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In this paper, we propose a data-driven compressive sensing method for the effective 
and sparse representation of solutions to a stochastic system, in which a problem-

dependent basis is constructed and used to exploit the sparse patterns. Given what 
appears to be a highly incomplete set of sample observations, the essential ingredients 
of the proposed method involve (i) estimating the covariance function from low-fidelity 
simulations, (ii) extracting the most dominant energetic modes from the Karhunen-
Loève analysis, and (iii) solving the basis pursuit problem associated with data-driven 
functions for high-fidelity models. Compared with other conventional compressive sensing 
methods that use a problem-independent basis, our approach can significantly increase 
the sparsity of expansion coefficients in many situations. When applied to uncertainty 
quantification problems such as partial differential equations with random input data, 
numerical experiments are carried out to show the effectiveness of our data-driven method 
in recovering the sparse solution globally over the physical domain.

 2018 Elsevier Inc. All rights reserved.

1. Introduction

There are many application problems modeled by partial differential equations (PDEs) with random inputs, and the 
numerical simulation of such systems is often found to be computationally intractable due to the so called “curse of di-
mensionality” [1,2]. With limited computation and storage capabilities in practice, one of the essential challenges in these 
applications is to accurately recover the solution when only a limited number of sample observations are provided. Recently, 
efforts have been made to alleviate this difficulty by exploring the sparse structure of solution at stochastic level, i.e., the 
evaluation of solution at a single spatial point can be resolved exactly using a few polynomial chaos (PC) basis [3–5]. How-

ever, to recover such a solution globally over the physical domain, typical compressive sensing (CS) methods may require 
many thousands of degrees of freedom, and where they are available are not affordable to most feedback control problems 
due to the demand on the controller design in real time with limited computing resources [6–8]. By constructing basis 
functions that are intimately connected to the problem being studied, the data-driven compressive sensing (DCS) method 
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proposed here offers an effective approach for model reduction without resorting to additional assumptions, which can be 
highly desirable in practice.

Specifically, we consider the solution to a stochastic system that is represented in terms of deterministic and stochastic 
basis functions [3,1,9,10,2]. Let (�, F , P) be a complete probability space, and let D be a bounded Lipschitz domain in Rr

where r ∈ Z+ . We also denote by Th a conforming tessellation of D with maximum mesh size h > 0. In the context of 
stochastic finite element methods [1], a fully discrete approximation of the solution u(x, ξ) : D × � → R takes on the form 
(not relabeled)

u(x, ξ ) =
p
∑

i=1

m
∑

j=1

ci jϕ j(x)ψi(ξ), (1)

where ci j ∈ R are coefficients with respect to (w.r.t.) a set of finite element basis {ϕ j(x)}mj=1 , e.g., piecewise linear functions 

that are adopted to effect discretization w.r.t. x ∈ D , and {ψi(ξ)}pi=1 represents a set of multivariate PC basis, e.g., Legendre 
polynomials or Hermite polynomials that are orthonormal w.r.t. the joint probability measure ρ(ξ ) of a d-dimensional 
random variable ξ = (ξ1(ω), . . . , ξd(ω)) for almost everywhere ω ∈ �.

To determine the coefficients in expansion (1), the collocation method is utilized in conjunction with appropriate stochas-
tic and deterministic collocation points, i.e., {ξ i}ni=1 and {x j}mj=1 respectively. We then arrive at the linear system

⎛

⎜

⎝

u(x1, ξ1) · · · u(xm, ξ1)
...

...

u(x1, ξn) · · · u(xm, ξn)

⎞

⎟

⎠
=

⎛

⎜

⎝

ψ1(ξ1) · · · ψp(ξ1)
...

...

ψ1(ξn) · · · ψp(ξn)

⎞

⎟

⎠

⎛

⎜

⎝

c11 · · · c1m
...

...

cp1 · · · cpm

⎞

⎟

⎠

⎛

⎜

⎝

ϕ1(x1) · · · ϕ1(xm)
...

...

ϕm(x1) · · · ϕm(xm)

⎞

⎟

⎠

which for simplicity is denoted by

u = �c�. (2)

Here, u := (u(xi, ξ j)) is the matrix of observations, c := (ci j) is the coefficient matrix to be determined, � := (ψi(ξ j))

and � := (ϕi(x j)) represent the spatial and stochastic information matrices respectively. Typically, the stochastic degree of 
freedoms p (and consequently the total number of unknowns m × p) grows quickly in the dimension of random input 
data ξ . Consequently, with a smaller number of equations than unknowns, i.e., n < p or even n � p, the linear system (2)
becomes underdetermined and has infinitely many solutions provided that at least one solution exists.

Thanks to the celebrated works on CS methods [11,3,12], it is possible to recover the unique solution of problem (2) from 
what appears to be a highly incomplete set of sample observations. In other words, given that the expansion coefficients 
are sparse w.r.t. their associated basis functions, an accurate approximate solution can be constructed by solving the basis 
pursuit (BP) problem [13]. In the spirit of such discovery, much attention has been devoted to the recovery of the solution at 
a single spatial point [14,4]. Generically, different sparse patterns may result at different points. Taking such CS approaches, 
there may still be a moderate amount of coefficients contributing to the representation of solution over the entire spatial 
domain, which makes computation expensive for various application problems.

The major contribution of this work is to introduce a problem-dependent basis for the expansion (1), which further 
enhances sparsity in the representation of solution and hence improves the recovery accuracy. To be specific, we firstly 
construct the covariance function Covu(x, x′) of solution u(x, ξ ) using low-fidelity simulations which are less accurate but 
computationally cheaper than high-fidelity ones [15]. Then, the widely studied Karhunen-Loève (KL) analysis, based on the 
integral equation

∫

D

Covu(x, x
′)φ j(x

′)dx′ = λ jφ j(x), (3)

with a sequence of eigenpairs (λ j, φ j(x)) j�1 , is applied to extract the most dominant energetic modes as our data-driven 
basis functions. In particular, the collection of primary energetic modes remains almost unchanged as the spatial resolution 
increases. As a result, by using the basis functions generated from low-fidelity models, e.g., coarse mesh solutions, we may 
have little loss in accuracy for fast recovery of the high-fidelity models such as those based on fine mesh simulations. The 
representation of solution is now given by

u(x, ξ ) =
p
∑

i=1

m
∑

j=1

c̃i jφ j(x)ψi(ξ), (4)

where the expansion coefficients are determined by solving the BP problem associated with the data-driven basis.
To demonstrate the enhancement of sparsity for the proposed DCS method, we consider first the projection of expansion 

(1) into the space spanned by eigenfunctions {φ j}mj=1 in (3), where the coefficients can be bounded by the eigenvalues. 
Since these eigenvalues are often found to decay very quickly in many applications [16], such a representation can be used 
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to compress the coefficients, although it might favor the basis functions with small eigenvalues. Accordingly, to further 
increase the sparsity, an 
1-norm minimization problem is introduced instead, in which the restricted isometry property 
(RIP) constant remains the same as the conventional CS methods. Numerical experiments are carried out to validate our 
theoretical findings.

