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We present a state-of-the-art calculation of the isovector quark-helicity Bjorken-x distribution in the

proton using lattice-QCD ensembles at the physical pion mass. We compute quasidistributions at proton

momenta Pz ∈ f2.2; 2.6; 3.0g GeV on the lattice and match them systematically to the physical parton

distribution using the large-momentum effective theory. We reach an unprecedented precision through high

statistics in simulations, large-momentum proton matrix elements, and control of excited-state contami-

nation. The resulting distribution with combined statistical and systematic errors is in agreement with the

latest phenomenological analysis of the spin-dependent experimental data, in particular, ΔūðxÞ > Δd̄ðxÞ.
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Understanding the spin structure of the proton is a
challenging frontier problem in modern physics. Some of
the most studied physical observables are the parton helicity
distributions ΔqðxÞ and ΔgðxÞ, which describe the number
densities of polarized partons (quarks and gluons, respec-
tively) with momentum fraction x in a longitudinally
polarized proton. Decades of polarized deep inelastic scat-
tering (DIS) and semi-inclusive DIS (SIDIS) data at a wide
range of kinematics have greatly improved our knowledge of
these distributions. Significant progress has also been made
in recent years in polarized proton-proton collisions at the
Relativistic Heavy-Ion Collider. Groups such as DSSV14
[1], NNPDFpol1.1 [2], and JAM17 [3] have used the
available experimental data to yield the phenomenological
helicity-dependent distributions. In the future, the kinematic
coverage for spin-dependent parton distribution functions
(PDFs) is expected to be greatly expanded with new data on
DIS and SIDIS from Jefferson Lab 12 GeVUpgrade; [4] and
a future Electron-Ion Collider (EIC) [5].

Lattice gauge theory allows ab initio calculations of the

proton spin structure from the fundamental theory of strong

interaction: quantum chromodynamics (QCD). The lowest

moments of the polarized quark distribution are matrix

elements of local operators and have been studied exten-
sively using lattice calculations (see [6] for a review). On
the other hand, x-dependent PDFs have until recently
defied theoretical attempts, fundamentally because PDFs
are defined through the matrix elements of light cone
correlations, whereas the lattice approach is intrinsically
Euclidean. The large-momentum effective theory (LaMET)
[7–11] recently provided a breakthrough in the calculation
of the x dependence of PDFs using lattice QCD. On the
lattice, one can calculate the matrix elements of Euclidean
observables in a large-momentum hadron state (often called
“quasi-PDFs” in the study of parton distributions), which
can be used to extract the nonperturbative light cone
dynamics through factorization and matching.

There has been much progress in the past few years in

applying LaMET to calculate light cone physics (see

Ref. [12] for a more complete list of references). In

particular, the renormalization properties of the quasi-

PDF operators and nonperturbative renormalization

(NPR) on a lattice have been understood and implemented

[13–21]. Progress also has been made in studying spin-

dependent light cone physics in LaMET. Our pioneering

exploratory calculation on quark-helicity PDFs [22] was
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done at pion mass Mπ ≈ 310 MeV, with the largest proton

momentum around 1.3 GeV. A later calculation by ETMC

[23] at a slightly heavier pion mass showed similar results.

The full matching calculations and mass corrections were

reported in Ref. [24]. Helicity-distribution calculations in

the regularization-independent momentum-subtraction

(RIMOM) scheme and NPR at a physical pion mass were

first reported by us [25] and more recently with high

statistics by ETMC [26].

In this Letter, we report a state-of-the-art calculation at a

physical pion mass on the isovector quark-helicity PDF,

ΔuðxÞ − ΔdðxÞ, in the proton. Large-momentum (up to

3.0 GeV) proton sources have been employed to suppress

high-twist contributions to quasi-PDFs. The proton matrix

elements are renormalized in the RIMOM scheme, along

with a matching formula to connect the RIMOM quasi-

PDF to the physical PDF in MS scheme [12,27]. Six

source-sink separations in combination with multiple-state

analysis help to remove excited-state contamination from

the proton state. In the moderate- to large-x region, the final
result with combined statistical and systematic errors shows

a significant improvement compared to previous lattice

studies and is consistent with the global analyses by the

NNPDF and JAM groups. We also see evidence that

ΔūðxÞ > Δd̄ðxÞ, as found in experimental data.

