COHEN-LENSTRA HEURISTICS AND LOCAL CONDITIONS
MELANIE MATCHETT WOOD

ABSTRACT. We prove function field theorems supporting the Cohen-Lenstra heuristics for
real quadratic fields, and natural strengthenings of these analogs from the affine class group
to the Picard group of the associated curve. Our function field theorems also support a
conjecture of Bhargava on how local conditions on the quadratic field do not affect the
distribution of class groups. Our results lead us to make further conjectures refining the
Cohen-Lenstra heuristics, including on the distribution of certain elements in class groups.
We prove instances of these conjectures in the number field case. Our function field theorems
use a homological stability result of Ellenberg, Venkatesh, and Westerland.

1. INTRODUCTION

For any odd prime p, Cohen and Lenstra |CL84| conjectured the distribution of the Sylow
p-subgroups of class groups of imaginary and real quadratic fields. In particular, if we
consider the measure on finite abelian p-groups such that

rould) = oy T =)

they conjectured that this measure gives the distribution of the Sylow p-subgroups of class
groups of imaginary quadratic fields. For real quadratic fields, we make a probability measure
¢, on finite abelian p-groups by producing a random group as follows: pick a random group
B with respect to ucr, then pick a (uniform) random element b € B, and then form B/(b).
Then pg; (A) is the probability that this process produces a group isomorphic to A. They
then conjectured that pu,; gives the distribution of the Sylow p-subgroups of class groups of
real quadratic fields.

One of the most compelling reasons to believe this modification for the real quadratic case
is by considering the function field analog. For a finite field F, and an extension K/F,(t),
let Ok be the integral closure of F [t] in K and Ck be the smooth projective curve over
[F, associated to K. When K/F,(t) is imaginary quadratic (i.e. ramified over co), then
Cl(Ok) ~ Pic’(Ck). However, when K/F,(t) is real quadratic (i.e. co splits into ooy, 00y),
then Cl(Ok) ~ Pic’(Ck)/{o0; —00s). The most direct analogy of the Cohen-Lenstra heuris-
tics from the number field case to the function field case asks about the distribution of
Cl(Ok). However, in the real quadratic function field case, we can ask the richer question
of the distribution of the Sylow p-subgroups of Pic’(Cx) and of co; — ooy € Pic?(Ck). In
this paper, we prove a theorem about the actual distribution for this richer question. Before
stating these results, we will explain a natural heuristic that will predict what we obtain.

A pointed abelian p-group is a pair (A, a) where A is an abelian p-group and a € A, and two
pointed abelian p-groups (A, a) and (B, b) are isomorphic if there is an isomorphism A — B
taking a to b. We put a measure p on the set of isomorphism classes of pointed abelian p-

groups as follows. Pick a random group B with respect to pcr, then pick a (uniform) random
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element b € B. Then u(A,a) is the probability that this process produces a pointed group
isomorphic to (A, a). Our heuristic is that u gives the distribution of (Pic’(C), 001 — 00y).

In the progress that has been made on proving exact Cohen-Lenstra predictions for class
groups (e.g. [DH71, DW88, Bha05, FK07, EVW16]), the Cohen-Lenstra measures have often
been accessed through their moments—moments that determine a unique distribution. So,
we now turn to the moments of p (see [CKLT15, Section 3.3] for an explanation of the
terminology “moments” in this situation). We let Sur((B,b), (A, a)) denote the surjective
homomorphisms from B to A that take b to a. Let A, be a set with one representative from
each isomorphism class of pointed finite abelian p-groups.

Lemma 1.1 (Pointed moments). For any finite abelian p-group A and a € A, we have

S [Sur(B,b), (A, ) [u(B,b) = @

(B,b)eAe

We call this average 3 5 )< 4, | Sur((B,b), (4, a))|u(B,b) the (A, a)-moment of p. In fact,
these moments determine the measure pu.

Lemma 1.2 (Pointed moments determine distribution). If v is a measure on isomorphism
classes finite abelian, pointed p-groups such that for all (A, a) € As we have

S |Sun(B,b), (A, a)|(B,b) = @

(B,b)eAe

then v = L.

We prove the following, which gives evidence towards the Cohen-Lenstra heuristics over
function fields as well as the refined heuristic above.

Theorem 1.3 (Pointed Pic’(Ck) distribution). Let A be a finite odd order abelian group,
let a € A, and let

5T o= 1i ZK/Fq(t) real quad, Nm Disc(K)=¢2?™ | SUI'((PiCO(CK), S OOQ)J <A7 CL))|
T = 1m_>sup 5 . .
m—00 K /Fq(t) real quad, Nm Disc(K)=g¢?™

and 6, the corresponding liminf. Then as ¢ — oo among odd prime powers such that
(q(g —1),]A|) = 1, we have
1
Lo
0g,0, = Al
The function field analog of our refined heuristic above predicts that for each odd prime
power ¢ with (g(q —1),|A[) = 1 that 67 = |A[~". In the case a = 0 we have the usual
group-indexed moments of Cl(Og) (Corollary 4.6) and adding over a we have the usual
group-indexed moments of Pic’(Cy) (Corollary 4.5).
We prove Theorem 1.3 by first converting the problem of counting pointed surjections to
a problem of counting extensions of F,(t), which are parametrized by a Hurwitz scheme first
defined Romagny and Wewers [RW06|, and further studied by Ellenberg, Venkatesh, and
Westerland [EVW12]. We use the Grothendieck-Lefschetz trace formula to count F, points
on these schemes. This overall approach to the Cohen-Lenstra heuristics over function fields

goes back to to unpublished work of J.-K. Yu, and was also built upon by Achter [Ach06].
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Ellenberg, Venkatesh, and Westerland made a tremendous breakthrough in this approach
when they proved a homological stability theorem for the complex versions of these Hurwitz
schemes [EVW16|. Also, Ellenberg, Venkatesh, and Westerland’s work on Hurwitz schemes
relates their components to group theoretic invariants [EVW12|. Both of these advances
will go into the proof of Theorem 1.3. Ellenberg, Venkatesh, and Westerland [EVW16| have
proven the non-pointed analog of Theorem 1.3 (i.e., the analog of Corollary 4.5) for imaginary
quadratic extensions, which was the motivation for their work on Hurwitz schemes.

In [CL84|, Cohen and Lenstra actually give a conjecture for the entire odd part of the
class groups of quadratic fields. In this paper, for simplicity we restrict ourselves to Sylow p-
subgroups when explaining the heuristics, but give our theorems about class groups without
this restriction. Note that all results support the heuristic that p;-parts of class group
behavior are independent at finite sets of primes p;.

We prove a similar result (Theorem 5.1) for quadratic extensions of F,(t) inert over oo
for non-pointed moments. Combining these results with those of Ellenberg, Venkatesh,
and Westerland, we come to the following conclusion. Among all quadratic K/F,(t) we
have proven evidence that the Sylow p-subgroups of Pic’(Ck) are distributed by ucr, and
further that this distribution is unaffected by restricting to quadratic extensions with a certain
behavior at co. As long as we use Pic’(Ck), as opposed to Cl(Ok), we see there is no
difference between the real and imaginary distributions. Indeed, this gives evidence for
the following conjecture, which was made by Bhargava for number fields at the 2011 AIM
Workshop on the Cohen-Lenstra heuristics and the subject of many days of discussion at
the workshop. (For a number field K, let Ok denote its ring of integers. For a finite abelian
group A, let A,qq denote its odd part.)

