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ABSTRACT: Graphene has potential in a variety of applications,
including strain-engineering electronics and sensors. In the heart of
these applications is the strain dependence of electronic properties
associated to the strain-induced Raman shift of graphene. In this work, we
extend the relationship between the Raman shift of strained graphene and
the mechanical strains for uniaxial tension to three-dimensional strain
state and analyze the bending-induced Raman shift of orthotropic,
monolayer graphene of rectangular and elliptic shapes, respectively, under
the action of uniform pressure. The results show that the largest Raman
redshift is present at the center of the graphene for both geometric
configurations, and there exists Raman blueshift near the edges of the
graphene. For both geometrical configurations, the contours of the
Raman shift around the center are present in the shape of ellipse, which is
dependent on the boundary conditions and geometrical configurations of
the graphene. The geometric shape of the contours of the Raman shift likely cannot represent the anisotropic behavior in the
mechanical deformation of graphene, and the initial state and constitutive relationship of graphene are needed to characterize
the mechanical property of graphene via the strain-induced Raman shift.

■ INTRODUCTION

Graphene is a two-dimensional (2D) material with potential
applications in electronics, photonics, energy storage, etc.
Graphene exhibits the strain dependence of electronic
properties,1,2 which makes it possible to build electronic
circuits from graphene only with different electronic
components (graphene) being at different states of strains1,3

and graphene-based sensors.4 To utilize the coupling between
straining and electronic properties of graphene for the
applications in electronics and sensors, it is of practical
importance to characterize the strain state of graphene and
understand the dependence of electronic and optical properties
of graphene on the strain state.
It is known that straining a crystal can cause the

wavenumber change of crystal phonon and the change of the
energy spectrum of nanostructures5 due to the strain
dependence of the anharmonicity of the interatomic potentials
of atoms.6 Raman spectrum has been well established to
quantitatively measure strain/stress in crystalline semiconduc-
tors because of the strain dependence of the wavenumber
change of crystal phonon. There are reports on the
experimental study of the correlation between the Raman
shift and the strain in graphene. In general, the methods used
to deform the graphene can fall into two categories: one is the
tension test and the other is the bending test. Raman
spectroscopy is then used to study the variation of the

Raman shift with the strain in graphene. Huang et al.7 studied
the Raman spectra of optical phonons in graphene monolayers
under uniaxial tensile stress and observed red shifts of both the
G and 2D bands. del Corro et al.8 used the Raman 2D′ mode
to measure the strain in graphene, which was placed on
poly(methyl methacrylate) (PMMA) substrate and experi-
enced “tensile” strain due to the bending of the PMMA
substrate. Placing a monolayer graphene on polyethylene
terephthalate, Jiang et al.9 observed tension-induced blueshift
of the Raman peaks of the graphene. Mohiuddin et al.10 used
the bending method to deform graphene for analyzing strain-
induced splitting of G peak and the Grüneisen parameters of
graphene. Using the shifts of the Raman peaks, Lee et al.11

calculated Young’s modulus of graphene via pressure-induced
inflation of a graphene membrane. Zable et al.3 pointed out
that there exists interaction between substrate and graphene,
which can introduce mechanical strain in graphene and lead to
a discrepancy in the Raman shift. They used graphene bubbles
and balloons in the analysis of Raman spectroscopy. Using
three-point bending to introduce biaxial strain to graphene
flakes, Androulidakis et al.12 calculated the Grüneisen
parameters for the G and 2D peaks from the Raman shifts.
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All these analyses have been based on graphene being
isotropic. It needs to be pointed out that the Grüneisen
parameters for the G and 2D bands of graphene have been
reported to be in a range of 1.8−2.4 and 2.4−3.8, respectively,
which may be dependent on the stress state of the graphene.
Using molecular dynamics, Ni et al.13 revealed anisotropic−

mechanical properties of a sheet of graphene, which can be
attributed to the hexagonal structure of graphene. Settembrini
et al.14 suggested that graphene behaves anisotropically from
two-dimensional analysis of Raman shifts via the deflection of a
graphene monolayer anchored to SiN holes of noncircular
geometry. Their results raise the issue: whether the Raman
shift can reveal the anisotropic behavior of the mechanical
deformation of graphene. Also, both results point to the
anisotropic characteristics of graphene, which need to be
incorporated in the analysis of the strain dependence of the
Raman shift of graphene. There are analyses on the
deformation of graphene, in which the graphene was modeled
as orthotropic.15,16 Considering the potential applications of
graphene, we assume graphene as orthotropic and analyze the
effect of bending deformation on the Raman shift of graphene
in this work. The strain-induced Raman shift of graphene
under uniaxial loading is first extended to three-dimensional
loading. Two geometric configurations are then considered for
the bending-induced Raman shift of orthotropic, monolayer
graphene.

