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Block graphons (also called stochastic block models) are an important and widely studied class of models
for random networks. We provide a lower bound on the accuracy of estimators for block graphons with
a large number of blocks. We show that, given only the number k of blocks and an upper bound p on

the values (connection probabilities) of the graphon, every estimator incurs error Q ( min (P, /?)) 
in the �2 metric with constant probability for at least some graphons. In particular, our bound rules out
any non-trivial estimation (that is, with �2 error substantially less than p) when k � n,Jp. Combined 
with previous upper and lower bounds, our results characterize, up to logarithmic terms, the accuracy of
graphon estimation in the� metric. A similar lower bound to ours was obtained independently by Klopp
et al. 
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1. Introduction

Networks and graphs arise as natural modelling tools in many areas of science. In many settings, 
particularly in social networks, networks display some type of community structure. In these settings, 
one may consider the nodes of the graph as belonging to one of k communities, and two nodes are 
connected with a probability that depends on the communities they belong to. This type of structure is 
captured in the k-block graphon model, also known as stochastic block models. The more communities 
we allow in the model ( or 'types' of nodes we consider), the richer the model becomes and the better we 
can hope to describe the real world. One can think of a general graphon model as an oo-block graphon, 
where eacb node is given a label in [0, l] rather than { 1, . . .  , k). 

Given an observed network, graphon estimation is the problem of recovering the graphon model from 
which the graph was drawn. In this article, we are concerned with the fundamental limits of graphon 
estimation for block graphons. That is, given an n-node network that was generated from a k-block 
graphon, how accurately can you recover the graphon? We consider the 'non-parametric' setting, where 

iA preliminary version of this work appears as ArXiv report arXiv:1604.01871 [math.ST]. This work was done while the 
author was visiting Pennsylvania State University. 
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k m a y d e p e n d o n n .  O ur l o w er b o u n ds a p pl y e v e n t o esti m ati o n al g orit h ms t h at k n o w t h e tr u e n u m b er
of bl o c ks k , t h o u g h t his q u a ntit y t y pi c all y n e e ds t o b e esti m at e d.

I n  m a n y r e al- w orl d n et w or ks, t h e a v er a g e d e gr e e of t h e n et w or k is s m all c o m p ar e d  wit h t h e n u m b er
of n o d es i n t h e n et w or k.  Gr a p h o ns  w h os e e x p e ct e d a v er a g e d e gr e e is li n e ar i n n ar e c all e d d e ns e,  w hil e
gr a p h o ns  w h os e e x p e ct e d a v er a g e d e gr e e is s u bli n e ar i n n ar e r ef err e d t o as s p ars e. I n t his  w or k,  w e
pr o v e a n e w l o w er b o u n d f or gr a p h o n esti m ati o n f or s p ars e n et w or ks. I n p arti c ul ar, o ur r es ults r ul e
o ut n o n-tri vi al esti m ati o n f or v er y s p ars e n et w or ks (r o u g hl y,  w h er e ρ = O (k 2 / n 2 )).  A n esti m at or is
n o n-tri vi al if its e x p e ct e d err or is si g ni fi c a ntl y b ett er t h a n a n esti m at or t h at i g n or es t h e i n p ut a n d al w a ys
o ut p uts t h e s a m e  m o d el. It f oll o ws fr o m r e c e nt  w or k [ 1 – 3 ] t h at n o n-tri vi al esti m ati o n is i m p ossi bl e
w h e n ρ = O (1 / n ).  O urs is t h e first l o w er b o u n d t h at r ul es o ut n o n-tri vi al gr a p h o n esti m ati o n f or l ar g e
k . Pr e vi o us  w or k b y  Kl o p p et al. [4 ] pr o vi d es ot h er l o w er b o u n ds o n gr a p h o n esti m ati o n t h at ar e ti g ht i n
s e v er al r e gi m es. I n r e c e nt  w or k [ 5 ] t h at is c o n c urr e nt t o o urs, t h e s a m e a ut h ors pr o vi d e a si mil ar b o u n d
t o t h e o n e pr es e nt e d h er e.

Bl o c k gr a p h o n  m o d els  w er e i ntr o d u c e d b y  H off et al. [6 ] u n d er t h e n a m e l at e nt p ositi o n gr a p hs.
Gr a p h o ns pl a y a n i m p ort a nt r ol e i n t h e t h e or y of gr a p h li mits (s e e [ 7 ] f or a s ur v e y) a n d t h e c o n n e cti o n
b et w e e n t h e gr a p h  m o d el, a n d c o n v er g e nt gr a p h s e q u e n c es h as b e e n st u di e d i n b ot h t h e d e ns e a n d
t h e s p ars e s etti n gs [8 – 1 1 ].  Esti m ati o n f or st o c h asti c bl o c k  m o d els  wit h a fi x e d n u m b er of bl o c ks  w as
i ntr o d u c e d b y  Bi c k el a n d  C h e n [1 2 ],  w hil e t h e first esti m ati o n of t h e g e n er al  m o d el  w as pr o p os e d b y
Bi c k el et al. [1 3 ]. Si n c e t h e n,  m a n y gr a p h o n esti m ati o n  m et h o ds,  wit h a n arr a y of ass u m pti o ns o n t h e
gr a p h o n, h a v e b e e n pr o p os e d [ 1 4 – 2 4 ].  G a o et al. [1 9 ] pr o vi d e t h e b est k n o w n u p p er b o u n ds i n t h e
d e ns e s etti n g,  w hil e  W olf e a n d  Ol h e d e [ 2 3 ],  B or gs et al. [2 5 ] a n d  Kl o p p et al. [4 ] gi v e u p p er b o u n ds f or
t h e s p ars e c as e.

1. 1 Gr a p h o ns

D e fi ni ti o n 1 ( B o u n d e d gr a p h o ns a n d W -r a n d o m gr a p hs)  A ( b o u n d e d) gr a p h o n  W is a s y m m etri c,
m e as ur a bl e f u n cti o n W : [0, 1 ]2 → [ 0, 1 ].  H er e, s y m m etri c  m e a ns t h at W (x , y ) = W (y , x ) f or all
(x , y ) ∈ [ 0, 1 ]2 .

F or a n y i nt e g er n , a gr a p h o n W d e fi n es a distri b uti o n o n gr a p hs o n n v erti c es as f oll o ws: Firstl y,
s el e ct n l a b els 1 , . . . , n u nif or ml y a n d i n d e p e n d e ntl y fr o m [0, 1 ] a n d f or m a n n × n m atri x H ,  w h er e
H ij = W ( i, j).  We o bt ai n a n u nl a b ell e d, u n dir e ct e d gr a p h G b y c o n n e cti n g t h e it h a n d jt h n o d es  wit h
pr o b a bilit y H ij i n d e p e n d e ntl y f or e a c h (i, j).  T h e r es ulti n g r a n d o m v ari a bl e is c all e d a W -r a n d o m gr a p h
a n d d e n ot e d G n (W ).

F or ρ ≥ 0,  w e s a y a gr a p h o n is ρ - b o u n d e d if W t a k es v al u es i n [0, ρ ] (t h at is, W ∞ ≤ ρ ).

