truncated State Space Gy, Faces of Gy and Reflection Fields {p' :i =
1,...,d+1}. Let M = M, + 2p be fixed, where p is given by (4.29). Then

Gu={xeG:(x,u) <M},
and we define
FM=(xeGy:x;=0}, i=1,....d,
Fﬁ1={xeGM:(x,u)=M},
na+1=—u/lul,

and let G4, denote the boundary of G . Then G5, = Uf:ll FM.
By Lemmas 4.1 and 4.2, there is « > O such that fori =1, ...,d,

(711 (nj, p(x))>a,  (n;,i"(x)) >«  foreachxe FM n=1,2,...,

and
o
(nd'i‘la M(X)) = mv
(7.12) y
(nd+1,ﬂ”(x))zm foreachx € F)} ,n=1,2,....

In particular, this implies that
o n o b

(7.13) |M(x)|2|—|, |,u ()c)|2|—| foreachx e Gy, n=1,2,....
u u

Since the right-hand sides of equations (3.7) and (4.7) are well defined as infinitely
differentiable functions on all of R¢, we can use these to extend the definitions of
the Ar, k =1, ..., r and u to infinitely differentiable functions defined on all of R?.
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It then follows from the continuity of © and (7.11)—(7.12) that there is ¢ > 0 such
that

(nt’ﬂ(x)>>% foreachx e FMY i=1,....d+1,

where FiM’w 2 (x eRe: dist(x, F-M) <e¢},i=1,...,d+1,and so

lw(x)| > 2| | foreachxeGﬁf,

where Gb’ £ (x e R?: dist(x, Gt ) = el

Fori=1,...,d+1,letyM e ch(Rd) such that 0 < M (x) < 1forallx € RY,
W,’M (x) =1 for all x € Fl.M and W,’M (x) = 0 outside of FiM’(p. Define, for each
xeRyi=1,...,d+1,

(7.14) AM ) =y M op) + (1= @)n;

Then, foreachi =1, ...,d+1, "M is infinitely differentiable on R¢ and we have
for all x € R,

(7.15) (i, M () = ¥ )i, w)) + (1 — M (x))

(7.16) > yM (x)m + (1 =y )

(7.17) >a,

where&émm(ﬁ,1)>0.Thus,fora11xeRdandi:1 A+ 1, 1AM (x)| >
a. It follows that foreachi =1,...,d + 1,

(7.18) piM ) 2 aM x| M (x| forx e RY,

is well defined as an infinitely differentiable, unit length vector field on R¢, and
since it is equal to a constant vector outside of some compact set, it is uniformly

Lipschitz continuous on R?. Foreach n,i =1, ...,d + 1, we define
o ~n if x c FM,
(7.19) pidniey =17 1(;) ifxe £
Yo (x) if x ¢ FM,

where 7" is given by (7.1), (4.23) and (4.15). Then, for each n, i, p>"" : R? — S;
is Borel measurable, and

(7.20) PP = M0 <y () = 71 @1 e pmy

Combining this with Lemma 7.1, it follows that, for every M, p*™-" converges

uniformly to y’ M on FlM [and hence on R? by (7.19)] as n — oo for each i =
d+ 1.
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From the above, we see that G, is a bounded, convex polyhedron with
nonempty interior, satisfying

d
(7.21) Gy =[x eR: (nj,x) >0} N{x eR’: (u,x) < M}.
i=1
It follows that G satisfies Assumptions (A1)—(A3) of Kang and Williams [17].
The vector fields {p"M,i =1, ...,d + 1} defined by (7.18), being uniformly Lips-
chitz continuous, unit length vector fields on R¢, satisfy Assumption (A4) of [17].

Furthermore, they satisfy Assumption (AS5) of [17]. To see this, we note that if
X € FI.M for some i € {1,...,d + 1}, then by (7.14), (7.15) and (7.18), we have

o ALM . A A
(722) (i, M (0) = (nz:(LM (x)) _ (ni, p(x)) . o . iM
|t (x0) ()] )|~ c
where ¢ = SUp, et [(y)| < oo. Thus, for x € Gﬁ,l, letting IM(x) = {1 <

i<d+1:x¢eFM} and b;(x) = 1/|IM(x)| for i € IM(x) and b;(x) = 0 for
i ¢ IM(x), we have for j € IM(x),

. I :
(7.23) < Z bi(x)ni,)}J»M(X)>:|1M(x)| Z <n 'U“(x)> iM,

iEIM(x) iEIM(x) |/’L(x)|

and
~i m(x) a
(7.24) < > bi(x)p ’M(x),nj>=<m(—x)|,nj>z—M

ielM(x)

This establishes Assumption (AS5) of [17]. So far, we have established the assump-
tions on the state space and the directions of reflection in Kang and Williams [17].
We now turn to verifying the assumptions on the stochastic processes required by
Assumption 4.1 in [17]. S
Properties of {¢"}. For each n, the process ¢ = (Z", X", V", L"), where
z"(y=2" v )1z 0)eG )
) L(z7 )G, )
(7.25) ) "
V) =Y"(:

Zn() = L"

(-~ ¢y

X' =X"(-Ahy
(- A )N zn )Gy
(- Am,

)1
)1(z1(0)eG o, }-

Then the process Z" lives in G M. C Gy and, because M > M, + p, Z" does not
reach F [ﬁl. Therefore, Z"(s) € G? if and only if Z"(s) € Gﬁ,[. Furthermore, Z"
agrees with Z" on the random time interval (0, ¢ 1?/16]‘ Consequently, by (7.2)—(7.6)
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and (7.19) we have the following for all # > 0O:
20 = X)) + 3" + ——= / (7" ()AL (s)

d+1

_X”(t)+y"(t)+2/ piMn (2 (s)) d L (s),

where fori =1,...,d +1,

t/\{ME

(7.26)  Li(1)= «/_ Z”(s)eFiM,Z”(s)géFjM for anyj<i}|'an (2"(9))|ds.

Here, we have split j—vin(-) into a disjoint sum Zfl;rll E?(-) of contributions for

eachi=1,...,d + 1 from when Z" is in FiM and not in any of the FJM for j <i.
Note that if Z"(0) ¢ Gy, , then {}f,[e =0and ﬁ;’ =0foreachi=1,...,d+1. We
let £"= (LY, ..., L0, ).

From the above, it follows that conditions (i)—(v) of Assumption 4.1 of [17]
are satisfied with W" = W”,X",a”, Y" = )7”,,8",8” in [17] replaced by our
Zn X"+ 0, L",0,8", respectively, and with y/ (x), yi*”(y, x) in [17] replaced
by our pM (x), pM-n(x), respectively, for all y, x € RY. In particular, note that
L" is continuous, so it has no jumps, and condition (iv) holds because 7" con-
verges uniformly to p* Masn — oo, fori=1,...,d+1.The remaining condition
of Assumption 4.1 to be verified is that (X" + Y} is C-tight. For this, we shall
prove that {(X", y")} is C-tight. Once this is verified, it follows using Theorem 4.2
of [17], that {(Z", X", ", L")} is C- -tight, and hence, since L"= deH E"
that

(7.27) [e"=(z", 2", V", L")}  isC-tight.

This, together with (7.9), (7.10) and Proposition 7.1, gives that {¢"} is C-tight.
Thus, to complete the proof of Theorem 7.1, we only need to show that { (X", IM)
is C-tight. We now prove this.

{(?3”, 37”)} is C-tight. To verify the C-tightness of {(2\3”, )7”)}, we use a well-
known variant of the C-tightness conditions given in Proposition 7.1, that employs
Aldous’ criterion. First, since X" is continuous and the jump sizes of A satisfy
the following inequality for each T > 0:

. . 5,
(7.28) sup | V" (1) — V" (t—)| < —= max || — 0 as n — oo,

0<t<T - WV dsksr

where )7(0—) = 5/(0), it suffices to prove that {(./'f,’”, )7”)} is tight (see, e.g., Propo-
sition 3.26, page 351, of [15]). To prove the tightness, by Theorem 4.5 on page 356
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of [15], it suffices to prove compact containment and the following, which is
known as Aldous’ condition: for each T > 0, > 0,

lim limsup ~ sup  P(|X"(12) — X" (r)| V | V"(r2) — V"(71)| > )

0—0 n—oo n
T1,T ~
1,2€T]

(729) 1< <1146
=0,

where TT" denotes the set of stopping times relative to {F ;} that are bounded by 7.
In fact, if Aldous’ criterion holds, the compact containment condition follows im-
mediately using this and the facts that X" (0) = 1{z» ()G, } 2" (0) is bounded in
norm by M, andji” (0) = 0. Thus, it suffices to prove (7.29) for each T>0,7>0.

For this, fix 7 > 0,7 > 0. Then, for 6 > 0, 11, 1) € TT” such that 7; < 1p <
71 + 6, we have by (7.3) and (7.25) that

| (23) — (1) 2 <ZZ</,

2
wi(Z™(s))1 {zn(s)er’,ss{&e}ds)

1

2
2 d 1] -
Ty Z(Z /n i (Z" N znyece s<cpy, 1 AWi (S)>
=\5

1=

—

and

d
= = 2 2
V(@) = V@) <D (Vi Aty) = V(@A)
i=1
Then, on taking expectations in the above, using the fact that i and o are bounded
on Gy, together with the L%-isometry for the stopped stochastic integrals with
respect to W and for the stopped compensated terms involving Poisson processes,
we have

E[| X" (12) — 22"<n>|2]

d
(7.30) <26°K, + o z z [/ H(ZM o {Z"(s)eG",sS{}&E}ds]

0dK
< 2(921(1 5 2)

and

E[D?”(rz) - 37"(n>|2]

2]
5 -~
(7.31) < L Z Z UlkE|:5 /T )‘Z(Zn(s))l{Z"(s)eGb,sgfl }dsi|
1 €

i=1k=1
<r0K3
-V

’
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where for the last double sum we have used the fact that 0 < XZ < A on

G, for all n and k =1,...,r, and K; £ SUPL Gy, +p Zflzll,u,-(x)lz, K, £
d d 2 A d 2

SUPxeGy, 4 2= 2G=10;;(x), and K3 = SUPx eG4 Dim1 k=1 Vipl Ak (x)] are

all finite constants. Hence, using Markov’s inequality and taking the supremum

over the set of 71, 7p under consideration, we have for each n and 6 that

sup  P(|X" (1) — X" (m)| V [V (2) — V' (11)| > 7))
1'1,‘[267'%’
1< <1146

2d9K 0K
<2202+ TR,

Vv

Since the bound above does not depend on 7 and tends to zero as 6 — 0, it follows
that (7.29) holds. This completes the proof of the tightness of {(X", ")}, and
hence the theorem is proved. [

The following is a corollary of Theorem 7.1 and the proof of Lemma 7.2.
COROLLARY 7.1.  Foreach T >0,

T
(7.32) / Lizn(5egryds = 0 in probability as n — oo.
0

PROOF. Given T > 0and € > 0, by the proof of Lemma 7.2, there is M, > M*
and n, > 0, such that

(7.33) (¢, <T) < % for all n > re.

