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Abstract

In this work, we study mixed layer lateral dispersion that is enhanced by near-inertial internal Poincaré
waves in the offshore region of a large stratified lake, Lake Michigan. We examine the hypothesis that the
vertical shear created by near-inertial internal Poincaré waves is not only an energy source for vertical mixing
in the thermocline and mixed layer, but also enhances horizontal dispersion via an unsteady shear flow dis-
persion mechanism. Complex empirical orthogonal function analysis reveals that the dominant shear struc-
ture is observed to mirror the thermal structure, with the location of maximum shear gradually lowered as
the mixed layer deepens. This changing structure of shear and vertical mixing produces different characteris-
tics in shear flow dispersion between the early and later stratified periods. The estimated depth-averaged sur-
face layer vertical turbulent diffusivity grows from 10™° m?s™! to 107 m2s~! over the stratified period, and
the associated lateral dispersion coefficients are estimated as 0.1-40 m?s~!. The Poincaré waves are found to
enhance greatly lateral dispersion for times less than the inertial period following release. In contrast, sub-
inertial shear is the dominant mechanism responsible for shear dispersion for times greater than the inertial
period. A simple approximation of the dispersion coefficient for lateral dispersion is developed, which scales
as the product of surface current velocity (or wind friction velocity) and mixed layer depth. The calculated
dispersion coefficients agree well with Okubo’s diffusion diagram for times up to a week, which suggests that
unsteady shear dispersion is a plausible mechanism to explain observed dispersion rates in the mixed layer
for early times after release.

The lateral spread of substances in the mixed layers of
oceans and large lakes is directly driven by physical proc-
esses, and the development of relationships between particu-
lar physical processes and the net dispersion of natural and
anthropogenic materials is an important step in the refine-
ment of numerical models that can predict dispersion char-
acteristics of algae (Wynne et al. 2011), larvae (Beletsky et al.
2007; North et al. 2008) and oil spills (Dietrich et al. 2012)
in these systems. The focus of this article is the horizontal
dispersion of substances released into the surface layer in an
offshore region of a large stratified lake (Lake Michigan) and
the role of near-inertial internal Poincaré waves—which
dominate offshore surface lake currents for most of the
year—on lateral dispersion. The results described herein
should be expected to apply to other wind-driven ocean and
lake systems where low-mode, near-inertial internal wave
shear is dominant and persistent in the thermocline and
mixed layer.

*Correspondence: troy@purdue.edu

Previous oceanic and large lake work has examined the
roles of low-mode near-inertial internal wave shear in verti-
cal mixing (MacKinnon and Gregg 2005; Van der Lee and
Umlauf 2011; Bouffard et al. 2012), showing that these
waves can cause substantial shear over pycnoclines, enhanc-
ing vertical mixing. However, while the role of internal
wave-induced shear on lateral dispersion has been shown to
be important (Steinbuck et al. 2011), to our knowledge no
study has examined the role of low-mode near-inertial inter-
nal wave shear in surface layer lateral dispersion. In this arti-
cle, a Lagrangian particle tracking model is used with ADCP-
measured velocity fields to quantify lateral mixed layer dis-
persion and link it to physical processes.

Measurements have shown that near-inertial internal
Poincaré waves dominate offshore surface currents in large
lakes during the stratified period (Mortimer 2004; Bouffard
et al. 2012; Choi et al. 2012; Austin 2013). At the center of
southern Lake Michigan, for example, the internal Poincaré
wave is frequently observed to account for more than 80%
of the total kinetic energy of surface layer currents during
the stratified period (Choi et al. 2012 and results described
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herein). Internal Poincaré waves in Lake Michigan have a
very low Burger number (§; = % ~ 1072, where ¢; is the long
internal wave speed, f is the Coriolis parameter, and R is the
basin radius; Antenucci and Imberger 2001), and thus the
dominant Poincaré modes have near-inertial periods (17-
18 h, typically). This near-inertial energy is manifested as
clockwise-rotating (in the northern hemisphere) velocity
fields that are largely in phase across the entire lake (Mor-
timer 2004; Ahmed et al. 2013); we show later that the verti-
cal structure of the wave-induced currents is well-described
by the lowest baroclinic (normal) mode.

With the large amount of offshore surface mixed layer
energy associated with the internal Poincaré mode, a logical
question is: how/do these waves affect lateral dispersion?
One possible mechanism of dispersion enhancement from
internal Poincaré waves is via a shear flow dispersion mecha-
nism associated with the horizontal and/or vertical shear
associated with the fundamental wave structure. In the hori-
zontal direction, wave-induced current fields have a shear
length scale of half the basin size, with maximum currents
at the center of the basin decaying to negligible induced cur-
rents near shore (Antenucci and Imberger 2001; Ahmed
et al. 2013). Stocker and Imberger (2003) examined the role
of this lateral Poincaré wave shear in smaller lakes, and
found that it was the mechanism expected to dominate dis-
persion. In larger lakes, however, the lateral shear associated
with internal Poincaré waves is negligible because of the
basin size, and lateral shear flow dispersion from the wave
would not be expected to play a large role in Ilateral
dispersion.