We d e n ot e t h e s et of gr a p hs  wit h n n o d es b y G n , t h e s et of gr a p h o ns b y W a n d t h e s et of ρ - b o u n d e d
gr a p h o ns b y W ρ . If W is ρ - b o u n d e d, t h e n t h e e x p e ct e d n u m b er of e d g es i n G n (W ) is at  m ost ρ n

2
=

O ( ρ n 2 ). I n t h e c as e t h at ρ d e p e n ds o n n a n d li m n → ∞ ρ → 0,  w e o bt ai n a s p ars e gr a p h o n.
We c o nsi d er t h e esti m ati o n pr o bl e m: gi v e n p ar a m et ers n a n d ρ , as  w ell as a gr a p h G ∼ G n (W )

g e n er at e d fr o m a n u n k n o w n ρ - b o u n d e d gr a p h o n W , h o w  w ell c a n  w e esti m at e W ?
A n at ur al g o al is t o d esi g n esti m at ors t h at pr o d u c e a gr a p h o n ˆW t h at is cl os e t o W i n a  m etri c s u c h as

L 2 .  T his is n ot p ossi bl e, b e c a us e t h er e ar e  m a n y gr a p h o ns t h at ar e f ar a p art i n L 2 , b ut t h at g e n er at e t h e s a m e
pr o b a bilit y distri b uti o n o n gr a p hs. If t h er e e xists a  m e as ur e- pr es er vi n g  m a p φ : [0, 1 ] → [0, 1 ], s u c h
t h at W ( φ (x ), φ ( y )) = W (x , y ) f or all x , y ∈ [ 0, 1 ], t h e n G n (W ) a n d G n (W ) ar e i d e nti c all y distri b ut e d.
T h e c o n v ers e is tr u e if  w e i nst e a d o nl y r e q uir e W ( φ (x ), φ ( y )) = W (x , y ) al m ost e v er y w h er e.  T h us,
w e  wis h t o s a y t h at ˆW a p pr o a c h es t h e cl ass of gr a p h o ns t h at g e n er at e G n (W ).  T o t his e n d,  w e us e t h e
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f oll o wi n g  m etri c o n t h e s et of gr a p h o ns,

δ 2 (W , W ) = i nf
φ :[0, 1 ] →[0, 1 ]

m e as ur e- pr es er vi n g

W φ − W
2
, ( 1. 1)

w h er e W φ (x , y ) = W ( φ (x ), φ ( y )) a n d φ r a n g es o v er all  m e as ur a bl e,  m e as ur e- pr es er vi n g  m a ps.  T w o
gr a p h o ns W a n d W g e n er at e t h e s a m e pr o b a bilit y distri b uti o n o n t h e s et of gr a p hs if a n d o nl y if
δ 2 (W , W ) = 0 (s e e  L o v á s z [ 7 ], f or e x a m pl e).

E xisti n g u p p er b o u n ds f or gr a p h o n esti m ati o n ar e b as e d o n al g orit h ms t h at pr o d u c e gr a p h o ns of a
p arti c ul ar f or m, n a m el y bl o c k gr a p h o ns , als o c all e d st o c h asti c bl o c k  m o d els ( e v e n  w h e n it is n ot k n o w n
t h at t h e tr u e gr a p h o n is a bl o c k gr a p h o n).

D e fi ni ti o n 2 ( k - bl o c k gr a p h o n (st o c h asti c bl o c k  m o d els)) F or k ∈ N , a gr a p h o n is a k- bl o c k gr a p h o n
if t h er e e xists a p artiti o n of [0, 1 ] i nt o k m e as ur a bl e s ets I1 , . . . , Ik , s u c h t h at W is c o nst a nt o n Ii × Ij f or
all i a n d j.

We c a n ass o ci at e a gr a p h o n of t his f or m t o e v er y s q u ar e  m atri x.  Gi v e n a k × k s y m m etri c  m atri x M ,
l et W [M ] d e n ot e t h e k - bl o c k gr a p h o n  wit h bl o c ks Ii = i− 1

k
, i

k
t h at t a k es t h e v al u e M ij o n Ii × Ij.

1. 2 M ai n r es ult

We ar e c o n c er n e d  wit h t h e pr o bl e m of esti m ati n g a gr a p h o n, W , gi v e n a gr a p h s a m pl e d fr o m G n (W ).
A gr a p h o n esti m at or is a f u n cti o n ˆW : G n → W t h at t a k es as i n p ut a n n n o d e gr a p h, t h at is g e n er at e d
a c c or di n g t o W , a n d att e m pts t o o ut p ut a gr a p h o n t h at is cl os e t o W .  T h e  m ai n c o ntri b uti o n of t his arti cl e
is t h e d e v el o p m e nt of t h e l o w er b o u n d

i nf
ˆW

s u p
W

E
G ∼ G n (W )

[δ 2 ( ˆW (G ), W )] ≥ Ω mi n ρ ,
ρ k 2

n 2
. ( 1. 2)

C o m bi n e d  wit h pr e vi o us  w or k,  w e c a n gi v e t h e f oll o wi n g l o w er b o u n d o n t h e err or of gr a p h o n esti m at ors.

T h e o r e m 3 F or a n y p ositi v e i nt e g er 2 ≤ k ≤ n a n d 0 < ρ ≤ 1,

i nf
ˆW

s u p
W

E
G ∼ G n (W )

δ 2 ( ˆW (G ), W ) ≥ Ω mi n ρ , ρ
4 k

n
+

ρ k 2

n 2
, ( 1. 3)

w h er e i nf ˆW i s t h e i n fi m u m o v er all esti m at ors ˆW : G n → G a n d s u p W i s t h e s u pr e m u m o v er all k - bl o c k,
ρ - b o u n d e d gr a p h o ns. If ρ n is n o n- d e cr e asi n g a n d t h er e e xists a c o nst a nt c > 0, s u c h t h at ρ n ≥ c , t h e n

i nf
ˆW

s u p
W

E
G ∼ G n (W )

δ 2 ( ˆW (G ), W ) ≥ Ω mi n ρ , ρ
4 k

n
+

ρ k 2

n 2
+

ρ

n
.

N ot e t h at k a n d ρ m a y d e p e n d o n n .  T h at is, t h e t h e or e m h ol ds if  w e c o nsi d er s e q u e n c es ρ n a n d

k n .  O ur r es ult i m pr o v es o n pr e vi o usl y k n o w n r es ults  w h e n ρ = O k
n

3 / 2
—t h at is,  w h e n t h e gr a p hs
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pr o d u c e d b y t h e gr a p h o n ar e s p ars e.  T h e u p p er b o u n d

i nf
ˆW

s u p
W

E
G ∼ G n (W )

δ 2 ( ˆW (G ), W ) ≤ O mi n ρ , ρ
4 k

n
+

ρ k 2

n 2
+

ρ l o g k

n
( 1. 4)

b y  Kl o p p et al. [4 ] i m pli es t h at o ur l o w er b o u n d is al m ost ti g ht. I n p arti c ul ar, if k is c o nst a nt a n d ρ is
wit hi n t h e d esi g n at e d r a n g e t h e n t h e l o w er b o u n d i n  T h e or e m 3 is ti g ht.

W h e n ρ = O k 2

n 2 ,  T h e or e m 3 i m pli es t h at t h e err or is Ω ( ρ ) ,  w hi c h is t h e err or a c hi e v e d b y t h e

tri vi al esti m at or ˆW = 0.  T h at is, i n t h e s p ars e s etti n g, t h e tri vi al esti m at or a c hi e v es t h e o pti m al err or.
T o t h e a ut h ors’ k n o wl e d g e, t his is t h e first r es ult t h at c o m pl et el y r ul es o ut n o n-tri vi al esti m ati o n i n t h e
c as e  w h er e k is l ar g e.  R e c e nt c o n c urr e nt  w or k ([5 ]) pr o vi d es si mil ar b o u n ds.