Then, for n > 0, using the fact from Lemma 4.2 that |1 (x)| > « > O forall x € G?
and all n, we have for all n > n.,

T
]P)<‘/() I{Z”(s)eGb}ds ZT])

<P(ch, <7)+P(c, > 7.

T/\([’(k
/(; I{Zn(s)EGb} ds > T])

€ 1 T/\{Xle ~ 0”7
<5 +P(§Xl46 >T, —/ " (Z" () 120 (5)egry ds = —)
2 on Jo 1)

€

n
n n n 0”7
2 € € 8}1
Now, from Theorem 7.1, we know that {L"} is C-tight, and hence satisfies the
compact containment condition of Proposition 7.1. Therefore, since §, — 0 as
n — oo, there is ny ¢ > n¢ such that

IP(L"(T) > isﬂ) < % foralln >n, .

n
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Combining all of the above, we have that for all n > n, .,

T
P('/(; I{Z"(s)eGb}dS

Since n > 0, € > 0 were arbitrary, the desired result follows. [J

zn>§e.

7.2. Characterization of the weak-sense limit. In this subsection, we show that
{Z"} converges weakly to a solution of the constrained Langevin equation with
initial condition having the same distribution as X" (0). As we have noted previ-
ously, such a solution is unique in law. For convenience, in this subsection, we let
®V denote the distribution of X" (0), which is fixed, since we are fixing V.

Our main technical result is the following.

THEOREM 7.2. The sequence of processes {(Z", W, X", V", L")} is C-tight
and any weak limit point, (Z*, W*, X*, Y*, L*), is such that (Z*, W*, L*) sat-
isfy the conditions of the Definition 5.1 of a solution of the constrained Langevin
equation, and

(7.34) Z*(1) = X*(t) + %/Ot )/(Z*(S))dL*(s), t >0,
t
X*(t) = X*(0) —1—[0 w(Z*(s))ds
(7.35) oo
+ﬁ/0 o (Z*(s))dW*(s), >0,
(7.36) y*=0,

where X*(0) has distribution ¥V, and W* is a martingale with respect to the
filtration generated by (Z*, W*, L*).

PROOF. Since W is a continuous process and it does not depend on #, it fol-
lows immediately from Theorem 7.1 that {(Z", W, X", V", L")} is C-tight. Sup-
pose that (Z*, W*, X*, Y* L*) is a weak limit point of the aforementioned se-
quence. For notational convenience, we shall denote the weakly converging subse-
quence again by {(Z", W, X", V", L'")}. Because of the C-tightness, the weak limit
(Z*, W*, X*, Y*, L*) may be assumed to have continuous paths (surely). Since
W does not depend on n, W* will be a standard d-dimensional Brownian motion.
Furthermore, for every n, W is a martingale with respect to the filtration gener-
ated by (Z", W, U™, ¥Y") and so W is a martingale with respect to the smaller
filtration generated by (Z", W), to which it is still adapted. Since L” is adapted
to the filtration generated by Z", it follows that, for every n, W is a martingale
with respect to the filtration generated by (Z", W, L"). Thus, for any 0 < s <'¢,
any positive integer p, any continuous bounded function g : RP@4+D 5 R,
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0 <s1 <s2 <---5p <s, we have by the continuous mapping theorem and domi-
nated convergence that

E[(W*(1) = W*(s))g(Z"(s1), W*(s1), L*(s1), ..., Z*(sp), W*(sp), L*(5p))]
= lim E[(W () — W(s5))

x g(Z"(s1), W(s1), L" (1), ..., Z"(sp), W(sp), L" (sp))]
=0’

where we used the martingale property of W for the last equality. It follows that
W* is a martingale with respect to the filtration generated by (Z*, W*, L*).

For the purposes of verifying the other properties associated with (Z*, W*, L*)
being a solution of the CLE and that (7.34)—(7.36) hold, by using the Skorokhod
representation theorem, we may suppose that the convergence of {(Z", W, X",
Y LMY to (Z%, W*, X*, V*, L*) is almost sure uniform convergence on compact
time intervals, rather than just weak convergence.

Let F; = o{(Z*(s), W*(s), L*(s)) : 0 <s <t} forall t > 0. Then Z*, W*, L*
are adapted to this filtration. Since Z”"(¢) € G for all ¢ > 0, it follows that the limit
process Z* satisfies Z*(t) € G for all t > 0, almost surely. Furthermore, since
Z"™(0) has the same distribution 9" for all n, it follows that Z*(0) will have this
same distribution.

The process L* will be nondecreasing (a.s.) because it is the a.s. limit under
uniform convergence on compact time intervals of the nondecreasing processes
L". To establish the integral property in (iii) of the definition of a solution of the
CLE, foreach € > 0, let f : R4 — R be a continuous function such that 0 < fe <
1, fe =0o0n G?, f.(x) =1 when dist(x, G?) > €. Then by Lemma A.4 of Kang
and Williams [17], since a.s., (Z", L") — (Z*, L*) uniformly on compact time
intervals, L" is nondecreasing for each n, and f, is continuous, we have a.s. for
eache >0andt > 0,

t t
| ez enarte = tim [ 12" e)dr e =o,

where the last equality follows because L" can only increase when Z” is on G”
and f, is zero there. On letting ¢ — 0, we obtain by the bounded convergence
theorem that a.s.,

t
/ 1 z+(5)¢Gry dL*(s) =0 for all > 0,
0

from which it follows that a.s., L* can increase only when Z* is on G?.

It remains to verify that (7.34)—(7.36) hold, since property (iv) of the defini-
tion of a solution of the CLE follows from (7.34)—(7.35). We shall verify this for
stopped versions of the processes and then let the stopping times tend to infinity to
obtain the desired result. We first define the stopping times that we will use.



1580 S. C. LEITE AND R. J. WILLIAMS

For each M > 0, recall that

(7.37) Sy =inflr >0:(u, 2" (1)) > M}
and define
(7.38) Cy =inf{r >0: (u, Z*(t)) > M}.

Then there is an increasing sequence of positive constants, {M,, £ =1, 2, ...}, such
that My, > M* for all £, My, — oo as £ — 00, and for each £,

(7.39) P(ngrgo ey, = g,t,é) —1;

see [23], pages 13—14. Thus, for each ¢, the sequence of stopping times {;I{’,,{ b
converges a.s. to &y, .

We first consider the convergence of {X"}. Fix T > 0,£ € {1, 2, ...}. Then for
eacht €[0,T],

t/\
XM ALl ) = X7(0) + / w(Z"(s)) ds

ALY,
o / o (2" () dW (s)

CM[ "
—‘/(.) M(Z (S))I{Z”(S)EGI’} ds

1 tA{/’\'q ( n( ))1 (s)
- — o(Z" (s n dwW(s).
v o {Z"(s)eGb)

Now, on {;;{h > 0}, we have that as n — o0, a.s., uniformly on [0, T],
w(Z" (- A Ey,)) = m(ZF (- A Syg,))s
o (Z"(- N epg,)) = o (Z7(- A ag,)-

It follows from this and the fact that {3, — ¢y a.s. asn — oo, thaton {¢j, > 0},
as n — 00, almost surely, uniformly on [0, T],

(7.40)

(7.41) /O o w(Z"(s))ds — / w(Z*(s)) ds.

Furthermore, by Theorem V1.6.22 and Corollary V1.6.29 of [15], on {{]’{‘,,( > 0}, as
n — o0, in the uniform norm on [0, 7],

(7.42) / o (Z" () dW (s) — / o(Z*(s))dW*(s) in probability.