■ STRAIN-INDUCED RAMAN SHIFT OF GRAPHENE
It is known that deformation can cause the G band to split into
the G− and G+ bands and the 2D band to shift in the same
direction as the G band.8,17,18 The 2D band exhibits different
broadening and splitting under uniaxial strain from the G
band.8,19 The deformation-induced shift of the G sub-bands of
graphene can be expressed as10

1
2G G

h
G
sω ω ωΔ = Δ ± Δ±

(1)

in which the first term represents the shift due to volumetric
strain and the second term represents the mode splitting due
to the effective shear strain. Here, ΔωG

± = ωG
± − ωG

0 with ωG
±

being the wavenumbers of the Raman peaks of the G± sub-
bands and ωG

0 being the wavenumber of the Raman peak of the
G band at stress-free state.
For a three-dimensional strain state, the volumetric strain,

εV, is calculated as

xx yy zzVε ε ε ε= + + (2)

and the maximum shear strain, εmax, can be calculated as

1
2
max , ,max 1 2 2 3 1 3ε ε ε ε ε ε ε= [| − | | − | | − |]

(3)

where ε1, ε2, and ε3 are the principal strains. The volumetric
strain represents the volumetric change created by hydrostatic
stress, and the maximum shear strain is associated to shape
distortion. For the uniaxial tension of isotropic material, eq 3
gives

1
2max ttε ε ε= | − |

(4)

which is similar to the result used by del Corro et al.8 with a
coefficient of 1/2. For biaxial deformation of monolayer
graphene, assume that the transverse strain is negligible and εzz
≈ 0. Equations 2 and 3 become

, and
1
2
max

( ) , ( )

xx yy xx yy

xx yy xy xx yy xy

V max

2 2 2 2

ε ε ε ε ε ε

ε ε γ ε ε γ

= + = [| +

± − + | − + ] (5)

with γxy (=2εxy) being the shear strain. According to the
relationship given by Mohiuddin et al.10 and del Corro et al.,8

the shifts of the G sub-bands can be expressed as

( )xx yyG G G
0

G G
0

maxω γ ω ε ε β ω εΔ = − + ±± (6)

with ωG
0 being the wavenumber of the G band at stress-free

state. The parameters of γG and βG are the G mode’s
Grüneisen parameter and shear deformation potential,
respectively, which can be calculated from the in-plane
Raman-active E2g phonon as10,11

1
and

1
G

G
0

G

v
G

G
0

G

max
γ

ω
ω
ε

β
ω

ω
ε

= −
∂
∂

=
∂
∂ (7)

where ωG is the wavenumber of the Raman peak of the G band
of strained graphene depending on the volumetric strain and
shear strain.
For the 2D′ mode of graphene, which is associated with two

LO-derived phonons from the vicinity of the Γ point, eq 1 can
be used to describe the relationship between the strain-induced
shift of the wavenumber of the sub-bands under the action of
uniaxial tension with the ωG

0 being replaced by ω2D′
0 and the

corresponding terms of γG and βG being replaced by γ2D and
β2D, respectively. Assuming that this relationship can be used
in graphene experiencing in-plane deformation, we have

( )xx yy2D 2D 2D
0

2D 2D
0

maxω γ ω ε ε β ω εΔ = − + ±′ ′ ′ (8)

which reduces to the result given by Narula et al.20 Here, the
parameters of γ2D and β2D are calculated as