Our work here examines the hypothesis that in very large
basins, the vertical shear associated with near-inertial inter-
nal Poincaré waves will enhance lateral dispersion. The out-
line of this article is as follows. In the Methods section, we
present field measurements from Lake Michigan’s southern
basin, and describe the mixed layer turbulence and disper-
sion quantification techniques (K-profile turbulence parame-
terization and numerical particle tracking, respectively). In
the Results section, we highlight the vertical and temporal
structure of currents and turbulence in the mixed layer, and
present particle tracking calculations that quantify the effect
of the currents and turbulence on lateral dispersion. In the
Discussion section, the characteristics of estimated horizon-
tal dispersion and vertical mixing in the surface layer are dis-
cussed relative to standard diffusion diagrams, and simple
parameterizations are proposed to characterize the shear
effect on dispersion.

Methods

Analytical solutions for oscillating shear

As a model problem describing the shear flow dispersion
enhanced by the vertical shear of internal Poincaré waves,
we revisit the work of Smith (1982), and more recently Stein-

Shear dispersion in stratified large lakes

buck et al. (2011), who examined idealized 2-D oscillatory
shear flow dispersion, both in the context of oceanic internal
wave-enhanced dispersion. We consider substances released
into, and confined to, a mixed layer of thickness H, with a
linear current shear U/H (U = maximum velocity difference)
over the mixed layer, and a vertical mixed layer diffusion
coefficient K, (Fig. 1). The current field oscillates in time
with wave period T. After the diffusion time T, = H?/K,, a
state of shear flow dispersion will be achieved (Taylor 1953,
1954), and the lateral variance of the cloud in the flow direc-
tion will grow linearly with time, with a cycle-averaged (irre-
versible) dispersion coefficient K given by:
K=&Pe2T2i(2n—1)*2{ [E (Zn—l)ZT*r-Fl} 1 1)
n# * 2

n=1

(Holley et al. 1970; Fischer et al. 1979). While perhaps
not obvious, Eq. 1 demonstrates that the effect of unsteadi-
ness on lateral shear flow dispersion is always to reduce the
dispersion coefficient from the equivalent steady value
(Kstmdy:%gz), with the exact reduction dependent on the
various timescale ratios in the problem.

Following Steinbuck et al. (2011), the solution (Eq. 1) is
best described in terms of the governing timescales and their
ratios, with the timescales of advection (T,=H/U), diffusion
(Ts=H?/K,), and wave period (T) forming nondimensional
timescale ratios of Pe = % = ‘IQ—H and T* = Tl, = LKZ Thus, the
nondimensional dispersion rate KK;! can be expressed in
terms of the Peclet number (Pe) and T*, implying that KK, !,
the ratio of the horizontal dispersion rate to the vertical mix-
ing rate, increases as T, or T increases relative to Tj.

For quasi-steady flow, i.e., long wave periods relative to a
fast diffusion time scale, T* > 1, a result similar to Taylor’s
classic steady flow result is recovered when time t is larger
than T, for which the lateral dispersion coefficient is inver-
sely proportional to the diffusion coefficient, and equal to
one half of the corresponding steady case:

K= (t > Ty). 2

In the opposite limit, when turbulent diffusion is slow rel-
ative to the wave period (T* < 1), the cycle-averaged disper-
sion coefficient for times greater than the diffusion time is
directly proportional to the turbulent diffusion coefficient:

U?T?

_WKZ (t> Td)~ (3)

For fixed U, H, and T, the dispersion coefficient will be
maximized when the diffusive and wave time scales are com-
parable (T*=0.63), and in this case the “optimal” lateral dis-
persion rate is Kz%. Figure 1 illustrates some
representative solutions showing the effect of the timescale

ratios on the lateral dispersion rate.
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Fig. 1. Shear flow dispersion of released particle lines in idealized steady (black particles) and oscillatory (gray particles) currents at t=0, 0.25 T,
1.25 T, and 2.25 T, where T =18 h. Upper panels (a-c) display shear flow dispersion with K, =0.0001 m?s~" and T* =0.028 (T, = 26 d), and lower
panels (d-f) display shear flow dispersion with K, =0.0023 m?s~! and T* = 0.63 (T4 = 1.13 d). The maximum current is 0.2 ms™' and depth is 15 m.

Reflective boundary conditions are applied on upper and lower boundaries.

Thus, the effect of vertically sheared, oscillating currents
on lateral dispersion is highly dependent on the advection
(T,), oscillation (T), and vertical mixing timescales (T;). The
advection and wave timescales associated with near-inertial
internal waves for the mixed layers of large temperate lakes
and  mid-latitude oceans do not wvary widely

(Ta =§ ~ 5" ~ 10°s and T~ % ~10* s, respectively).