T h e b o u n d

i nf
ˆW

s u p
W

E
G ∼ G n (W )

[δ 2 ( ˆW , W )] ≥ Ω ρ
4 k

n
( 1. 5)

is d u e t o pr e vi o us  w or k of  Kl o p p et al. [4 ] a n d t h e b o u n d

i nf
ˆW

s u p
W

E
G ∼ G n (W )

[δ 2 ( ˆW , W )] ≥ Ω mi n ρ ,
ρ

n
( 1. 6)

f or c o nst a nt k f oll o ws fr o m t h e r es ults of  M oss el et al. [1 ] a n d  B a n erj e e [2 6 ].  We gi v e d et ails o n h o w t o
d eri v e ( 1. 6 ) fr o m t h eir r es ults i n t h e  A p p e n di x.

1. 3 Te c h ni q u es: c o m bi n at ori al l o w er b o u n ds f or δ p

O ur pr o of of t h e  m ai n t h e or e m  will i n v ol v e F a n o’s l e m m a.  As s u c h, d uri n g t h e c o urs e of t h e pr o of,  w e
will n e e d t o l o w er b o u n d t h e p a c ki n g n u m b er,  wit h r es p e ct t o δ 2 , of a l ar g e s et of k - bl o c k gr a p h o ns.
W hil e e asil y u p p er b o u n d e d, littl e is k n o w n a b o ut l o w er b o u n ds o n δ 2 .  T o t h e a ut h ors’ k n o wl e d g e, t his
w or k gi v es t h e first l o w er b o u n d f or t h e p a c ki n g n u m b er of W ρ wit h r es p e ct t o δ 2 .  We  will als o gi v e a
c o m bi n at ori al l o w er b o u n d f or t h e δ 2 m etri c t h at is e asi er t o h a n dl e t h a n t h e  m etri c its elf.

T o u n d erst a n d o ur t e c h ni c al c o ntri b uti o ns, it h el ps t o first u n d erst a n d a pr o bl e m r el at e d t o gr a p h o n
esti m ati o n, n a m el y t h at of esti m ati n g t h e  m atri x of pr o b a biliti es H .  E xisti n g al g orit h ms f or gr a p h o n
esti m ati o n ar e g e n er all y a n al ys e d i n t w o p h as es: firstl y, o n e s h o ws t h at t h e esti m at or ˆW is cl os e t o
t h e  m atri x H (i n a n a p pr o pri at e v ersi o n of t h e δ 2 m etri c) a n d t h e n us es ( hi g h pr o b a bilit y) b o u n ds o n
δ 2 (W , W [H ]) t o c o n cl u d e t h at ˆW is cl os e t o W .  Kl o p p et al. [4 ] s h o w ti g ht u p p er a n d l o w er b o u n ds o n
esti m ati o n of H .  O n e c a n t hi n k of o ur l o w er b o u n d as s h o wi n g t h at t h e l o w er b o u n ds o n esti m ati o n of
H c a n b e tr a nsf err e d t o t h e pr o bl e m of esti m ati n g W .

T h e  m ai n t e c h ni c al dif fi c ult y li es i n s h o wi n g t h at a gi v e n p air of  m atri c es A , B l e a d t o gr a p h o ns t h at
ar e f ar a p art i n t h e δ 2 m etri c.  E v e n if A , B ar e f ar a p art i n, s a y, 2 , t h e y  m a y l e a d t o gr a p h o ns t h at ar e
cl os e i n δ 2 . F or c o nsist e n c y  wit h t h e gr a p h o n f or m alis m,  w e n or m ali z e t h e 2 m etri c o n k × k m atri c es,
s o t h at it a gr e es  wit h t h e L 2 m etri c o n t h e c orr es p o n di n g gr a p h o ns. F or a k × k m atri x A ,

A 2
d ef
=

1

k 2
i,j∈[ k ]

A 2
ij

1 / 2

= W [A ] 2 . ( 1. 7)
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As a n e x a m pl e of t h e dis cr e p a n c y b et w e e n t h e 2 a n d δ 2 m etri cs, c o nsi d er t h e  m atri c es

A =

⎛

⎝
1 0 1
0 1 0
1 0 1

⎞

⎠ a n d B =

⎛

⎝
1 1 0
1 1 0
0 0 1

⎞

⎠ .

T h e  m atri c es A a n d B h a v e p ositi v e dist a n c e i n t h e 2 m etri c, A − B 2 = 2
3
, b ut δ 2 (W [A ], W [B ]) = 0.

O n e c a n g et a n u p p er b o u n d o n δ 2 (W [A ], W [B ]) b y r estri cti n g att e nti o n i n t h e d e fi niti o n of δ 2 t o
f u n cti o ns φ t h at p er m ut e t h e bl o c ks Ii.  T his l e a ds t o t h e f oll o wi n g  m etri c o n k × k m atri c es,  w hi c h
mi ni mi z es o v er p er m ut ati o ns of t h e r o ws a n d c ol u m ns of o n e of t h e  m atri c es:

δ̂ 2 (A , B )
d ef
= mi n

σ ∈ S k

A σ − B 2 , ( 1. 8)

w h er e A σ i s t h e  m atri x  wit h e ntri es (A σ ) ij = A σ ( i),σ ( j) .  T his  m etri c aris es i n ot h er  w or k ( e. g. [7 ]), a n d it
is  w ell k n o w n t h at

δ 2 (W [A ], W [B ]) ≤ δ̂ 2 (A , B ). ( 1. 9)

T o pr o v e l o w er b o u n ds,  w e c o nsi d er a n e w  m etri c o n  m atri c es, i n  w hi c h  w e all o w t h e r o ws a n d
c ol u m ns t o b e p er m ut e d s e p ar at el y. S p e ci fi c all y, l et

ˆ̂δ 2 (A , B )
d ef
= mi n

σ ,τ ∈ S k

A σ ,τ − B
2
, ( 1. 1 0)

w h er e A σ ,τ i s t h e k × k m atri x  wit h e ntri es (A σ ,τ ) ij = A σ ( i),τ ( j) .

L e m m a 1 ( L o w er b o u n d f or δ 2 ) F or e v er y t w o k × k m atri c es A , B ,

ˆ̂δ 2 (A , B ) ≤ δ 2 (W [A ], W [B ]). ( 1. 1 1)

B e c a us e ˆ̂δ 2 i s d e fi n e d ‘ c o m bi n at ori all y’ (t h at is, it i n v ol v es  mi ni mi z ati o n o v er a dis cr et e s et of si z e

a b o ut 2 2 k l n k , i nst e a d of o v er all  m e as ur e- pr es er vi n g i nj e cti o ns), it is f airl y e as y t o l o w er b o u n d ˆ̂δ 2 (A , B )
f or r a n d o m  m atri c es A , B usi n g t h e u ni o n b o u n d.

I n p arti c ul ar, it all o ws us t o gi v e b o u n ds o n t h e p a c ki n g n u m b er of W ρ wit h r es p e ct t o t h e δ 2 m etri c.
If ( Ω , d ) is a  m etri c s p a c e, > 0 a n d T ⊂ Ω , t h e n  w e d e fi n e t h e - p a c ki n g n u m b er of T t o b e t h e l ar g est
n u m b er of disj oi nt b alls of r a di us t h at c a n fit i n T , d e n ot e d b y M ( , T , d ).  T h e f oll o wi n g pr o p ositi o n
will b e pr o v e d aft er t h e pr o of of  T h e or e m 3 .

P r o p o si ti o n 1  T h er e e xists C > 0 s u c h t h at t h e C ρ - p a c ki n g n u m b er of W ρ , e q ui p p e d  wit h δ 2 , is 2Ω ( k 2 ) ,

t h at is M (C ρ , W ρ , δ 2 ) = 2 Ω ( k 2 ) .