To calculate the quark-helicity PDFs in LaMET, we start

by computing a quasi-PDF on a lattice with spacing a:

Δq̃ðx; Pz; aÞ ¼

Z

∞

−∞

Pzdz

2π
eixPzz

1

2P0

hPSjÔðz; aÞjPSi; ð1Þ

where Pμ ¼ ðP0; 0; 0; PzÞ and Sμ ¼ ðPz; 0; 0; P0Þ are the

proton four-momentum and longitudinal polarization vec-

tors, respectively. The nonlocal Euclidean operator is

Ôðz; aÞ ¼ ψ̄qðzÞγ
z
γ5Uðz; 0Þψqð0Þ with the Wilson line

Uðz; 0Þ ¼ P exp ½−ig
R

z
0
dz0Azðz

0Þ� and subscript q ¼
ðu; d; s;…Þ as a flavor index. Here, we consider the

isovector combination Δũ − Δd̃ so that the disconnected

contributions on the lattice cancel.

Ôðz; aÞ has both power and logarithmic divergences as

a → 0, and, for the isovector combination, all divergences

have been shown to factorize [17–19]. To achieve high

precision in matching, a NPR for the lattice operators is

used to define the continuum limit of the quasi-PDF matrix

elements. Following the RIMOM scheme advocated in

Refs. [20,27], we introduce a z-dependent renormalization

factor Zðz; pR
z ; μR; aÞ defined on the lattice in an off-shell

quark state in the Landau gauge with z-component momen-

tum pR
z and subtraction scale μR. The renormalized matrix

element of h̃ðz; Pz; aÞ ¼ ð1=2P0ÞhPSjÔðz; aÞjPSi in coor-

dinate space,

h̃Rðz; Pz; p
R
z ; μRÞ ¼ Z−1ðz; pR

z ; μR; aÞh̃ðz; Pz; aÞ; ð2Þ

has a well-defined continuum limit as a → 0.

Following the framework described in Refs. [27,28],

the matching between the renormalized quasi-PDF

Δq̃Rðx; Pz; p
R
z ; μRÞ and the physical PDF Δqðy; μÞ at scale

μ is

Δq̃Rðx; Pz; p
R
z ; μRÞ ¼

Z

1

−1

dy

jyj
C

�

x

y
; r;

yPz

μ
;
yPz

pR
z

�

Δqðy; μÞ

þO

�

M2

P2
z

;
Λ
2

QCD

P2
z

�

; ð3Þ

where r ¼ μR
2=ðpR

z Þ
2, M is the proton mass, and the

antiquark distribution Δq̄ðy; μÞ≡ Δqð−y; μÞ falls in

the region −1 < y < 0. The matching coefficient C at the

one-loop level using minimal projection in the MS scheme

can be found in Ref. [12].

We perform lattice calculations of the bare isovector

quark-helicity quasi-PDF using clover valence fermions

on an ensemble of 884 gauge configurations with lattice

spacing a ¼ 0.09 fm, box size L ≈ 5.8 fm, pion mass

Mπ≈135MeV, and Nf¼2þ1þ1 (degenerate up or down,

strange, and charm) flavors of highly improved staggered

dynamical quarks [29] generated by theMILCCollaboration

[30]. The gauge links are one-step hypercubic smeared [31]

to suppress the discretization effects. The clover parameters

are tuned to recover the lowest pion mass of the staggered

quarks [32–35]. We use a multigrid algorithm [36,37] in the

Chroma software package [38] to speed up the clover fermion

inversion of the quark propagator at the physical pion mass,

allowing a high-statistics calculation.

We use Gaussian momentum smearing [39] for the quark

field ψðxÞ þ α
P

jUjðxÞe
ikêjψðxþ êjÞ, where k ¼ 6 is the

input momentum parameter, UjðxÞ are the gauge links in

the j direction, and α is a tunable parameter as in traditional

Gaussian smearing. Such a momentum smearing is

designed to increase the overlap of the lattice sources with

the ground-state proton of the desired momenta, which

allows us to reach higher-momentum states than was

previously possible [25]. This calculation employs sources

with P⃗ ¼ f0; 0; nð2π=LÞg, with n ∈ f10; 12; 14g, which
correspond to 2.2, 2.6, and 3.0 GeV proton momenta,

respectively.