(We note that in [15], stochastic integrands are left-continuous modifications of the
ones used here. However, when integrating against the continuous martingale W,
it does not matter whether one uses the left-continuous modification or the original
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right-continuous process, the value of the stochastic integral is the same.) Finally,
using Corollary 7.1 and the L?-isometry for stochastic integrals, it follows that on
{g;{‘h > 0}, as n — 00, in the uniform norm on [0, 7],

n

(7.43) / e w(z" (S))l{zn(s)eGb} ds —0 in probability,
0

n

(7.44) f e o (Z" ()1 zn(5)ecrydW (s) — 0 in probability.
0

Substituting (7.41)—(7.44) in (7.40) and letting n — 00, using the convergence of
X" to X'*, we see that on {{;‘,,z > 0}, we have that almost surely,

l/\
X5t A Ejy,) = X0 + / w(Z* () ds

tALH,

(7.45)
o (Z*(s)) dW*(s).
*Fh @)
We note that on {{;‘,Ie = 0}, this equation holds trivially. Since Z* is almost surely
continuous, {;CIZ — 00 a.s. when £ — 0o. So on letting £ — oo in (7.45), we see
that (7.35) holds a.s. for all r € [0, T'].
To show the convergence of {)"} to the zero process, we first estimate the ex-

pectation of the square of }" (¢ A ;;{,,e). For T >0, ¢ fixed, i € {1, ...,d}, we have
fort € [0, T],
2 2
BIO¥e A ek = 3 (32 ) S EI@R e i)

2 n
< %(Z Ulk) ZEI:(S 2/ Me )\,Z(Zn(S))l{Zn(s)GGb} dSi|
k=1
N
= V(Z Vi k)rKMe [/ ‘ 1{Z"(s)eGb}dS]
-0 asn — 090,

where Ky, = sup;_, SUPreGy, Ar(x), we have used the fact that XZ (x) < A(x)
for all x € ]Rffr and we have used Corollary 7.1 and dominated convergence for
the last line. Thus, for each t € [0, T'], {J"(t A ¢ 1{’,&)} converges in L? to the zero
vector as n — 0o. Since we already know that {)"(r A 517/1[)} converges a.s. to
Vi@ A g“]’f,[e), it follows that a.s., Y*(- A g“j‘,,[) =0on [0, T]. On letting £ — oo, we
see that a.s., Y*(-) =0on [0, T].
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For the convergence of the integral with respect to L" in (7.2), fix T > 0, £. For
eachr € [0, T,

n

. t/\;/t’z * * MgML’ ~n n n
hrigso%p./o y(Z*(s))dL*(s) /0 P"(Z"(s))dL"(s)
t
Sligsogpfo v(Z"(s A Exg,)) AL (s A i)

(7.46)

— [z At ants ncy)

t
+limsup /0 (v = 7")(Z" (s A 2l ) AL (s A 2L )

n—oo

Now a.s., L*(- A ;j{,,l) [resp., L"(- A ;f",,l)] can increase only when Z*(- A g“;fh) €
Gé’w ={xe Gf’w 1 x ¢ G°} [resp., Z" (- A {1{’45) € (N}ﬂ’w], and y), of Lemma 6.1 is
a continuous, bounded extension of y from G?w to RY. Then, since, a.s., (Z"(- A
5;1145)’ L"(- A ;g’h)) converges to (Z*(- A {;{‘h), L*(- A ;‘IT,IZ)) uniformly on [0, T]
and L" is nondecreasing for each n, it follows from Lemma A.4 of [17] that a.s.,
as n — oo, uniformly for ¢ € [0, T'],

[ 7@ 6 Aci )L agy,)
t
= [ (2" (s n gy ) AL (s A gy
t
> [ vlZ s A i) dL s A

:/()ty(Z*(s/\{;f,[[))dL*(s/\fj"h).

It follows that a.s., for all ¢ € [0, T'], the first lim sup in the right-hand side of the
inequality in (7.46) is zero. For the second limsup in the right-hand side of that
inequality, we have by Lemma 7.1 that given € > 0, there is n > 1 (depending on
My) such that for all n > n and x € Gi’w,

ly(x) — 7" ()| <e.

(Here, we used the fact that |x| < (4, x) < M, forx Gﬁh .) It follows that a.s., for
all r € [0, T'], the second limsup in the right-hand side of the inequality in (7.46)
is bounded for each € > 0 by

elimsup L"(t A yy,) = €L™(t A Ejy,)-

n—oo
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On letting € tend to zero, we see that a.s., the right-hand side of (7.46) is zero for
allr €0, T]. Thus, a.s., forall r € [0, T'],

N
(7.47) /0 7" (Z"(s))dL" (s) — / y(Z*(s)dL*(s).

On letting n — oo in (7.2) stopped at ;Ml, since a.s., (Z"(- A ;1"14@), X" A
g;fh, Y- A ;{{le)) converges to (Z*(- A ;j}e), X*(- A g‘}[), 0) uniformly on [0, T]
as n — 00, and we have (7.47), we see that a.s., for all t € [0, T'],

l/\
(7.48) Z*(1 ACjy,) =X (t AL, +o+—/ y(Z*(s)) dL*(s).

On letting £ — oo, we see that a.s., (7.34) holds for all ¢ € [0, T']. Since T > 0 was
arbitrary, the desired result follows. [J

The following is immediate from the above theorem and weak uniqueness for
solutions of the CLE.

COROLLARY 7.2. The sequence {(Z", L")} converges weakly to (Z*, L*) as
n — 00, where Z* is a solution of the constrained Langevin equation with initial
distribution 9V, and L* is the associated auxiliary local time process.

PROOF. Since we have C-tightness and uniqueness in law for solutions of the
CLE, this follows from a standard real analysis argument. Indeed, by the preced-
ing theorem, any subsequence of {(Z", W, L")} has a further subsequence that
converges to some (Z*, W*, L*), which defines a solution of the CLE, together
with its two auxiliary processes, where the initial distribution of Z* is ©#V. By
the uniqueness in law of Corollary 6.1, given 9V, the distribution of (Z*, L*) is
unique, no matter what converging subsequence was used. It follows, by a stan-
dard argument by contradiction, that the sequence {(Z", L")} converges weakly to
(Z*, L*), where Z* is a solution of the CLE with initial distribution " and L* is
the associated local time process. [

8. Numerical examples. In this section, we present results of some numerical
experiments, to illustrate the practical use of the constrained Langevin approxima-
tion proposed here. We consider three different examples of reaction networks: in
the first example, a simple chemical reaction network whose deterministic model
RRE has only one stable steady-state (near the boundary) is considered; for the sec-
ond example, we consider the Brusselator chemical reaction set that has a limit cy-
cle for the deterministic RRE; and, for the third example, we consider a (bistable)
chemical reaction network for which the RRE has two stable fixed points.

For the first and second examples, we performed simulations of the system
evolving over a long period of time to observe the system near steady state. These
simulations were repeated for 10 different runs in order to calculate confidence
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intervals. For each example, we performed simulations for the scaled Markov
Chain Model (MCM), the Linear Noise Approximation (LNA) and the Constrained
Langevin Approximation (CLA) proposed here. For the first example, in order to
compare the behavior near the boundary, we also simulated two modifications of
the Langevin approximation that guarantee nonnegative concentrations. First, we
considered a Langevin approximation in the interior of the orthant, extended by
normal reflection at the boundary. Notice that this contrasts with the CLA pro-
posed here since, in our approximation, the directions of reflection at the boundary
are often oblique. We also considered a modification of the Langevin approxima-
tion which chops off negative values. That is, we simulated a discrete approxi-
mation to the Langevin equation but, after each step of the simulation, any neg-
ative concentrations of chemical species were set to zero. We call the first exten-
sion the “Langevin Equation with Normal Reflection (LE-NR)” and the second the
“Langevin Equation with Chopping (LE-Chop).”

In order to simulate LNA and LE-Chop, the Euler-Maruyama method for SDEs
was used [26, 29]. For the constrained diffusions, that is, for the CLA and LE-
NR, we used the method proposed by Bossy et al. [3], which is also based on the
Euler—-Maruyama method for the interior behavior and approximates the reflection
at the boundary by jumping in the direction of y. It is important to mention here
that the method proposed by Bossy et al. [3] assumes that the SDER has reflection
on a smooth boundary. Although this assumption does not hold here, this was not
a problem for our simulations since they did not cross more than one face of R1 in
one simulation step, and hence the boundary was treated as though it were smooth.
Bossy et al. also assumed a bounded domain, but since our simulations were for
a finite time, with finite replication, we used an approximation by a sufficiently
large bounded domain. Indeed, we believe that the results in [17] could be used to
prove that the processes used in our simulation scheme approximate the SDER so-
lution in distribution. This is an interesting avenue for future research; furthermore,
it would be interesting to develop convergence rate guarantees for such numerical
approximations. In order to simulate the deterministic model, which is used during
the LNA simulation, we used a fourth-order Runge—Kutta method to increase ac-
curacy. For simulating the Markov chain model, the discrete-event Doob—Gillespie
algorithm was implemented. The codes were written in the R programming lan-
guage [30] and ran on a 2.6 GHz Intel Core i5 processor.

8.1. Example 1. In this subsection, we consider the following simple example
of a chemical reaction network comprised of two species S; and S> which are
involved in six reactions, as follows:

cl c3 cs
Si=9, S =0, S1= 5.
(o) cq c6

Notice that we labeled each reaction arrow with their respective normalized re-
action rate constants. In order to observe a system with a low concentration of
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S1 near steady state, we used the following values: ¢| = 1074, ¢ =1, c3=1,
cs = 107, ¢5 = 100, ¢g = 1. The constant V, which denotes the volume of the
vessel times Avogadro’s number, was set to 100. As a starting point for the sim-
ulations, we used the steady-state for the deterministic model, which is approx-
imately given by x? = (0.02, 1.00)’. For the Markov chain simulation, we used
the rounded starting point x° in order to have an initial condition in the lattice
G"2{y/V:ye Zﬁ_}. For the simulation of the diffusion approximations using
the Euler—Maruyama method (or the method proposed by Bossy et al. [3]), we
used the following time step & = 0.01. The simulations were performed up to time
T = 10%, and sampled every A = 0.1. This sampling was performed in order to
compare the Markov chain and the approximations over the same discrete time
steps.

Figure 1 gives a scatter plot of the points sampled during the 10 runs of the
simulation. In this plot, the points corresponding to the Markov chain simulation
lay on the lattice G". Notice LE-NR and LE-Chop are shifted upwards. This can
be explained by the the influence of the reflection direction at the boundary, since
the “correct” reflection direction, as in the CLA, should be oblique, and, near the
origin, is approximately 45° from the inward normal, pointing toward the origin.
Also, the LE-Chop spends more time at the boundary than the Markov chain, sug-
gesting that this truncated approximation is inappropriate to represent the behavior
of the Markov chain near the boundary. In addition, the linear noise approximation
predicts negative concentration values. The mean time consumed to generate the
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F1G. 1. (Example 1) “Heat” scatter plot of the points generated by 10 runs of the simulations up
to time T = 10* (the figures were generated with the LSD R package [33]). The axis labels x| and
Xxo denote concentrations of species S1 and Sy, respectively (or their appropriate approximations).
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TABLE 1
(Example 1) Mean running time in seconds for the simulations. The mean running
time is calculated by averaging the running times over the 10 independent runs.
The 95%-confidence interval for this average is also calculated

Model Mean running time 95%-C.1.