However, in the mixed layer the vertical mixing timescale Ty
can vary by many orders of magnitude with varying surface
forcing, and hence the vertical mixing coefficient, and its
temporal distribution, are particularly important compo-
nents of the mixed layer dispersion problem. In large lakes,
mixed layer turbulence during the stratified period is driven
primarily by the wind and velocity shear, and heavily modi-
fied by thermal stratification. Measurements suggest that the
typical values of vertical diffusivity in the mixed layer of
large lakes are of order K, ~ 107°-10"2 m2 s~! (Wiiest
et al.  2009), vyielding diffusion timescales of

T, 5%2 ~ 10* —107s, i.e., hours to months. Moreover, the

solution (Eq. 1) may not ever be applicable when vertical dif-
fusion is weak, as it is for times much greater than the diffu-
sion time, when the dispersion has reached a quasi-steady
state. As such, it is difficult to generalize the effect of near-
inertial internal waves on mixed layer dispersion a priori,
without an exact estimation of the various timescales
involved in the problem, and direct calculations of shear
flow dispersion.

For the present problem of internal Poincaré wave-
induced oscillatory currents, the vertically sheared currents

are additionally rotating anti-cycloncially, i.e., co-oscillating
in both lateral directions. In this case, provided that the
oscillating flow does not vary laterally, dispersion becomes
radially symmetric, with the radial dispersion coefficient
given by Eq. 1 for times greater than the diffusion times.
Note that while the rate of dispersion is the same between
the 2-D and rotating shear cases, the rotating Poincaré case
accomplishes more dilution because of the radially symmet-
ric spread, i.e., the shear flow dispersion is not simply occur-
ring along a single direction.

Field measurements
Measurements of full water column temperatures and cur-
rent velocities were obtained at a mooring in 151 m water

43  Milwaukee 1
tn Mid-lake/ /|
2 42.5 mooring // 1
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&
421
Chicago
Michigan City
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-88 -87.5 -87 -86.5 -86
Longitude (°)

Fig. 2. Location of mid-lake mooring in southern Lake Michigan, with
depth contours shown in m.
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Fig. 3. Observations and calculated vertical diffusivity estimated by the KPP model on DOY 234.: (a) speed; (b) temperature; (c) shear
$2=(8u/dz)*+ (9v/9z)*; (d) Buoyancy frequency N2=-g/p, dp/dz; (€) gradient Richardson number; (f) bulk Richardson number; (g) the vertical
mixing coefficients Kz (m?s™") and v(m?s™") calculated by KPP. H(m) and h(m) indicate mixed layer and boundary layer depths, respectively.

depth near the center of Lake Michigan’s southern basin
(Fig. 2), which is a location where internal Poincaré waves
have maximum influence on surface and mixed layer cur-
rents (Choi et al. 2012; Ahmed et al. 2013). We utilize a full
year record of measurements, collected between DOY 127 on
2003 and DOY 127 on 2004 (DOY =day of year), but focus
primarily on the stratified period of 2003. A pair of upward-
and downward-looking acoustic Doppler current profilers
(ADCP’s) provided hourly measurements in 4 m bins
between 6 m and 40 m depth, and in 8 m bins from 59 m to
140 m depth. Currents in the top 5 m were extrapolated
with a spline scheme. A total of 11 temperature loggers
attached to the mooring between 7 m and 147 m depth
measured water temperatures each hour. Standard meteoro-
logical and water surface temperature data was obtained
from a nearby NOAA NDBC buoy (45007). Heat flux esti-
mates were obtained from the National Centers for Environ-
mental Prediction — North American Regional Reanalysis
(NCEP - NARR) dataset provided by the NOAA/MAR/ESRL
PSD, Boulder, Colorado, from their Web site at http://www.
esrl.noaa.gov/psd/.

Particle tracking

We employ numerical particle tracking to quantify the
effect of ADCP-observed velocity shear on lateral dispersion,
following work by Steinbuck et al. (2011). For this technique,
clouds of particles are tracked, with their motion given as a
combination of advection (deterministic; specified by the
ADCP fields) and turbulent diffusion (stochastic; parameter-
ized with a turbulence model). In the ensemble limit of
many such particles, the statistics of the particle position dis-
tributions approach the analytical solutions to the
advection-diffusion equation (Ross and Sharples 2004). Fol-
lowing Visser (1997), particle advection and diffusion from

the present location x; to the new location x;+; over a time-
step dt is given by:

oD;
Xip1=X;+udt+ (9)(1 dt+R,/ Zi’le;-kdt, (4)

1

where D; indicates the present diffusivity at x;, and D; indi-
cates the present diffusivity at position x;+1/2(0D;/dx;)dt. R
is a uniformly distributed random number, and r=1/3
(Visser 1997).

Equation 4 was employed in three dimensions to track
clouds of surface-released particles released continuously
throughout the measurement period. The particle tracking
code was validated against known shear flow dispersion for-
mulas (e.g., Eq. 1 and other results from Fischer et al. (1979)
and Smith (1982)). Clouds of 4,000 particles were released
every 6 h throughout the measurement period at the water
surface, and tracked for 7 d.