1
and

1
2D

2D
0

2D

v
2D

2D
0

2D

max
γ

ω
ω
ε

β
ω

ω
ε

= −
∂
∂

=
∂
∂′

′

′

′

(9)

where ω2D′ is the 2D′ mode wavenumber of strained graphene
depending on the volumetric strain and shear strain.
It is worth pointing out that eqs 6 and 8 are based on the

assumption that the initial state of the graphene is stress free.
For a prestretched (predeformed) graphene, assume that the
superposition principle can be used to calculate the final
deformation state of the graphene. Both eqs 6 and 8 can be
extended to the prestretched (predeformed) graphene as

( )xx yyG G G
p

G
p

G
p

G
p

G
p

maxω ω ω γ ω ε ε β ω εΔ = − = − Δ + ± Δ± ±

(10)

( )xx yy

2D 2D 2D
p

2D
p

2D
p

2D
p

2D
p

max

ω ω ω

γ ω ε ε β ω ε

Δ = −

= − Δ + ± Δ
′ ′ ′

′ ′ (11)

in which the wavenumbers with the superscript of p represent
those at the prestretched (predeformed) state and Δ(εxx + εyy)
and Δεmax are the changes of the volumetric strain and
maximum shear strain, respectively. According to eqs 10 and
11, we note that the Raman shift is dependent on the initial
stress state of graphene and both the Grüneisen parameter and
shear deformation potential are likely dependent on the
prestretched (predeformed) state. Extending eqs 7 and 9 to
prestrained graphene, we have
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For ωG and ω2D′ being linear functions of volumetric strain and
maximum shear strain, eqs 10 and 11 are similar to eqs 6 and 8.
The co-efficients for the Raman shifts are independent of the
prestretched (predeformed) state.
Substituting eqs 12 and 13 into eqs 10 and 11 yields
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One can note that the Raman shifts in eq 14 with the
summation sign (“+”) are the first-order Taylor expansions of
ωG and ω2D′, which is applicable to small changes in the
strains. For large strains, higher-order terms with the derivative
of the Grüneisen parameter and shear deformation potential
likely need to be included in the calculation.

■ BENDING DEFORMATION OF ORTHOTROPIC
GRAPHENE

For orthotropic graphene with the direction of x- and y-axes
coinciding with the principal directions of elasticity, the
relationship between stress and strain can be expressed as

E E

G

1
( ),

1
( ), and

1

xx x y yy y x

xy xy

1
1

2
2ε σ ν σ ε σ ν σ

γ σ

= − = −

=
(15)

Here, (εxx, εyy, γxy) are the components of strain tensor, (σx, σy,
σxy) are the components of stress tensor, and (E1, E2, ν1, ν2, G)

are the Young’s moduli, Poisson’s ratios and shear modulus for
the principal directions. Note, E1ν2 = E2ν1.
For small deformation, the linear plate theory is used. The

equation for the deflection, w, of the orthotropic graphene of h
in thickness under the action of pressure of p with the direction
of x- and y-axes coinciding with the principal directions is

D
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where
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The strain components in the graphene can be calculated from
the deflection of the graphene as

h w
x

h w
y

h
w

x y2
,

2
, andxx yy xy

2

2

2

2

2
ε ε γ= − ∂

∂
= − ∂

∂
= − ∂

∂ ∂ (18)

In the following analysis, we only consider the cases with
closed-form solutions. For detailed derivation, see the work by
Panc.21

Case I: Bending of a Rectangular Orthotropic
Graphene with Simply Supported Edges. Figure 1a
shows a rectangular orthotropic graphene with the principal
directions parallel to corresponding sides and all edges being
hinged under the action of a uniform pressure of p. The
deflection of the graphene is

w
pb

a m x a n y b
16

sin (2 1) / sin (2 1) /
m n

mn

4

6
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π
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(19)

with
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4
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(20)

for 0 ≤ x ≤ a and 0 ≤ y ≤ b. From eq 19, the normal
components of the strain tensor on the top surface of the
graphene are

hpb m
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∞

(21)

Figure 1. Geometric configurations of the bending of graphene; (a) rectangular graphene with simply supported edges, (b) rectangular graphene
with two simply supported and two clamped edges, and (c) elliptic graphene clamped along the edge.
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Case II: Bending of a Rectangular Orthotropic
Graphene with Two Simply Supported Edges and
Two Clamped Edges. Figure 1b shows a rectangular
orthotropic graphene with the principal directions parallel to
corresponding sides under the action of a uniform pressure of
p. One pair of opposite edges is hinged, and the other pair is
clamped. The deflection of the graphene is
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for −a/2 ≤ x ≤ a/2 and 0 ≤ y ≤ b. The parameters of s1 and s2
are the roots of the following equation