Fi n all y,  w e n ot e t h at t h es e t e c h ni q u es e xt e n d dir e ctl y t o t h e δ p m etri c, f or p ∈ [ 1, ∞] .  T h at is,  w e

m a y d e fi n e δ p , δ̂ p a n d ˆ̂δ p a n al o g o usl y t o t h e d e fi niti o ns a b o v e a n d o bt ai n t h e b o u n ds

ˆ̂δ p (A , B ) ≤ δ p (W [A ], W [B ]) ≤ δ̂ p (A , B ), ( 1. 1 2)

al o n g  wit h si mil ar l o w er b o u n ds o n t h e p a c ki n g n u m b er.
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1 7 4 A.  M C MI L L A N  A N D  A. S MI T H

1. 4 R el at e d  w or k

W or k o n gr a p h o n esti m ati o n f alls br o a dl y i nt o t w o c at e g ori es: esti m ati n g t h e  m atri x H a n d esti m ati n g
t h e gr a p h o n W .  W h e n esti m ati n g H , t h e ai m is t o pr o d u c e a  m atri x t h at is cl os e i n t h e 2 m etri c t o t h e
tr u e  m atri x of pr o b a biliti es H t h at  w as us e d t o g e n er at e t h e gr a p h G .  W h e n esti m ati n g t h e gr a p h o n, o ur
ai m is t o  mi ni mi z e t h e δ 2 dist a n c e b et w e e n t h e esti m at e a n d t h e tr u e u n d erl yi n g gr a p h o n W t h at  w as
us e d t o g e n er at e G .

G a o et al. [1 9 ] st u di e d t h e pr o bl e m of esti m ati n g t h e  m atri x of pr o b a biliti es H , gi v e n a n i nst a n c e
c h os e n fr o m W w h e n ρ = 1.  T h e y pr o v e d t h e f oll o wi n g  mi ni m a x r at e f or t his pr o bl e m  w h e n W is a
k - bl o c k gr a p h o n:

i nf
ˆM

s u p
H

E
G ∼ G n (H )

1

n 2
ˆM (G ) − H

2

k 2

n 2
+

l o g k

n
, ( 1. 1 3)

w h er e t h e i n fi ni m u m is o v er all esti m at ors ˆM fr o m G n t o t h e s et of s y m m etri c n × n m atri c es, t h e
s u pr e m u m is o v er all pr o b a bilit y  m atri c es H g e n er at e d fr o m k - bl o c k gr a p h o ns.  Kl o p p et al. [4 ] e xt e n d e d
t his r es ult t o t h e s p ars e c as e, pr o vi n g t h at f or all k ≤ n a n d 0 < ρ ≤ 1,

i nf
ˆM

s u p
H

E
G ∼ G N (H )

1

n 2
ˆM (G ) − H

2
≥ Ω mi n ρ

k 2

n 2
+

l o g k

n
, ρ , ( 1. 1 4)

w h er e t h e s u pr e m u m is o v er all pr o b a bilit y  m atri c es H g e n er at e d fr o m k - bl o c k, ρ - b o u n d e d gr a p h o ns.
Kl o p p et al. [4 ,  C or oll ar y 3] als o st u di e d t h e pr o bl e m of esti m ati n g t h e gr a p h o n W .  T h e y pr o v e d

t h at e q u ati o n (1. 4 ) h ol ds f or a n y k - bl o c k, ρ - b o u n d e d gr a p h o n, W ,  wit h k ≤ n .  T h e y als o e x hi bit e d t h e
first l o w er b o u n d ( k n o w n t o us) f or gr a p h o n esti m ati o n usi n g t h e δ 2 m etri c.  T h e y pr o v e d t h at e q u ati o n
(1. 5 ) h ol ds f or ρ > 0 a n d k ≤ n .

T h e r el at e d pr o bl e ms of disti n g uis hi n g a gr a p h o n  wit h k > 1 fr o m a n  Er d ö s – R é n yi  m o d el  wit h t h e
s a m e a v er a g e d e gr e e ( c all e d t h e disti n g uis h a bilit y pr o bl e m) a n d r e c o nstr u cti n g t h e c o m m u niti es of a
gi v e n n et w or k ( c all e d t h e r e c o nstr u cti o n pr o bl e m) h a v e als o b e e n  wi d el y st u di e d.  T his pr o bl e m is cl os el y
r el at e d t o t h e pr o bl e m of esti m ati n g H .  R e c e nt  w or k b y  M oss el et al. [1 ] a n d  N e e m a n a n d  N etr a p alli [3 ]
est a blis h c o n diti o ns u n d er  w hi c h a k - bl o c k gr a p h o n is  m ut u all y c o nti g u o us t o t h e  Er d ö s – R é n yi  m o d el
wit h t h e s a m e a v er a g e d e gr e e.  C o nti g uit y ess e nti all y i m pli es t h at n o t est c o ul d e v er d e fi nit el y d et er mi n e
w hi c h of t h e t w o gr a p h o ns a gi v e n s a m pl e c a m e fr o m.  T h er e is a l ar g e b o d y of  w or k o n al g orit h mi c a n d
st atisti c al pr o bl e ms i n t his ar e a, a n d  w e h a v e o nl y cit e d  w or k t h at is dir e ctl y r el e v a nt h er e.

2.  L o w e r b o u n d f o r t h e δ 2 m et ri c

As  m e nti o n e d e arli er, t h e  m ai n t e c h ni c al c o ntri b uti o n of t his arti cl e is l o w er b o u n di n g t h e δ 2 m etri c b y

t h e  m or e c o m bi n at ori al ˆ̂δ 2 m etri c. I n t his s e cti o n,  w e  will pr o v e t h e i n e q u alit y gi v e n i n  L e m m a 1 .

P r o p o si ti o n 2  L et W , W b e k - bl o c k gr a p h o ns  wit h bl o c ks Ii = i− 1
k

, i
k

a n d π : [0, 1 ] → [0, 1 ] b e a
m e as ur e- pr es er vi n g  m a p.  T h e n t h er e e xists a pr o b a bilit y distri b uti o n P o n S k s u c h t h at

W π − W
2

2
= E

σ ,τ ∼ P
W σ ,τ − W

2

2
, ( 2. 1)

w h er e t h e e x p e ct ati o n is t a k e n o v er σ , τ s el e ct e d i n d e p e n d e ntl y a c c or di n g t o P .
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Pr o of. L et a i = i− 1
k

a n d p ij = μ( Ii ∩ π − 1 (Ij)).  N o w, c o nsi d er a k × k m atri x P wit h P ij = k p ij.  N oti n g t h at
k
j= 1 p ij = μ( Ii) = 1 / k a n d k

i= 1 p ij = μ( π − 1 (Ij)) = 1 / k ,  w e c a n s e e t h at P is d o u bl y st o c h asti c, t h at is,
t h e r o ws a n d c ol u m ns of P s u m t o 1.  B er k h off’s t h e or e m st at es t h at a n y d o u bl y st o c h asti c  m atri x c a n b e
writt e n as a c o n v e x c o m bi n ati o n of p er m ut ati o n  m atri c es.  T h er ef or e,  w e h a v e a pr o b a bilit y distri b uti o n
P o n S k s u c h t h at P = σ ∈ S k

P ( σ ) σ a n d σ ∈ S k
P ( σ ) = 1 a n d

P ( σ (i) = j) = {P ( σ ) | σ ( i) = j} = P ij = k p ij. ( 2. 2)

Ta ki n g e x p e ct ati o ns o v er σ , τ s el e ct e d i n d e p e n d e ntl y fr o m P ,

E W σ ,τ − W
2

2
=

σ ,τ

P ( σ )P ( τ )
i,j

1

k 2
(W (a σ ( i) , a τ ( j) ) − W (a i, a j))

2

=
i,i ,j,j

1

k 2
P ( σ (i) = i )P ( τ (j) = j )(W (a i, a j) − W (a i , a j )) 2

=
i,i ,j,j

p ii p jj (W (a i, a j) − W (a i , a j )) 2

= W π − W
2

2
.