Advection was specified according to the particle locations
(depth and time) in the vertically and temporally interpolated
ADCP velocity fields; diffusion was specified according to esti-
mated diffusivities given by the K-profile parameterization tur-
bulence model, which is described in the subsequent section.
We treated the ADCP-derived velocity fields used for advection
as being horizontally uniform over 7 d. The average calculated
cloud size (30, where ¢ is the standard deviation of the par-
ticles’ lateral positions) and average cloud displacement after 7
d were 11.9 km and 15.0 km, respectively, i.e., much smaller
than the basin size (~ 135 km), which is the scale over which
the induced internal Poincaré wave velocities vary; this sug-
gests that the laterally uniform current assumption was
reasonable.

To quantify the particle cloud size, the standard
deviations of the particle displacements in the East-West and
North-South directions were calculated for each time step,
and the eigenvalues and eigenvectors of these deviations
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Fig. 4. Raw measurements from Lake Michigan mid-lake mooring (2003): (a) magnitude of wind stress; (b) estimated net incoming heat flux; (c)
water temperature and the location of maximum N? (white line); (d) observed EW velocity and location of maximum $? (white line), and (e) absolute
(dotted line) and relative (%, solid line) near-inertial kinetic energies (NIKE) at 10 m depth.

were used to convert to standard deviations in the major (o;)
and minor (s;) axes, following Okubo (1971). Both reversible
and irreversible dispersion were tracked for the particle
clouds, following Sundermeyer and Ledwell (2001). Two defi-
nition of the dispersion coefficient were considered: K zii
(Okubo 1971; %JT in Steinbuck et al. 2011), an integrated
measure of dispersion over the time since release t;
and K=%Oaif, an instantaneous rate of spreading, where o2 is
the radially symmetrical variance ¢2=2g;0;. To facilitate com-
parison with published mixed layer dye release experiments
(Okubo 1971; Murthy 1976), we use the former definition in

this article (unless otherwise stated).

Vertical mixing parameterization

To estimate turbulent diffusion coefficients within the
surface mixed layer and thermocline, we employ the K-
profile parameterization (KPP; Large et al. 1994, to which the
reader is referred for full details), which has been used suc-
cessfully in simulating turbulence in lake and oceanic mixed
layers (e.g., Zedler et al. 2002; Huang et al. 2010). The KPP
model consists of two schemes: a surface boundary layer
scheme and an interior scheme. The interior scheme calcu-
lates the interior vertical diffusivity v, and the boundary
layer scheme calculates the surface boundary layer diffusivity
Kpr. A sample calculated turbulent diffusion profile from the
ADCP and temperature data is presented in Fig. 3.

The maximum vertical diffusivity induced by interior
shear mixing was set as vp=3.1X10"° m?s~! which is the
maximum vertical diffusivity measured in the thermocline
in Lake Erie in July (Bouffard et al. 2012). We chose vp=10"°
m?s~! as background vertical diffusivity, which is a typical

value observed in the lake hypolimnion (Wuest et al. 2009).
The diffusivity v is set to vo below the mixed layer depth H,
which is defined as the location of maximum N2.

The enhanced vertical diffusivity associated with surface
waves was added following the approach of Huang and Qiao
(2010) to the KPP-modeled vertical diffusivity, but this com-
ponent was found to have a negligible effect on the calcu-
lated vertical mixing and lateral dispersion. This is not
entirely unexpected as the stratified period is the period of
weakest winds for Lake Michigan, and Lake Michigan has a
modest fetch relative to oceanic systems.

Results

Dominance of near-inertial Poincaré waves

The basic measurements are presented in Fig. 4, which
shows the seasonal evolution of wind stress, net surface heat
flux, water column temperatures, and currents. As is typical
for Lake Michigan, thermal stratification starts in May and
develops through November with a steadily deepening
mixed layer through the summer and fall. We consider two
time periods, an early stratified period (DOY 170—240) and a
later stratified period (DOY 240-310), separated by the time
of maximum stratification, i.e., maximum Burger number
(DOY 240). The basic characteristics of the two periods are
described in Table 1. Wind is relatively weak in the early
stratified period, while in the later stratified period stronger
winds usually accompany negative surface heat flux and
mixed layer deepening. Generally speaking, during the early
stratified period the surface layer can be characterized as hav-
ing stronger shear and stratification over the surface layer
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Table 1. Comparison of observations and calculations in early and later stratified periods.

Shear dispersion in stratified large lakes

Early period (DOY 170-240)

Late period (DOY 240-310)

Surface stability*
Stratification

Shear

Average wind stress (Pa)
Average mixed layer depth H (m)
Near-inertial Kinetic energy at
10 m depth
30, after 7 d (km)
Lateral dispersion coefficients

K7q (m2571 )1‘

Log-average vertical mixing

Neutrally stable and stable
Weakly and strongly
stratified surface layer

Strong shear in the
surface layer

0.039
11.4
74% (relative) 2.6 x10% m?2s~2
(absolute)
13.61

1.64 (0.91)
5.84 (4.19)
9.03 (3.83)
2 X107° (1.29 X104

Frequently unstable
Well-mixed surface layer;
stratification confined
to thermocline
Weak shear in the mixed
layer and strong shear
in the thermocline
0.057
30.8
70% (relative) 3.4 x10% m?2s~2
(absolute)

15.76

1.50 (0.90)
8.28 (7.89)
12.72 (8.64)
2.90 X103 (4.2 x10° %)

coefficient over the mixed layer K, (m?s~")*

*Determined by Monin-Obukhov length scale.
"Median and standard deviation (in parentheses).
*Standard deviation is indicated in parentheses.