The paper is organized as follows. In section 2, a brief introduction to the CS and PC methods is illustrated. Next, in 
section 3, we present an algorithm for the efficient extraction of data-driven basis, as well as a mathematical study of the 
optimality of such basis functions. Then, the discussion on DCS method is given in section 4. Numerical examples with high 
compressibility and applications in uncertainty quantification are reported in section 5 to validate the effectiveness of our 
method. Finally, we end by drawing some conclusions and indicating possible future works in section 6.

2. Preliminary

We first briefly recall some basic theory of PC expansion, CS techniques and some notations used in this work.

2.1. Polynomial chaos expansions

Let (�, F , P) be a complete probability space defined as before. To start with the PC expansion, we define a set of 
multi-indices with a finite number of non-negative integers as follows:

I
d
pr

:=
{

α = (α1,α2, · · ·αd) : αi ∈N
+
0 , |α| =

d
∑

i=1

αi < pr

}

.

For any function u(x, ξ ) ∈ L2(D) ⊗ L2(�), the associated generalized PC expansion takes the form

u(x, ξ ) =
∑

α∈Id∞

bα(x)ψα(ξ) (5)

where bα(x) are the coefficients, and ψα(ξ ) are the multivariate polynomials basis which are constructed by the tensor 
product of univariate orthonormal polynomials.

Without loss of generality, the univariate random variable ξ is assumed to satisfy the uniform distribution on � =
[−1, 1], then we obtain the Legendre polynomials according to the Askey scheme [17] for non-negative integer n, i.e.,


n(ξ) =
√

2n + 1

2

1

2nn!
dn

dξn

[(

ξ2 − 1
)n]

,

which form a complete orthonormal basis of L2(�) w.r.t. the weighting function ρ(ξ) = 1
2
. Clearly, tensor products of the 

elements {
n(ξi)}∞n=0 , where i = 1, . . . , d, construct a complete basis of the corresponding d-dimensional probability space. 
That is, for a multi-index α ∈ Id

∞ , the d-dimensional polynomial ψα of order |α| is defined as

ψα(ξ) :=
d
∏

i=1


αi
(ξi),

which is orthonormal w.r.t. the joint probability measure ρ(ξ ) =
∏d

i=1 ρ(ξi) for ξ ∈ � = [−1, 1]d (not relabeled), i.e.,

∫

�

ψα(ξ)ψβ(ξ)ρ(ξ)dξ := E
[

ψαψβ

]

= δαβ ,

for any α, β ∈ Id
∞ , where δαβ represents the Kronecker delta function.

Note that the possible infinite summation has been truncated to only p terms for the convenience of our discussion, 
where p = (pr+d)!

pr !d! is the cardinality of the stochastic polynomial basis. After mapping the multiple indices associated with 
the PC basis functions to the single index [18], the expansion (5) can be rewritten as

u(x, ξ ) =
p
∑

i=1

bi(x)ψi(ξ) (6)

where ψ1(ξ) ≡ 1. On the other hand, to fully discretize the expansion (6), the standard finite element method is used for 
the approximation of coefficients bi(x) in (6), which results in the stochastic finite element representation (1).
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2.2. Sparse recovery using compressive sensing

CS methods are effective at recovering the solution (1) from a set of incomplete random measurements, provided that 
the expansion coefficients are sparse w.r.t. an over-complete dictionary of solution patterns [11,13].

Specifically, by introducing the vectorization of a matrix A ∈ R
m,n as

vec(A) = (a11, . . . ,am1, . . . ,a1n, . . . ,amn)
T ,

and the Kronecker product of the matrix A ∈ R
m,n with another matrix B ∈ R

p,q as

A ⊗ B =

⎛

⎜

⎝

a11B · · · a1nB
...

. . .
...

am1B · · · amnB

⎞

⎟

⎠

mp×nq

,

the under-determined linear system (2) can now be rewritten in the vector form

vec(u) = (�T ⊗ �) vec(c), (7)

where � = �
T ⊗ � serves as a dictionary matrix, the same as the standard CS setting.

Recall that one fundamental premise of CS approach is that the coefficient vector vec(c) is sparse w.r.t. the dictionary 
matrix �. Typically, the spatial grid points are chosen to be the collocation points {xi}mi=1 and the spatial information 
matrix then reduces to an m ×m identity matrix. As such, a low-rank approximation of solution u(x, ξ ) can be constructed 
by solving the BP problem associated with the constraint equation (7), i.e.,

vec (ĉ) = argmin
vec (c)

‖vec (c)‖1 subject to vec (u) = � vec (c), (8)

where the dictionary matrix � = Im ⊗ � contains no prior knowledge of the sparse patterns of solution. In particular, by 
Lemma 1, the RIP constant for matrix � in (8) satisfies δs(�) = δs(�).

Lemma 1 ([19,20]). Let A be the m × n information matrix, the RIP constant of A is defined as the smallest number δs(A) ∈ (0, 1)
such that

(1− δs(A))‖x‖22 ≤ ‖Ax‖22 ≤ (1+ δs(A))‖x‖22 (9)

holds for all vectors x ∈ R
n which have at most s ∈ {1, . . . , n} nonzero entries. Similarly, let δs(B) be the RIP constant for matrix 

B ∈ R
p,q , then the following estimation holds true:

max {δs(A), δs(B)} ≤ δs(A ⊗ B) ≤
(

1+ δs(A)
)(

1+ δs(B)
)

− 1 (10)

Lemma 2 ([19,21]). Assume that δ2s(�) ≤
√
2− 1, the solution to (8) satisfies the following error estimate:

‖vec(c) − vec(ĉ)‖2 ≤ C
‖vec(c) − vec(cs)‖1√

s
(11)

where the constant C depends only on the RIP constant, and vec(cs) is the s-term approximation of vec(c) obtained by retaining the s
most significant modes.