D s D s D2 01
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3
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2− + = (25)

From eq 23, the normal components of the strain tensor on the
top surface of the graphene are
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Case III: Bending of an Elliptic Orthotropic Graphene
with Clamped Edge. Figure 1c shows an elliptic orthotropic
graphene with clamped edge under the action of a uniform
pressure of p. Let x and y be the elliptic axes parallel to the
principal directions of elasticity and the semiaxes be a/2 and
b/2. The deflection of the elliptic orthotropic graphene is
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for −a/2 ≤ x ≤ a/2 and −b/2 ≤ y ≤ b/2. From eq 25, the
normal components of the strain tensor on the top surface of
the graphene are
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From eqs 21, 22, 26, 27, 29, and 30, we can note that the strain
components are proportional to the pressure difference across
the graphene and inversely proportional to the Young’s
moduli.

■ BENDING-INDUCED RAMAN SHIFT OF
ORTHOTROPIC GRAPHENE

According to eqs 6 and 8, we can analyze the deformation-
induced Raman shift of graphene with the initial state being
deformation free, if the deformation state of the graphene is
known. As mentioned in the introduction, the methods used to
deform graphene can fall into two categories: one is the
tension test and the other is the bending test. Raman
spectroscopy is then used to study the variation of the
Raman shift with the strain in graphene. Here, we only
consider the bending deformation of graphene under the
action of constant pressure and assume both the Grüneisen
parameter and shear deformation potential being independent
of the deformation of graphene. This assumption is based on
that there are no data available in the literature for the strain
dependence of either the Grüneisen parameter or shear
deformation potential as well as one assumes that both the
Grüneisen parameter and shear deformation potential are
constant for small strain.
For graphene covering and sealing a cavity in a “rigid”

substrate, constant pressure difference across the graphene can
cause the deflection of the graphene. Assuming that deflection
of the graphene can be described by the linear bending theory,
we can use the results in the above section to analyze the
bending-induced Raman shift of orthotropic graphene.
Considering the similarity of the mathematical expressions

of the Raman shift of graphene between the G sub-bands and
the 2D′ band, we only analyze the bending-induced Raman
shift of the G sub-bands of orthotropic graphene for the three
configurations discussed in the above section. Table 1 lists the
parameters used in the analysis, in which ν2 is calculated from

Table 1. Material Properties of Orthotropic, Monolayer Graphene

E1 (GPa) ν1 E2 (GPa) ν2 G (GPa) h (nm) ωG
0 (cm−1) γG βG

106015 0.315 103015 0.31 28022 0.34 15803 1.998 0.998
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the relationship of E1ν2 = E2ν1. Note that there is no significant
difference between E1 and E2, whereas the experimental value
of G reported by Liu et al.22 is significantly different from the
value calculated from E/2(1 + ν). This trend likely suggests
that either graphene is anisotropic or the properties of
graphene are processing-dependent.
Figure 2 shows the contours of the bending-induced Raman

shift of a rectangular orthotropic graphene with simply
supported edges under the action of a uniform pressure for
a/b = 2, in which normalized Raman shift of ΔωG

± D1/ωG
0 pha2

is used. The contours of the Raman shift near the center are
present approximately in the shape of ellipse, which is similar
to the results given by Settembrini et al.14 in the study of the
micro-Raman shift of a strained monolayer graphene
suspended over SiN membranes micropatterned with holes
of noncircular geometry. The graphene at the center of the
monolayer graphene has a Raman redshift for both the G sub-
bands, and the G− sub-band for the graphene at the center of
the monolayer graphene has a larger Raman redshift than the
G+ sub-band. Both trends are consistent to the observation by
Settembrini et al.14 Note that the contours of the Raman shift

near the edges are present nearly in the shape of rectangle, and
the graphene in this region has blueshift.
Figure 3 depicts the contours of the bending-induced Raman

shift of a rectangular orthotropic graphene with two simply
supported and two clamped edges under the action of a
uniform pressure for a/b = 2, in which normalized Raman shift
of ΔωG