(which is not that well mixed), while during the later strati-
fied period the surface layer can be characterized as well-
mixed, having weak shear, with strong stratification and
shear concentrated in the thermocline below.

As we have shown previously for other years (Choi et al.
2012 for 1998-1999), near-inertial energy (here defined as
energy extracted from the 15 h to 20 h band-pass filter) in
the mixed layer is seen to regularly comprise more than 80%
of the observed total kinetic energy in the surface layer at
this location (Figs. 4e, 5). Bursts of near-inertial energy occur
following wind events, with decay scales of 7-10 d; near-
inertial activity ceases only following whole water column
homogenization in early winter. Clear near-inertial periodic-
ity is seen in the raw ADCP data, with oppositely directed
velocities above and below the thermocline that are sugges-
tive of vertical mode 1 structure (Fig. 4d). The vertical struc-
ture in the velocities evolves seasonally with the
stratification, with the zero crossing location following the
base of the mixed layer.

Complex empirical orthogonal function (EOF) analysis
performed on the observed currents shows that the domi-
nant vertical structure of the currents closely matches the
lowest baroclinic mode predicted by standard normal modes
analysis (e.g., Kundu et al. 2012; Fig. 6). The dominant verti-
cal EOF mode, which can be shown spectrally to be associ-
ated with the near-inertial internal Poincaré wave, rotates
clockwise at near-inertial period as expected, and is regularly
responsible for more than 80% of the observed variance in

the vertical profiles. This analysis suggests that, to a very
good approximation, the flow at this location can be
approximated as having vertical mode 1 structure—set by
the thermal stratification via the usual normal modes formu-
lation—that continuously rotates clockwise at a near-inertial
period.

As is typically the case per the normal modes solution,
the vertical mode 1 structure is seen to mirror the stratifica-
tion; in the early stratified period, when stratification exists
throughout the surface layer, mode 1 shows shear existing
throughout the surface layer. Later, when the mixed layer is
fully developed and stratification exists only in the thermo-
cline, mode 1 shear is also concentrated at the thermocline.
The complex EOF analysis also shows that when stratifica-
tion exists in the near-surface layer, the dominant (mode 1)
mode shows spiraling throughout the surface layer where
stratification exists (Fig. 6¢); this spiraling is not captured by
the normal modes analysis, which is 2-D. The spiraling may
be indicative of shear-generated turbulence leading to fric-
tion and an Ekman-like spiral.

Vertical mixing

Figure 7 shows the mixed layer vertical diffusivity distri-
bution calculated by the KPP turbulence model. The model
calculates a depth averaged surface layer vertical diffusivity
that grows over the stratified period from 10~ m?s~! at the
onset of stratification to 10™* m2s~! at the end of the strati-
fied period when the fall overturn is nearly complete. These
mixing rates are consistent with recent summertime
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Fig. 5. Spatial and temporal variation of kinetic energy spectrum: (a)-(c) relative kinetic energy in HF (0-15 h), NI (15 - 20 h), and LF (>20 h) fil-
tered currents; (d) absolute kinetic energy (m?s~2) of combined current in log;o-scale; (e)—(g) integrated kinetic energy at 6 m, 22 m, and 42 m
depth; (h) depth-averaged (whole water column) kinetic energy obtained from (a)—(d).

measurements in Lake Erie (Bouffard et al. 2012). Corre-
sponding vertical mixing timescales for the mixed layer
range from order of 1 to 600 d. Thus, the entire record has
the estimated vertical mixed layer mixing timescale greater
than the inertial period (18 h), with T.=0.158 (averaged,
0.051 and 0.247 for early and later stratified periods).

The calculated seasonal variation in mixed layer mixing
rates occurs in response to the wind stress and boundary
layer depth increasing through this period (Fig. 8). In the
early stratified period, weak wind and the shallow boundary
layer depth do not allow significant vertical mixing. The
daily-depth-averaged K, for the mixed layer remains at order
107° m?s~! for u*h (h=boundary layer depth) smaller than
0.01 m?s7!, in which case the turbulence model predicts
that the wind can not effectvely penetrate the surface strati-
fication. For u*h > 0.01 m?s™!, the average mixed layer K,
roughly follows a (u*h)*/?> dependence with the estimated
log-averaged mixed layer diffusivity being reasonably
approximated as K,= (1/15)(u*h)*?, with K, and u*h in m?
s~! (Fig. 8).

Analysis of the various components in the turbulence
model shows that in the early stratified period, the main
forcing for the vertical mixing in the stratified surface layer

is a shear-induced hydrodynamic instability related to the
local gradient Richardson number condition. During this
period, the water column stratification extends almost to the
lake surface, which in turn creates substantial shear over the
near-surface layer per the normal modes solutions as
described earlier. In the later stratified period, the main forc-
ing for the vertical mixing in the surface layer is direct wind-
induced turbulence related to the nonlocal bulk Richardson
number. Also during this later period, shear is concentrated
at the base of the mixed layer and serves to enhance turbu-
lence there.

