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Abstract

In this paper, we construct a family of modified Patankar Runge-Kutta (MPRK) meth-

ods, which is conservative and unconditionally positivity-preserving, for production-destruction

equations, and derive necessary and sufficient conditions to obtain second-order accuracy.

This ordinary differential equation solver is then extended to solve a class of semi-discrete

schemes for PDEs. Combining this time integration method with the positivity-preserving

finite difference weighted essentially non-oscillatory (WENO) schemes, we successfully ob-

tain a positivity-preserving WENO scheme for non-equilibrium flows. Various numerical

tests are reported to demonstrate the effectiveness of the methods.
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1 Introduction

We consider the model for non-equilibrium flows without conduction or radiation [20], a

system of hyperbolic conservation laws with source terms

Ut + F (U)x = S(U). (1.1)

Here U , F (U) and S(U) are column vectors with m = ns + 2 components where ns is the

number of species:

U = (ρ1, · · · , ρns
, ρu, ρe0)

T ,

F (U) = (ρ1u, · · · , ρns
u, ρu2 + p, ρue0 + up)T ,

S(U) = (s1, · · · , sns
, 0, 0)T ,

where ρi is the density of the i-th species, u is the velocity and e0 is the total energy per unit

mass of mixture. The total density is defined as ρ =
∑ns

i=1 ρi and the pressure p is given by

p = RT
ns

∑

i=1

ρi

Mi

,

where R is the universal gas constant and Mi is the molar mass of the i-th species. The total

energy has the expression:

ρe0 =
ns

∑

i=1

ρiein,i(T ) +
ns

∑

i=1

ρih
0
i +

1

2
ρu2,

where ein,i(T ) = CiT is the internal energy of the i-th species with Ci = 3R/2Mi and

5R/2Mi for monoatomic species and diatomic species, respectively, and the enthalpies h0
i

are constants.

The source term S(U) describes the chemical reactions occurring in gas flows which

result in changes in the amount of mass of each chemical species. We assume that there are

J reactions of the form

ν ′1,jX1 + ν ′2,jX2 + · · ·+ ν ′ns,jXns
⇋ ν ′′1,jX1 + ν ′′2,jX2 + · · ·+ ν ′′ns,jXns

, j = 1, · · · , J,
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where ν ′i,j and ν ′′i,j are respectively the stoichiometric coefficients of the reactants and products

of the i-th species in the j-th reaction. For non-equilibrium chemistry, the rate of production

of species i due to chemical reaction, may be written as

si = Mi

J
∑

j=1

(ν ′′i,j − ν ′i,j)

(

kf,j

ns
∏

s=1

(
ρs

Ms

)ν′

s,j − kb,j

ns
∏

s=1

(
ρs

Ms

)ν′′

s,j

)

, i = 1, · · · , ns.

For each reaction j, the forward and backward reaction rates, kf,j and kb,j are known func-

tions of the temperature. Notice that the reactive Euler equations, which are often used to

model detonation waves [18], can also be written in this form (1.1). We will turn back to

this issue in section 3.3.

The main objective of this work is to develop positivity-preserving schemes for this class of

hyperbolic equations. A general framework for constructing high-order positivity-preserving

discontinuous Galerkin (DG), finite volume and finite difference schemes was proposed by

Zhang and Shu in a series of works [24, 25, 27]. It has been successfully applied to shallow

water equations [22, 21], convection-diffusion equations [28], Navier-Stokes equations [23] and

so on. This framework was also generalized to compressible Euler equations of gas dynamics

with several kinds of source terms in [26]. We remark that almost all these works rely on

the idea of convex combinations: one first proves the positivity-preserving property for the

first-order explicit Euler forward scheme and then obtain a scheme high-order in time by

using strong-stability-preserving (SSP) Runge-Kutta (RK) time discretization [5]. However,

for equations with stiff source terms, e.g., the non-equilibrium flows (1.1) considered in this

work, the explicit time integration may suffer from very severe restriction on the time step

and thus cause large computational cost.

Recently, there are a few works on positivity-preserving schemes for PDEs with stiff source

terms. Chertock et al. proposed a class of semi-implicit RK schemes with sign-preserving

and well-balanced properties for a particular class of ODEs with stiff terms [2], and applied

it to shallow water equations with stiff friction terms [3]. In [8], we constructed a class of

second-order positivity-preserving implicit-explicit (IMEX) RK methods for the system of

ODEs arising from the semi-discretization of the Kerr-Debye model (a special relaxation
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system). In [9], we developed a class of exponential SSP high order time integrations with

bound-preserving property, and applied it to scalar hyperbolic equations with stiff source

terms. Most recently, Hu et al. proposed IMEX schemes [7] for the stiff BGK kinetic

equations, which share both the asymptotic-preserving and positivity-preserving properties.