Conjecture 1.4 (Local conditions on K, c.f. [Bhall| ). In any of the following families,
ordered by discriminant, with their class groups as given:

(1) K/Q imaginary quadratic, Cl{(Ok)oaq
(2) K/Q real quadratic, Cl{Ok)odd
(3) K/F,(t) quadratic, Pic’(Ck)oaa

the distribution of the respective class groups is not changed upon restricting only those K
that have specific completions at a finite set of nonarchimedian places (of Q or F,(t)). In
particular, in (3) the Sylow p-subgroups are distributed by ucr when p{q(q—1).

By the action of PGLy(F,) in Theorem 1.3, we could replace oo by any degree 1 point of
Ck, and so we have evidence for Conjecture 1.4(3), for a condition at any degree 1 place.

The prediction of Conjecture 1.4 for the average size of 3-torsion in the class groups of
real or imaginary quadratic fields was proven by Bhargava and Varma |[BV16, Corollary 4].
Evidence for a generalization of Conjecture 1.4 to cubic extensions is given by Bhargava and
Varma in [BV15|, in which they prove the average size of 2-torsion of class groups of cubic
fields is not affected by local conditions at non-archimedian places.

In Conjecture 1.4, we could lump together the two cases over QQ, so that the distribution
would be the average of o and pir; and make the same statement. The work of Davenport
and Heilbronn [DH71| shows that the distribution is indeed (provably) affected by restricting
to only those K/Q with a specific completion at co. It is worth noting that the distribution
of class groups of cubic fields is also provably affected by certain global conditions on the

field, such as monogenicity, by work of Bhargava and Shankar [BS10].
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Further, Theorem 1.3 leads us to conjecture the following on the distribution of special
elements in class groups. For an abelian group A, let A, denote the Sylow p-subgroup of A.

Conjecture 1.5 (Distribution of elements in Clg). Let p be an odd rational prime and Q
be Q or Fy(t) with ptq(q—1). For K/Q let Clg be Cl(O), or Pic’(Cy), respectively, and
use + to denote the group law. For a finite place v of Q), if we consider quadratic extensions
K of Q that are split completely at v into vy, vq, ordered by discriminant, then (informally)
vy — vy is distributed uniformly in Clg. More precisely, in the number field case if we restrict
to K imaginary, or in the function field case, the isomorphism classes of pairs (Clg, v — vg)
are distributed according to .

Theorem 1.3 proves evidence towards Conjecture 1.5 in function field cases. We also prove
the prediction of Conjecture 1.5 on the average 3-torsion of the class groups in the number
field case, building on the work of Davenport and Heilbronn [DHT71| (which proves the
original Cohen-Lenstra prediction for the average size of the 3-torsion of the class group).
For example, our result in the imaginary quadratic number field case is as follows (see
Theorem 6.1 for the complete result).

Theorem 1.6 (Distribution of elements in Clg, Z/3Z-moment). Let vy,...,v, be finite
places of Q, and F; be étale quadratic Q,,-algebras, with Fy = QE‘?. Let ST be the set of
imaginary quadratic extensions K of Q such that K ®q Q,, ~ F;. Let vy split into w, and
wy in K and let a € Z/3Z. We have

lim ZKES+,|Disc(K)\<X | Sur((CYOk), w1 — w2), (Z/3Z, a)| - 1

X—ro0 ZKeS+,|Disc(K)|<X 1 3

Note that Theorem 1.6 also provides evidence for the philosophy of Conjecture 1.4 as the
result is not changed by finitely many local conditions at finite places. Klagsbrun [Klal7b]
determines the Z/3Z-moments of quotients of the class groups of random quadratic fields by
primes above a fixed set of primes, which provides evidence for a generalization of Conjec-
ture 1.5 to multiple places in the base field. Evidence for a generalization of Conjecture 1.5
to cubic extensions, as well as to multiple places in the base field, is given by Klagsbrun in
[Klal7a], in which he determines the Z/2Z-moments of quotients of the class groups of cubic
fields by primes above a fixed set of primes.

Our conjectures lead to some interesting predictions discussed in Section 7. We predict
that the number of IF, points on a hyperelliptic curve does not affect the number of IF, points
on the p*-torsion of its Jacobian (even though all of the I, points of the Jacobian are torsion
points). We predict that among imaginary quadratic extensions K/Q split completely at a
rational prime ¢ into {1, (2, the distribution of Cl(Ok),/ ({1 — {2) is not changed if we restrict
to only those K for which ¢; — /5 is trivial in Cl(Ok),.

1.1. Outline of the paper. In Section 2, we describe the Cohen-Lenstra measures, their
moments, and show that the moments determine the measures. In Section 3, we do the
same for the analog for pointed groups, and in particular we prove Lemmas 1.1 and 1.2.
In Section 4, we prove Theorem 1.3, giving evidence towards the pointed moments of real
quadratic Picard groups over rational function fields. As corollaries, we obtain the non-
pointed moments. In Section 5, we prove pointed moments of inert (at co) quadratic Picard

groups over rational function fields. In Section 6, we prove instances of Conjecture 1.5
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for number fields, including Theorem 1.6 (in Theorem 6.1). In Section 7, we discuss some
interesting consequences of our conjectures.

1.2. Notation. Throughout the paper we fix an odd prime p. The letter ¢ will always
denote a prime power. Let Sur(A, B) denote the surjective homomorphisms from A to B.
For elements g; of an abelian group, we let (g1, ..., g,) denote the subgroup generated by the
g;- Let A be the set of finite abelian p-groups (or more precisely, a set with one representative
from each isomorphism class of finite abelian p-groups). For a group A, we write A, for the
Sylow p-subgroup of A.

2. COHEN-LENSTRA MEASURES AND MOMENTS

In this section we will explain the Cohen-Lenstra measures on A and the moments of these
measures. Each measure will be with respect to the o-algebra that is the full power set of
A. Let u be an integer, u > 0. We define the Cohen-Lenstra measure u*, following [CL84,
Example 5.9], so that for A € A, we have

uA: 7ku
HiA) |A||Aut |H

In particular, for v = 0 the measure (called pcr above) describes the predicted distribution
of Sylow p-subgroups of imaginary quadratic class groups and for u = 1 the measure (called
pep, above) describes the predicted distribution of Sylow p-subgroups of real quadratic class
groups (see [CL84, 8.1]).

We now give the moments of these distributions.

Proposition 2.1 (Lemma 3.2 of [Wool5]). For any A € A, we have that
> ISu(B, A)|u(B) = |A[ ™.
BeA

In particular, applying Proposition 2.1 when A = 1 shows that u* is a probability measure.
We now give another description of u* (see also [Lenl0, Theorem 10.9] for this description

of pu™).

Proposition 2.2. Take a random group G according to u°, and then select u elements g; € G
uniformly and independently at random. Then G/{g1,...,gy) is distributed according to u*.