We investigate the excited-state contamination in the

proton matrix elements by fitting data with different source-

sink separations. As the proton momentum increases, we

anticipate stronger excited-state contamination, since the

excitation spectrum gets compressed. We measure the

proton matrix elements with six source-sink separations

tsep ∈ f0.54; 0.72; 0.81; 0.90; 0.99; 1.08g fm with the

number of measurements f16; 32; 32; 64; 64; 128g k,

respectively. We use four two-state fits [35] to remove

excited-state systematics among these source-sink separa-

tions by varying the number of excited-statematrix elements

(“two-sim” and “two-simRR”) and the smallest tsep in the

analysis. Fit 1 uses the two-simRR analysis [35], which
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includes two additional matrix elements related to excited

states. To counter the increase of degrees of freedom, we

use all six separations; the fit uses only the largest five

separations as fit 2. Fit 3 uses the two-sim analysis (with

only one additional excited-state-related element) to obtain

the ground-state nucleon matrix elements using the largest

four source-sink separations. Fit 4 uses the same strategy as

in fit 3 but with only the largest three source-sink

separations. Figure 1 shows the bare matrix elements for

a range of positive z for all three momenta; all four fits yield

consistent results. The two-simRR analysis using tsep as

small as 0.54 fm (fit 1) gives consistent results with the two-

sim analysis using tsep;min of 0.81 fm (fit 3), with approx-

imately the same statistical errors after removing the

excited-state contamination. Similar results are obtained

by two other fits, fit 2 and fit 4, except with a larger

uncertainty due to fewer three-point proton correlators. We

use the fit with two-simRR with tsep;min ¼ 0.72 fm for our

final analysis.

To obtain the nonperturbative renormalization factor, one

needs to calculate the matrix elements of Ôðz; aÞ in a large-
momentum quark state with point sources. The momentum

dependence is studied with the z component ranging from

pR
z ¼ 0 to 3 GeV at off-shell mass μR ¼ 2.3 and 3.7 GeV.

For μR ¼ 3.7 GeV, the renormalization factor changes

appreciably in the small-pR
z region, whereas at large pR

z ,

it reaches a plateau. Similar behavior is observed in the

μR ¼ 2.3 GeV case. We pick pR
z ¼ 2.2 GeV as our central

value for the renormalization factor.

The renormalized isovector quark-helicity correlators as

functions of zPz are shown in Fig. 2 for μR ¼ 3.7 GeV and

pR
z ¼ 2.2 GeV, with the real part shown in the top panel

and the imaginary at the bottom. The red, green, and blue

colors indicate proton momenta of 2.2, 2.6, and 3.0 GeV,

respectively. We normalize all the matrix elements with

h̃RðPz; z ¼ 0Þ and multiply the final result by gA ¼ 1.275.

The nonzero long-range correlation in zPz reflects the

significant presence of small-momentum partons. The data

indicate that the correlation approaches a near-constant

value, and, therefore, we use the “derivative” method

proposed in our earlier work [25] to obtain the quasi-PDF:

Δq̃Rðx; PzÞ ¼

Z

þzmax

−zmax

dz
ieixPzz

x
∂zh̃Rðz; PzÞ: ð4Þ

Again, ∂zh̃Rðz; PzÞ is consistent with zero for jzj > 15a,
and we vary zmax to estimate the error, which is small

compared with other systematics.

We show in the top panel in Fig. 3 a comparison between

the renormalized quasi-PDF at Pz ¼ 3.0 GeV and the

isovector quark-helicity distribution resulting from the

matching formula in Eq. (3) with a proton-mass correction

(see Ref. [12] for details on the deconvolution). The error

bands are statistical only. The matching corrections sup-

press the distribution at mid x to large x, yielding a positive
antiquark (negative-x region) helicity for x < −0.1. This is

FIG. 1. The real (top) and imaginary (bottom) parts of the bare

proton matrix elements for the isovector quark helicity as

functions of z at all three momenta (2.2, 2.6, and 3.0 GeV

indicated by red, green, and blue, respectively). Their kinematic

factors have been omitted to enhance visibility by separating the

small-z matrix elements. At a given positive z value, the data are
slightly offset to show different ground-state extraction strategies;

from left to right, they are two-simRR using all tsep (fit 1), two-

simRR using the largest five tsep (fit 2), two-sim using the largest

four tsep (fit 3), and two-sim using the largest three tsep (fit 4). All

fits yield consistent results, as would be expected if the excited-

state contamination is well described by the two-state model.