One can, without question, decouple (8) into m independent subsystems to recover pointwise the global solution, pro-
vided that the information matrix � satisfies certain requirements on the RIP constant [3,4]. However, different spatial 
points may have different sparse patterns. As a result, there may still be a moderate amount of coefficients contributing 
to the expansion (1). To further enhance the sparsity as well as the efficiency of the recovery procedure, we propose the 
concept of “data-driven” compressive sensing to construct a basis which extracts dominant features of the solution from a 
given “incomplete” set of sample observations in what follows.

3. Data-driven basis selection

Given a limited number of sample simulations, we begin the construction of data-driven basis by first introducing a 
sparse covariance recovery procedure. Then the widely studied KL analysis (3) is applied to extract energetic solution pat-
terns as our data-driven basis functions, which are shown to be optimal in L2(�) ⊗ L2(D) at effectively capturing the 
essential information in the dataset and enhancing the sparsity.
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3.1. Sparse recovery of covariance function

As is well known, covariance function characterizes the correlation of a solution u(x, ξ ) with itself at pairs of spatial 
points and provides sufficient statistics for the KL analysis [21]. However, due to the limited computation and storage 
resources in practice, an important issue is the recovery of covariance function

Covu(x, x
′) =

∫

�

u(x, ξ )u(x′, ξ)ρ(ξ )dξ − Eu(x)Eu(x
′) (12)

when only a few observations are provided. Here, Eu(x) denotes the expectation of u(x, ξ ). Since the Monte Carlo (MC) 
method typically requires the use of a sufficiently large number of sample simulations to ensure satisfactory accuracy, it 
may be computationally too demanding to correctly recover the statistical moments in such a situation. Alternatively, given 
that a solution u(x, ξ ) is sparse w.r.t. the basis functions in (1), the solution and hence its covariance can be accurately 
recovered using n � p sample measurements via the CS method [3,12]. The details are presented as follows.

Algorithm 1 Sparse recovery of covariance function.
Input: stochastic and spatial collocation points, namely, {ξ j}nj=1 and {xi}mi=1 .

Output: covariance function Covû(x, x′).
1. Select appropriate stochastic and deterministic basis, i.e., {ψi(ξ)}pi=1 and {ϕ j(x)}mj=1 .

2. Generate simulation outputs {u(xi, ξ j)}m, n
i=1, j=1 associated with given collocation points.

3. Arrange the system (2) into a vector form (7), and solve the BP denoising problem

vec (ĉ) = argmin
vec (c)

‖ vec (c)‖1 subject to ‖ vec (u) − � vec (c)‖2 ≤ ε = 10−7 ,

where � = Im ⊗ �, then reconstruct the solution u(x, ξ) with coefficients ĉ, i.e.,

û(x, ξ) =
p
∑

i=1

m
∑

j=1

ĉi jϕ j(x)ψi(ξ).

4. Compute the covariance function Covû(x, x′) by the definition (12).

Remark 1. By using the multivariate Legendre polynomials {ψi(ξ )}pi=1 , we can rewrite the above result as follows:

û(x, ξ ) =
m
∑

j=1

ĉ1 jϕ j(x) +
p
∑

i=2

m
∑

j=1

ĉi jϕ j(x)ψi(ξ) = E û(x) +
p
∑

i=2

m
∑

j=1

ĉi jϕ j(x)ψi(ξ). (13)

Therefore, the approximation of covariance function Covu(x, x′) has the form

Covû(x, x
′) =

p
∑

i=2

⎛

⎝

m
∑

j=1

ĉi jϕ j(x)

⎞

⎠

⎛

⎝

m
∑

j′=1

ĉi j′ϕ j′(x
′)

⎞

⎠ . (14)

Remark 2. Instead of the matrix form (2), the constraint of BP problem (8) is written in a vector form for the ease of 
theoretical analysis throughout this paper, which is not necessary for numerical implementation. In other words, one can 
directly solve the BP denoising problem in Algorithm 1 with constraint in a matrix form, i.e., ‖u − �c�‖2 ≤ ε .

3.2. Karhunen-Loève basis extraction

Instead of using the standard finite element basis for the sparse representation of u(x, ξ ) in the spatial domain, we adopt 
a data-driven basis extracted from KL analysis (3), in which the kernel function is generated from Algorithm 1.

Let Th be a triangulation of D parametrized with a mesh size h > 0 and grid points {x j}mj=1 , and let Vh =
span{ϕ1(x), . . . , ϕm(x)} denote the finite element space associated with Th . Given the covariance kernel function Covû(x, x

′), 
the finite element approximation of the KL integral equation (3) has the form: find λ j ∈R+ and 0 
= φ j(x) ∈ Vh such that

∫

D

⎛

⎝

∫

D

Covû(x, x
′)φ j(x

′)dx′

⎞

⎠ v(x)dx = λ j

∫

D

φ j(x)v(x)dx for all v(x) ∈ Vh. (15)

Specifically, we assume that φ j(x) ∈ Vh and φ j(x) =
∑m

k=1 μ
(k)
j ϕk(x) for j = 1, . . . , m. Then, the problem (15) turns out to be 

a generalized eigenvalue problem [21]
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Cμ j = λ jMμ j for j = 1, . . . ,m, (16)

where the generalized eigenvectors {μ j} are given by μ j =
(

μ
(1)
j , . . . ,μ

(m)
j

)T
, and matrices

C =

⎛

⎝

∫

D×D

Covû(x, x
′)ϕi(x

′)ϕ j(x)dx
′dx

⎞

⎠

m

i, j=1

and M =

⎛

⎝

∫

D

ϕi(x)ϕ j(x)dx

⎞

⎠

m

i, j=1

are both symmetric positive definite. Without loss of generality, the non-negative eigenvalues {λ j}mj=1 are arranged in de-

creasing order with eigenvectors assumed to be M-orthonormal, i.e., �M�
T = Im where Im is an m × m identity matrix 

and � = (μ1, · · · , μm)T (not relabeled).
To show the effectiveness of such a basis, we consider first of all the projection of expansion (13) into the subspace 

spanned by the eigenfunctions {φ j(x)}mj=1 , that is,

û(x, ξ ) =
m
∑

j=1

〈

û(x, ξ ),φ j(x)
〉

φ j(x) =
p
∑

i=1

m
∑

j=1

či jφ j(x)ψi(ξ) := ǔ(x, ξ ), (17)

where 〈·, ·〉 denotes the L2(D) inner product. By the orthonormality condition of basis functions {ψi(ξ)}pi=1 , it can be easily 
deduced from (17) that

m
∑

j=1

ĉi jϕ j(x) =
m
∑

j=1

či jφ j(x) for 1 ≤ i ≤ p. (18)

Then, by evaluating (18) at the given set of grid points {x j}mj=1 , we arrive at the equality

ĉ Im = č� or, equivalently, č = ĉ�
−1

where č = (či j) is the coefficient matrix, which provides us with an algorithm for the construction of ǔ(x, ξ).