Proof. Let K be a finite abelian p-group of order p®. If we apply [CL84, Proposition 4.3
(with their £ = 00), we find that for any integers a > b,

1 _ 1 — _ | Sur(zZ*, C)|
(1) W(B) e L=p " [ [ =97 AT AT N
2 B 2 iy L 2 CFAR(O)
|Bl=p* B/{b1,....bu)~K |C|=pa—?
By [CL84, Corollary 3.7] (with their £ = v and s = 0), we have
| Sur(z, C)| H P
2. 2 = [Ta-»)
a>b CeA |C| |AUt )| 1<j<u
|C|=p*~*



Thus, summing Equation (1) over all a > b, we have

oo

0 1 1 - —jy—1
ZN(B)|B|u > 1=—|K|U|Aut(K)| 1-p™ JT a-p")"

BeA bi,....bu€B k=1 1<j<u

The left-hand side is the probability of producing K via the process described in the propo-
sition, and the right-hand side is p*(K). O

In [CL84], it is this second description (of u!) that in fact comes first, and the probabilities
for individual groups are later computed in [CL84, Example 5.9]. One can also prove that
the value p*(B) is the limit as n — oo of the probability that B is the cokernel of a random
matrix from Haar measure in M, (n4u)(Z,), as done by Friedman and Washington [FW89]
in the case u = 0 (using the same argument as Friedman and Washington). At first, it seems
this could give a convenient proof of the moments in Proposition 2.1. However, since the
limit in n does not a priori commute with the sum over B (though in fact this can be shown),
this approach turns out to be less convenient than that above.

In fact, the moments in Proposition 2.1 determine the measure p*.

Proposition 2.3. If u is a measure on A such that for every A € A we have

> Sur(B, Ay(B) = |A]™,
BeA

u

then v = u".

The u = 0 case of Proposition 2.3 is Lemma 8.2 in [EVW16|. Proposition 2.3 follows from
the proof of [Wool7a, Theorem 8.3] (see [Woolb, Theorem 3.1] for a statement). We give a
much simpler proof here following [EVW16| and in particular using the following lemma of
infinite dimensional linear algebra, the argument for which is given in the proof of Lemma
8.2 in [EVW16]| (see also [BW17, Lemma 4.7| for a stronger statement).

Lemma 2.4. Let a;; be non-negative real numbers indexed by pairs of natural numbers i, j,
such that there is an o < 2 so that for all i, we have a;; = 1 and Zj a;; = o. Let xj,y; be
non-negative reals indexed by natural numbers j. If for all 1,

§ Qi jTj = § a5y =1,

J J
then x; =y, for all j.
Proof of Proposition 2.3. Enumerate the finite abelian p-groups as A;. We apply Lemma 2.4
with

o . = A" Sur(4;, A4:)

T A Aut(4y))
and z; = |A;|"| Aut(4;)|v(4;) and y; = |A;|"| Aut(A;)|p*(A;). It remains to check that
T | Ai|"| Sur(A;, Ay)|
| Aj[] Aut(A;)]
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However, we have that

Z VI{J |’ Sllj&rut )|)‘ B Z|Ai|“|Sur(AjaAi)IM“(Aj)H(l —r =l

k=1 k=1

So it remains to check that [],—,(1 — p~**) > 1/2. The expression is decreasing in p and
u, so it remains to check for p = 3 and u = 0, which can be done simply. 0

3. MEASURES AND MOMENTS FOR POINTED GROUPS

We have the measure ;i on A, defined in the introduction by choosing a group according
to u¥ and picking a group element uniformly at random. We will now analyze the moments
of this measure analogously to the Cohen-Lenstra measures p* in Section 2.

Recall from the introduction, we have the following.

Lemma 1.1. (Pointed moments) For any finite abelian p-group A and a € A, we have

> [Sur((B.). (Aa))u(B.0) = 3.
(B,b)eAe
Proof. We have
S [Sur((B,b), (A, a))|u(B, b) Zi |Sur((B, b), (A, a))|x(B)

(B,b)eAe ’ €B

= ’ Y. ker(9)
(bESur(B A)
1
= )| )
|A| [A]
where the last equality is by Proposition 2.1. 0
Lemma 3.1. We have
1 e.¢]
B,b :
#B.b) = |B|| Aut(B,b)| H ™)
k=1
Proof. As Aut(B) acts on the elements of B, we have | Aut(B)| = |Aut(B,b)| - #{h €
B | (B,h) ~ (B,b)}, and the lemma follows. O

In fact, the moments of Lemma 1.1 determine the distribution pu.
Lemma 1.2. If v is a measure on 4, such that for every (A, a) € A, we have

S [Sur((B,b), (A, a)v(B,b) = —

(B,b)cAs | |
then v = p.
Proof. Enumerate the finite abelian pointed p-groups as (4;, a;). We apply Lemma 2.4 with
0p; = VAl Surl(4), 05), (A, ai))
| A;l| 7Aut(Aj, a;)|




and ; = |A;|| Aut(4;, a;)|v(A;, a;) and y; = |A;|| Aut(A;, a;)| (A, a;j). It remains to check
that
ZMMM&MH%MLQ
|Aj|| Aut(A;, a;)|

However, we have that

A SUI' A ,a Am al 1
Z'Wmm&2%| = > Al Sur((Aj ), (A @)l 45,0 [T (1 -
) j k=1

:H(l_

=1

o

So it remains to check that [],~,(1 —p~) > 1/2, as in Proposition 2.3. O

4. THEOREMS FOR REAL QUADRATIC FUNCTION FIELDS

In this section we prove Theorem 1.3. The overall strategy is the same as in [BW17,
Sections 5 and 6] and [Wool7b, Section 3|, which both prove function field results about
non-abelian analogs of class groups. However, many of the details are different and the
argument below is self-contained. We first translate the problem of interest into one of
counting certain extensions of F,(t). We then will use the existence of a Hurwitz scheme
parametrizing such extensions (as they are equivalently curves with a map to the line), which
comes from work of Ellenberg, Venkatesh, and Westerland [EVW12|, building on work of
Romagny and Wewers [RW06]. Unlike in [BW17] and [Wool7b], in this paper we also use
the homological stability results of Ellenberg, Venkatesh, and Westerland [EVW16] to have
a bound on the ith cohomology groups of the Hurwitz schemes that is exponential in <.

4.1. Notation. Let @ = F,(¢) for this section and the next. Let SCQ be the set of all
quadratic extensions of () split completely at co. For K € SCQ, let 0o, 009 be the two
places of K over co. We define Pic(Ck) to be the Picard group of the unique smooth, proper
curve Ck over [, associated to K. Let My be the set of places of K, which are in bijection
with the closed points of C'x. We have

Pic(Ck) = (@ Zv) J{div(f) |f € K}.

vEMK

There is a natural map Pic(Cx) — Z sending a place v corresponding to a closed point of
degree d to d, with kernel Pic’(Ck). Let K“% be the maximal unramified abelian extension

of K. By class field theory, we have that the profinite completion PE(FK) is isomorphic to
Gal(K*» /K).

Note that dx := 001 — 009 is not a well defined element in PicO(C’K) because it depends
on the ordering of 0oy, 009, but it is well defined up to £, and thus the isomorphism class of
the pointed group (Pic’(Ck),dx) is well-defined. The remainder of this section is devoted

to the proof of the pointed moments of Picard groups of real quadratic function fields.
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4.2. Counting pointed surjections. In order to prove Theorem 1.3, we will first translate
the problem from one of counting pointed surjections to one of counting certain extensions
of K. If K/F,(t) is a quadratic extension corresponding to ¢ : Cx — Plqua we have ¢*(00) €
Pic(Ck), where if oo splits into [ [, 0oj’, we have ¢*(c0) = >, €;00;.