MCM 310.338 s (309.624, 311.052)
LNA 320.178 s (319.645, 320.711)
CLA 308.922 s (307.686, 310.159)
LE-NR 282.607 s (281.706, 283.509)
LE-Chop 251.664 s (251.584, 251.743)

simulations is reported in Table 1. Notice that the time is approximately the same
for every algorithm, since the number of molecules of each species is low. This
example was chosen to show the influence of the oblique reflection direction at the
boundary.

In order to have a more precise measure of the quality of the approximations,
we estimated a discrete density by counting the number of points that lay within
a regular grid of square bins with side lengths given by 1/V, which are centered
around each point of the Markov chain state space (i.e., the two-dimensional lat-
tice GV). The density is estimated by counting the number of points within each
bin divided by the total number of points and the area of the square bin. This pro-
cess is performed for every approximation algorithm at each run. In addition, the
absolute error is calculated by integrating the modulus of the difference between
the discrete density of an approximation and that of the Markov chain. The results
are displayed in Table 2. Since the densities integrate to 1, the maximum possi-
ble absolute error is 2. Notice that CLA gives the lowest error with respect to the
Markov chain.

TABLE 2
(Example 1) Mean absolute error calculated by integrating the absolute difference
between the discrete density for the approximation and that of the Markov chain.
The mean error is calculated by averaging this result over 10 independent runs.
The 95%-confidence interval for this average is also calculated

Model Mean absolute error 95%-C.1.

LNA 0.395791 (0.393330, 0.398252)
CLA 0.206943 (0.203844, 0.210042)
LE-NR 1.775523 (1.770973, 1.780073)

LE-Chop 1.234770 (1.225156, 1.244384)
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8.2. Example 2. In this subsection, we consider the Brusselator reaction set,
where both species S; and S, have inflow and outflow reactions. The reactions are
as follows:

c1 c3 cs €6
S =g, S =g, S1 = S, 281 + S, — 35;.
c c4

The following normalized rate constants were chosen for this example: ¢y =1,
=1 ¢c3=10"% ¢4 = 1074, ¢5s = 11 and ¢ = 10. With these parameters,
the deterministic RRE model for this chemical reaction system exhibits a sta-
ble limit cycle. The constant V, which denotes the volume of the vessel times
Avogadro’s number, is set to 100. The starting point for the simulations was set
to x° = (2, 1)’. For the simulations of diffusion approximations using the Euler—
Maruyama method (or the method proposed by Bossy et al. [3]), we used the fol-
lowing time step /& = 0.01. The simulations were performed up to time 7 = 10%,
and sampled every A =0.1.

Figure 2 gives a scatter plot of the points generated by the simulations. Here,
we can observe that the Markov chain model displays fluctuation around a limit
cycle, which the CLA captures well. However, as has been noted in previous
works (e.g., [34, 39]), LNA does not capture this behavior properly. In fact, os-
cillations build up as time progresses. In Figure 3, plots of x; and x; as func-
tions of time are shown, which shows that LNA oscillates and diverges. The mean
times taken for the simulations are given in Table 3. The mean running time for
LNA is omitted since the simulations diverge when executed for a long period
of time. Notice now that there is a gain in simulating the CLA with respect to
the Markov chain since the number of molecules in the system is larger than in
Example 1.

© — © -
< < -
N — N
(= o -
I I T 1 I 1 T 1
0 2 4 6 0 2 4 6
X4 X1
(a) MCM (b) CLA

FIG. 2. (Example 2) “Heat” scatter plot of the points generated by 10 runs of the simulations
up to time T = 10* (the figures were generated with the LSD R package [33]). The axis labels
x1 and xp denote concentrations of species S1 and Sy, respectively (or their appropriate approx-
imations). The scatter plot for LNA is not shown since LNA oscillates and diverges during a long
simulation.
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FI1G. 3. (Example 2) This figure displays plots of x| and xo versus time over a time period of
T =100, where x1 and x, denote the concentration of molecular species S| and Sy, respectively (or
their approximations). This illustrates that LNA increases in oscillation and diverges during a long
simulation.

8.3. Example 3. For this example, we consider a reaction set that was intro-
duced in [41]. We modify this system slightly by allowing inflow and outflow
reactions for every species and also by keeping track of the substrate concentra-
tion in order to satisfy the mass-dissipating assumption (given by Assumption 3.1).

TABLE 3
(Example 2) Mean running time in seconds for the simulation of MCM and CLA.
The mean running time is calculated by averaging the running times over 10
independent runs. The 95%-confidence interval from this average is also calculated

Model Mean running time 95%-C.1.

MCM 915.332s (912.949, 917.715)
CLA 255.127 s (254.843, 255.410)
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The reactions are as follows:

Cl c3 cs
S1 =g, =0, 3 =0,
e c4 ce

S5+ 8, 328, 28, 2 85, + 85, S| +8 28,

The following values for the normalized reaction rate constants were used: ¢} =
l/m, c2 =001, c3=1, c4 =001, ¢c5 =1, ¢cg =10, ¢c7 = 8/10, cg = 1,
c9 = 1.5/+/10. With these parameters, the deterministic model of this system ex-
hibits bistability with two real stable points near ¥* = (1.2679 - 10~!,2.90328 -
1073,9.97683) and x £ (2.96686, 2.31681, 3.50454). For the simulations of dif-
fusion approximations using the Euler—Maruyama method (or the method pro-
posed by Bossy et al. [3]), we used the time step & = 0.005. The constant V
was again set to 100 and the starting point for the simulations was fixed at
x°=1(0.1,0.1, 10).

With this starting point, the deterministic model converges to the first stable
point x*. However, the Markov chain model, starting at the same point x°, spends
some time near the first stable point x*, but eventually moves away to the vicinity
of the second stable point X', where it stays for a longer period of time.

In order to capture this change of stable points and illustrate this behavior, the
system was simulated during a shorter time period of 7 = 100. Simulation sam-
ples were collected for every time period of size A = 0.1. A total of 100 runs of
duration 7 were constructed for each algorithm and used to generate the scatter
plot of Figure 4. From this figure, we see that the Markov chain spends some time
near x*, but eventually reaches x . This behavior is reproduced by the CLA. How-
ever, since LNA is a linear noise approximation, it only captures the behavior near
the first stable point.

Table 4 shows the average running time taken for each simulation. Again, we
can observe that the mean simulation time for CLA is shorter than that for the
Markov chain. For the LNA, the mean running time is longer than the time for
the CLA due to the fact that we used the fourth-order Runge—Kutta method for
its deterministic part. (It took on average 3.301 seconds to run LNA using Euler’s
method for its deterministic part.)

APPENDIX: PROOFS OF SOME LEMMAS

PROOF OF LEMMA 3.1. Let ¢ denote the explosion time for X: ¢ =
lim;,_, 50 Ty, Where 7, = inf{zr > 0 : | X (¢)| > n}. We shall prove that { = oo a.s.
For a proof by contradiction, suppose that P({ < co) > 0 and let £ > 0 be such
that P(€2;) > 0 for ; = {¢ < t}. Let Z denote the index set for the external input
reactions. Let u € R?, u > 1, be a vector such that (u, vi) < 0 for all k such that
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FI1G. 4. (Example 3) “Heat” scatter plot of the points generated by 100 runs of the simulations up
to T = 100 (the figures were generated with the LSD R package [33]). The axis labels x1, xp and x3
denote concentrations of species S1, So and Sz, respectively (or their appropriate approximations).

TABLE 4
(Example 3) Mean running time in seconds for each simulation. The mean running
time is calculated by averaging the running times over 100 independent runs. The
95%-confidence interval from this average is also calculated

Model Mean running time 95%-C.1.
MCM 9.1989 s (8.782,9.615)
LNA 44227 s (4.398, 4.448)

CLA 2.5721s (2.518, 2.626)
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Ri € #,. Thenon Q;,for0 <s < ¢ <t, we have

(u, X (s)) = (u, X(0)) —I—I;(u, vk)Nk(/O Ar(X (w)) dw)

(A.1) <(u, X))+ ) (u, vr)Ni ' Ap(X (w))dw
e we( )
<(u, X(O))—I—maIx{ u, vg) ZNk(Kkl‘)
kel

where we used the facts that (u, vx) < 0 for all k ¢ Z in the first inequality, that
Ay (x) =k for all k € Z, and that Nj is nondecreasing and s < ¢ in the last line.
Then, on €2;,

d
sup Y | X (s)| < sup(u, X (s))
s<¢ i=1 s<¢
<(u, X(O))—i—maIx{ u, vg) ZNk(Kkt) <00 a.s.,
keT

since Ng(krt) < oo a.s. for all k € Z. Since all Euclidean norms are equivalent,
we have that sup; < |X(s)] < oo a.s. on ;. However, by the definition of ¢,
sup; .. | X (s)| =00 on {¢ < oo}, which contains €2;. This contradicts the assump-
tion that P(2;) > 0. O

PROOF OF LEMMA 4.1. Let x € G’ and j € I (x). Using the fact that x;j=0
and the definition of A, we have

r d -
2\
(n(x),nj) = ZCk(Hxl )vk,nj)=20k< I1 xlv”‘>xj-”‘vjk
k=1 \i= k=1 \i=1(#j)
(A2)

. ck(ﬁxlv”()(vﬁ—O)

k:vj_k:0 [=1

since the kth summand in the second equality will be zero if v;, > 0 because
xj = 0. Now the summands in the last equality in (A.2) are nonnegative and so by
Assumption 3.2(a), which implies that all species have inflows, we have

(A3) (u(x),nj)=cr S aj >0,
J
where the last line defines the constant «;.