P r o of of L e m m a 1 . Pr o p ositi o n 2 i m pli es t h at f or all  m e as ur e- pr es er vi n g  m a ps π : [0, 1 ] → [0, 1 ] a n d
m atri c es A a n d B w e h a v e

W [A ]π − W [B ] 2 ≥ i nf
σ ,τ ∈ S k

W [A ]σ ,τ − W [B ]
2

= i nf
σ ,τ ∈ S k

A σ ,τ − B
2

= ˆ̂δ 2 (A , B ). ( 2. 3)

Si n c e t his is tr u e f or a n y π , w e h a v e δ 2 (W [A ], W [B ]) ≥ ˆ̂δ 2 (A , B ).

3.  P r o of of  m ai n t h e o r e m

T o pr o v e t h e  m ai n t h e or e m,  w e  will us e F a n o’s l e m m a t o fi n d a c o nst a nt t h at l o w er b o u n ds t h e pr o b a bilit y

t h at t h e esti m ati o n e x c e e ds  mi n ρ , ρ k 2

n 2 ,  w hi c h t h e n i m pli es t h e a p pr o pri at e l o w er b o u n d o n t h e

e x p e ct e d δ 2 err or.  T o t h at e n d,  w e ai m t o fi n d a l ar g e s et, T , of k - bl o c k gr a p h o ns  w h os e  K ull b a c k – L ei bl er

( K L) di a m et er a n d - p a c ki n g n u m b er  wit h r es p e ct t o δ 2 wit h = mi n ρ , ρ k 2

n 2 c a n b e b o u n d e d.  O ur

pr o of is i ns pir e d b y t h at of  G a o et al. [1 9 ].
S u p p os e p , q ar e pr o b a bilit y distri b uti o ns o n t h e s a m e s p a c e.  T h e n t h e ( K L) di v er g e n c e of p a n d q

is d e fi n e d b y D (p q ) = l o g d p
d q

d p . F or a c oll e cti o n T of pr o b a bilit y distri b uti o ns, t h e  K L di a m et er
is d e fi n e d b y

d K L (T ) = s u p
p ,q ∈ T

D (p q ). ( 3. 1)
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1 7 6 A.  M C MI L L A N  A N D  A. S MI T H

T h e f oll o wi n g v ersi o n of F a n o’s l e m m a is f o u n d i n [ 2 7 ].  R e c all t h at l o g M ( , T , d ) is t h e si z e of t h e
l ar g est - p a c ki n g of T ( wit h dist a n c e d ).

L e m m a 2 ( F a n o’s i n e q u alit y)  L et ( Ω , d ) b e a  m etri c s p a c e a n d {P θ |θ ∈ Ω } b e a c oll e cti o n of pr o b a bilit y
m e as ur es. F or a n y t ot all y b o u n d e d T ⊂ Ω a n d > 0,

i nf
θ̂

s u p
θ ∈ Ω

P θ d 2 ( θ̂ ( X ), θ ) ≥
2

4
≥ 1 −

d K L (P T ) + 1

l o g M ( , T , d )
, ( 3. 2)

w h er e t h e i n fi m u m is o v er all esti m at ors a n d P T = { P θ | θ ∈ T }.

T h e f oll o wi n g l e m m a gi v es us a  w a y t o e asil y u p p er b o u n d t h e  K L di v er g e n c e b et w e e n t h e
distri b uti o ns i n d u c e d b y t w o diff er e nt gr a p h o ns.

L e m m a 3 F or a n y gr a p h o ns 1
4

≤ W , W ≤ 3
4
, w e h a v e

D (G n (W ) G n (W )) ≤ 8 n 2 W − W
2

2
. ( 3. 3)

Pr o of. L et T b e a v ari a bl e d e n oti n g t h e c h oi c e of l a b els, s o

P G n (W ) (G ) =
∈[ 0, 1 ]n

P T ( )P G n (W ) (G |T = ) d . ( 3. 4)

N o w,

D (G n (W ) G n (W )) =
G ∈ G n

P G n (W ) (G ) l n
P G n (W ) (G )

P G n (W ) (G )

≤
G ∈ G n

∈[ 0, 1 ]n
P T ( )P G n (W ) (G |T = ) l n

P G n (W ) (G |T = )

P G n (W ) (G |T = )
d

=
∈[ 0, 1 ]n

P T ( )D (P G n (W ) (·|T = )) P G n (W ) (·|T = ) d ,

w h er e t h e i n e q u alit y f oll o ws fr o m t h e l o g-i nt e gr al i n e q u alit y [ 2 8 ,  T h e or e m 3 0. 1 2. 4].  N o w, t h e pr o b a bilit y
d e nsit y f u n cti o n of T is t h e c o nst a nt f u n cti o n 1, s o it f oll o ws fr o m  G a o et al. [1 9 , Pr o p ositi o n 4. 2] t h at

D (G n (W ) G n (W )) ≤ 8
∈[ 0, 1 ]n

n

i,j= 1

(W ( i, j) − W ( i, j))
2 d

= 8

n

i,j= 1 ∈[ 0, 1 ]n
(W ( i, j) − W ( i, j))

2 d

≤ 8 n 2

[0, 1 ]2
(W (x , y ) − W (x , y ))2 d x d y

= 8 n 2 W − W
2

2
.
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R e c all t h at  w e ar e ai mi n g t o d e fi n e a l ar g e s et of k - bl o c k  m atri c es t h at ar e cl os e i n  K L di v er g e n c e,

b ut t h at ar e -f ar a p art  wit h r es p e ct t o δ 2 ( wit h = mi n ( ρ , ρ k 2

n 2 )).  T h e f oll o wi n g l e m m a s h o ws t h at

t h er e e xists a l ar g e s et of  m atri c es t h at ar e p air wis e f ar i n  H a m mi n g dist a n c e, e v e n aft er e v er y p ossi bl e
p er m ut ati o n of t h e r o ws a n d c ol u m ns.  We  will us e t his i n t h e pr o of of  T h e or e m 3 t o d e fi n e a l ar g e cl ass

of k - bl o c k gr a p h o ns t h at ar e p air wis e f ar i n t h e ˆ̂δ 2 m etri c a n d h e n c e t h e δ 2 m etri c.  T his gi v es us a b o u n d
o n p a c ki n g n u m b er.

L e m m a 4  T h er e e xists a s et S of s y m m etri c k × k bi n ar y  m atri c es s u c h t h at |S | = 2 Ω ( k 2 ) a n d, f or e v er y
B , B ∈ S a n d σ , τ ∈ S k , w e h a v e H a m(B σ ,τ , B ) = Ω ( k 2 ).