Proposition 4.1. Let K/F,(t) be a quadratic extension corresponding to the map ¢ : Cx —
Plqu of curves over Fy, and let d be the greatest common divisor of the degrees of the points of

—

Ck. Let L be a subfield K C L C K*%® and let P C Pic(Ck) be the corresponding subgroup
via Galois theory. Then d¢*(co) € P if and only if

(1) L/Q is Galois, and

(2) Gal(K/Q), by conjugation in Gal(L/Q), acts as inversion on Gal(L/K).
Also, since d|2, if P is odd index, then d¢*(oco) € P if and only if ¢*(o0) € P.

Proof. Let o be the generator of Gal(K/Q). First, suppose that d¢*(c0) € P. If z is a

point of Cf, then in Pic(Ck) we have o(x) + = = deg(x)¢*(c0). Thus for D € P, we have
o(D) = deg(D)(001 + 003) — D € P. Thus L/Q is Galois. For any D € Pic(Ck), we have
(D) 4+ D = deg(D)(001 + 00q) € P, so o acts as inversion on Gal(L/K).

Second, suppose that L/Q is Galois, and o acts as inversion on Gal(L/K). Let D be a
divisor of degree d. Since d¢*(c0) = D + o(D), it must be in the kernel of the map to
Gal(L/K), i.e. P. O

Let Q be a global field with a place co. Let H be a finite group, and ¢ a conjugacy
class of H. We fix a separable closure Q, of the completion Q. Then, inside Q. we
have the separable closure @ of Q. This gives a map Gal(Qu/Qs) — Gal(Q/Q), and in
particular distinguished decomposition and inertia groups in Gal(Q/Q) at co. We define (as
in [EVW12, Section 10.2]) a marked (H,c) extension of @ to be (L,m, m) such that L/Q is
a Galois extension of fields, 7 is an isomorphism 7 : Gal(L/Q) ~ H such that all inertia
groups in Gal(L/Q) (except for possibly the one at co) have image in {1} U ¢, and m, the
marking, is a homomorphism L., = L ®g Qoo — Qo. Note that restriction to L gives a
bijection between homomorphisms L., — Qs and homomorphisms L — (. Two marked
(H,c) extensions (L, m,my) and (Lg, T2, my) are isomorphic when there is an isomorphism
Ly — Ly taking m; to me and m; to my. The marking m in a marked (G’,c¢) extension
(L, 7, m) gives a map Gal(Qs/Qs) — Gal(L/Q). Composing with m we get an infinity type
Gal(Qoo/Qs) — G

Proposition 4.2. Let A be a finite abelian group of odd order, H := A x_1 Sy with the
action of Sy by inversion, and c the conjugacy class of order 2 elements of H. When K/Q
is a quadratic extension, we have a |A|-to-1 map

{isom. classes of marked (H,c)-extns L/Q|L* ~ K} — Sur(Pic’(Ck), A).

When K € SCQ and a € A, the surjections that send 0 — a correspond to those L for
which 2Froby, — a € Gal(L/Q). In particular, we have for a € A:
) isom. classes of marked (H,c)-extns L/Q|2Froby, + a, LA ~ K
[ Sur((Pic'(Ci). ). (4,0))] = T4 e e 3

Moreover, for the L above we have Nm Disc(L) = Nm Disc(K)!4l.
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Proof. We have a natural identification of Sur(Pic’(Ck), A) and
Sur(Pic(Ck) /(9" (00)), A),
since we have the exact sequence
1 — Pic’(Cx) — Pic(Ck)/{¢*(c0)) — Z/27Z.

We will now construct the map. Note that in each isomorphism class of marked (H,c)
extensions of @), there is a distinguished element such that L C ) and m| is the inclusion
map. We start with a distinguished

L € {isom. classes of marked (H, c)-extns L/Q|L* ~ K,2Frob,, — +a}.

The H structure gives an isomorphism Gal(L/K) ~ A. Since L/Q is an (H, c¢)-extension,
this implies that L/K is abelian and unramified, so we have L C K““%. This gives us a

surjection Pic(Ck) — A. We can see that the surjection sends ¢*(00) to 0 by Proposition 4.1,
and also when K € SC(Q), we can trace the image of Frob,, by the argument above.

—

We have that Gal(K*“%/K) ~ Pic(Ck). From Proposition 4.1, we see that a surjec-
tion Pic(Ck)/{¢*(c0)) — A corresponds exactly to an L with K € L C K“® and an
isomorphism Gal(L/K) ~ A such that L/Q is Galois and Gal(K/Q) = (o) acts as in-
version on Gal(L/K). In particular when K € SCQ, in Gal(L/Q), we have that 0 =
Frobs,, — Frobe, = Froby,, —o(Frobe, ) = 2 Frobe, .

Since L/Q is Galois and o acts as —1 on Gal(L/K), we have Gal(L/Q) ~ A x_; Ss.
Moreover, there are |A| choices of an isomorphism Gal(L/Q) ~ A x_; Sy that restrict to the
given choice of Gal(L/K) ~ A, each determined by which element of H \ A goes to (1,7),
where 7 is the generator of Sy. The fact that L/K is unramified implies that we obtain, for
each of these |A| choices, a marked (H, c)-extension, where the marking is by the inclusion
into Q.

Since L/K is unramified, we have the statement on their discriminants.

We can check that the constructions given above are inverse to each other, which completes
the proof of the proposition. OJ

4.3. Group theory definitions. In this section, we will give necessary group theory defi-
nitions for using the results from [EVW12]. In this section, we will work with a finite group
H.

Given a finite group H and a conjugacy class ¢ of H, we will define the universal marked
central extension H of H (with respect to ¢), following [EVW12, Section 7|. In this section,
we suppose that if [g] € ¢ and d is relatively prime to the order of g, then [¢% € c. (If this
is not the case, more complicated definitions are required.) Let C' be a Schur cover of H so
we have an exact sequence

1 — Hy(H,Z) - C—H—1

by the Schur covering map. For x,y € H that commute, let Z and g be arbitrary lifts to C,
and let (x,y) be the commutator [Z,y] € C, which actually lies in Hy(H,Z) since x and y
commute. It we take the quotient of the above exact sequence by all (z,y) for z € ¢ and y
commuting with z, we obtain an exact sequence

(2) 1 — Hy(H,¢) = H, — H — 1,
10



which is still a central extension, defining Hy(H,c) and H,. Let (H)® denote the abelian-
ization of H. The universal marked central extension is H := }NIC Xy Z and the map
Z — (H)® sends 1 to an image of an element of ¢. We have a map H — H, given through
projecting to the first factor. (See [EVW12, Section 7| for why this is called a universal
marked central extension.)

Let Z be the inverse limit @Z/nZ taken over n relatively prime to ¢ (we follow the

notation of [EVW12] instead of the more customary Z/' ). We are now going to define an
action of Z* on H, called the discrete action [EVW12, Section 8.1.7, Equation 9.4.1|. There
is an action of Z* on H given by powerlng We pick one element g € ¢ and one lift g € H of
g. Next we will extend this to a map”™: ¢ — H, such that for all g € ¢, we have ¢ has image

g in H. We define hgh~ hgh—1 = — hgh™! for any choice of lift h € H, of h, and since H. — H is
central, the definition does not depend on our choice of lift. For o € 7

2(a) = §g".

First, we note that z(a) is defined by a product in H,, but actually lies in Ha(H, c) since its
image in H is trivial. Second, one can work out that z(«) does not depend on the choice of
g € c (see [Wool7b, Section 3.1]).

The discrete action of Z* on H is given by
*(g,m) = (9"2(a)™, m).