Algorithm 2 Optimal projection-based sparse representation.
Input: stochastic and spatial collocation points, namely, {ξ i}ni=1 and {x j}mj=1 .

Output: sparse coefficients č = (či j) via optimal projection.
1. Recover the solution (13) and its covariance (14) using Algorithm 1.

2. Solve the KL eigenvalue problem (15) to obtain the data-driven basis {φ j(x)}mj=1 .

3. Assemble the projection matrix � =
(

φi(x j)
)

and reconstruct the solution u(x, ξ) by

ǔ(x, ξ) =
p
∑

i=1

m
∑

j=1

či jφ j(x)ψi(ξ),

where the expansion coefficients are determined by č= ĉ�
−1 .

Now we are ready to show the enhancement of sparsity in representing u(x, ξ ) via Algorithm 2. An estimation on the 
expansion coefficients is presented below. Its proof is standard and is given in the Appendix A for reference.

Theorem 3. The coefficients of expansion ǔ(x, ξ) satisfy the estimation

p
∑

i=2

|či j |2 = λ j for j = 1, . . . ,m, (19)

where λ j is the j-th eigenvalue of the problem (15). Moreover, the expansion (17) satisfies the equality

E

⎡

⎣

∫

D

(

ǔ(x, ξ ) − E ǔ(x)
)2

dx

⎤

⎦=
m
∑

j=1

λ j where E ǔ(x) =
m
∑

j=1

č1 jφ j(x). (20)

Due to the fast decay of eigenvalues in many applications [16], Theorem 3 implies that the expansion coefficients asso-
ciated with small eigenvalues can be compressed into the region close to zero, and hence could be negligible. This enables 
us to further increase the sparsity of expansion (17). Such a technique, also known as the principle component analysis 
(PCA) in statistics or proper orthogonal decomposition (POD) in reduced-order modeling [6–8,12], may reward the basis 
functions with small coefficient values. Consequently, the proposed DCS method may provide a more attractive alternative 
to the stochastic problem (1) (see Section 4 for more details).
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3.3. Optimality of data-driven basis

We now illustrate the optimal property of our data-driven basis, i.e., the projection of sample simulations onto the space 
spanned by that basis is the best approximation among all such orthogonal functions in L2(D).

Since one is usually interested in the deviations about a mean value, modified sample observations are constructed by 
v(x, ξ i) = v(x, ξ i) − E û(x), 1 ≤ i ≤ n, where the expectation is approximated by E û(x). We then have the following result on 
the data-driven basis whose proof involves standard techniques, see Appendix B.

Theorem 4. Given the modified sample observations, the basis {φ j(x)}mj=1 minimizes, among all orthogonal basis functions of dimen-

sion m, the projective error

J (φ1, . . . , φm) = 1

n

n
∑

i=1

E

[

‖v(x, ξ i) −
m
∑

k=1

〈

v(x, ξ i),φk

〉

φk‖2
]

, (21)

where 〈·, ·〉 and ‖·‖ denote the L2(D) inner product and norm, respectively.

As can be seen from Theorem 4, the data-driven basis captures the essential information in the sample measurements. 
It is therefore more promising than the standard finite element basis in exploiting the sparse modes of the solution u(x, ξ ). 
Moreover, the dominant solution patterns in the 
2-norm sense could also be of crucial importance in the 
1-norm sense, 
and the details are presented in the following section.

4. Compressive sensing with data-driven basis

Instead of representing u(x, ξ ) through the optimal projection, a convexified 
1-norm minimization problem associated 
with our data-driven basis is proposed in this section. A detailed analysis is presented to show the effectiveness of our DCS 
method, together with a multi-fidelity algorithm in the numerical implementation.

We recall that the proposed sparse recovery procedure is defined by

vec (c̃) = argmin
vec (c)

‖vec (c)‖1 subject to vec (uM
1
2 ) =

(

(

�M
1
2

)T
⊗ �

)

vec (c), (22)

where the symmetric and positive definite mass matrix M has the eigendecomposition M = M
1
2 (M

1
2 )T .

Meanwhile, one fundamental premise of the DCS method is that the information matrix satisfies certain requirements 
on the RIP constant. To show this, we recall the M-orthonormal condition of eigenvectors in (16), that is,

I = �M�
T = �M

1
2

(

�M
1
2

)T
. (23)

Then, by Lemma 1 and (23), it immediately implies that

δs

(

(

�M
1
2

)T
⊗ �

)

= δs(�), (24)

i.e., the RIP constant of DCS method remains the same as the standard CS setting.
On the other hand, the representations (4) and (17) are expressed w.r.t. the same basis functions but with different 

coefficient values. In fact, the coefficients with relatively large values stay the same in both cases, while the expansion 
coefficients with relatively small values can be further compressed through the BP problem (22). Compared with the con-
ventional CS methods, our DCS approach can significantly increase the sparsity of expansion coefficients without changing 
the value of RIP constant. Consequently, the associated recovery accuracy can be further improved, which can be highly de-
sirable in practice. Moreover, the number of energetically dominant solution modes does not vary substantially as the mesh 
size h gets refined, i.e., the eigenpair approximation error can be bounded in terms of the mesh spacing [21]. This allows 
us to use the low-fidelity simulations, e.g., solutions on coarse meshes, for the recovery of covariance kernel function with 
acceptable accuracy and at low cost. Then, the data-driven basis can be constructed for the representation of high-fidelity 
models, e.g., solutions on fine meshes. The algorithm for such an efficient sparse recovery procedure using multi-fidelity 
data is given below.
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Algorithm 3 Multi-fidelity compressive sensing with data-driven basis.
Input: coarse and fine mesh sizes (H and h, respectively), stochastic collocation points.
Output: compressed coefficients c̃ = (c̃i j) w.r.t. data-driven basis for high-fidelity representation.
1. Generate coarse mesh sample simulations and use Algorithm 1 to recover the covariance function (14).
2. Solve the problem (15) to obtain the data-driven basis {φ j(x)}mj=1 on the fine mesh, then construct the matrix � =

(

φi(x j)
)

.