Lateral dispersion rates

Figure 9 shows the radially symmetrical variance ¢? and
the dispersion coefficient :%é (Okubo 1971) as calculated
from the particle tracking. Median standard deviation cal-
culated dispersion coefficients are given in Table 1 in which
Kop, K3g,and Ky,4 are the dispersion coefficients measured at
9 h (=T/2), 3d, and 7 d following release. The largest K7, is
about 40 m?s™! observed between DOY 260 and 280 when
wind stress and near-inertial energy is high, and the lowest
lateral dispersion rate is about 0.1 m?s~!' observed in the
early stratified period when surface stratification is strong.
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310, respectively, and intervals between profiles are 10 d.

These values are comparable to the few surface layer disper-
sion measurements performed in the Laurentian Great
Lakes (Csanady 1963, 1964; Huang 1971; Murthy 1976),
and we further this comparison later in the manuscript. In
all cases, the lateral dispersion rate is significantly larger
than the vertical mixing rate, which is a consequence of
the vertical shear driving the dispersion in the calculation,
and the relatively low vertical mixing rates in the mixed
layer.

We calculate the highest lateral dispersion rates when ver-
tical mixing is strongest. This relationship is consistent with
the analytical solution (Eq. 3) for T* <1, i.e., sub-inertial cur-
rents dominating dispersion. The largest K found occurs dur-
ing DOY 260-280, and in this time period, the elevated
dispersion in the mixed layer was bolstered by strong shear
and a strong vertical mixing coefficient (Fig. 12), the latter
of which was sustained by strong wind and negative surface
heat flux (Fig. 4). The negative heat flux increases K, because
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Fig. 7. Vertical turbulent diffusivities as estimated by the modified KPP model: (a) daily averaged vertical diffusivity distribution, shown every 10 d
(solid lines) and mixed layer depth (dotted line). K, profiles have been drawn here as log;o-scale plots associated with their respective DOYs (indicated
by numbers below each profile), and corresponding DOY in x-axis indicates 10 °m?2s~! with the DOY+10 indicating 10 *m2s~"; (b) log;o—3 days-

depth-averaged diffusivity and diffusion time Ty in the mixed layer.
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Fig. 8. Correlation between K, (m?s™") and u*h (m?s~") obtained from
the turbulence model. Each parameter is daily averaged. K, is depth-
averaged over the mixed layer. The data points are colored by DOY.
The gray reference line indicates K,=1/15 (u*h)a/z.

the turbulent velocity scale is associated with heat flux via
the Monin-Obukhov length scale. The temporary formation
of surface restratification, e.g., DOY 280—285, results in tem-
poral decreases in vertical transport of particles (Fig. 9¢).
Different characteristics of lateral dispersion are observed
in early and later stratified periods (Fig. 9; Table 1), which
can be explained by the differing thermal and shear struc-
ture for those periods. Strong near-surface shear in the early
stratified period does not result in enhanced lateral disper-
sion because near-surface stratification suppresses the wind-
and shear-induced vertical mixing. Weak near-surface shear
in later stratified period effectively enhances lateral shear dis-
persion because the mixed layer is vulnerable to stronger

Shear dispersion in stratified large lakes

later-stratified period wind that enhances vertical mixing.
Consequently, the later stratified period provides the most
favorable environment for lateral shear dispersion once
wind-induced shear and vertical mixing cooperate in the
mixed layer.

Discussion

Dominant current driving dispersion

To better understand the role of near-inertial shear on lat-
eral dispersion, we additionally carried out numerical parti-
cle tracking calculations using band-passed ADCP data for
three separate spectral bands: high frequency band (HF,
below 15 h), near-inertial frequency band (NI, 15-20 h), and
low frequency band (LF, above 20 h). The HF current band,
as defined, includes barotropic seiches and higher-frequency
internal waves, and the LF current band includes sub-inertial
basin-scale motions and near-surface shear developed by per-
sistent (sub-inertial) winds. Figure 10 illustrates the filter
characteristics as applied to the measured velocities, showing
that the filter effectively isolates the broad near-inertial peak
associated with low-mode internal Poincaré waves. Addi-
tional calculations with the near-inertial band defined as a
broader band (10-25 h) yielded nearly identical results, sug-
gesting that the results are not dependent on the particular
filter characteristics.