4.4. Properties of the Hurwitz scheme. In this theorem, we recall the properties of the
Hurwitz scheme constructed by Ellenberg, Venkatesh, and Westerland, building on work on
Romagny and Wewers [RWO06], as well as results on its homological stability from [EVW16]
and components [EVW12]. An extension L/F(t) is regular if it does not contain a non-trivial
base field extension F-(¢)/F,(1).

Theorem 4.3 (Ellenberg, Venkatesh, and Westerland). * Let H be a finite group with trivial
center and let ¢ be a conjugacy class of order 2 elements of H, such that the elements of ¢
generate H. Let F, be a finite field with q relatively prime to |H|. There is a Hurwitz scheme
CHurg,, over Z[|H|™Y] constructed in [EVW12, Section 8.6.2] with the following properties:

(1) We have CHurg,, is a finite étale cover of the relatively smooth n-dimensional con-
figuration space Conf™ of n distinct unlabeled points in A over Spec Z[|H|™1].
(2) There is an action of H on CHurg,,.
(3) The scheme CHurg,, has an open and closed subscheme CHur
there is a bijection between
(a) isomorphism classes of reqular marked (H,c)-extensions M of F,(t) with un-
ramified infinity type ¢ such that ¢(Fa) = h and such that the total degree of
ramified non-infinite places of Fy(t) is n (where Fa is a lift of Frobenius to
Cal(F,(t)oo/Fy(t)oo) that acts trivially on F,((t~1/>))).
(b) points of s € CHurZ’,{n(Fq) such that h=' Frob(s) = s [EVW12, Section 10.4].

such that for h € H

TL

IThe paper [EVW12] has been temporarily withdrawn by the authors because of a gap which affects
Sections 6, 12 and some theorems of the introduction of [EVW12]. That gap does not affect any of the
results from [EVW12] that we use in this paper.
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(4) We have CHurg ,,(C) is homotopy equivalent to a topological space CHurg,, [EVW12,
Section 8.6.2|, such that for any field k of characteristic relatively prime to |H|, there
15 a constant C' such that for alli > 1 and for all n we have dim Hi(CHuran, k) <"
[EVW16, Proposition 2.5 and Theorem 6.1].

(5) Given H, for alln sufficiently large and all ¢ with (q,|H|) = 1, for h € H the h™! Frob

fixed components of CHuan®Z[|H‘ 1}]F are in bijection with elements (z,n) € H such

that ¢~ % (z,n) = h™"(z,n)h (where h is any lift of h to H) and x has trivial image
in H [EVW12, Theorem 8.7.3| (see Section 4.3 for definitions).

Remark 4.4. The scheme CHurZﬁn comes from restricting to the parametrization of covers
of P! all of whose local inertia groups have image in ¢ U {1} and that are unramified at
0o. The argument that CHur%’,ln is an open and closed subscheme is as in [EVW16, Section
7.3]. Our description of the coinponents requires a bit of translation from that in [EVW12,
Theorem 8.7.3]. They biject the components with Vi equivariant functions from topological
generators of I&n Lhn, (taken over n relatively prime to ¢) to the preimage of 1 in H that are
fixed by the action of h~! Frob on L tn. By choosing any topologlcal generator of L s
its image under a function to H gives us a correspondlng element of H and the action of
Frob corresponds to the above discrete action of ¢=! on H.

4.5. Proof of Theorem 1.3. We continue the notation from Section 4.1. Let H := Ax_;.5
and ) = F,(¢). In Proposition 4.2, given K, we have

#{isom. classes of marked (H, c)-extns L/Q|2Frobs, + a, L* ~ K}
—4#{isom. classes of marked (H, c)-extns L/Q|2Frob,, — a, L* ~ K}.

The Fj in Theorem 4.3 is a Frobenius element in Gal(L/Q) and since K/ is split completely,
we have Fa = Frob,, or Frob.,. So we can sum Proposition 4.2 over K € SCQ to obtain

> | Sur((Pic®(Ck), 0k ), (A, a))|

KeSCQ,Nm Disc(K/Q)=g>™
#{1som classes of marked (H,c)-extns L/Q|L* € SCQ,2Fa a}
|4
We will now see that all of the L that appear above are regular. If L/Q contains an exten-
sion of F,(t), then it corresponds to some cyclic quotient of H. However, the abelianization
of H is Sy, so this can only happen when LA is F2(t). However, F(t) is not split completely

over oo.
By Theorem 4.3 (3) with & = a/2 and n = 2m, we then have

2 | Sur((Pic®(Ck), k), (4, a))| = #{s € CHurgry,( |f14)‘| h~! Frob(s) = s}

KeSCQ,Nm Disc(K/Q)=g¢*™

Let X := CHuriIIM @z -1 Fq. If h = 1, we would need to then count F, points of X.
However, for general h, we need to count Fq points of a different variety Y over I, such that
Y Qr, Fq ~ X Qr, F We can descend X’ (= X ®F, IF to Y over F, usmg the action of
Gal(F,/F,) on X’ in Wthh the Frobenius in the Ga101s group acts as h~! Frob on X', where

Frob is the action of Frobenius using X as the I, structure of X’ (see, e.g. [Mill5, Corollary
12



16.25]). So the Frobenius action on Y (F,) corresponds to the action of h~! Frob on X (F,).
Thus, we have

3 | Sur((Pic®(Cre), 010). (A, )| = 2 Fa)

KeSCQ,Nm Disc(K/Q)=g>™ ‘A’

We will apply the Grothendieck-Lefschetz trace formula to X' ~ Y ®g, F,. By Theo-
rem 4.3 (1), we have that X’ is smooth of dimension 2m. We have that dim H} , (X', Q) =
dim Hi™ (X', Q,) by Poincaré Duality.

Next, we will relate dim HZ,(X’,Q,) to dim Hj(CHur;’ng(C),Qg) for some ¢ > 2m. To
compare étale cohomology in characteristic 0 and positive characteristic, we will use [EVW16,
Proposition 7.7|. The result [EVW16, Proposition 7.7| gives an isomorphism of étale coho-
mology between characteristic 0 and positive characteristic in the case of a finite cover of
a complement of a reduced normal crossing divisor in a smooth proper scheme. Though
[EVW16, Proposition 7.7| is only stated for étale cohomology with coefficients in Z/(Z, the
argument goes through identically for coefficients in Z/¢*7Z, and then we can take the in-
verse limit and tensor with Qy to obtain the result of [EVW16, Proposition 7.7 with Z/(Z
coefficients replaced by Q; coefficients. So we apply this strengthened version to conclude
that dim HZ (X', Q,) = dim Hgt((CHur;}Bm)@),@g). (As in [EVW16, Proof of Proposition
7.8], we apply comparison to CHur%’,}?m X conf2m PConfy,,, where PConfs,, is the moduli space
of 2m labelled points on A!, and is the complement of a relative normal crossings divisor
in a smooth proper scheme [EVW16, Lemma 7.6]. Then we take S, invariants to com-
pare the étale cohomology of CHuri}TQm across characteristics.) By the comparison of étale

and analytic cohomology |[AGV73, Exposé XI, Theorem 4.4] dim H’ (CHuri}%Zm((C),Q@) =

dim H, ((CHur,,)c), Qo).

By Theorem 4.3 (4), there is a constant C' such that for all j > 1 and for all m, we
have dim H(CHur{;,,,(C), Q) < €Y. Thus dim H(X',Q,) < €V for all j > 1. Thus using
Poincaré duality, dim H! ,, (X', Q) < C*™~* for all i < 4m.