For chemical reactive flows, the chemical source terms are mostly stiff and one usually

applies the time-splitting techniques (e.g. Strang’s splitting [17]). However, this approach

has several limitations. First, the splitting techniques are generally only up to second-order

accuracy. It is far more difficult to design splitting schemes with high-order accuracy. Second,

after splitting, the ODEs with only the chemical reactions are not easy to solve, due to the

stiffness, especially taking the positivity of the numerical solutions into consideration.

In this work, we first ignore the convection terms in (1.1) and only consider a system of

ODEs which describes the chemical reactions,

dρi

dt
= Mi

J
∑

j=1

(ν ′′i,j − ν ′i,j)

(

kf,j

ns
∏

s=1

(
ρs

Ms
)ν′

s,j − kb,j

ns
∏

s=1

(
ρs

Ms
)ν′′

s,j

)

, i = 1, · · · , ns. (1.2)

Instead of solving (1.2) directly, we move to a larger class of ODEs and concentrate on

production-destruction equations which have the form:

dci
dt

= Pi(c) −Di(c), i = 1, 2, · · · , N, (1.3)

with

Pi(c) =
N

∑

j=1

pij(c), Di(c) =
N

∑

j=1

dij(c),

and

pij(c) = dji(c) ≥ 0.

Here c = (c1, c2, · · · , cN)T and ci denotes the concentration of the i-th component. The

production function pij(c) denotes the rate at which the j-th component transforms into

the i-th component, while the destruction function dij(c) denotes the rate at which the

i-th component transforms into the j-th component. The exact solutions to (1.3) share

the conservation property, i.e.,
∑N

i=1 ci(t) remains unchanged with respect to time t. Also,
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the positivity of the solution is guaranteed as long as the initial condition is positive and

dij(c) = 0 for ci = 0 [1]. We remark that the chemical reaction system (1.2) is a special class

of production-destruction equations (1.3), see e.g. [4].

There have been many works on constructing numerical schemes for (1.3) which uncon-

ditionally preserve the conservation and positivity of the solutions. The famous Patankar

trick [14] is to modify the explicit Euler forward scheme for (1.3) into

cn+1
i = cni + ∆t(Pi(c

n) −Di(c
n)
cn+1
i

cni
), (1.4)

to reach the unconditional positivity of the numerical solution. However, this trick loses the

conservation property and may fail for some stiff ODEs. For preserving the conservation,

in [1], the authors modified the classical Patankar scheme (1.4) and obtained the modified

Patankar scheme

cn+1
i = cni + ∆t

(

∑

j

pij(c
n)
cn+1
j

cnj
−

∑

j

dij(c
n)
cn+1
i

cni

)

. (1.5)

The positivity-preserving property of this scheme can be easily shown by writing (1.5) as a

linear system for cn+1 = (cn+1
1 , cn+1

2 , · · · , cn+1
N ) of which the coefficient matrix is anM-matrix.

It was also generalized to a second-order modified Patankar method [1]

c
(1)
i = cni + ∆t

(

∑

j

pij(c
n)
c
(1)
j

cnj
−

∑

j

dij(c
n)
c
(1)
i

cni

)

, (1.6a)

cn+1
i = cni +

∆t

2

(

∑

j

(pij(c
n) + pij(c

(1)))
cn+1
j

c
(1)
j

−
∑

j

(dij(c
n) + dij(c

(1)))
cn+1
i

c
(1)
i

)

. (1.6b)

This time integration method was then applied to shallow water equations with wetting

and drying in [13]. Recently, Kopecz and Meister formulated a class of modified Patankar

Runge-Kutta scheme in a more general form, and obtained second-order [10] and third-order

schemes [11]. The second-order modified Patankar Runge-Kutta (MPRK) scheme reads as

[10]

c
(0)
i = cni , (1.7a)
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c
(1)
i = cni + ∆ta21

(

∑

j

pij(c
(0))

c
(1)
j

πj

−
∑

j

dij(c
(0))

c
(1)
i

πi

)

, (1.7b)

cn+1
i = cni + ∆t

(

∑

j

(b1pij(c
(0)) + b2pij(c

(1)))
cn+1
j

σj
−

∑

j

(b1dij(c
(0)) + b2dij(c

(1)))
cn+1
i

σi

)

.