The results of the particle tracking performed on the fil-
tered currents demonstrate that near-inertial shear domi-
nates the calculated lateral dispersion up to times
comparable to the inertial wave period, but sub-inertial shear

K(mzs'l)

depth(m)

20F

| 1 L

180 200 220

240 260 280 3(}0

DOY 2003

Fig. 9. Results of data-driven particle tracking models (irreversible dispersion), showing cluster behavior for clusters release every 2 d: (a) lateral var-
iance of particle displacement; (b) dispersion coefficient; (¢) mean location of particle cluster. The black lines in (c) indicate Hilbert envelops of near-
inertial filtered current at various depths, and dots in the y-axis indicate zeros for each line. 10 m depth corresponds to 50 cms™'.
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Fig. 10. Power spectral density for east-west velocity measured during
DOY 170-310 at 10 m depth. Also shown are spectra of filtered currents
(HF: period <15 h, NI: 15 < period < 20 h, and LF: 20 h < period) exam-
ined in the particle tracking exercises, and confidence intervals as faint
gray lines at left of plot. The frequencies corresponding to 15 h and
20 h are indicated by vertical lines.

dominates the lateral dispersion for longer time periods
(Figs. 11, 12).

The effect of near-inertial shear on dispersion is also seen
to have an important role in setting the time behavior of the
plume spreading, with different spreading rates before and
after the inertial period (Fig. 11). The NI current-driven dis-
persion shows that the lateral dispersion coefficient is pro-
portional to L*3 before the inertial timescale T, after which
it follows Fickian behavior with the constant, but enhanced
dispersion coefficient order of 1 m?s~!. The maximum lateral

(km?)

10 10"
time(day)

raw +

Shear dispersion in stratified large lakes

dispersion coefficient driven by LF current is order of 10
m?s~!, and roughly follows L*3 (Fig. 11).

Thus, sub-inertial shear appears to dominate lateral dis-
persion except for times less than the inertial period, despite
near-inertial kinetic energy thoroughly dominating the spec-
trum. This effect of LF shear on lateral dispersion can be
explained with some of the timescale arguments described
previously. For T* <1, Eq. 3 states that the lateral dispersion
in an oscillatory current is enhanced as the timescale of the
unsteadiness increases, and thus it is expected that lower-
frequency shear will be more effective at shear flow
dispersion.

The high-frequency current was found to provide a negli-
gible contribution to lateral dispersion. The HF current-
driven dispersion roughly follows Fickian behavior with dis-
persion coefficient order of 0.1 m?s™1.

Dispersion parameterizations

Of much utility are simple parameterizations for the dis-
persion coefficient in terms of readily observed physical
parameters, such as the water surface current Us,r, mixed
layer depth, and/or wind stress. We attempted to develop
empirical parameterizations linking the calculated 7 d disper-
sion coefficient K7; to the dimensional parameters u*, Uy,r,
K,, and H. Here u*=,/1/p,, is the water friction velocity asso-
ciated with the wind stress, where 7 is the wind stress and p,,
is the surface water density and Uy,r is the water surface
velocity. We found reasonably simple relationships between
the non-dimensional dispersion rate K7;K;! with the Peclet
numbers Pe (=UqrHK;') and Pe* (=u*HK;'), with K7,K;!
having approximately linear relationships with Pe and Pe*
(Fig. 13). All parameters except K;; are averaged over the 7
d. The Peclet numbers indicate the ratio of the rate of advec-
tive transport driven by characteristic velocities Us,r and u*
to the rate of turbulent diffusive transport. The Peclet num-
bers generally increase with time over the stratified period,

10
TA 100 F
NU’!
E
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10" 10° 10'
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Low % High o NI

Fig. 11. Diffusion diagrams based on particle tracking model: (a) Variance 2 vs. time with grey reference lines indicating 62 ~ t', t2, and t3; (b)
dispersion coefficient K vs. size of plume L with grey reference line indicating K ~ [*/3. Dashed lines are 95% confidence intervals.
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Fig. 12. (a) Depth averaged shear $ for filtered LF, NI, and HF currents and depth averaged K, within mixed layer depth; (b) dispersion coefficient
measured at 7 d (K74) for raw and filtered currents; (c) dispersion coefficient measured at 9 h (Ko;,) for raw and filtered currents.

as wind stress, surface currents, and the mixed layer depth
increase. From a simple regression, Ky; can be expressed as a
simple dimensional formula that allows for a straightforward
estimate from measurements:

Krq 2 2.4 UyeH = 66 u'H (5)

Although the theoretical non-dimensional dispersion rate
KK;! for sheared oscillatory current depends on both Pe and
T* (Eq. 1), the dispersion rate K;3;K; ! can be estimated solely
by Pe, according to this parameterization. This emphasizes
that the effect of near-inertial waves on horizontal disper-
sion, which can be represented in terms of T*, is hardly
found at t=7 d (this is maybe true even when t is greater
than a few inertial periods).

It is worth noting that we do not observe large varia-
tions in the 7-d dispersion coefficient (Fig. 9), especially
during the early stratified period, and thus the simplest
possible parameterizations for the dispersion coefficients
would be the seasonally dependent mean values provided
in Table 1.

Diffusion diagrams

It is important to place the present results in the context
of other published dispersion studies. The spreading rates of
substances in oceans and large lakes are often characterized
with size-dependent dispersion coefficients and time-
dependent variances, with empirical observations and theo-
ries of the form:

a?=at™ (6)

K=cd?, (7)
where n=2(m—1)m. The classical Richardson’s dispersion
(m=3 and n=4/3) describes the spread of substances by
eddies in the inertial subrange, in which case the dispersion
coefficient is proportional to ¢'/3[*/3 (Batchelor 1950), where
e is dissipation rate of turbulent kinetic energy and /=30, is
horizontal length scale of the spreading plume. The n=4/3
power law can be also be derived analytically for the case of
unbounded shear flow dispersion (Saffman 1962), i.e., the
early stages of shear flow dispersion for substances released
from a boundary into a shear flow.