± D1/ωG
0 pha2 is used. Similar to the bending-induced

Raman shift of an orthotropic, rectangular graphene with
simply supported edges, the contours of the Raman shift near
the center are present approximately in the shape of ellipse,
and there is a redshift around the center of the rectangular
graphene and blueshift near the edge for both the G sub-bands.
For the G− sub-band, the contours of the Raman shift slightly
away from the center of the graphene are present
approximately in the shape of rectangle. The graphene at the
center of the monolayer graphene has the largest redshift of the
Raman spectra for both G sub-bands, and the G− sub-band has
a larger redshift of the Raman peak than the G+ sub-band at
the center of the monolayer graphene. The graphene near the
edge has blueshift in the Raman spectrum. There exists a
difference in the contour shapes between the orthotropic−

Figure 2. Contours of the bending-induced Raman shift (ΔωG
± D1/ωG

0 pha2) of an orthotropic−rectangular graphene with simply supported edges
for a/b = 2; (a) G+ sub-band, and (b) G− sub-band.

Figure 3. Contours of the bending-induced Raman shift (ΔωG
± D1/ωG

0 pha2) of an orthotropic−rectangular graphene with two simply supported
and two clamped edges for a/b = 2; (a) G+ sub-band and (b) G− sub-band.

Figure 4. Contours of the bending-induced Raman shift (ΔωG
± D1/ωG

0 pha2) of an orthotropic−elliptic graphene clamped along the edge for a/b =
2; (a) G+ sub-band and (b) G− sub-band.
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rectangular graphene with two simply supported and two
clamped edges and the orthotropic−rectangular graphene of
the same size with simply supported edges, which suggests that
the Raman shift is dependent on the boundary conditions on
the graphene.
Figure 4 shows the contours of the deformation-induced

Raman shift of an orthotropic, elliptic graphene with clamped
edge under the action of uniform pressure for a/b = 2, in which
normalized Raman shift of ΔωG

± D1/ωG
0 pha2 is used. In

comparison to the rectangular graphene, the contours for both
G sub-bands are present in the shape of an ellipse with the
cutoff for the contours near the edge of the elliptic graphene.
The similarity between the contours and the shape of the
elliptic graphene suggests the dependence of the Raman shift
on the morphology of graphene. One may not able to use the
spatial distribution of the Raman shift to suggest the
anisotropic behavior of graphene, since the shape of the
contours of the Raman shift is also dependent on the shape of
graphene, as given by eqs 28−30. The geometric shape of the
contours of the Raman shift cannot solely represent the
anisotropic behavior in the mechanical deformation of the
elliptic graphene. Similar to the rectangular graphene, the
graphene at the center of monolayer graphene has the largest
redshift of the Raman spectra for both G sub-bands, and the
G− sub-band for the graphene at the center of the monolayer
graphene has a larger redshift of the Raman peak than the G+

sub-band. There is a blueshift in the Raman spectrum for the
graphene near the edge.
As discussed above, the Raman spectrum at the center of the

graphene of the two geometric configurations under the action
of uniform pressure has the largest Raman redshift. Figure 5
depicts the variation of the largest Raman redshift with the
ratio of b/a (geometric dimensions) of the three cases under
the action of uniform pressure for both the G sub-bands. For
the G+ sub-band, the largest Raman redshift increases with the
increase of the ratio for the orthotropic, rectangular graphene
with simply supported edges (Case I) and approaches plateau
for ratios larger than or equal to 4. For the rectangular,
orthotropic graphene with two simply supported edges and
two clamped edges (Case II), the largest Raman redshift
increases with the increase of the ratio and reaches the
maximum at b/a = 1, then decreases with the increase of the
ratio, and approaches plateau for ratios larger than or equal to
4. For the orthotropic, elliptic graphene with clamped edge
(Case III), the largest Raman redshift increases with the
increase of the ratio, reaches the maximum at b/a = ∼3.3, then
decreases with the increase of the ratio, and approaches the
same plateau as that of Case II for ratio larger than 10. For the
three cases, the orthotropic, rectangular graphene with simply
supported edges (Case I) has the largest “largest Raman
redshift” for ratio larger than 1, and the orthotropic,
rectangular graphene with two simply supported edges and
two clamped edges (Case II) has the largest largest Raman
redshift for ratio less than 1. Such trends confirm the
dependence of the Raman shift on the geometrical
configurations and boundary conditions. One needs to take
into account of the effect of geometrical configurations and
boundary conditions in the calculation of mechanical proper-
ties of graphene via the Raman shift.
For the G− sub-band, the largest Raman redshift increases