We will apply Grothendieck-Lefschetz for the Frobenius map from Y on X', which is
h~' Frob (where Frob is the Frobenius map from X). By Theorem 4.3 (5), we have that
the number of components of X’ fixed by h~! Frob for 2m > ny for some fixed ny is equal
to the number of (z,2m) € H with z € Hy(H,c¢) and ¢~ * (x,2m) = h~'(x,2m)h. Since
x is central in H., this is the same as the number of (x,2m) € H with = € Hy(H,c) and
q 'x(z,2m) = (x,2m), which is # Hy(H, c)[q—1] by [Wool7b, Proposition 3.1]. By [EVW12,
Example 9.3.2|, we have that #Hy(H,c) is a quotient of #Hy(A,Z) so if (¢ — 1,|A]) =1
then #H(H,c)lg — 1] = 1.

So we have

#Y (Fy) = Z(_l)j Tr(h™" Frob ‘Hgyét(X’,Qg))
J=0
and also we know Tr(h~! Frob

by h~1! Frob. Since X is smooth, we have that the absolute value of any eigenvalue of Frob

on H, iét(X ', Q) is at most ¢//2 in absolute value, and since h~! is finite order and commutes
13
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with Frob the same is true for eigenvalues of h~! Frob. Thus, for 2m > n4,

|#Y(Fq) _ q2m| — Z ( ]_)J Tr(FrOb |H§et X]Fq7QZ))

0<j<2dim X

< Z qj/2 C4m—j

0<j<2dim X

<3 (Va/O)

1<q

Thus, for fixed ¢ > C?,

ZKESCQ Nm Disc(K/Q)=¢2" ’SUT((PIC (Ck),0k), (A, a))]

lim sup
m=—r00 ZKGSCQ Nm Disc(K/Q)=¢2™ 1
. ZKGSCQ Nm Disc(K/Q)=g*™ ’ SUI'((PIC (CK) 5K) <A7 CI,))‘
= lim sup P
m—co *™ —q
2m
+ O(—%-=)
: \[/C 1
=limsup
00 (q2m _ 2m 1)’A|
1+ O(—6=)
=limsup \[/ ol

ol (L= g VA

The implied constant in the big O notation is 1. A similar argument works for the lim inf
and the theorem follows.

4.6. Corollaries. Note that by adding Theorem 1.3 over all elements a € A, we have the
following corollary, which gives evidence that among real quadratic K/F,(t), the Sylow p-
subgroups Pic’(Cy), are distributed according the measure p° defined in Section 2.

Corollary 4.5. For a finite odd order abelian group A, let

ZK/IF'Q( t) real quad, Nm Disc(K)=¢?™ | SuI‘(PlC (CK) A)l

5; := lim sup
m—00 ZK/]Fq(t) real quad, Nm Disc(K)=¢>™ 1

and 5; the corresponding liminf. Then as ¢ — oo among odd prime powers such that
(q(g —1),]A|) =1, we have
ot 6 — 1.

q77q

By restricting Theorem 1.3 to the case a = 0 and using the fact that C1(Og) ~ Pic’(Ck)/{co1—
002), we obtain the following corollary, which gives evidence that among real quadratic
K/F,(t), the groups Cl(Ok), are distributed according the measure p' defined in Section 2.

Corollary 4.6. For a finite odd order abelian group A, let

2K sc()=g2m | SW(CL(Ok ), A)|
. /Fq(t) real quad, Nm Disc(K)=gq )
0, := limsup .

m—00 ZK/]Fq(t) real quad, Nm Disc(K)=¢>™ 1
14



and 5q_ the corresponding liminf. Then as ¢ — oo among odd prime powers such that
(q(g —1),]A|) = 1, we have

1
ot 6 — —.
Y
Note that it is not clear whether the groups Cl(O), (or Pic"(Ck),) are “distributed
according to a measure,” i.e. whether there is a measure v such that for all non-negative
functions f, we have

lim ZKGSCQ,NmDiSc(K/Q):qu f<Cl(OK>P) _ Z

— .
m=r0c0 ZKESC’Q,Nm Disc(K/Q)=¢>™ 1 H fin ab p-group

f(H)v(H).

So even if we knew 5? = 1, we could not use Proposition 2.3 to conclude that the averages
of an arbitrary f are predicted as by the Cohen-Lenstra heuristics. Informally, the moments
determine the measure, but we don’t know whether the class groups are distributed according
to a measure! (Though for f an indicator function, see [EVW16, Corollary 8.2].)

5. INERT QUADRATIC FUNCTION FIELDS

We continue with the notation given in Section 4.1. Let IN(@ be the set of quadratic
extensions of () inert at co. We then have the following theorem giving evidence that over
K € INQ, the Sylow p-subgroups PicO(C’K)p are distributed according to u°.

Theorem 5.1. For a finite odd order abelian group A, let

i —qg2m Sur PiCO C ,A
07 = limsup 2 KeIN@ Nm Disc(K)=gn | Sur(Pic’ (Ck), A)|

m—00 ZKEINQ Nm Disc(K)=¢2™ 1

and o, the corresponding liminf. Then as ¢ — oo among odd prime powers such that
(a(g — 1), |A]) = 1, we have
65,07 — 1.

q77q

The proof below is analogous to, but easier than, the proof of Theorem 1.3.

Proof. Let H := A x_1 Sy and @ = F,(t). We sum Proposition 4.2 over K € INQ to obtain
> | Sur(Pic®(Ck), A)|

KeINQ,Nm Disc(K/Q)=q¢>™
—#{isom. classes of marked (H, c)-extns L/Q|L* € INQ}.

Note that L4 € INQ if and only if in the marked extension 7w(Fa) € H \ A and 7 is
unramified at oo.

Almost all of the L that appear above are regular. If L/(Q) contains an extension of F,(t),
then it corresponds to some cyclic quotient of H. However, the abelianization of H is Ss,
so this can only happen when L4 = K is Fp(t). Since PiCO(CFq2(t)) is trivial, it does not
contribute to the sum unless A is trivial (in which case the theorem is immediate).

Thus, when A is non-trivial, by Theorem 4.3 (3), we then have

s € CHur;' (F,) | h~" Frob(s) = s
> | Sur(Pic’(Ck), A)| = > #s € o) () }.

A
KeINQ,Nm Disc(K/Q)=g?™ heH\A | |
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We let n = 2m. Let X' := X ®p, F,. As in the proof of Theorem 1.3, we construct Y}, so
that

#{s € CHurg;, (F,) | h~" Frob(s) = s} = #Y;,(F,)

and Y,®g,F, ~ X’. As in the proof of Theorem 1.3, for some prime ¢ we have dim H . (X', Q)
C?= for all i < 2n.

We will apply Grothendieck-Lefschetz for the Frobenius map from Y; on X', which is
h~! Frob (where Frob is the Frobenius map from X). As in the proof of Theorem 1.3, we
apply Theorem 4.3 (5) to conclude that the number of components of X’ fixed by h~! Frob
for even n > ng for some fixed ng is 1.