3. Generate fine mesh sample simulations and solve the corresponding BP denoising problem

vec (c̃) = argmin
vec (c)

‖ vec (c)‖1 subject to ‖ vec (u) − � vec (c)‖2 ≤ ε = 10−7 ,

where � = �
T
m ⊗ �, then reconstruct the solution u(x, ξ) with coefficients c̃, i.e.,

ũ(x, ξ) =
p
∑

i=1

m
∑

j=1

c̃i jφ j(x)ψi(ξ).

Note that the constraint equation in (22) and the linear system (2) are equivalent up to a linear transformation, and 
the representation of solution now has the form (4). Numerical results are reported in the following section to verify the 
effectiveness of our DCS method.

5. Numerical experiments

In this section, numerical experiments are reported to show the effectiveness of our DCS method. First, an explicit 
function with high compressibility is considered to demonstrate the accuracy of our covariance recovery strategy, i.e., the 
Algorithm 1. Then, the numerical results on a second-order elliptic boundary value problem with stochastic inputs are 
presented to demonstrate the efficiency of our DCS approach for recovering the sparse solution globally over the physical 
domain.

5.1. Example with high compressibility

We consider a highly compressible function,

u(x, ξ ) =
d
∑

i=1


0(ξi) + (ex − 1)

d
∑

i=1


1(ξi) + (e1−x − 1)

d
∑

i=1


2(ξi) (25)

where x is over the interval D = [0, 1], random variables {ξi}di=1 are assumed to be independently and uniformly distributed 
on [−1, 1], and 
 j(ξ) represents the j-th order univariate Legendre polynomial. In particular, by choosing d = 21, the 
covariance function has an explicit expression

Covu(x, x
′) = 7(ex − 1)(ex

′ − 1) + 21

5
(e1−x − 1)(e1−x′ − 1). (26)

Next, given the random inputs {ξ i}ni=1 and spatial collocation points {x j = ( j − 1)/25}mj=1 where m = 33, Algorithm 1 is 

applied to recover the covariance function (14) in which the recovery result is denoted by CovCS(x, x′). Here, the standard 
continuous piecewise linear finite element basis and the 2nd-order Legendre PC basis are used in the numerical implemen-

tation. Meanwhile, using the same sample simulations {u(x, ξ i)}ni=1 , the conventional MC approach is applied for comparison 
purpose, namely,

CovMC(x, x′) = 1

n

n
∑

i=1

u(x, ξ i)u(x′, ξ i) −
(

1

n

n
∑

i=1

u(x, ξ i)

)(

1

n

n
∑

i=1

u(x′, ξ i)

)

.

To show the efficiency of the proposed covariance recovery method, the error estimate associated with approximating (26)
by CovCS(x, x′) and CovMC(x, x′) is presented in Table 1 and Fig. 1, where different sample sizes are used for the recovery, 
errMC := ‖ CovMC − Covu ‖L2(D×D) and errCS := ‖ CovCS − Covu ‖L2(D×D) .

As shown in Table 1 and Fig. 1, the MC approach converges slowly with order 0.47, that is, errMC ≈ O(n−1/2), and fails 
to provide accurate statistical moments especially with a limited number of sample observations. However, such a highly 
“incomplete” set of random observations does contain enough information for the accurate recovery of covariance function. 

Table 1

Error estimates for covariance recovery using MC and CS methods.

n (sample size) 40 60 80 100 120 125 130 135 140 160 order

errMC ×10−2 3.53 2.76 2.47 2.17 2.13 2.02 1.97 1.92 1.88 1.82 0.47

errCS ×10−2 64.97 61.21 48.55 26.00 15.70 8.24 2.29 0.03 0.03 0.03 -
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Fig. 1. Error estimates for covariance recovery by MC and CS methods w.r.t. different sample sizes.

Specifically, the right figure implies that high accuracy can be achieved from far fewer samples than required by the MC 
method. This ensures the effectiveness of the data-driven basis that plays a key role in our DCS method.

In particular, our proposed covariance recovery strategy remains valid for mesh refinement, i.e., the number of mea-

surements required for accurate recovery remains almost constant as the mesh gets refined, which enables us to construct 
data-driven basis via low-fidelity simulations at low cost. Such a property is highly desirable for the representation of 
high-fidelity solutions, and the details are presented in the following section.

5.2. Applications to uncertainty quantification

We now consider a one-dimensional elliptic boundary value problem with random inputs, which has been studied in 
earlier works on uncertainty quantification and stochastic models [1,22]. The problem is given by

{

−∇ · (a(x, ξ )∇u(x, ξ )) = f (x) in D = (0,1),

u(x, ξ ) = 0 on ∂D,
(27)

where f (x) = sin(πx). and the stochastic coefficient field a(x, ξ ) = a(x, ξ1, . . . , ξd) takes on the form

a(x, ξ ) = Ea(x) + σ

d
∑

j=1

√

λ j ϑ j(x) ξ j . (28)

Here, Ea(x) denotes the mean value of the diffusion coefficient, σ > 0 is an amplification factor, {ξ j}dj=1 are sampled in-

dependently and uniformly at random from the set of outcomes [−1, 1], and {(λ j , ϑ j)}dj=1 are defined by the first d ∈ Z+
eigenpairs of the KL eigenvalue problem (15) with an exponential kernel function

Covaa(x, x
′) = exp

(

−|x − x′|
lc

)

, (29)

where the correlation length lc > 0 is typically used to characterize the decay of eigenvalues.
Without loss of generality, we choose the mean value Ea(x) = 1, the amplification factor σ = 0.5, the dimension of 

random inputs d = 19, and the correlation length lc = 0.2 so that the coefficient (28) is uniform coercive. Moreover, let 
D = [0, 1] be uniformly divided into several disjoint intervals with mesh size h > 0, the linear finite element basis and the 
2nd-order Legendre polynomial functions are utilized for numerical discretization.