Now, let x € G and let Z be the set of indexes associated with external input
reactions. Then we have

’

(A4) (@), —u) =D hp(0) (v, —u) =D 20 [(ve, )| = D el {vr, u)

k=1 k¢ T kez
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where we used the fact that (v, u) < 0 for k ¢ Z, by Assumption 3.1, and that

(vg, u) > 0 for k € Z, since u > 1. Let k}, i=1,...,d, be as in Assumption 3.2,
then

d
(n(x), —u)> (mlnck¢)2x,u, > ekl (ve u)]

(A.5) i=1 keZ
d
= (minck¢)<x, w) = D cil(ve, u)|
i=1 %~
keZ
Then, there exists an «gz41 > 0 such that (u(x), —u) > a4+ for all x € G such

that (x, u) > M*. Therefore the proof is complete with o = mmdﬂ aj. U

PROOF OF LEMMA 4.2. Let § € (0, ﬁ], x € G? and j € I(x). Then, using
analogous arguments to those used to derive (A.2), we have that

(3°(0),nj) = > Ck(nxz x1>6v,;/ﬁ}>(”;rk =~ 0).

kv +=0 =

Since the summands on the right-hand side of the equation are all nonnegative and
at least one of them corresponds to an input reaction by Assumption 3.2, we have
that

(RO(x),nj) > €1 Za; >0,
J

where the constant «; is defined by the last line.
Now let x € G be such that (x,u) > M*. Define the vectors 0,70 e RY as
follows:
b =x1 N P
Y T ey AE =S <V

for 1 <i <d. Then we have that (x® + X%, u) > (x,u) > M* = M* —}—Zflzl u;/V,
which implies that

8 d
(A.6) (x‘S u)>M*+V;ul %9 Ju)>M*+ ;u, V;u,ZM*

since 8 < 1/+4/V. Then, by analogous arguments to those used to derive (A.5), we
have that

Q.

(2° (x), —u) = min ,&Zux, izt ()~ > ek (ve, )]

i=1 keZ

= (minc, ), %) = 3 el (ur, ],

keZ
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since vkj = ¢;. Then (A.6) implies that there is an ag4+; > 0 such that (728 (x),
—u) > ag+1. The result follows by setting o = mmdﬂ aj. O

PROOF OF LEMMA 4.3. Fix m > 0, M > m, and suppose that 7% starts from
z € G satisfying (u, z) < m. Then by (4.12)—(4.17), and the facts that p(x) =
Y k=1 VkAk(x) for all x € G, (u, vx) <0 for all k ¢ 7, and Ax(x) = ¢k for k € Z,
we have that for r > 0,

NS,
(u, Z(S(t/\gM (u, z) +Z (u, vg) / cilizs(syegey ds

keT
mgM
(A7) \/_f (u,o( (Z° (D)) z5(5yegey AW ()
NG,
\/72 u, vi Nk (8 2‘/(; Ckl{Z‘S(s)eGb}ds>'
ke
Let
5 5! )
(A.8) Cc°() = <1 + —) |(ue, vi)|cxt.
ﬁ ke
Then, on taking expectations in (A.7), we have that
(A.9) Ef(u, Z%(t A g3p)) ] <m + CP (1),

where we have used the martingale properties of the stopped stochastic integral
with respect to W and the fact that

ol oo INGY . INEY
Nk <8 /0' ckl{Z‘S(S)GGb} dS) -4 /0' Ckl{Z‘S(S)EGb} ds

is a martingale with respect to a right-continuous filtration to which it is adapted.
From (A.9), we conclude that

(A.10) MP(Zl <t) <m+C%(1)
and so

S
(A1) sup P(cy <1) < %C(”

z€G:(u,z)<m

from which the desired result follows. [

PROOF OF LEMMA 4.4. Recall the definitions of p and ®,, from (4.29) and
(4.31). For0<8<T,t>O m>M*+p, M >m+5p, let

(A.12) Co () = sup P2(gy <1).

7€0,
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For any z € G such that m < (u,z) < M, for A starting from z, we have by
(4.12)-(4.17), (4.23) and (4.30) that for each ¢ > 0,

5 5 5 t/\r,fl/\{[f,l 5
(. Z°(t Aoy A Eiy)) = (w2 2) +f0 (i, (Z° ()25 (516 ds

1 t/\Tfi/\ff/]
S
" W/o (. 0 (Z° ()25 510y AW ()
1 N
+ \/_V(u, Ys(l‘ A ‘L"i A é‘&))
51 tAr,‘El/\;}f/[

+_
V'V Jo

Since M* < M* <m < (u, Z‘S(s)) <M foralls € (0, ¢ /\t,‘z /\Q‘f,,), it follows from
Lemmas 4.1 and 4.2 that there is a constant & > 0 such that for all s € (0,7 A7), A

)
(A.14) (u, n(Z%(s))) < —a and (u, 7°(Z°(s))) < —av.

(A.13)

<M, /18(28 (S)))l{z&(s)eGh} ds.

Thus, we have that

(u, Z°(t AT A LY))
1 INTS NG,
(A15) < (u,Z) +WA <M,U(ZB(S))>1{28(S)EGQ}dW(S)

1 “
+ —=(u, Yo (r A TS A LD)).

vV

Upon taking expectations in the above expression, using the martingale property of
the stopped stochastic integrals with respect to W and of the stopped compensated
Poisson process Yo A r,f, A {;f,,), we obtain

(A.16) Ef{u, Z2(t At A L5))] < (1, 2).
Writing this in terms of the law of 7% on the canonical space (D?, M?), we have
(A.17) EP [, 0t At A2an))] < (1, 2),

where 7,, = inf{s > 0: (u, w(s)) < m}, Ty = +00 if w(s) =9 for all s > 0, and
(u, d) = 0. We will shortly prove that for any m > M* 4+ p, M > m + 5p, m <
(u,z) =M,

(A.18) P2 (T A gy < 00) = 1.

Assuming this holds for the moment, on letting ¢t — o0 in (A.17), we obtain

(A.19) EP [, (T A &an))] < (1, 2).
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Taking account of the fact that w () may jump asitexits {x € G : m < (u, x) < M},
we have that Pf—a.s., (U, w(ty)) =m—pon {r, <ly}and M < (u, w({y)) on
{¢m < i} Hence, (A.19) yields

(A.20) (m — p) P (T < tm) + M P2 Ly < ) < (u, 2).
This implies that

§
(A21) P2y <) = <

andsoforanym21\71*+p,M>m+5,0,m§K<M,wehave

K —m+
(A22) sup Py <t < P
zeG:m<{u,z)<K M—-—m+p

Now, formZM*+p,ﬁ1>m—|—4p and M > m + p, for z € ©,;, we have by
the strong Markov property that

P (Tmtp <m <t) < EF: [l{r,,,+p<;M} w(tm+p)(§M 1]
(A.23) < P (tmsp < ;M)C,m u(®
<Cp y@.
Then for z € ®,,, using the strong Markov property again, we have

Pi(cy <)

= PG <1, {m <1)

)
EF: [l{g,,-,<z}P6(;~)(§M <1)]
= EP[11g, <0 (P () (Tmo < Em =1)

+ Pw({r;l)(CM < Tmtp Em =1))]

(A.24)

EP: [l{imSt}<CSz,M(l) + sup Py (Cu < tmﬂ)))]

xeB;

s +p
<E" |:1{4“m§t}< mom () + ﬂ)]

for M > m + 5p, where we used (A.23) in the second to last line and (A.22) in the
last line, with m replaced by m + p and K =m + p.

Letting sfnﬁ (1) =sup,cp, PZ‘S (¢ <t) and taking the supremum over z € ©,,
in (A.24), we have

m-+ p
(A.25) u@® <& m(z)( () + M—_m>
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If we can prove that there is §p (depending on m, 1, t) such that 0 < §p < ﬁ and
(A.26) Emm() 2 sup & _(1) <1,
0<8<8y

then we have that

ém,ﬂz(t) m—m-+p
_ém,n?(t) M—m

’

(A.27) sup CS /() <
0<8<sy 1

where the right member tends to zero as M — oo, which proves the desired result.

Thus, it remains to prove (A.26) and (A.18). We first prove (A.18). For m, M as
at the beginning of this proof, Z?® starting from z € G satisfying m < (u,z) < M,
on {1:,‘?1 A {;E,I = 400}, we have from (A.15) that for all r > 0,

(A28) (0, 28 (1)) < (. 2) + %M%),

where
(A29) M) & /Ot(u,o(Z‘%s)))l{zs(s)eGO}dW(s)+<u,?‘3<r>>, t>0,

defines a local martingale with respect to the filtration {#;} and Y9 is given by
(4.17). The predictable quadratic variation of M? is given by

t o
(Mg)(t):/o M/F(ZB(S))MI{ZS(S)ch} dS+/(; M/FB(ZS(S))MI{ZB(S)gcb} dS,

where

(A.30) M) 2 ) v (x), x€G.
k=1

In a similar manner to that for (4.9), we have
d ~ ~
(A31) (mi?ck¢)|9|2 <(6.F%x)0) < K@)[0)>  foralld e R? x € G,
1= i

where K (x) = D ki PR E = pIy |vk|2)~»,‘§(x), since Xi is a truncation of Ag.
It then follows that

d
(A.32) (MO)@) = (mi?ckT)Wt o0 ast—s oo,
1= i

where we have used (4.9) and (A.31). By a law of the iterated logarithm for local
martingales [24] (see also [40]), it follows that a.s., on {r,;i A {1‘34 = +00},

MOt
(A.33) liminf# =—00

=00 J(MP)(1)
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Combining (A.28), (A.32) and (A.33), we see that on {t,i A g“jf,, = 400}, a.s.,

(A.34) lim gf(u, Z5(1)) = —

But on {r,i A g,‘f,, = +o0},

(A.35) (u, Z2 (1)) = m,

for all # > 0, and so we must have that

(A.36) P(t), A Ly = +00) =0.