(1.7c)

with parameters a21 = α, b1 = 1− 1/(2α), b2 = 1/(2α), and πi = cni , σi = cni (c
(1)
i /cni )1/α, and

α ≥ 1/2.

This class of schemes (1.7) works well for the production-destruction equations (1.3).

However, it would fail, if we would like to solve the chemical reaction flow (1.1) without

using the time-splitting approach, as the convection terms in (1.1) cannot be coupled into

the time discretization in (1.7). This is the starting point of our work. Instead of using the

RK schemes in the classical form, we apply the RK schemes of the Shu-Osher form [16] and

develop another class of modified Patankar Runge-Kutta scheme for (1.3). In order to cover

the chemical reactive flows, the convection term is then included in the ODEs solver and

the accuracy is analyzed. Combining these time integration methods with the semi-discrete

finite difference weighted essentially non-oscillatory (WENO) schemes [12], we successfully

obtain the positivity-preserving WENO schemes for (1.1).

The paper is organized as follows. In section 2, we formulate another class of modified

Patankar RK scheme (MPRK) with the Shu-Osher form, and then derive the necessary and

sufficient conditions for this ODE solver to be second-order accurate. The solver is also

generalized to solve semi-discrete schemes for PDEs and the accuracy is analyzed. In section

3, we combine the time integration method with the positivity-preserving finite difference

WENO schemes, and discuss the positivity-preserving property by using the limiter. Nu-

merical results for the ODEs and PDEs are presented in section 4. Some concluding remarks

are given in section 5.
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2 The ODE solver

In this part, we first formulate a class of modified Patankar RK scheme with the Shu-Osher

form. Following the procedures in [10], the necessary and sufficient conditions for this ODE

solver to be second-order accurate are derived. Afterwards, the solver is generalized to solve

semi-discrete schemes for PDEs and the accuracy is analyzed.

The explicit SSP RK scheme for (1.3) written in the Shu-Osher form [16] reads as:

c
(0)
i = cni , (2.8a)

c
(1)
i = α10c

(0)
i + ∆tβ10

(

Pi(c
(0)) −Di(c

(0))
)

, (2.8b)

cn+1
i = α20c

(0)
i + ∆tβ20

(

Pi(c
(0)) −Di(c

(0))
)

+ α21c
(1)
i + ∆tβ21

(

Pi(c
(1)) −Di(c

(1))
)

. (2.8c)

For (2.8) to be second-order accurate, the conditions on the coefficients are

α10 = 1, α20 + α21 = 1, β20 + β21 + α21β10 = 1, β10β21 =
1

2
. (2.9)

Following [10], for preserving conservation and positivity unconditionally, we modify the

production and destruction terms in (2.8) and obtain the modified Patankar RK scheme

(MPRK)

c
(0)
i = cni , (2.10a)

c
(1)
i = α10c

(0)
i + ∆tβ10

(

∑

j

pij(c
(0))

c
(1)
j

πj

−
∑

j

dij(c
(0))

c
(1)
i

πi

)

, (2.10b)

cn+1
i = α20c

(0)
i + α21c

(1)
i

+ ∆t

(

∑

j

(β20pij(c
(0)) + β21pij(c

(1)))
cn+1
j

σj
−

∑

j

(β20dij(c
(0)) + β21dij(c

(1)))
cn+1
i

σi

)

.

(2.10c)

Here πi, σi ≥ 0 are functions of c
(0)
i and c

(1)
i and will be determined later.

Actually, for avoiding solving nonlinear equations in each stage of (2.10), it is required

that πi and σi are independent of (c(1), cn+1) and cn+1, respectively. Furthermore, since

(2.10) is only a modification of (2.8), it is natural to assume that the constrains (2.9) on the
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coefficients also hold in (2.10), and πi and σi are some approximations of cni , i.e.,

πi = cni + O(∆t), σi = cni + O(∆t).

For simplicity, we choose πi = cni .

Remark 2.1. Although the RK methods in the classical form and the Shu-Osher form are

equivalent, they are different after modification (see (1.7) and (2.10)). The scheme (2.10)

reduces to (1.7) by taking α21 = 0.