5.2.1. Robustness of data-driven basis
To show the efficiency of Algorithm 3, numerical results are reported in this section to demonstrate the robustness of 

sparse modes as the spatial resolution increases. That is, with the number of model simulations staying fixed, the set of 
energetically dominant solution patterns does not show substantial variations as the mesh gets refined.

For illustration, we choose h = 2−6 and 2−8 (i.e., m = 65 and 257 respectively), n = 60 independent sample simulations 
of problem (27) are used for the sparse recovery of (12) via Algorithm 1. By solving the KL eigenvalue problem (15), Fig. 2
depicts the largest 40 eigenvalues and their cumulative energy ratios (defined as

ρk :=
k
∑

j=1

λ j/

m
∑

j=1

λ j,
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Fig. 2. Covariance, spectrum and energy ratio for coefficient (1st row) and solution (2nd row).

for k = 1, 2, . . . , m), as well as the covariance functions of coefficient a(x, ξ ) and numerical solution û(x, ξ). Roughly speak-
ing, the cumulative energy ratio ρk measures the “information content” of the sample observations captured by the first k
terms in our data-driven basis.

The results in Fig. 2 show that the distribution of spectrum remains almost unchanged as the mesh gets refined. There-
fore, it is possible to utilize the low-cost coarse mesh (low-fidelity) sample simulations to have fast generation of fine scale 
(high-fidelity) data-driven basis functions with little loss in accuracy. This key observation ensures the effectiveness of our 
multi-fidelity DCS algorithm.

5.2.2. Improvement of sparsity and accuracy
Given the coarse and fine mesh parameters, say, H = 2−6 and h = 2−8 respectively, we apply Algorithm 1 with n =

60 sample simulations on the coarse mesh for the recovery of covariance function Covû(x, x
′). The eigenvalues and the 

corresponding cumulative energy ratios are depicted in Fig. 2. On the other hand, only n = 60 sample simulations are 
generated on fine mesh for the recovery of high-fidelity solution.

From Fig. 2 we see that in order to obtain, say, 99.99% energy of û(x, ξ) via the KL expansion, only 12 terms are needed. 
This immediately implies that Algorithm 2 can be used to compress the expansion coefficients of (1). Without loss of 
generality, we consider the coefficients with absolute values larger than a fixed threshold τ = 1 × 10−7 . Consequently, by 
(19), the coefficients associated with the eigenvalues less than τ 2p ≈ 2.1 ×10−12 ≈ λ60 are of little importance and omitted 
in what follows.

By using the conventional CS method, projection-based method (i.e., Algorithm 2) and DCS method (i.e., Algorithm 3) 
respectively, the corresponding sparse recovery results ĉ, č and č are depicted in Fig. 3, in which the matrix entries with 
absolute values larger than the given threshold value τ = 1 × 10−7 are marked in blue color. The statistical results are 
reported in Table 2, where the total degree of freedoms (DoFs) in this example is m × p = 257 × 210 = 53970.

Before presenting the quantitative results, several observations can be drawn from Fig. 3: (i) when the conventional CS 
method is applied for recovery, different spatial points show different sparse patterns, hence there are a moderate number 
of coefficients that contribute to the representation of solution as depicted in the first picture; (ii) due to the spectrum 
decay, it can be found in the second picture that the coefficients associated with the last m − 60 = 197 eigenfunctions can 
be compressed, which validates our estimate (19); (iii) the third picture shows that our DCS performs better than other two 
methods, where the sparsity is further enhanced by applying the 
1-norm minimization technique.

We now present the quantitative analysis on the statements above. By choosing a sequence of threshold values {τ =
10−1−i}7i=1 , the statistical results on the sparsity of different recovery methods are given in Table 2. Meanwhile, the relative 
error estimations associated with approximating the expectation E[uh] and variance V[uh] by the CS method, Algorithm 2

and Algorithm 3 are presented in Table 3. Here, the reference solutions E[uh] and V[uh] are computed by the standard MC 
finite element method with 4000 sample simulations.

To recover the fine-mesh solutions, Fig. 3 and Table 3 imply that both the sparsity and the approximation accuracy are 
improved by our DCS method. Specifically, č is sparser than ĉ for all threshold values {τ = 10−1−i}7i=1 due to the fast decay 
of eigenvalues, while c̃ is sparser than č, provided that τ is sufficient small. This is because that the primary solution modes, 
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Fig. 3. Entries in coefficient matrices ĉ, č and c̃ with absolute values larger than τ = 1 × 10−7 . (For interpretation of the colors in the figure(s), the reader 
is referred to the web version of this article.)

Table 2

Sparsity w.r.t. different methods and threshold values.

#{|ĉi j | ≥ τ }
(

#{|ĉi j | ≥ τ }
DoFs

)

#{|či j | ≥ τ }
(

#{|či j | ≥ τ }
DoFs

)

#{|c̃i j | ≥ τ }
(

#{|c̃i j | ≥ τ }
DoFs

)

τ = 10−2 239 (0.443%) 1 (0.002%) 1 (0.002%)

τ = 10−3 255 (0.472%) 2 (0.004%) 2 (0.004%)

τ = 10−4 1113 (2.062%) 19 (0.035%) 19 (0.035%)

τ = 10−5 2571 (4.764%) 61 (0.113%) 64 (0.119%)

τ = 10−6 11665 (21.614%) 328 (0.608%) 321 (0.428%)

τ = 10−7 18042 (33.430%) 3760 (6.967%) 1155 (2.140%)

τ = 10−8 29692 (55.016%) 13743 (25.464%) 3109 (5.761%)

Table 3

Error estimates associated with approximating statistic moments.

u = û u = ǔ u = ũ u = û u = ǔ u = ũ

‖E[uh] −E[u]‖L2(D)

‖E[uh]‖L2(D)

× 10−4 3.158 3.158 1.607
‖V[uh] −V[u]‖L2(D)

‖V[uh]‖L2(D)

× 10−2 1.793 1.793 0.839
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Fig. 4. Error estimates associated with approximating statistic moments w.r.t. different sample sizes (n).

Table 4

Error estimates associated with approximating expectation w.r.t. different sample sizes.

Number of samples 20 30 40 50 60 70 80 90

‖E[û] −E[uh]‖L2(D)

‖E[uh]‖L2(D)

× 10−4 15.89 13.41 3.88 3.06 1.65 1.53 1.06 1.01

‖E[ũ] −E[uh]‖L2(D)

‖E[uh]‖L2(D)

× 10−4 8.89 5.06 2.53 1.01 0.95 0.73 0.54 0.16

Table 5

Error estimates associated with approximating covariance w.r.t. different sample sizes.