Hence, (A.18) holds. ~
We now fix m > M* + p,m > m + 4p,t > 0, and prove that (A.26) holds
for some §p € (0, «/I_V]' For Z° starting from z € ®,,, in a similar manner to

that in which (A.28) was derived, we have that if 0 < s5; < so <t are such that
m < {u, Z‘s(s)) <m for s1 < s < s7, then

(A.37) (u, Z°(s2)) — (u, Z°(s1)) < %(Ma(m — M%(s1),

where M? is defined by (A.29). Now, the stochastic integral with respect to W in
M? can be time-changed to a Brownian motion, B%1 5o that

(A38) M) 2 /0 .0 (22 )1 3(516m) AW () = B (MO ).

where the quadratic variation of M?! is given by

v
(A.39) (MDY (v) :fo (1, T(Z ($))u)l{ 75 (5)c oy d5-
Let C(V,m,m) = M and K; be a constant such that for all x € G
satisfying (u, x) <m we have
(A.40) W TP Ou <u'T(xu < K.
Then

8.1

IF’(OIB?EJM (s AL = C(V,m, i)

(A41) < IP’((M‘S’I)(t A f,%) > Ta(m,ﬁi))

<P(K;ut = Y°(m, m)) = B,

where Y%(m, m) = inf{s > 0: |B®>!(s)| > C(V,m,m)} is the first time that the
absolute value of a one-dimensional Brownian motion is of size C(V, m, m), and
B € (0, 1) depends only on ¢, m, m, but not on § or the starting point z € ®,,, for VAR
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Considering upcrossings from where (1, Z°) < m + 2p to where (u, Z°%) > i
that are needed to ensure that ¢ ’% <t, forany 0 < § < dy, z € O, with VA 0) =7z,
we have

P2 (G < 1) <P((u, Z°(s2)) = (u, Z°(s1)) = i — (m + 4p)
and m +2p < (u, Z°(s)) < i for all s € (s1, 52),
for some 0 < 57 <52§§‘§ <t)

(A.42) <]P’(max IMOY(s A )| =C(V,m, m))

0<s<t
+P((u, Y2 (52)) — (u, Yo(s1)) = vV (i — (m 4 4p)) /2
and m +2p < (u, Z(s)) < i for all s € (s1, 52),

for some 0 < s <sz§{,§, <t).

By the preceding paragraph, the second last probability in the above is bounded by
B € (0, 1) that is independent of § and z € ®,,. We now focus on showing that the
last probability can be made arbitrarily small [in particular, less than (1 — 8)/2,
uniformly for all z € ®,,], provided that § is sufficiently small.

First, notice that forze G satisfying m—+p <{u,z) <m,(A.13) holds with the
stopping time 7, A {M replaced by 70 A ;“% . Therefore, using (A.14) and in a

m+p
similar manner to how (A.16) was derived, we have

m<E[u, Z°(t Aty y, AEY))]

S 'a tArmﬂj/\;
S(M,Z>_ WE[/O 1{25(‘Y)€Gh}dsi|'

Hence, for any z € G satisfying m 4+ p < (u, z) <m + 3p, we have

s[ (1A T+ G VV3ps
(A43) E” [/0 1{w(s)eGb}ds}g =

We shall use this inequality further below.

Now, let r,fl’f: o= Oand for k=1, 2, ..., inductively define

{,i’izg inf{s > r,iipl (u, Z‘S(s)) >m+2p},

,i_lﬁp inf{s Qiiz; (u, Z‘S(s)><m+,0}

Also, in order to simplify the notation in the expression below, let us define Dy =

> . 8,k—1 8,k—1
max i1 oot o 0 F26)) = e P00 on 16,850 <1 A ¢3). Then,
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for Z%(0) = z € ©®,,, we have
P((u, Yo (s2)) — (u, Yo(s1)) = V/V (it — (m + 4p))/2 and
m+2p < (u, Z‘S(s)) <m forall s € (s1, $2),

forsome0§s1<sz§§,;§1§t)

(A.44)

P(Dy > C(V,m, i) and 257!

3
m+2p A é‘ﬁz)

A
2

a~
Il

E[P(Dx = C(V,m, m)|.7:sk B) Py

m+2p {§m+2p

IA
2

<t/\§;§l}]'

~
Il
—_

On {é“ri’i;,; =IA g“n‘%}, we have, using a conditional version of Doob’s L2-

maximal inequality and the strong Markov property of Z°, that

Pla max e POl Pz cmm | Fu)
m+2p =%=tm+p n
< %EU e NG u' T (Z° ()l 255y e ) 5| F i ,]
Ass) (C(V.m, )2 L
4K P;S,k—l Tnt-p NG
12K;  JVpé

“(CWV,mm)? o

where we used (A.43) for the last inequality.
Substituting the above in (A.44) and then using that in (A.42), we obtain for all
dand z € O,

o
PX(tq <0) < p+8C(V.m. i, p) Y P(eniy) <t Agl)
k=1
(A.46) o
<B+CV,m i, p)Y Pt <t ngd),
k=1
= ~ 12K/ Vo 8k 1
where C(V,m,m, p) = 2V man)? and we have used the fact that Cony 0 =
85.k—1 o
Tm+p .

We now proceed to estimate the sum in (A.46). We first note that

(A.47) ZE Sk U pok= 1)/\t|.7:5k 1]1 8,k—1

m+2,0 m—l—p m+p m+p

}] <2t.

<tngd
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On { ,flipl <tA g“n‘%}, we have Z‘S(r‘sipl) € ®,, and by the strong Markov prop-
erty of Z9,

Sk—1 _ _8k—1
(A.48) E[(§m+2p — Twitp ) A t|.7:’iip1] > xle%fm EP ? [{m+2,0 At].

Let f be a twice continuously differentiable, nondecreasing function on the
real line that is an approximation to the function y — (y — m)™. In particular, we
choose f such that f(y) =0fory<m and f(y)=(y —m)* fory >m + p, f’
is nondecreasing, 0 < f”(y) <2 for m <y <m + p. [Note that f”(y) = 0 for
y <m and y > m + p.] Then by applying It&’s formula (see [15], page 57) to f
and (u, Z%) [cf. (A.13)], with Z%(0) € ©,,, for any stopping time n <t A {%, we
have

U ) = f(u, Z° )

= f(lu, Z°(0))) + / (u, Z2 ). 11(Z° ()11 25 (5)e o) ds

(u, Z2 ), 7°(Z° ()75 () vy ds

5f/

e +\7V/0 F/((u, Z° ), o (Z° ()25 (5)eco) AW ()
+ \%V/On F((u, Z2(s=))) du, Y (s))
1 n /! /
+ ﬁ/ " ((u, Z5(s)))u F(Z’S(s))ul{zs(s)eGo}ds

+ 3 (fllu. 2 @) — (. Z°s-))

O<s<n

— f'({u, Z°(s=)))u, AZ(5))),

where AZ%(s) = Z%(s) — Z%(s—) denotes the jump of Z° at s (if there is one). By
using Taylor’s theorem with remainder the last term above equals

- Z I (s Z2(s=))) ((u. AZP ()
0<s<n

(A.50)

r

=— Z £, Z2 =) D, ve) AT (s),

0<s<n k=1

where Z° (s) is a point on the line segment between Z%(s—) and Z%(s). Substi-
tuting this in (A.49), and using the facts that 0 < f’ < 1 everywhere, f’' =0 and
f”=0o0n (—oo,m], f"=0o0n[m+p,00),0=< f"<2,and (u, n(x)) < —
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(u, i (x)) < —a whenever (u, x) > m, we obtain

n
U () <U(0) — 06/0 I ({u, Z(S(s)>)1{(u,25(s))>m,Z5(s)eG°}ds
o / 1)
- V I, Z2 N, 20 (5)y=m, 2 (s)eGby 45

/ (u, Z°(s)))u, 0 (Z°(s)))
(A.51) X L, 25 (5))>m, 25 (5)eGoy W (5)

1 n ~
+—/ /u,Z‘Ss— du,Y‘Ss
77 Jy e 226N dlu. 1)
1 n ! §
+ —/ W' T(Z°())ul iy <. 28 (5)) <mtp. 25 (s)eGo) 4S

8 & ~5.b
= N, w20 ().
Vo

Now, with Z%(0) € ©,,, for a € (0,1), since f is nondecreasing and f(y) =
(y —m)™T for y > m 4+ p, we have

P(¢hap = a) = 1= P( sup U(s Agh) —U'(0) = p)

0<s<a

21—]P’< max N‘S’i(n)z,o/4forsomei6{1,2,3,4}),

0<n<ant}

where we have used (A.51) for the second inequality and

N = [ 7 2 Ot 0 (2 Ny 280y 2301060 AW ),
\/V 0 {(u,Z°(s))>m,Z°(s)eG°}
02 = — [ 5 (. 226 d P ),
V'V Jo
N3 @) = l/n u'T(Z%(s))ul s 5 ds
v o {m<(u,Z°(s))y<m+p,Z°(s)eG°} ’
8% .
N4 =323, v 20" ().
k=1

The quadratic variation for v/VAN®! satisfies

n
(VYN :/0 (f"((u, Za(S))))zu/r(Za(S))UI{w,zﬁ(s))>m,zé(s)eG°}ds

< Kin,
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whenever n < ;n‘%. It follows in a similar manner to (A.41) that

]P’( max  N%1(s) > ,0/4) <P(Kja>Y(Vp/4)),

OESSaAgg

where Y (v/V p/4) is the first time a one-dimensional Brownian motion reaches
the level /V p/4. The right-hand side above tends to zero as a — 0 and so there
is a1 € (0,¢) (not depending on § and valid for all initial values of Z% in ©,,)
such that the probability on the right above is less than 1/8 for all 0 < a < a;. By
Doob’s L? maximal inequality, we have in a similar manner to that in (A.45)

angy .
]P’( max |/\/“(s)|>p/4)<—H-z[/O u/Fa(Za(s))ul{Za(s)egb}ds]

O<s<a/\§‘
- 64K,;,a‘
=< —Vp2
Let a; € (0,ay) such that the last expression is less than 1/8 for all a < ay. For
N33 we will have MaX <y <qn N33(s) < p/4 whenever a < a3 = pV/(8K;).
Since A/%# is an increasing process, we have by Markov’s inequality

IP’( max ./\/'8’4(s)2,0/4)

O0<s<ang;

482

—Z (u, vg)? (a/\gn‘%)]