2.1 Necessary condition

In this part, we will derive the necessary condition for (2.10) to be of second-order. We

consider a specific class of ODEs: In (1.3), we take, for fixed I, J ∈ {1, 2, · · · , N} and I 6= J ,

pij(c) =







µcI , i = J, j = I,

0, otherwise,

and

dij(c) =







µcI , i = I, j = J,

0, otherwise,

with constant µ > 0. In the following, we will assume that the MPRK scheme (2.10) is of

second-order, and apply it to this specific class of ODEs.

By Taylor expansion, the exact solution has the form

ci(t
n+1) = ci(t

n) +
dci
dt

(tn)∆t+
1

2

d2ci
dt2

(tn)∆t2 + O(∆t3).

Taking derivative on (1.3) yields

d2ci
dt2

=
d

dt
(Pi(c) −Di(c)) =

∂(Pi(c) −Di(c))

∂c

dc

dt
=
∂(Pi(c) −Di(c))

∂c
(P (c) −D(c)),

Here P (c) := (P1(c), P2(c), · · · , PN(c))T and D(c) := (D1(c), D2(c), · · · , DN(c))T . Hence, we

have

ci(t
n+1) = ci(t

n) + ∆t(P n
i −Dn

i ) +
∆t2

2

∂(P n
i −Dn

i )

∂c
(P n −Dn) + O(∆t3).
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Since the solver is second-order accurate, we obtain

α20c
n
i + α21c

(1)
i +∆t

(

∑

j

(β20p
n
ij + β21p

(1)
ij )

cn+1
j

σj

−
∑

j

(β20d
n
ij + β21d

(1)
ij )

cn+1
i

σi

)

= cni + ∆t(P n
i −Dn

i ) +
∆t2

2

∂(P n
i −Dn

i )

∂c
(P n −Dn) + O(∆t3),

and subsequently

α21(c
(1)
i − cni )+∆t

(

∑

j

(β20p
n
ij + β21p

(1)
ij )

cn+1
j

σj
−

∑

j

(β20d
n
ij + β21d

(1)
ij )

cn+1
i

σi

)

− ∆t(P n
i −Dn

i ) −
∆t2

2

∂(P n
i −Dn

i )

∂c
(P n −Dn) = O(∆t3),

by the order condition α20 + α21 = 1. Set i = I, and write I as i,

α21(c
(1)
i − cni ) − ∆t(β20D

n
i + β21D

(1)
i )

cn+1
i

σi
+ ∆tDn

i −
∆t2

2

∂Dn
i

∂c
Dn = O(∆t3). (2.11)

Note that (2.11) holds for any i = 1, 2 · · · , N , since I is chosen arbitrary.

Using (2.10b), we have

c
(1)
i = cni − ∆tβ10D

n
i

c
(1)
i

πi
= cni − ∆tβ10µc

n
i

c
(1)
i

πi
.

Substitute it into the left hand side of (2.11):

− α21β10∆tµc
n
i

c
(1)
i

πi
− ∆t(β20µc

n
i + β21µc

(1)
i )

cn+1
i

σi
+ ∆tµcni −

∆t2

2
µ2cni ,

= − α21β10∆tµc
n
i

c
(1)
i

πi

− ∆t

(

β20µc
n
i + β21µ(cni − ∆tβ10µc

n
i

c
(1)
i

πi

)

)

cn+1
i

σi

+ ∆tµcni −
∆t2

2
µ2cni ,

= − µ∆tcni

(

α21β10
c
(1)
i

πi
+ (β20 + β21)

cn+1
i

σi
− 1

)

+
1

2
µ2∆t2cni

(

c
(1)
i

πi

cn+1
i

σi
− 1

)

,

where we have used the order condition β21β10 = 1
2
. Now we have

−µ∆tcni

(

α21β10
c
(1)
i

πi
+ (β20 + β21)

cn+1
i

σi
− 1

)

+
1

2
µ2∆t2cni

(

c
(1)
i

πi

cn+1
i

σi
− 1

)

= O(∆t3).

Since the constant µ > 0 is arbitrary, we reach the following two constraints with the aid of

Lemma 3.2 in [10]:

α21β10
c
(1)
i

πi
+ (β20 + β21)

cn+1
i

σi
− 1 = O(∆t2), (2.12)
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and

c
(1)
i

πi

cn+1
i

σi
− 1 = O(∆t). (2.13)

The second constrain (2.13) is automatically fulfilled since πi = cni and σi = cni + O(∆t).