Number of samples 20 30 40 50 60 70 80 90

‖V[û] −V[uh]‖L2(D)

‖V[uh]‖L2(D)

× 10−2 36.58 23.77 5.56 4.07 3.06 1.88 0.88 0.77

‖V[ũ] −V[uh]‖L2(D)

‖V[uh]‖L2(D)

× 10−2 22.51 12.90 3.04 1.72 1.16 0.82 0.67 0.42

or, to put it differently, the basis functions with relatively large coefficients, are most important for both the representations 
(4) and (17). On the other hand, the basis functions with small coefficients are compressed by carrying out Algorithm 3, 
which further enhances the sparsity of representation (4).

Next, to further illustrate the advantages of DCS method as the number of high-fidelity sample simulations varies, we 
test the conventional CS method and the proposed DCS method with fixed mesh spacing but varying sample size. The 
computational results are given in Table 4 and Table 5. Clearly, the recovery accuracy is improved using our DCS method as 
depicted in Fig. 4, which validates the claims given earlier.

5.2.3. Robustness of DCS method

Now we are ready to illustrate the advantages of DCS method as both the mesh spacing and the number of high-fidelity 
observations change.

To be specific, we consider first the varying mesh sizes, where the sample size n = 60 is fixed for both the low- and 
high-fidelity simulations. To recover the fine-scale solution with mesh sizes {hi = 2−9+i}3i=1 , the coarse meshes with {H i =
2−8+i}3i=1 are adopted respectively. The compositions of expansion coefficient w.r.t. different methods are then given in 
Table 7, and the corresponding relative errors are presented in Table 6.

The component ratio ρ(τ ) = #{|ci j | ≥ τ }/DoFs, which roughly characterizes the sparsity of the recovered coefficients c, is 
summarized in Table 7 and shown in Fig. 5 for different methods ĉ, č and c̃. Note that, by Table 7, the coefficients associated 
with our data-driven basis are significantly compressed when compared with the conventional CS method. Moreover, the 
dominant sparse patterns for Algorithm 2 and Algorithm 3 remain almost identical as the mesh gets refined, while the 
less important solution modes can be further compressed via the DCS method (e.g., the number #{10−7 ≤ |ci j | < 10−6} in 
Table 7).

Next, we consider the situation where both the sample size and mesh spacing change, and the results are depicted in 
Fig. 6. Note that, as the mesh gets refined, recovery accuracies for both the CS and DCS methods are improved. Clearly, like 
the previous case, our DCS method performs better than the conventional CS method.

To sum up, the numerical results given in section 5 demonstrate that the proposed DCS method can significantly enhance 
the sparsity of expansion coefficients and accurately recover the sparse solution at low cost.
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Table 6

Error estimates associated with approximating statistic moments.

h 2−6 2−7 2−8 h 2−6 2−7 2−8

‖E[û] −E[uh]‖L2(D)

‖E[uh]‖L2(D)

× 10−4 7.00 5.98 3.16
‖V[û] −V[uh]‖L2(D)

‖V[uh]‖L2(D)

× 10−2 2.66 2.26 1.79

‖E[ǔ] −E[uh]‖L2(D)

‖E[uh]‖L2(D)

× 10−4 7.00 5.98 3.16
‖V[ǔ] −V[uh]‖L2(D)

‖V[uh]‖L2(D)

× 10−2 2.66 2.26 1.79

‖E[ũ] −E[uh]‖L2(D)

‖E[uh]‖L2(D)

× 10−4 4.19 3.51 1.61
‖V[ũ] −V[uh]‖L2(D)

‖V[uh]‖L2(D)

× 10−2 1.59 1.13 0.88

Table 7

Sparsity w.r.t. different methods, threshold values and mesh sizes.

h (DoFs) 2−6 (13650) 2−7 (27090) 2−8 (53970)

#{|ĉi j | ≥ τ }
(

#{|ĉi j | ≥ τ }
DoFs

)

τ = 10−3 103 (0.755%) 176 (0.650%) 255 (0.472%)

τ = 10−4 384 (2.549%) 625 (2.307%) 1113 (2.062%)

τ = 10−5 961 (7.040%) 1570 (5.795%) 2571 (4.764%)

τ = 10−6 3412 (26.476%) 6143 (22.676%) 11665 (21.614%)

τ = 10−7 4816 (35.282%) 9778 (36.094%) 18042 (33.430%)

#{|či j | ≥ τ }
(

#{|či j | ≥ τ }
DoFs

)

τ = 10−3 3 (0.022%) 2 (0.007%) 2 (0.004%)

τ = 10−4 13 (0.095%) 14 (0.052%) 19 (0.035%)

τ = 10−5 57 (0.418%) 58 (0.214%) 61 (0.113%)

τ = 10−6 449 (3.289%) 370 (1.366%) 328 (0.608%)

τ = 10−7 3961 (29.018%) 3663 (14.692%) 3760 (6.967%)

#{|c̃i j | ≥ τ }
(

#{|c̃i j | ≥ τ }
DoFs

)

τ = 10−3 3 (0.022%) 2 (0.007%) 2 (0.004%)

τ = 10−4 13 (0.095%) 14 (0.052%) 19 (0.035%)

τ = 10−5 60 (0.440%) 60 (0.221%) 64 (0.119%)

τ = 10−6 319 (2.337%) 272 (1.004%) 231 (0.428%)

τ = 10−7 1496 (10.960%) 1204 (4.444%) 1155 (2.140%)

Fig. 5. Components ratios of sparse pattern in ĉ, č and c̃.

6. Conclusion

A multi-fidelity DCS method is proposed in this paper for the recovery of sparse solution to a stochastic system, in 
which a data-driven basis is utilized to exploit the sparse patterns. Concerning the two fundamental premises of CS 
method, namely, the sparsity of expansion coefficients and the requirement on RIP constant of information matrix, the 
DCS method can enhance the sparsity without changing the RIP constant in compared with typical recovery strategies that 
use a problem-independent basis. Furthermore, the primary sparse modes remain almost unchanged as the mesh gets re-
fined, which enables us to use the resulting coarse mesh basis for the robust recovery of high-fidelity solution at low cost. 
Numerical experiments, including some benchmark studies on an elliptic PDE with high-dimensional random input data are 
carried out to validate our theoretical findings.
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Fig. 6. Error estimates w.r.t. varying sample size (n) and mesh spacing (h).