432 - 2 2 [N zs s
pV (u,vk) E|:8_ /(; )\.k(Z (S))I{Z‘S(S)GGb}dsiI

’

,oV
where Cpj = > ) (u, ve) 2 sup{ir(x) : x € G, (u, x) <} and we have used the
fact that Ai(x) < X(x) for x € G. Let a4 € (0, ay A a3z) such that the last term

above is less than 1/8 for all a < a4.
Combining all of the above, it follows that for all a € (0, a4],

3
P(¢) 40, > a) > 1 -3z 12
This is true for all starting points of Z°® in ®,,, and so it follows that since a4 < t,

(A.52) inf E X[§m+2p At] >

xX€O,,

Combining this with (A.48) and (A.47), we obtain

(A.53) ZE[I skt =
k=1
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and substituting this in (A.46), we obtain

48tC(V,m,m, p)

(A.54) PlGn<t<pB+
as

It follows that there is 8o € (0, 1/+/V) such that the above expression on the right
is strictly less than (1 — g8)/2, for all z € ®,, and all 0 < § < §p. This completes
the proof of (A.26). [J

PROOF OF LEMMA 6.1. Consider Ag, k=1,...,r, u,and I" to be defined on
R4 by (3.7), (4.7) and (4.8), respectively. We begin with the definition of I"y;. For
€ € (0, 1), define G, £ (x e R4 : dist(x, Gy) < €}. Notice that for x € G¢,, we
have —e <x; < M/u; 4+ € foreach 1 <i <d. Since u > 1 and € < 1, we have that
M/ui+e¢ <M+ 1forl <i <d. Then, for x € G5,

d _ _ _
i (x) = ¢k Hxl-v”‘ =ck< I1 xl.l)ik>< I x?“‘)
i=1 ix; <0 i:x;>0

(A.55)
> ck(—e)( [T+ 1)”7k> > —cpe(M + DU

i:x;>0

where [v,~ 1= Zl 1 V- Let 6 € RY x e G, and denote by 7 the index set asso-
ciated with the external input reactions. Then

(A56) (0. T()0) =D ae(x)(0, ve)> =Y il vi)* + Y () (0, ve)™.
k=1 keZ ke¢T

Let {kiT, 1 <i < d} denote the indices for the input reactions of Assumption 3.2(a).
Then, by (A.55) and (A.56),

(0.7 (x)6) = Zw — > cxe(M + DO > = 1017 (bo — eby),
' k¢T

where by £ min? 1 ckT and b; & > kgz Ck(M + DWeljvg|?. Therefore, T is uni-

formly elliptic on G, for € < bo/b;. Fix an € € (0, bo/by) and let ¢, € COO(IRid)
be such that 0 < ¢, (x) <1 for all x € RY, @e =1 on Gy and ¢, = 0 outside of
G- Then the function I'y : :RY — S9%4 defined as

(A.57) Ty (x) £ ge ()T (x) + (1 — ge(x))]
is uniformly elliptic on R4 In fact, for x, 6 € R,
(0, Tar(x)0) > 01> ((bo — €b1) A 1).

Now we show that the symmetric positive definite square root s of Iy is uni-
formly Lipschitz continuous on R?. First, note that I is continuously differentiable
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on RY, and it, together with its first partial derivatives, is uniformly bounded on the
compact set G,. It follows from (A.57) that I'y; is continuously differentiable on
R? and its first partial derivatives are bounded on R?. Hence I'y; is uniformly
Lipschitz continuous on R4, Then, by Theorem 5.2.2 of [35], we have that oy is
uniformly Lipschitz continuous on R¢.

Similarly, define pp : RY — R? by par(x) £ e (x)p(x). Since u is contin-
uously differentiable on R? and 5 has compact support, it follows that ptp is
uniformly Lipschitz continuous on R?.

We now define y)s. Lemma 4.1, together with the fact that ng41 = —u/|u|,
implies that there is a constant o3 > 0 such that

(A.58) (n(x),nj)=ay  forall j € Iy(x),x € Gh.

For n € (0, 1), let

(A.59) Ghl 2 (x e RY - dist(GY,, x) < n}.

We have that | (x)| > aps forall x € Gﬁ,[ by (A.58). Then by the continuity of u,
there is an 1 € (0, 1) such that

(A.60) ()] = O‘TM for all x € G5,

n
Let ¥, € CSO(]Rd) be such that 0 < ¥, (x) <1, ¥,(x) =1 for x € Gi,’lz and
Yy (x) = 0 outside of Gﬁ,’[". Define yy : RY — R? as follows:
p(x)

(A.61) ym (x) £ wmm + (L= ¢y (x))er.

Then since p is twice continuously differentiable on R4 and we have (A.60), VM
is twice continuously differentiable on R, and yy; agrees with y = |Z—| on G},’w.
n

b,5 . . . .
Moreover, yy = |Z—‘ on G,,” and so is of unit length in a neighborhood of Gé’w.

Also, being equal to a constant vector outside of Gﬁ,’[", yp 1S a constant vector
outside of a compact set.
It remains to show that there is a 8 € (0, 1) such that

U Bis(x —tym () € (G3)¢  forx e Ghy.
0<t=<p

Let

Be (o, L/ — 1).
Sup e 114(2)]

Suppose x € Gt t €0, Bland y € B/g(x — tym(x)). To prove that y € (G},)°,
since G}, ={z € R? : (z,nj) >0, for j=1,...,d, and (z,nq41) > —M/|ul}, it
suffices to show that

(nj,y—x)<0 for some j € Ip(x).
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Indeed, since y € B;g(x — tym(x)), there is dy € R? such that |dy| < tB and
y=x—typy(x)+dy,
and then for j € Ij/(x),
(nj,y—x)={nj, —tym(x) +dy)
=—tlnj, ym(x))+ (nj,dy)
< —t{nj, ym@x))+Injlldy|
- —tay
"~ sup g |1(2)]

by (A.58), the definition of y), and choice of 8. Thus, y € (G3,)¢. U

+18 <0,

PROOF OF LEMMA 7.1. Let x € G?, we have the following by the triangle
inequality and Lemma 4.1(i):

2 P ~
7" () —y ()] < =[2" ) — )] < = Y [url|AF () — A ()]
o ak_l

Therefore, it is enough to show that the statement holds with ):Z and Ay replacing
" and y, respectively, for 1 <k <r.

Let M > 1 and ¢ > 0. Since §, decreases monotonically to zero as n increases,
there is n, > 1 such that

eV

maxy, j ckvj_kM[”k_] 41

(A.62) 8y <

for all n > n,, where [v, "] £ Zf;l v;;- Then, for x € G" such that x| <M, and
n > ng, let us define

k . . Uj_kan
Ni@)=11<j<d:0<x; < =t

for 1 <k <r. Notice that if N*(x) = @, then Ax(x) = A% (x), which implies that
(A.63) |AL(x) — A (x)] < e.

Suppose now that there is a j € N/ ,f (x). Then we have

d _d -

~ v v Vir l)~k5n -

Ak () = A ()] = ‘0_ a [ x| =ax; [Tx™ < Ck]TM[”k ],
i=1 i=1 14

i#]
where we used the facts that x; < vj_kén/\/v and that |x;| < M, for 1 <i <d.
Since n > ng, §, satisfies (A.62), and therefore (A.63) holds. Since the choice of

x € G? such that x| <M,n>ng, and 1 <k <r, was arbitrary, the result follows.
O



1606 S. C. LEITE AND R. J. WILLIAMS

Acknowledgments. We are grateful to Paul Dupuis for permitting us to in-
clude elements of a private communication with him, relating to a modification of
the uniqueness argument given in [5]. We would also like to thank Bence Melykuti
for helpful feedback, as well as an Associate Editor and two anonymous referees
for constructive comments and suggestions, on the first version of this paper.

REFERENCES

[1] ANDERSON, D. F., HIGHAM, D. J., LEITE, S. C. and WILLIAMS, R. J. (2019). On con-
strained Langevin equations and (bio)chemical reaction networks. Multiscale Model.
Simul. 17 1-30. MR3895328
[2] ANDERSON, D. F. and KUrTZ, T. G. (2011). Continuous time Markov chain models for
chemical reaction networks. In Design and Analysis of Biomolecular Circuits (H. Koeppl,
G. Setti, M. d. Bernardo and D. Densmore, eds.) 3—42. Springer, New York.
[3] Bossy, M., GOBET, E. and TALAY, D. (2004). A symmetrized Euler scheme for an efficient
approximation of reflected diffusions. J. Appl. Probab. 41 877-889. MR2(074829
[4] Dupuis, P. and IsHII, H. (1990). On oblique derivative problems for fully nonlinear second-
order elliptic partial differential equations on nonsmooth domains. Nonlinear Anal. 15
1123-1138. MR1082287
[5] Dupuis, P. and IsHII, H. (1993). SDEs with oblique reflection on nonsmooth domains. Ann.
Probab. 21 554-580. Correction 36(5) (2008) 1992-1997. MR1207237
[6] ETHIER, S. N. and KURTZ, T. G. (2005). Markov Processes: Characterization and Conver-
gence, 2nd ed. Wiley, New York. MR0838085
[7] FEINBERG, M. (1979). Lectures on chemical reaction networks. Delivered at the Math-
ematics Research Center, Univ. Wisconsin-Madison. Available at https://crnt.osu.edu/
lectures-chemical-reaction-networks.
[8] GILLESPIE, D. T. (1976). A general method for numerically simulating the stochastic time
evolution of coupled chemical reactions. J. Comput. Phys. 22 403—434. MR0503370
[9] GILLESPIE, D. T. (1977). Exact stochastic simulation of coupled chemical reactions. J. Phys.
Chem. 81 2340-2361.
[10] GILLESPIE, D. T. (1992). A rigorous derivation of the chemical master equation. Phys. A 188
404-425.
[11] GILLESPIE, D. T. (2000). The chemical Langevin equation. J. Chem. Phys. 113 297-306.
[12] GILLESPIE, D. T. (2001). Approximate accelerated stochastic simulation of chemically react-
ing systems. J. Chem. Phys. 115 1716-1733.
[13] HIGHAM, D. J. (2001). An algorithmic introduction to numerical simulation of stochastic dif-
ferential equations. SIAM Rev. 43 525-546. MR1872387
[14] HIGHAM, D. J. (2008). Modeling and simulating chemical reactions. SIAM Rev. 50 347-368.
MR2403055
[15] JAcoD, J. and SHIRYAEV, A. N. (2003). Limit Theorems for Stochastic Processes, 2nd ed.
Grundlehren der Mathematischen Wissenschaften [ Fundamental Principles of Mathemat-
ical Sciences] 288. Springer, Berlin. MR1943877
[16] KANG, W. and RAMANAN, K. (2017). On the submartingale problem for reflected diffusions
in domains with piecewise smooth boundaries. Ann. Probab. 45 404-468. MR3601653
[17] KANG, W. and WILLIAMS, R. J. (2007). An invariance principle for semimartingale reflecting
Brownian motions in domains with piecewise smooth boundaries. Ann. Appl. Probab. 17
741-779. MR2308342
[18] KARATZAS, I. and SHREVE, S. E. (1991). Brownian Motion and Stochastic Calculus, 2nd ed.
Graduate Texts in Mathematics 113. Springer, New York. MR1121940