FIG. 2. The real (top) and imaginary (bottom) parts of the

renormalized proton matrix elements as functions of zPz, at

renormalization scale μR ¼ 3.7 GeV, and pR
z ¼ 2.2 GeV.
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physically intuitive, because matching is in some sense

boosting the finite-momentum quasi-PDF to an infinite-

momentum one with proper renormalization, and boosting

will, in general, move large-x partons to smaller x. In the

bottom panel, we show a comparison between the helicity

distributions extracted from different proton momenta.

In the large-x region, the differences are small, indicating

small higher-twist effects. However, the central values at

small and negative x shift noticeably from 2.2 to 3.0 GeV,

reflecting the change of the limiting behavior of the lattice

correlation h̃ðz; Pz; aÞ at large zPz shown in Fig. 2.

Our final isovector quark-helicity distribution, obtained

at the largest proton momentum of 3 GeV, is shown in

Fig. 4. The statistical error (with the excited-state contami-

nation subtracted based on two-state fits) is shown as the

red band. The systematic uncertainty, shown combined in

total with statistical one as the gray band in Fig. 4, is

obtained partly by varying the scales in the NPR for μR ∈

f2.3; 3.7g GeV and pR
z ∈ f1.3; 3g GeV. The error from

one-loop matching inversion is estimated by the second-

order correction. The systematics associated with lattice

spacing a (discrete action, mismatching in valence and sea

fermions, and rotational symmetry violation, etc.) and with

finite volume effects are estimated to be conservatively

about 8% and 5%, respectively, allowing a factor of 2–3

larger than the first-moment calculation itself in Ref. [40] to

account for the unknown x dependence and Lorentz-boost

effect (see below). The target-mass correction from

Ref. [24] is found to be negligible for all three nucleon

momenta, again indicating small higher-twist contribu-

tions. Also shown in the figure are the phenomenological

fits from NNPDFpol1.1 [2] and JAM [3]. The present

calculation is consistent with experiment within 1σ in the

large-x region. For x very close to 1, the calculation is, in

principle, limited by the finite lattice spacing effect at large

Pz, where the proton needs be resolved with a finer

longitudinal scale because of Lorentz contraction.

However, the consistency of the data at small zPz in

Fig. 2 indicates that moderate Pz may be sufficient for

an accurate result. For x < 0.1, the present calculation is

limited by the accuracy of large-zPz data. As in experiment,

determining the small-x PDFs requires large-momentum

hadrons.

The present calculation shows the potential impact of

lattice simulations combined with the LaMET approach in

determining PDFs. The JLab 12-GeV program is well

positioned to make large-x determinations of polarized

and unpolarized parton distributions, which are extremely

valuable to interpret large PT events at the Large Hadron

Collider. Lattice calculations at the 10% level will already

be very useful in deciding the large-x behavior, cross-

checking with the experimental data.

In summary, we report a state-of-the-art isovector quark-

helicity distribution using lattice-QCD simulations at the

physical pion mass with a proton momentum as large as

3 GeV. With high statistics, we combined multi-state

analysis and multiple source-sink separations to remove

excited-state contamination from our analysis; its error is

reflected in our statistical uncertainty. We renormalize the

nucleon matrix element using the nonperturbative RIMOM

renormalization and perform the LaMET one-loop match-

ing to convert quasidistribution to physical distribution in

the MS scheme. An estimate of the systematic uncertainty

FIG. 3. The top panel is a quark-helicity quasi-PDF in the

RIMOM scheme at a proton momentum of 3.0 GeVand resulting

physical PDF in MS at μ ¼ 3 GeV. The error bands are

statistical. The bottom panel shows the matched physical PDFs

from various proton momenta.

FIG. 4. The red line is the MS-scheme isovector quark-helicity

PDF at scale μ ¼ 3 GeV, extracted from LaMET at the largest

proton momentum (3 GeV), compared with fits by NNPDFpol1.1

[2] and JAM [3]. The red band contains a statistical error, while

the gray band also includes estimated systematics from finite

lattice spacing, finite volume, and higher-twist corrections, as

well as renormalization scale uncertainties.
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introduced by the choice of scales in the nonperturbative

RIMOM renormalization and one-loop matching inversion,

as well as finite lattice spacing and volume, is included in

the final analysis. Our final result is consistent with the

global analyses done by NNPDF and JAM within theo-

retical errors. Future directions will be to investigate finer

lattice-spacing ensembles and to reach even higher proton

momenta, so that we can push toward smaller x in advance

of upcoming experiments such as at the EIC.
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