So we have, as in the proof of Theorem 1.3, for even n > ny,

#Y(E,) — "l < 4" Y (Va/O)

Thus, for fixed ¢ > C?,

: o | Sur(Pic’(Ck), A
lim sup ZKEINQ,NlesC(K/Q)qu | Sur( (Ck), A)l

m—oo ZKEINQ,Nm Disc(K/Q)=¢>™ 1

2m q2m
"+ O( —)
. Vq/C-1
= lim sup
m—00 Z (q2m - q2m—1)|A|

The implied constant in the big O notation is 1. A similar argument works for the lim inf
and the theorem follows.
|

6. NUMBER FIELD RESULTS ON DISTRIBUTION OF (@ — (o

In this section, we see that the (Z/3Z, g)-moments predicted by Conjecture 1.5 hold in
the number field case, and moreover are not affected by finitely many local conditions on
the quadratic field, in the spirit of Conjecture 1.4. We reduce the problem to counting cubic
and quadratic extensions with certain local conditions, and then use the work of Davenport
and Heilbronn [DHT71] to count cubic extensions. This strategy and the computation of local
masses follows along similar lines to the proof of [BV16, Corollary 4|. For a number field K,
let Ok denote its ring of integers.

Theorem 6.1 (Distribution of elements in Clg, Z/3Z-moment). Let vy,...,v, be finite
places of Q, and F; be étale quadratic Q,,-algebras, with Fy = Qi‘?f. Let S be the set of
quadratic extensions K of Q such that K @ Q,, ~ F;. Let ST and S~ denote the imaginary
and real extensions in S, respectively. Let vy split into wy and wy in K and let g € Z/3Z.

We have
> kes+ ise(k)<x | SW((CHOK), w1 — w2), (Z/3Z, g)|

1
lim =,
XKoo ZKGS+,| Disc(K)|<X 1 3
16
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and

lim ZKES—,\Disc(K)KX | Sur((CYOk ), wy — w2), (Z/3Z, g)| B 1

X—o0 ZKGS:\ Disc(K)|<X 1 9

We can of course add these pointed moments up over the three choices of g € Z/37Z and
recover the theorem of Davenport and Heilbronn [DH71, Theorem 3| in the case n = 0 or
the theorem of Bhargava and Varma |BV16, Corollary 4] when there are local conditions.
(Note that | Sur(Cl(Ok),Z/3Z)| + 1 is the size of the 3-torsion of Cl(Ok).)

The proof of the following proposition is similar to that of Proposition 4.2. This number
field version is easier than the function field version, because for any K/Q quadratic with o
generating Gal(K/Q) and L/K unramified abelian we have that L/Q is Galois and o acts
by inversion of Gal(L/Q), and so an analog of Proposition 4.1 is not required. We say a
cubic extension L is nowhere overramified if no rational prime ramifies to degree 3.

Proposition 6.2. Let ¢ the conjugacy class of order 2 elements of S3. When K/Q is
quadratic, we have a 2-1 map

Sur(Cl(Ok), Z/37) — {isom. classes of nowhere overram. non-cyclic cubic L/Q|L** ~ K},

given by letting I; be the unramified extension of K associated to the surjection, and L a
cubic subfield of L so that L is the Galois closure of L over Q. Moreover, if vy is split into
wy and wy in K, then under the above bijection, the image of wy — wy is trivial in Z /37 if
and only if L is split completely over vy .

Asking that K € S in Theorem 6.1 translates directly into conditions on the allowable
restrictions on the isomorphism type of L ®g Q,,. Thus in order to count the objects on
the right hand side in Proposition 6.2, we will count isomorphism classes of cubic number
fields L/Q with restrictions on the isomorphism type of L ®¢ Q,,. To ask that L is nowhere
overramified and non-cyclic we need 1) that L/Q is not Galois and 2) in the associated map
¢3 : Gg — S3 to L no inertia group has image including a 3-cycle. The second requirement
is a condition on the isomorphism type of L ®¢g Q, at every finite place v.

The following theorem on counting cubic extensions with local restrictions will be essential.
For a prime p of Q let | - |, be the p-adic absolute value so that |p|, = p~*, and let | - |, = 1
be the trivial absolute value.

Theorem 6.3 (Theorem 4.1 of [DW8S|, see also Theorem 1 and Section 5 of [DHT71]).
Let vg = o00,vq,...v, be distinct places of Q and R; (for i = 0,...,n) be a set of iso-
morphism classes of degree 3 étale Q,,-algebras. For a place v of Q and an étale Q,-

algebra M,, let ¢(M,) = | Aut(M,/Q,)| ™| Disc(M,/Q,)|s, and c(R;) = ZMeR c(M). Let
C3( ) ZM/QU deg. 3 étale C( ) Then

’ #{L/Q cubic, up to isom. | |DiscL| < X;L®qQ,, € R; i =0,...,n} 1 ﬁ c(R;)
im -

X—o00 X -5 cs(v) '

We will need a similar theorem for quadratic extensions.

Theorem 6.4 (follows from Theorem 1.1 of [Wool0|, see also Lemma 6.1 of [TT13]).
Let vy = o0,v1,...v, be distinct places of Q and R; (for i = 0,...,n) be a set of iso-
morphism classes of degree 2 étale Q,,-algebras. For a place v of Q and an étale Q,-

algebra M,, let ¢(M,) = | Aut(M,/Q,)|~"| Disc(M,/Qu)|y, and c(Ri) = 3, cp ¢(M). Let
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02(U> = ZM/QU deg. 2 étale C(M> Then

lim #{K/Q quad., up to isom. | |Disc K| < X; K ®qQ,, € R;i=0,...,n} 1 H c(R;)
X—00 X a C(Q) CQ(UZ)‘

i=0
Proof of Theorem 6.1. For i = 2,...,n, let R; be the set of cubic étale extensions of Q,,
such that the associated ¢3 : Gg, — Ss has sign map ¢, : Gg,, — Sz corresponding to Fj,
and such that the image of inertia under ¢3 does not include a 3-cycle. For ¢ = 1, we let
Ry = {Q%*}, and for i = 0 we let Ry be {C & R} or {R®?} depending on whether we are
in the ST or S~ case, respectively. Label the places v &€ {vg,...,v,} bY Upi1,Vpio, ..., and
for i > n+ 1, let R; be the set of cubic étale extensions of Q,, such that the associated
¢s : G, — S3 does not have a 3-cycle in its image of inertia. Let Fy be {C} or {R%?}
depending on whether we are in the St or S~ case, respectively.
We have, from Proposition 6.2,

EKESJF,\ Disc(K)|<X | Sur((CYOk ), w1 — ws), (Z/3Z,0)|
ZKeS+,|Disc(K)\<X 1
— lim 2#{isom. classes of non-cyclic cubic L/Q|| Disc(Ly)| < X, L ®q Q,, € R;, i > 0}.
X—oo  #{isom. classes of quad. K/Q||Disc(K)| < X, K ®¢Q,, ¥ F;, i =0,...,n}
Let
Ny (X)) := #{isom. classes of cubic L/Q||Disc(L)| < X,L ®¢Q,, € R;, i=0,...,Y}.
By Theorem 6.3, for finite Y > n, we have

M (X) 1 (R
lim = 3<(3)11

lim

X—o0

X =00 X : Cg(Ui) .