While our proposed approach has shown much promises, there are various further improvements and extensions that 
can be investigated. For example, as topics of future research, it is natural to consider possible extensions of the proposed 
framework to other sparse recovery applications, though new challenges should be addressed. Indeed, when applied to 
stochastic optimal control problems with PDE state constraints, we expect that the sparse patterns to remain robust w.r.t. the 
forcing or the boundary condition. This is a subject under ongoing investigation. In addition, one may also consider efficient 
sampling strategies [23,24], recovery of low-rank solution from both the parametric and physical spaces, and applications to 
sparse representation of solution to both linear and nonlinear dynamic systems [25,26].
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Appendix A. Proof of Theorem 3

Note that, by (17), we arrive at the equality (18). Then, by substituting (18) into (14), the covariance function (12) can 
be written as

Covû(x, x
′) =

p
∑

i=2

⎛

⎝

m
∑

j=1

či jφ j(x)

⎞

⎠

⎛

⎝

m
∑

j′=1

či j′φ j′(x
′)

⎞

⎠ . (A.1)

Next, by substituting (A.1) into (15) and the orthonormality condition 〈φk, φk′ 〉 = δkk′ for 1 ≤ k, k′ ≤m, we obtain

λkφk(x) =
p
∑

i=2

⎛

⎝

m
∑

j=1

či jφ j(x)

⎞

⎠

⎛

⎝

m
∑

j′=1

či j′

∫

D

φ j′(x
′)φk(x

′)dx′

⎞

⎠

=
p
∑

i=2

⎛

⎝

m
∑

j=1

či j čikφ j(x)

⎞

⎠=
m
∑

j=1

(

p
∑

i=2

či j čik

)

φ j(x),

(A.2)

which immediately implies that (19) holds true. Moreover, it can be easily deduced that

E

⎡

⎣

∫

D

(

ǔ(x, ξ ) − E ǔ(x)
)2

dx

⎤

⎦= E

[

m
∑

k=1

(

p
∑

i=2

čikψi(ξ)

)(

p
∑

i′=2

či′kψi′(ξ)

)]

=
m
∑

k=1

(

p
∑

i=2

|čik|2
)

=
m
∑

k=1

λk,

which completes the proof.
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Appendix B. Proof of Theorem 4

Step 1. By the orthonormality of basis functions, the projection error (21) can be rewritten as

J (φ1, . . . , φm) = 1

n

n
∑

i=1

E

[

‖v i‖2 −
m
∑

k=1

| 〈v i, φk〉 |2
]

(B.1)

where v i := v(x, ξ i) for simplicity. Then, by the method of Lagrange multiplier, we introduce the multipliers λm,m′ ∈ R and 
define the Lagrangian functional

L(φ1, . . . , φm) = J (φ1, . . . , φm) +
m
∑

k,k′=1

λk,k′ (〈φk, φk′〉 − δkk′) .

Hence, minimizing J subject to the orthonormality condition 〈φk, φk′ 〉 = δkk′ for 1 ≤ k, k′ ≤m is equivalent to finding saddle 
point of L without constraints, and the first order optimality condition implies

1

n

n
∑

i=1

E

[

〈v i, φk〉 v i

]

= 1

2

m
∑

k′=1

(λk,k′ + λk′,k)φk′ for k = 1, . . . ,m. (B.2)

Step 2. By defining the operator R as

R φk = 1

n

n
∑

i=1

E

[

〈v i, φk〉 v i

]

for k = 1, . . . ,m,

we now proceed by induction to show (B.2) results in the following eigenvalue problem

R φk = λkφk, (B.3)

where λk = λk,k for k = 1, . . . , m.

For m = 1 we have k, k′ = 1, it follows from (B.2) that

R φ1 = 1

2
(λ1,1 + λ1,1)φ1 = λ1φ1.

Next we suppose that the following equation holds

R φk = λkφk for k = 1, . . . ,m − 1, (B.4)

the remaining work is to prove

R φm = λmφm.

Due to (B.2), there holds

1

n

n
∑

i=1

E

[

〈v i, φm〉 v i

]

= 1

2

m
∑

k′=1

(λm,k′ + λk′,m)φk′ , (B.5)

then by orthogonality condition and inductive hypothesis (B.4), we have for ∀1 ≤ k ≤m − 1,

0 = λk 〈φm, φk〉 = 〈φm, R φk〉 =
〈

φm,
1

n

n
∑

i=1

E

[

〈v i, φk〉 v i

]

〉

=
〈

φk,
1

n

n
∑

i=1

E

[

〈v i, φm〉 v i

]

〉

=
〈

φk,
1

2

m
∑

k′=1

(λm,k′ + λk′,m)φk′

〉

= 1

2
(λm,k + λk,m).

(B.6)

Inserting (B.6) into (B.5) we obtain

R φm = 1

2
(λm,m + λm,m)φm = λmφm,

which complete the proof of induction.
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Step 3. In what follows, we show the eigenvalue problem (B.3) is nothing but the integral equation (15) and therefore 
the representation derived from Algorithm 2 does best, among all such expansions involving spatial orthonormal basis of 
dimension m, at capturing the energy of sample observations.

By (17) and (18), it can be deduced that

R φk = 1

n

n
∑

j=1

E

[

〈v i, φk〉 v i

]

= 1

n

n
∑

i=1

⎡

⎣

p
∑

i′=2

〈

m
∑

j=1

ĉi′ jφ j, φk

〉

⎛

⎝

m
∑

j=1

ĉi′ jφ j

⎞

⎠

⎤

⎦

= 1

n

n
∑

i=1

⎡

⎣

p
∑

i′=2

〈

m
∑

j=1

či′ jφ j, φk

〉

⎛

⎝

m
∑

j=1

či′ jφ j

⎞

⎠

⎤

⎦

= 1

n

n
∑

i=1

⎛

⎝

p
∑

i′=2

m
∑

j=1

či′ j či′kφ j

⎞

⎠

=
p
∑

i=2

⎛

⎝

m
∑

j=1

či j čik

⎞

⎠φ j =
∫

D

Covû(x, x
′)φk(x

′)dx′,

(B.7)

where the last equality holds by (A.2). Hence, the basis functions {φ j(x)}mj=1 derived from the integral equation (B.3) mini-

mize the projective error (21).
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