with the increase of the ratio and approaches plateau for all
three cases. The orthotropic, rectangular graphene with simply
supported edges (Case I) has the largest largest Raman redshift

for ratio larger than ∼0.6, and the orthotropic, rectangular
graphene with two simply supported edges and two clamped
edges (Case II) has the largest largest Raman redshift for ratio
less than ∼0.1. The orthotropic, elliptic graphene with clamped
edge (Case III) has the smallest “the largest Raman redshift”.
Both the orthotropic, rectangular graphene with two simply
supported edges and two clamped edges (Case II) and the
orthotropic, elliptic graphene with clamped edge (Case III)
approach the same plateau for large ratios of b/a. Such trends
confirm the dependence of the Raman shift on the geometrical
configurations and boundary conditions again.
Comparing the results in Figure 5a to those in Figure 5b, we

note that the G− sub-band has the larger “the largest Raman
shift” than the G+ sub-band under the same conditions and
geometrical configuration. It would be more practical to use
the Raman shift of the G− sub-band in the applications of
graphene as sensor materials.
It needs to be emphasized that the above calculation is based

on graphene that is initially stress free. For initially strained
graphene, eqs 10 and 11 must be used in the calculation of the
Raman shift. In addition, the effect of the prestrain (prestress)
needs to be taken into account in the analysis of the
deformation of the graphene. For example, the deflection of
an orthotropic, rectangular graphene with simply supported
edges (Figure 1a), which is subjected to constant tensile
stresses of q1 and q2 along the edges of (x = 0, a) and (y = 0, b)
and uniform pressure of p, is similar to eq 19 with the co-
efficients of αmn as

21

Figure 5. Variation of the bending-induced Raman shift (ΔωG
± D1/

ωG
0 pha2) with ratio of b/a for all three cases; (a) G+ sub-band and (b)

G− sub-band.
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It is evident that the prestress can change the strain state of the
graphene and affect the Raman shift of the peaks.
Note that the bending-induced Raman shifts are presented

in dimensionless variables of ΔωG
± D1/ωG

0 pha2 for Figures
3−5, i.e., the only independent variables in Figures 3−5 are the
spatial variables of x and y. Accordingly, the bending-induced
Raman shifts of ΔωG

± are proportional to the applied pressure
difference p for a given spatial position. As discussed in the
section of bending deformation of orthotropic graphene, the
strain components are proportional to the pressure difference
across the graphene. Thus, the bending-induced Raman shifts
of ΔωG

± are proportional to the strain in the graphene for
small deformation, which exhibits the same trend as the most
results reported in the literature.

■ SUMMARY
In summary, we have extended the relationship between the
Raman shift of strained graphene and the mechanical strains
under the action of uniaxial tension to three-dimensional strain
state. Using this relationship, we have analyzed the bending-
induced Raman shift of orthotropic, monolayer graphene of
two geometrical configurations under the action of uniform
pressure. The following is the summary of the results.

(1) The Raman shift of graphene is dependent on the
geometrical configurations and boundary conditions.

(2) The Raman shift of graphene is dependent on the initial
stress state of the graphene.

(3) The geometric shape of the contours of the Raman shift
likely cannot represent anisotropic behavior in the
mechanical deformation of graphene.

(4) The initial stress state of graphene needs to be known to
use the Raman shift to calculate the mechanical property
of graphene.

(5) The central graphene of the two geometric config-
urations under the action of uniform pressure has the
largest Raman redshift. The rectangular, orthotropic
graphene with simply supported edges has the largest
largest Raman redshift for ratio larger than ∼1.

(6) The G− sub-band has the larger “largest Raman shift”
than the G+ sub-band under the same conditions and
geometrical configuration.
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