Pr o of. Fi x p er m ut ati o ns σ a n d τ , a n d c o nsi d er t w o r a n d o ml y c h os e n s y m m etri c bi n ar y  m atri c es B , B .
F or i ≤ j, l et X ij = 1 if B σ ( i),τ ( j) = B i,j a n d 0 ot h er wis e s o X ij i s a  B er n o ulli r a n d o m v ari a bl e  wit h

E [X ij] = 1
2
.  T h us, b y a  C h er n off b o u n d,

P H a m (B σ ,τ , B ) <
k 2

6
= P

i≤ j

X ij ≤
k 2

6
≤ e

− 2 k 2

6
− 1

2 ( k
2 )

2

( k
2 ) . ( 3. 5)

T h er ef or e, f or r a n d o ml y c h os e n B , B ,

P ∃ σ , τ s.t.  H a m (B σ ,τ , B ) <
k 2

6
≤ e

− 2 k 2

6
− 1

2 ( k
2 )

2

( k
2 ) (k !)2 = 2 − Ω ( k 2 ) . ( 3. 6)

F or a c o nst a nt c > 0, c o nsi d er t h e pr o c ess t h at s el e cts 2 c k 2
bi n ar y  m atri c es {B i}i u nif or ml y at r a n d o m

u nif or ml y at r a n d o m.  T h e pr o b a bilit y t h at all p airs ar e at  H a m mi n g dist a n c e at l e ast k 2 / 6 is at l e ast

1 − 2 2 c k 2
2 − Ω ( k 2 ) . S el e cti n g c s uf fi ci e ntl y s m all,  w e g et t h at at l e ast o n e s u c h s et S e xists.

We ar e n ot a w ar e of a n e x pli cit c o nstr u cti o n of a l ar g e f a mil y of  m atri c es t h at ar e f ar a p art i n ˆ̂δ 2

m etri c;  w e l e a v e s u c h a c o nstr u cti o n as a n o p e n pr o bl e m.
We n o w pr o c e e d t o t h e pr o of of  T h e or e m 3 .  We  will us e  L e m m a 4 t o d e fi n e a s et T wit h p a c ki n g

n u m b er 2 Ω ( k 2 ) .  T h e el e m e nts of T ar e all cl os e i n · ∞ n or m, s o usi n g  L e m m a 3 w e g et a b o u n d o n t h e
K L di a m et er.  We t h e n dir e ctl y a p pl y t h es e b o u n ds vi a F a n o’s l e m m a.

T h e o r e m 4 F or a n y p ositi v e i nt e g er k ≤ n a n d 0 < ρ ≤ 1,

i nf
ˆW

s u p
W

E
G ∼ G n (W )

δ 2 ( ˆW (G ), W ) ≥ Ω mi n ρ ,
ρ k 2

n 2
, ( 3. 7)

w h er e i nf ˆW i s t h e i n fi m u m o v er all esti m at ors ˆW : G n → G a n d s u p W i s t h e s u pr e m u m o v er all k - bl o c k,
ρ - b o u n d e d gr a p h o ns.
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P r o of. L et S b e a s et s atisf yi n g t h e c o n diti o ns of  L e m m a 4 a n d l et η = mi n (1, k
n
√

ρ
). F or B ∈ S , d e fi n e

Q B = ρ
1

2
1 + c η ( 2 B − 1 ) , ( 3. 8)

w h er e 1 is t h e all 1’s  m atri x a n d c is s o m e c o nst a nt t h at  w e  will c h o os e l at er.  T h at is, (Q B ) ij = ρ [ 1
2
+ c η ]

if B ij = 1 a n d (Q B ) ij = ρ [ 1
2

− c η ] if B ij = 0.  L et T = {W [Q B ] | B ∈ S }.  Usi n g  L e m m a 3 ,  w e c o n cl u d e
t h at f or all W , W ∈ T , w e h a v e

D (G n (W ) G n (W )) ≤ 8 n 2 (2 c ρ η ) 2 ≤ 3 2 c 2 k 2 ρ , ( 3. 9)

s o d K L (T ) = O (c 2 k 2 ρ ) .
L et B , B ∈ S a n d s u p p os e σ , τ ∈ S k .  B y c o nstr u cti o n,

(W [Q B ]) σ ,τ − W [Q B ]
2

2
≥

1

k 2
H a m (B σ ,τ , B )(2 ρ c η ) 2 = Ω ( c 2 ρ 2 η 2 ). ( 3. 1 0)

T h us b y  C or oll ar y 2 ,

δ 2 (W [Q B ], W [Q B ]) ≥ ˆ̂δ 2 (W [Q B ], W [Q B ]) ≥ Ω ( c ρ η ) . ( 3. 1 1)

T h er ef or e, t h er e e xists D > 0 s u c h t h at if = D ρ c η = D mi n c ρ ,
c k

√
ρ

n
, w e h a v e l o g M ( , T , δ 2 ) =

Ω ( k 2 ). F a n o’s l e m m a i m pli es

i nf
ˆW

s u p
W

Pr δ 2 ( ˆW , W ) ≥
2

≥ 1 −
O (c 2 k 2 ρ ) + 1

Ω ( k 2 )
. ( 3. 1 2)

We c a n c h o os e c s m all e n o u g h t h at t h e ri g ht- h a n d si d e is l ar g er t h a n a fi x e d c o nst a nt f or all k a n d n . B y
M ar k o v’s i n e q u alit y,  w e h a v e

i nf
ˆW

s u p
W

E δ 2 ( ˆW , W ) = Ω ( ) = Ω mi n ρ , ρ
k 2

n 2
. ( 3. 1 3)

Pr o of of  Pr o p ositi o n 1 . D uri n g t h e c o urs e of t h e pr o of of  T h e or e m 3 ,  w e c o nstr u ct 2Ω ( k 2 ) gr a p h o ns i n
W ρ t h at ar e p air wis e at l e ast Ω ( ρ c η ) a p art i n t h e δ 2 dist a n c e f or a n y c > 0 s u c h t h at |c η | ≤ 1

2
.  T h er ef or e,

f or s o m e C > 0, t h e C ρ - p a c ki n g n u m b er of W ρ i s at l e ast 2Ω ( k 2 ) .

A c k n o wl e d g e m e nts

We ar e gr at ef ul f or h el pf ul c o n v ers ati o ns  wit h  C hristi a n  B or gs, J e n nif er  C h a y es,  Ol g a  Kl o p p a n d
Al e x a n dr e  Ts y b a k o v.
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F u n di n g

Alfr e d P. Sl o a n F o u n d ati o n; a  G o o gl e F a c ult y  R es e ar c h  A w ar d; a n d t h e  N ati o n al S ci e n c e F o u n d ati o n
a w ar d (II S- 1 4 4 7 7 0 0).

R e f e r e n c e s

1. M o s s e l,  E.,  N e e m a n, J.  & S l y,  A. ( 2 0 1 4)  R e c o nstr u cti o n a n d esti m ati o n i n t h e pl a nt e d p artiti o n  m o d el.
Pr o b a b. T h e or y  R el at e d  Fi el ds , 1 6 2 , 4 3 1 – 4 6 1.

2. M o s s e l,  E.,  N e e m a n, J.  & S l y,  A. ( 2 0 1 5)  C o nsist e n c y t hr es h ol ds f or t h e pl a nt e d bis e cti o n  m o d el. Pr o c e e di n gs
of t h e  F ort y- S e v e nt h  A n n u al  A C M o n S y m p osi u m o n T h e or y of  C o m p uti n g, S T O C ’ 1 5 ( R.  R u bi nf el d e d.).
N e w  Yor k,  N Y,  U S A:  A C M, p p. 6 9 – 7 5.

3. B a n k s, J.,  M o o r e,  C.,  N e e m a n, J.  &  N e t r a p a l li, P . ( 2 0 1 6) I nf or m ati o n-t h e or eti c t hr es h ol ds f or c o m m u nit y
d et e cti o n i n s p ars e n et w or ks. Pr o c e e di n gs of t h e 2 9t h  C o nf er e n c e o n L e ar ni n g T h e or y,  C O L T ( V. F el d m a n,
A.  R a k hli n  &  O. S h a mir e ds).  N e w  Yor k,  U S A: J M L R, p p. 3 8 3 – 4 1 6.