Substitute πi = cni into the first stage (2.10b):

c
(1)
i = α10c

n
i + ∆tβ10

(

∑

j

pn
ij

c
(1)
j

cnj
−

∑

j

dn
ij

c
(1)
i

cni

)

,

= cni + ∆tβ10

(

∑

j

pn
ij

cnj + O(∆t)

cnj
−

∑

j

dn
ij

cni + O(∆t)

cni

)

,

= cni + ∆tβ10(P
n
i −Dn

i ) + O(∆t2).

and thus

c
(1)
i

πi
=
c
(1)
i

cni
= 1 + ∆tβ10

P n
i −Dn

i

cni
+ O(∆t2).

The first constrain (2.12) is simplified:

α21β10

(

1 + ∆tβ10
P n

i −Dn
i

cni

)

+ (β20 + β21)
cn+1
i

σi
− 1 = O(∆t2),

α21β
2
10∆t

P n
i −Dn

i

cni
+ (β20 + β21)

cn+1
i

σi
= β20 + β21 + O(∆t2),

and we solve out:

cn+1
i

σi
= 1 −

α21β
2
10

β20 + β21
∆t
P n

i −Dn
i

cni
+ O(∆t2).

Thus, the expression of σi is derived:

σi =
cn+1
i

cn+1

i

σi

,

=
cn+1
i

1 −
α21β2

10

β20+β21
∆t

P n
i −Dn

i

cn
i

+ O(∆t2)
,

=(cni + ∆t(P n
i −Dn

i ))(1 +
α21β

2
10

β20 + β21
∆t
P n

i −Dn
i

cni
) + O(∆t2),

=cni + (1 +
α21β

2
10

β20 + β21

)∆t(P n
i −Dn

i ) + O(∆t2).

We finally reach the relation

σi = cni + (1 +
α21β

2
10

β20 + β21

)∆t(P n
i −Dn

i ) + O(∆t2). (2.14)
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2.2 Sufficient condition

In this part, we prove that the necessary condition (2.14) is also sufficient.

First, we do expansion for c
(1)
i in the first stage (2.10b)

c
(1)
i =cni + ∆tβ10(

∑

j

pn
ij

c
(1)
j

cnj
−

∑

j

dn
ij

c
(1)
i

cni
),

=cni + ∆tβ10(P
n
i −Dn

i ) + O(∆t2).

Iterate once,

c
(1)
i =cni + ∆tβ10(

∑

j

pn
ij

cnj + ∆tβ10(P
n
j −Dn

j )

cnj
−

∑

j

dn
ij

cni + ∆tβ10(P
n
i −Dn

i )

cni
) + O(∆t3),

=cni + ∆tβ10(P
n
i −Dn

i ) + ∆t2β2
10(

∑

j

pn
ij

P n
j −Dn

j

cnj
−

∑

j

dn
ij

P n
i −Dn

i

cni
) + O(∆t3).

By Taylor expansion for φ(1) := φ(c(1)) with φ = pij or dij, we have

φ(1) = φ(c(1)) = φ(cn) +
∂φn

∂c
(c(1) − cn) + O(∆t2), (2.15)

and thus,

β20φ
n + β21φ

(1) =(β20 + β21)φ
n + β21

∂φn

∂c
(c(1) − cn) + O(∆t2)

=(β20 + β21)φ
n + ∆tβ21β10

∂φn

∂c
(P n −Dn) + O(∆t2).

Subsequently, we have expansion for cn+1
i :

cn+1
i =α20c

n
i + α21(c

n
i + ∆tβ10(P

n
i −Dn

i )) + ∆t(β20 + β21)(P
n
i −Dn

i ) + O(∆t2),

=(α20 + α21)c
n
i + (α21β10 + β20 + β21)∆t(P

n
i −Dn

i ) + O(∆t2),

=cni + ∆t(P n
i −Dn

i ) + O(∆t2).

Iterate once,

cn+1
i

σi

=
cni + ∆t(P n

i −Dn
i ) + O(∆t2)

cni + (1 +
α21β2

10

β20+β21
)∆t(P n

i −Dn
i ) + O(∆t2)

,

=1 − ∆t
α21β

2
10

β20 + β21

P n
i −Dn

i

cni
+ O(∆t2).
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and thus,

∑

j

(β20pij(c
(0)) + β21pij(c

(1)))
cn+1
j

σj
−

∑

j

(β20dij(c
(0)) + β21dij(c

(1)))
cn+1
i

σi

=
∑

j

(

(β20 + β21)p
n
ij + ∆tβ21β10

∂pn
ij

∂c
(P n −Dn)

) (

1 − ∆t
α21β

2
10

β20 + β21

P n
j −Dn

j

cnj

)

−
∑

j

(

(β20 + β21)d
n
ij + ∆tβ21β10

∂dn
ij

∂c
(P n −Dn)

) (

1 − ∆t
α21β

2
10

β20 + β21

P n
i −Dn

i

cni

)

+ O(∆t2),

=(β20 + β21)(P
n
i −Dn

i ) + ∆tβ21β10
∂(P n

i −Dn
i )

∂c
(P n −Dn)

− ∆tα21β
2
10

(

∑

j

pn
ij

P n
j −Dn

j

cnj
−

∑

j

dn
ij

P n
i −Dn

i

cni

)

+ O(∆t2).