We have N (X) < Ny (X), so

, Noo(X) 1 1 co(R)
lim sup §3<(3)1:£c 3

X 00 X 3(v;

Also, we have

Noo(X) > Ny (X) — Z #{isom. classes of cubic L/Q|| Disc(L)| < X, v; ram. deg. 3 in L.}
i>Y

By [DW88, Lemma 5.1], there is a constant C' such that for all i > 1, and associated prime

v;, we have

#{isom. classes of cubic L/Q|| Disc(L)| < X, v; ram. deg. 3 in L} < C
X v
So,
X X i>Y Uiz
and thus .
lim inf oo(X) > ! H o(Fs)
—+00 3<(3) 0 Cg(?)l



and we conclude

lim
X—o0

Noo(X) 1 1 c(R)
X H )’

Since
’ #{isom. classes of cyclic cubic L/Q||Disc(L)| < X}
im

X —o00 X
by [Cohb4, Equation (1)], if we define

=0

Ny (X) := #{isom. classes of non-cyclic cubic L/Q||Disc(L)| < X, L&gQ,, € R, i =0,...,Y},

we have

lim
X—o0

N/ (X ﬁ c(R;)
1:0 3('1)1

By Theorem 6.4, we have that

lim #{isom. classes of quad. K/Q||Disc(K)| < X, K ®q¢Q,, @ F;, i =0,...,n} _ 1 ﬁ c(F) .
Xo0 X ((2) -y c2(vi)
Thus,

lim ZK€S+,|DiSC(K)|<X | Sur((CYOk), w1 — w2), (Z/3Z,0)] ¢(2) ﬁ c(R;) ﬁ 02(1)1-).
X =00 > Kes+| Dise(K)<X L ¢(3) +5 es(vi) - c(Fi)

It remains to compute the local factors.

We have that for a finite place v that c3(v) =1+ v !+ 072 and c3(v) =1+ v~! and for
i > n that ¢(R;) = 1+v~!. (For tame v this is a simple computation with the absolute tame
Galois group, and for wild v these are the n = 2, 3 cases of Bhargava’s mass formula for local
fields [Bha07, Theorem 1.1], and follow from Serre’s mass formula [Ser78, Théoréme 2|, as
well.) Also, ¢3(00) = 2/3 and ¢y(00) = 1.

When 2 < i < n, we will see that ¢(R;) = ¢(F;). Given ¢ : Gg, — S5 such that the inertia
group does not have image containing a 3-cycle, since the inertia group is a normal subgroup,
either |im(¢)| = 2 or ¢ is unramified. If F; is unramified, then every element of R; must be
unramified. If F; = QF?, then R, = {Q%?, K,,}, where K,,/Q,, is the unramified extension
of degree 3, and ¢(F;) = 1/2 and ¢(R;) = 1/6 + 1/3 = 1/2. If F;/Q,, is an unramified
field extension of degree 2, then R; = {F;}, and ¢(F;) = ¢(R;). If F; is ramified, then since
|im(¢)| = 2, we have R; = {F; ® Q,,} and c¢(F;) = ¢(R;). Now in the case i = 1, we have
¢(Ry) =1/6 and ¢(Fy) = 1/2. So,

c¢(Ry)

lim ZK'ES7L ,| Disc(K)|<X | Sur((CI(OK) wy — 2)’ (Z/?)Z’ O)| C( ) (R(]) lo_o[ 1+ p_l
X o0 > Kes+ Dise(K)<X 1 T 3(B3) e(Fo) LT p i p?

Since ¢({C}) = 1/2 and ¢({R & C}) = 1/2, we conclude the first case of the theorem when
g = 1. Since ¢({R%?}) = 1/2 and ¢(R®?) = 1/6, we conclude the second case of the theorem
when g = 1.

For non-trivial g, we can either subtract the pointed moments we have just proven from the
known (non-pointed) moments, or make the argument as above but with R; replaced the set
of the unramified cubic field extension of Q,,. Either approach tells us the average number

of surjections in which w; — wy has non-trivial image. We note that by the automorphism
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of Z/3Z there must be an equal number of surjections with each non-trivial image, and we
conclude the theorem. U

In fact, if finitely many places v; are required to split completely into v} and v in the
quadratic extension, using the argument in the proof of Theorem 6.1, one can count surjec-
tions where £(v} - v}') have any given possible list of images in Z/3Z. However, note that
(Cl(Ok), vy - v}, v} - vh) is not a well-defined “double-pointed group,” and so one necessarily
must keep track of the images of plus or minus certain elements if tracking more than one.
Klagsbrun [Klal7b| avoids this technical issue by studying the quotients of Cl(Ok) by the
elements of v} — v instead of moments of pointed groups.

7. PREDICTIONS OF CONJECTURES

In this section, we will discuss some of the predictions of Conjectures 1.4 and 1.5. In the
function field analog, the question of the size of Pic” can be rephrased more geometrically.
We consider hyperelliptic curves over F,, and ask how many [F, points there are on their
Jacobians (as Pic’(Ck) = Jac(Ck)(F,)). Since the differences of F, points of a curve give
F, points of its Jacobian, one might first guess that curves with more points would have
more points in the p-torsion of their Jacobians. Conjecture 1.4 has the counter-intuitive
prediction that the number of IF, points on the curve, #Ck(F,), does not affect the number
of F, points on the p*-torsion of the Jacobian, # Jac(Cr)[p*](F,) (even though all of the
points in Jac(Ck)(F,) are torsion points). This is because the number of F, points on Ck is
determined by the completions of K at the g+ 1 degree 1 places of IF, (). So even if we restrict
to hyperelliptic curves with the maximum number of IF, points, 2¢+2, Conjecture 1.4 predicts
that # Jac(Cr)[p"](F,) is distributed just as it is for hyperelliptic curves with no points, or
for all hyperelliptic curves. In particular, the predicted average of # Jac(Cx)[p*](F,) is k+1

It is worth noting that restricting to hyperelliptic curves Cx with the maximal number
of F, points does indeed provably make the asymptotics of the average of # Jac(Ck)(F,)
larger, which can be deduced from work of Taniguchi [Tan04, Theorem 6.7]. There are at
least two important caveats, which are that 1) the average size of # Jac(Ck)(IF,) is infinite
and 2) Jac(Ck)(F,) includes 2-torsion which does not follow the heuristics discussed in this
paper.

Suppose we consider imaginary quadratic extensions K of Q split completely at a rational
prime ¢ into ¢1, /5. Conjecture 1.5 then predicts that the probability that ¢; — /5 is trivial in
Cl(Ok), is 1 — p~'. We can see this since > ., | Aut(G)| G [ (1 —pF)=1—p L.
Further, for a random group G from pcp and a uniform random element g € G we have that

Prob(G ~ Alg=1)=(1—p ') ' Prob(G ~ A and g = 1) = | Aut(A)| |4 " H(l —p M.

k>2

Thus, if we restrict to those K such that ¢; — {5 is trivial in C1(Ok),, Conjecture 1.5 predicts
that Cl(Ok), is then distributed according to wuf.;, like the Sylow p-subgroups of class
groups of real quadratic fields. Said another way, if among imaginary quadratic extensions
K of Q split completely at a rational prime ¢ we consider the group Cl(Ok),/{¢1 — {2), the
distribution is predicted to be pg;, and is predicted to not change even if we restrict to only
those K for which ¢; — {5 is trivial in Cl(Ok),.

We now see somewhat of a contrast to the first paragraph of this section. We restrict to

imaginary quadratic extensions K of Q split completely at a rational prime ¢ such that ¢; — /(5
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is non-trivial in Cl(Ok), (forcing, in particular, Cl(Ok), to be non-trivial). In this case,

Conjecture 1.5 predicts, for example, that the p-torsion Cl(Ok)[p| has average size p + p~

1

(as opposed to average size 2 among all imaginary quadratics).
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