4. K l o p p,  O.,  T s y b a k o v,  A.  B.  &  Ve r z e l e n,  N. ( 2 0 1 5)  Or a cl e i n e q u aliti es f or n et w or k  m o d els a n d s p ars e
gr a p h o n esti m ati o n ( v ersi o n 1). ar Xi v: 1 5 0 7. 0 4 1 1 8 v 1 .

5. K l o p p,  O.,  T s y b a k o v,  A.  B.  &  Ve r z e l e n,  N. ( 2 0 1 7)  Or a cl e i n e q u aliti es f or n et w or k  m o d els a n d s p ars e
gr a p h o n esti m ati o n ( v ersi o n 3). A n n. St atist. , 4 5 , 3 1 6 – 3 5 4.

6. H o f f, P.  D.,  R a f t e r y,  A.  E.  &  H a n d c o c k,  M. S. ( 2 0 0 2)  L at e nt s p a c e a p pr o a c h es t o s o ci al n et w or k a n al ysis.
J.  A m er. St at.  Ass o c. , 9 7 , 1 0 9 0 – 1 0 9 8.

7. L o v ́a s z,  L. ( 2 0 1 2)  L ar g e n et w or ks a n d gr a p h li mits. A m er.  M at h. S o c.  C oll o q.  P u bl. , 6 0 , 1 – 4 7 5.
8. B o r g s,  C.,  C h a y e s, J.  T.,  C o h n,  H.  &  Z h a o,  Y. ( 2 0 1 4)  A n L p t h e or y of s p ars e gr a p h c o n v er g e n c e I: li mits,

s p ars e r a n d o m gr a p h  m o d els, a n d p o w er l a w distri b uti o ns. ar Xi v: 1 4 0 1. 2 9 0 6 .
9. B o r g s,  C.,  C h a y e s, J.  T.,  C o h n,  H.  &  Z h a o,  Y. ( 2 0 1 4)  A n L p t h e or y of s p ars e gr a p h c o n v er g e n c e II:  L D

c o n v er g e n c e, q u oti e nts, a n d ri g ht c o n v er g e n c e. ar Xi v: 1 4 0 8. 0 7 4 4 .
1 0. B o r g s,  C.,  C h a y e s, J.  T.,  L o v ́a s z,  L., S ́o s,  V.  &  Ve s z t e r g o m bi,  K. ( 2 0 0 6)  C o u nti n g gr a p h h o m o m or p his ms.

T o pi cs i n  Dis cr et e  M at h e m ati cs ( M.  Kl a z ar, J.  Kr at o c h vil,  M.  L o e bl, J.  M at o us e k,  R.  T h o m as  & P.  Valtr e ds).
B erli n,  H ei d el b er g: S pri n g er, p p. 3 1 5 – 3 7 1.

1 1. B o r g s,  C.,  C h a y e s, J.  T.,  L o v ́a s z,  L., S ́o s,  V.  &  Ve s z t e r g o m bi,  K. ( 2 0 0 8)  C o n v er g e nt gr a p h s e q u e n c es I:
s u b gr a p h fr e q u e n ci es,  m etri c pr o p erti es, a n d t esti n g. A d v.  M at h. , 2 1 9 , 1 8 0 1 – 1 8 5 1.

1 2. Bi c k e l, P. J.  &  C h e n,  A. ( 2 0 0 9)  A n o n p ar a m etri c vi e w of n et w or k  m o d els a n d  N e w m a n – Gir v a n a n d ot h er
m o d ul ariti es. Pr o c.  N atl.  A c a d. S ci.  U S A , 1 0 6 , 2 1 0 6 8 – 2 1 0 7 3.

1 3. Bi c k e l, P. J.,  C h e n,  A.  &  L e vi n a,  E. ( 2 0 1 1)  T h e  m et h o d of  m o m e nts a n d d e gr e e distri b uti o ns f or n et w or k
m o d els. A n n. St atist. , 3 9 , 2 2 8 0 – 2 3 0 1.

1 4. A b b e,  E.,  B a n d ei r a,  A. S.  &  H a l l,  G. ( 2 0 1 6)  E x a ct r e c o v er y i n t h e st o c h asti c bl o c k  m o d el. I E E E Tr a ns. I nf.
T h e or y , 6 2 , 4 7 1 – 4 8 7.

1 5. A b b e,  E.  & S a n d o n,  C. ( 2 0 1 5)  R e c o v eri n g c o m m u niti es i n t h e g e n er al st o c h asti c bl o c k  m o d el  wit h o ut
k n o wi n g t h e p ar a m et ers. A d v a n c es i n  N e ur al I nf or m ati o n  Pr o c essi n g S yst e ms 2 8 ( C.  C ort es,  N.  D.  L a wr e n c e,
D.  D.  L e e,  M. S u gi y a m a  &  R.  G ar n ett e ds).  M o ntr e al,  C a n a d a:  MI T Pr ess, p p. 6 7 6 – 6 8 4.

1 6. Ai r o l di,  E.  M.,  C o s t a,  T.  B.  &  C h a n, S.  H. ( 2 0 1 3) St o c h asti c bl o c k m o d el a p pr o xi m ati o n of a gr a p h o n:
T h e or y a n d c o nsist e nt esti m ati o n. A d v a n c es i n  N e ur al I nf or m ati o n  Pr o c essi n g S yst e ms 2 6 ( C. J.  C.  B ur g es,
L.  B ott o u,  M.  Welli n g,  Z.  G h a hr a m a ni  &  K.  Q.  Wei n b er g er e ds).  L a k e  Ta h o e,  U S A:  C urr a n  Ass o ci at es, I n c.,
p p. 6 9 2 – 7 0 0.

1 7. C h a n, S.  H.  &  Ai r o l di,  E.  M. ( 2 0 1 4)  A c o nsist e nt hist o gr a m esti m at or f or e x c h a n g e a bl e gr a p h  m o d els.
J.  M a c h. L e ar n.  R es.  W or ks h o p  C o nf.  Pr o c. , 3 2 , 2 0 8 – 2 1 6.

1 8. C h a t t e rj e e, S. ( 2 0 1 5)  M atri x esti m ati o n b y u ni v ers al si n g ul ar v al u e t hr es h ol di n g. A n n. St atist. , 4 3 , 1 7 7 – 2 1 4.
1 9. G a o,  C.,  L u,  Y.  &  Z h o u,  H.  H. ( 2 0 1 5)  R at e- o pti m al gr a p h o n esti m ati o n. A n n. St atist. , 4 3 , 2 6 2 4 – 2 6 5 2.
2 0. L a t o u c h e, P.  &  R o bi n, S. ( 2 0 1 6)  Vari ati o n al  B a y es  m o d el a v er a gi n g f or gr a p h o n f u n cti o ns a n d  m otif

fr e q u e n ci es i nf er e n c e i n  W- gr a p h  m o d els. St at.  C o m p ut. , 2 6 , 1 1 7 3 – 1 1 8 5.
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2 1. L l o y d, J.  R.,  O r b a n z, P.,  G h a h r a m a ni,  Z.  &  R o y,  D.  M. ( 2 0 1 2)  R a n d o m f u n cti o n pri ors f or e x c h a n g e a bl e
arr a ys  wit h a p pli c ati o ns t o gr a p hs a n d r el ati o n al d at a. ( F. P er eir a,  C. J.  C.  B ur g es,  L.  B ott o u  &  K.  Q.
Wei n b er g er e ds).  L a k e  Ta h o e,  U S A:  C urr a n  Ass o ci at es, I n c., p p. 9 9 8 – 1 0 0 6.

2 2. T a n g,  M., S u s s m a n,  D.  L.  & P ri e b e,  C.  E. ( 2 0 1 3)  U ni v ers all y c o nsist e nt v ert e x cl assi fi c ati o n f or l at e nt
p ositi o ns gr a p hs. A n n. St atist. , 4 1 , 1 4 0 6 – 1 4 3 0.