Observations of lateral dispersion in mixed layers have
generally yielded values of n~ 4/3 or less, e.g., 1.15 (Okubo
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Fig. 13. Correlations between K;4K; ' and Ug,sHK; ' (=Pe), and Ky4K;
and u*HK;'(=Pe*) where U, is the near-surface current velocity mag-
nitude extrapolated from ADCP measurements. Each parameter except
K74 is weekly averaged. The reference lines are obtained by line-fitting
to linear equation in log-log scales. Data points are colored by DOY.

2232



Choi et al.

a) 9
O
2 (@]
10 Q]%
€
2 10°
[+ IE™
b
107

107 10 10
time(day)

Shear dispersion in stratified large lakes

b) 9
10'
g
= 10°
@ﬁ;f;
005 C
1 -0® o Okubo 1971
0re 67 o % Murthy 1976
O X
10" 10° 10'

L(km)

Fig. 14. Diffusion diagrams obtained from particle tracking model using raw current (black dots) and dye experiments in oceans and large lake (“0”
and “x”). The dashed lines indicates 95% confidence intervals. R? between observations and our results are 0.82 (a) and 0.96 (b).

1971) and 1.33 (Kullenberg 1972) in oceans, 1.35 in Lake
Ontario (Murthy 1976), 0.75 in a mid-sized lake (~ 1 km;
Peeters et al. 1996), and 1.1 in a small lake of order of 100 m
(Lawrence et al. 1995).

The present results show size- and time-dependent dis-
persion coefficients that agree very well with the pub-
lished data referenced above (Fig. 14), especially for the
first several days of the calculations. This agreement dem-
onstrates that unsteady shear flow dispersion is a plausible
mechanism to explain observed dispersion rates in the
mixed layers of oceans and large lakes, which is one of
the key results of this article. It also shows that shear flow
dispersion is another plausible explanation for observed
n=4/3 (Richardson) rates of dispersion, which can be
explained by Saffman’s (1962) unbounded shear flow dis-
persion result as discussed earlier. Conversely, however,
our result does not prove that vertical shear flow disper-
sion is the mechanism responsible for the observed mixed
layer dispersion rates, but it does show it to be a plausible
explanation.

The “size-dependent” dispersion coefficients found here
are better thought of as time-dependent dispersion coeffi-
cients, since the particle tracking calculations do not con-
sider any lateral variability in the current fields causing the
dispersion, and the particle clouds do not experience differ-
ent types of current fields (eddy sizes) as their size increases.
In contrast, this is a key ingredient in Richardson’s 4/3
power dispersion, for the turbulence driving the dispersion is
stationary. In the present case, the perceived dependence of
the dispersion coefficient on cloud size is instead the effect
of the unsteadiness of the sub-inertial currents driving the
dispersion and the generally large diffusion timescales for
the mixed layer; because these timescales are large relative to
the timescales of interest (hours, days), the clouds never
have enough time to reach the quasi-steady state of shear
flow dispersion, at which point the present analysis should

show a constant (size-independent, time-independent) dis-
persion coefficient for the remainder of the cloud spreading.
Thus, our calculations show that because sub-inertial shear
dominates dispersion in the mixed layer of Lake Michigan,
clouds are generally still in the “early” stages of shear flow
dispersion because of the large mixing times for the mixed
layer.

The dispersion coefficients presented herein provide
some target values for time-dependent simulated offshore
dispersion rates of substances in the mixed layer of large
lakes. These dispersion coefficients should not, however, be
confused with lateral mixing coefficients specified in
numerical models, which can be substantially smaller than
these dispersion coefficients, provided the model faithfully
represents the vertical structure of near-inertial and sub-
inertial currents. Because the structure of this shear is
largely set by the thermal structure, the ability of numerical
models to accurately simulate lateral transport in large lakes
may depend in large part on their abilities to resolve ther-
mal structure; this is still a challenge for many large lake
models (see, for example, Djoumna et al. 2014). Addition-
ally, we see a great need for additional field data to validate
dispersion models (both simple and complex). Complex
transport models are becoming increasingly applied to a
variety of settings, to simulate biological and chemical
transport (e.g., Beletsky et al. 2007; North et al. 2008;
Wynne et al. 2011; Dietrich et al. 2012). However, very lit-
tle data exists to validate these modeling efforts, especially
in the Laurentian Great Lakes, where complex ecological
models are increasingly applied to inform management
decisions for the lakes. To that end, several recent studies
targeting coastal dispersion point to increased field efforts
to aid in model validation (e.g., Wells et al. 2011; Thupaki
et al. 2013), and it is our hope that this trend will continue,
additionally targeting offshore waters long ago examined
by Murthy (1976) and Okubo (1971).
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