http://www.ams.org/mathscinet-getitem?mr=3895328
http://www.ams.org/mathscinet-getitem?mr=2074829
http://www.ams.org/mathscinet-getitem?mr=1082287
http://www.ams.org/mathscinet-getitem?mr=1207237
http://www.ams.org/mathscinet-getitem?mr=0838085
https://crnt.osu.edu/lectures-chemical-reaction-networks
http://www.ams.org/mathscinet-getitem?mr=0503370
http://www.ams.org/mathscinet-getitem?mr=1872387
http://www.ams.org/mathscinet-getitem?mr=2403055
http://www.ams.org/mathscinet-getitem?mr=1943877
http://www.ams.org/mathscinet-getitem?mr=3601653
http://www.ams.org/mathscinet-getitem?mr=2308342
http://www.ams.org/mathscinet-getitem?mr=1121940
https://crnt.osu.edu/lectures-chemical-reaction-networks

(19]
(20]

[21]

(22]
(23]

[24]

(25]

[26]
[27]

(28]

[29]
(30]

(31]

(32]
(33]

[34]

(35]

(36]

(37]

(38]

CONSTRAINED LANGEVIN APPROX. FOR REACTION NETWORKS 1607

KOMLOS, J., MAJOR, P. and TUSNADY, G. (1975). An approximation of partial sums of inde-
pendent RV’s and the sample DF. 1. Z. Wahrsch. Verw. Gebiete 32 111-131. MR0375412

KuUrTz, T. G. (1972). The relationship between stochastic and deterministic models for chem-
ical reactions. J. Chem. Phys. 57 2976-2978.

KuURrTZ, T. G. (1976). Limit theorems and diffusion approximations for density dependent
Markov chains. In Stochastic Systems: Modeling, Identification and Optimization, I (R.].-
B. Wets, ed.). Mathematical Programming Studies 5 67-78. Springer, Berlin.

Kurtz, T. G. (1977/78). Strong approximation theorems for density dependent Markov
chains. Stochastic Process. Appl. 6 223-240. MR0464414

KurTz, T. G. (1981). Approximation of Population Processes. CBMS-NSF Regional Confer-
ence Series in Applied Mathematics 36. SIAM, Philadelphia, PA. MR0610982

LEPINGLE, D. (1978). Sur le comportement asymptotique des martingales locales. In Sémi-
naire de Probabilités, XII (Univ. Strasbourg, Strasbourg, 1976/1977). Lecture Notes in
Math. 649 148-161. Springer, Berlin. MR0520004

MANNINEN, T., LINNE, M. and RUOHONEN, K. (2006). Developing It6 stochastic differential
equation models for neuronal signal transduction pathways. Comput. Biol. Chem. 30 280—
291. DOI:10.1016/j.compbiolchem.2006.04.002.

MARUYAMA, G. (1955). Continuous Markov processes and stochastic equations. Rend. Circ.
Mat. Palermo (2) 4 48-90. MR0O071666

McADAMS, H. H. and ARKIN, A. (1997). Stochastic mechanisms in gene expression. Proc.
Natl. Acad. Sci. USA 94 814-819.

MELYKUTI, B. (2010). Theoretical advances in the modelling and interrogation of
biochemical reaction systems: Alternative formulations of the chemical Langevin
equation and optimal experiment design for model discrimination. Ph.D. the-
sis, Dept. Statistics, Univ. Oxford. Available at: http://ora.ouls.ox.ac.uk/objects/uuid:
d368c04c-b611-41b2-8866-cde16b283b0d.

PLATEN, E. (1999). An introduction to numerical methods for stochastic differential equations.
Acta Numer. 8 197-246. MR1819646

R CORE TEAM (2016). R: A Language and Environment for Statistical Computing. R Founda-
tion for Statistical Computing, Vienna, Austria.

ROGERS, L. C. G. and WILLIAMS, D. (2000). Diffusions, Markov Processes, and Martingales.
Vol. 2. Ité Calculus. Cambridge Univ. Press, Cambridge. Reprint of the second (1994)
edition. MR1780932

SCHNOERR, D., SANGUINETTI, G. and GRIMA, R. (2014). The complex chemical Langevin
equation. J. Chem. Phys. 141 024103. DOI:10.1063/1.4885345.

SCHWALB, B., TRESCH, A., TORKLER, P., DUEMCKE, S. and DEMEL, C. (2015). LSD: Lots
of superior depictions. R package version 3.0.

ScoTT, M. and INGALLS, B. P. (2005). Using the linear noise approximation to character-
ize molecular noise in reaction pathways. In Proceedings of the AIChE Conference on
Foundations of Systems Biology in Engineering (FOSBE), Santa Barbara, California.

STROOCK, D. W. and VARADHAN, S. R. S. (2006). Multidimensional Diffusion Processes.
Springer, Berlin. Reprint of the 1997 edition. MR2190038

SzPRUCH, L. and HIGHAM, D. J. (2009/10). Comparing hitting time behavior of Markov
jump processes and their diffusion approximations. Multiscale Model. Simul. 8 605-621.
MR2600298

TURNER, T. E., SCHNELL, S. and BURRAGE, K. (2004). Stochastic approaches for modelling
in vivo reactions. Comput. Biol. Chem. 28 165-178.

VAN KAMPEN, N. G. (1961). A power series expansion of the master equation. Can. J. Phys.
39 551-567. MR0128921


http://www.ams.org/mathscinet-getitem?mr=0375412
http://www.ams.org/mathscinet-getitem?mr=0464414
http://www.ams.org/mathscinet-getitem?mr=0610982
http://www.ams.org/mathscinet-getitem?mr=0520004
https://doi.org/10.1016/j.compbiolchem.2006.04.002
http://www.ams.org/mathscinet-getitem?mr=0071666
http://ora.ouls.ox.ac.uk/objects/uuid:d368c04c-b611-41b2-8866-cde16b283b0d
http://www.ams.org/mathscinet-getitem?mr=1819646
http://www.ams.org/mathscinet-getitem?mr=1780932
https://doi.org/10.1063/1.4885345
http://www.ams.org/mathscinet-getitem?mr=2190038
http://www.ams.org/mathscinet-getitem?mr=2600298
http://www.ams.org/mathscinet-getitem?mr=0128921
http://ora.ouls.ox.ac.uk/objects/uuid:d368c04c-b611-41b2-8866-cde16b283b0d

1608 S. C. LEITE AND R. J. WILLIAMS

[39] WALLACE, E. W. J., PETZOLD, L. R., GILLESPIE, D. T. and SANFT, K. R. (2012). Linear
noise approximation is valid over limited times for any chemical system that is sufficiently
large. IET Syst. Biol. 6 102-115.

[40] WANG, J. G. (1995). The asymptotic behavior of locally square integrable martingales. Ann.
Probab. 23 552-585. MR1334161

[41] WILHELM, T. (2009). The smallest chemical reaction system with bistability. BMC Syst. Biol.
390.

[42] WILKIE, J. and WONG, Y. M. (2008). Positivity preserving chemical Langevin equations.
Chem. Phys. 353 132-138.

[43] WILKINSON, D. J. (2006). Stochastic Modelling for Systems Biology. Chapman & Hall/CRC,
Boca Raton, FL.. MR2222876

CENTRO DE MATEMATICA, COMPUTACAO DEPARTMENT OF MATHEMATICS

E COGNICAO UNIVERSITY OF CALIFORNIA, SAN DIEGO
UNIVERSIDADE FEDERAL DO ABC 9500 GILMAN DRIVE
Av. DOS ESTADOS 5001 LA JoLLA, CALIFORNIA 92093-0112
SANTO ANDRE, SP, 09210-580 USA
BRAZIL E-MAIL: williams @math.ucsd.edu

E-MAIL: saul.leite @ufabc.edu.br


http://www.ams.org/mathscinet-getitem?mr=1334161
http://www.ams.org/mathscinet-getitem?mr=2222876
mailto:saul.leite@ufabc.edu.br
mailto:williams@math.ucsd.edu

	Introduction
	Existing diffusion approximations
	Our constrained Langevin approximation
	Outline of the rest of the paper

	Preliminaries and notation
	Chemical reaction networks
	Assumptions on the chemical reaction network
	The scaled system

	Motivation and preparation for the constrained Langevin approximation
	Approximation inside G
	Jump-diffusion approximation
	Inequalities for µ and µdelta
	Estimates for hitting times by Zdelta

	Deﬁnition of the constrained Langevin equation (CLE)
	Pathwise and weak uniqueness for the CLE
	Weak convergence of a sequence of jump-diffusion processes
	Tightness
	Characterization of the weak-sense limit

	Numerical examples
	Example 1
	Example 2
	Example 3

	Appendix: Proofs of some lemmas
	Acknowledgments
	References
	Author's Addresses