2 3. W o l f e, P.  &  O l h e d e, S.  C. ( 2 0 1 3)  N o n p ar a m etri c gr a p h o n esti m ati o n. ar Xi v: 1 3 0 9. 5 9 3 6 .
2 4. Y a n g, J. J.,  H a n,  Q.  &  Ai r o l di,  E.  M. ( 2 0 1 4)  N o n p ar a m etri c esti m ati o n a n d t esti n g of e x c h a n g e a bl e gr a p h

m o d els. Pr o c e e di n gs of 1 7t h I nt er n ati o n al  C o nf er e n c e o n  Arti fi ci al I nt elli g e n c e a n d St atisti cs ( S.  K as ki  &
J.  C or a n d er e ds).  R e y kj a vi k, I c el a n d: P M L R, p p. 1 0 6 0 – 1 0 6 7.

2 5. B o r g s,  C.,  C h a y e s, J.  T.  & S mi t h,  A. ( 2 0 1 5) Pri v at e gr a p h o n esti m ati o n f or s p ars e gr a p hs. Pr o c e e di n gs of
t h e 2 8t h I nt er n ati o n al  C o nf er e n c e o n  N e ur al I nf or m ati o n  Pr o c essi n g S yst e ms,  NI P S’ 1 5 ( C.  C ort es,  D.  D.
L e e,  M. S u gi y a m a  &  R.  G ar n ett e ds).  C a m bri d g e,  M A:  MI T Pr ess, p p. 1 3 6 9 – 1 3 7 7.

2 6. B a n e rj e e,  D. ( 2 0 1 6)  C o nti g uit y r es ults f or pl a nt e d p artiti o n  m o d els: t h e d e ns e c as e. ar Xi v: 1 6 0 9. 0 2 8 5 4 v 1 .
2 7. Y u , B . ( 1 9 9 7)  Ass o u a d, F a n o, a n d  L e  C a m. Fests c hrift f or L u ci e n L e  C a m ( D. P oll ar d,  E.  T or g ers e n  &  G.  Ya n g

e ds).  N e w  Yor k: S pri n g er, p p. 4 2 3 – 4 3 5.
2 8. L a pi d o t h,  A. ( 2 0 1 7) A  F o u n d ati o n i n  Di git al  C o m m u ni c ati o n .  C a m bri d g e,  U K:  C a m bri d g e  U ni v ersit y Pr ess.

A p p e n di x.  P r o of of e q u ati o n ( 1. 6)

We s h o w h er e h o w t o d eri v e t h e l o w er b o u n d i n ( 1. 6 ) fr o m t h e r es ults of  M oss el et al. [1 ] a n d  B a n erj e e
[2 6 ].

L et ( Ωn , F n ) b e a s e q u e n c e of  m e as ur a bl e s p a c es, e a c h e q ui p p e d  wit h t w o pr o b a bilit y  m e as ur es,
P n a n d Q n .  We s a y P n a n d Q n ar e  m ut u all y c o nti g u o us if f or a n y s e q u e n c e of e v e nts A n , w e h a v e
li mn → ∞ P n (A n ) → 0 if a n d o nl y if li m n → ∞ Q n (A n ) → 0.

L e m m a A 1  L et W 1 b e a k - bl o c k gr a p h o n g e n er at e d b y a  m atri x  wit h di a g o n al e ntri es, p , a n d off- di a g o n al
e ntri es, q .  L et W 2 b e t h e  Er d ö s – R é n yi  m o d el  wit h t h e s a m e e x p e ct e d d e gr e e as W 1 . If W 1 a n d W 2 ar e
m ut u all y c o nti g u o us t h e n

i nf
ˆW

s u p
W

E
G ∼ G n (W )

δ 2 ( ˆW (G ), W ) ≥ Ω
|p − q |

√
k

, ( A. 1)

w h er e i nf ˆW i s t h e i n fi m u m o v er all esti m at ors ˆW : G n → G a n d s u p W i s t h e s u pr e m u m o v er all k - bl o c k,
m a x (p , q )- b o u n d e d gr a p h o ns.

Pr o of. L et = | p − q |, s o δ 2 (W 1 , W 2 ) = (k − 1 )2

k 3
2 + (k − 1 )

k 3
2 ≥ C √

k
, f or s o m e c o nst a nt C . S u p p os e,

f or s a k e of c o ntr a di cti o n, t h at t h er e e xists ˆW s u c h t h at

s u p
W ∈ W ρ

E G ∼ G n (W ) δ 2 ( ˆW (G ), W )

is n ot Ω √
k

.  T h e n t h er e e xists a s u bs e q u e n c e {n t}t∈ N s u c h t h at

s u p
W ∈ W ρ

E G ∼ G n t (W ) δ 2 ( ˆW (G ), W ) ≤
C

2 t
√

k
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f or all t ∈ N .
T h e a b o v e i n e q u alit y, c o m bi n e d  wit h  M ar k o v’s i n e q u alit y, i m pli es

li m
t→ ∞

P r G ∼ G n t (W 1 ) δ 2 ( ˆW (G ), W 1 ) ≥
C

2
√

k
→ 0 ( A. 2)

a n d

li m
t→ ∞

P r G ∼ G n t (W 2 ) δ 2 ( ˆW (G ), W 2 ) ≥
C

2
√

k
→ 0. ( A. 3)

B y e q u ati o n ( A. 3 ) a n d t h e c o nti g uit y of W 1 a n d W 2 ,

li m
t→ ∞

P r G ∼ G n t (W 1 ) δ 2 ( ˆW (G ), W 2 ) ≥
C

2
√

k
→ 0. ( A. 4)

T h er ef or e, e q u ati o ns ( A. 2 ) a n d (A. 4 ) i m pl y t h at f or l ar g e e n o u g h n , t h er e e xists a gr a p h G s u c h t h at
δ 2 ( ˆW (G ), W 1 ) < C

2
√

k
a n d δ 2 ( ˆW (G ), W 2 ) < C

2
√

k
,  w hi c h i m pli es t h at δ 2 (W 1 , W 2 ) < C √

k
,  w hi c h is a

c o ntr a di cti o n.

T h er e ar e  m a n y r es ults i n t h e lit er at ur e e x pl ori n g  w h e n bl o c k gr a p h o ns ar e c o nti g u o us  wit h t h e
c orr es p o n di n g  Er d ö s – R é n yi  m o d el.  T h e f oll o wi n g t a bl e s u m m ari z es s o m e of t h e k n o w n r es ults i n t his
ar e a a n d tr a nsl at es t h e m i nt o l o w er b o u n ds o n t h e gr a p h o n esti m ati o n pr o bl e m vi a  L e m m a A 1 .  L et
ρ = m a x (p , q ).

C o n diti o n o n p a n d q L o w er b o u n d o n
f or c o nti g uit y t o h ol d P ar a m et er r e gi m e esti m ati o n err or Cit ati o n

n (p − q )2 ≤ 2 (p + q ) p = a / n , q = b / n f or c o nst a nts
a , b , k = 2

Ω mi n ρ , ρ
n

[1 ]

n (p − q )2 ≤ 2 (p + q ) ρ n → ∞ , ρ n = o (n ), k = 2 Ω mi n ρ , ρ
n

[2 6 ]

n 2 (p − q )2 (k − 1 )
p + (k + 1 )q

≤ 2 l o g (k − 1 ) p = a / n , q = b / n f or c o nst a nts
a , b

Ω mi n ρ√
k
, ρ l o g k

n
[3 ]
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