Substituting the above relation into the final stage (2.10c) yields:

cn+1
i = α20c

(0)
i + α21

(

cni + ∆tβ10(P
n
i −Dn

i ) + ∆t2β2
10(

∑

j

pn
ij

P n
j −Dn

j

cnj
−

∑

j

dn
ij

P n
i −Dn

i

cni
)

)

+ ∆t((β20 + β21)(P
n
i −Dn

i ) + ∆tβ21β10
∂(P n

i −Dn
i )

∂c
(P n −Dn)

− ∆tα21β
2
10(

∑

j

pn
ij

P n
j −Dn

j

cnj
−

∑

j

dn
ij

P n
i −Dn

i

cni
)) + O(∆t3),

= cni + ∆t(P n
i −Dn

i ) +
∆t2

2

∂(P n
i −Dn

i )

∂c
(P n −Dn) + O(∆t3).

Now the second-order accuracy has been proved.

2.3 MPRK schemes

We have shown that the relation (2.14) is a necessary and sufficient condition for (2.10) to

be second-order accurate. In the following, we will derive an explicit expression of σi for

(2.14) to be satisfied. We try to take

σi = (c
(1)
i )s(cni )1−s (2.16)

with s a constant to be undetermined. Thanks to the expansion of c
(1)
i , we have

σi = (cni + ∆tβ10(P
n
i −Dn

i ) + O(∆t2))s(cni )1−s,

= cni (1 + ∆tβ10
P n

i −Dn
i

cni
+ O(∆t2))s,

12



= cni (1 + ∆tβ10s
P n

i −Dn
i

cni
+ O(∆t2)),

= cni + ∆tβ10s(P
n
i −Dn

i ) + O(∆t2).

To satisfy the constrain (2.14), it is only required that

s =
1 +

α21β2
10

β20+β21

β10
=
β20 + β21 + α21β

2
10

β10(β20 + β21)
. (2.17)

Now we have a family of schemes

c
(0)
i = cni , (2.18a)

c
(1)
i = α10c

(0)
i + ∆tβ10

(

∑

j

pij(c
(0))

c
(1)
j

cnj
−

∑

j

dij(c
(0))

c
(1)
i

cni

)

, (2.18b)

cn+1
i = α20c

(0)
i + α21c

(1)
i

+ ∆t

(

∑

j

(β20pij(c
(0)) + β21pij(c

(1)))
cn+1
j

(c
(1)
j )s(c

(0)
j )1−s

−
∑

j

(β20dij(c
(0)) + β21dij(c

(1)))
cn+1
i

(c
(1)
i )s(c

(0)
i )1−s

)

.

(2.18c)

with the coefficients satisfying the conditions (2.9) and s =
β20+β21+α21β2

10

β10(β20+β21)
.

Note that there are four constraints in (2.9) and six parameters (α10, α20, α21, β10, β20, β21).

Hence, there are two free parameters. Set

α21 = α, β10 = β,

and express other parameters in terms of α and β by (2.9):

α10 = 1, α20 = 1 − α, α21 = α,

β10 = β, β20 = 1 −
1

2β
− αβ, β21 =

1

2β
.

and subsequently,

s =
1 − αβ + αβ2

β(1 − αβ)
.

For guaranteeing the non-negativity of these parameters (α10, α20, α21, β10, β20, β21), it is

required that

0 ≤ α ≤ 1, β > 0, αβ +
1

2β
≤ 1.

We summarize the above results in the following theorem:

13



Theorem 2.1 (MPRK schemes). With the parameters satisfying

α10 = 1, α20 = 1 − α, α21 = α,

β10 = β, β20 = 1 −
1

2β
− αβ, β21 =

1

2β
,

s =
1 − αβ + αβ2

β(1 − αβ)
,

and

0 ≤ α ≤ 1, β > 0, αβ +
1

2β
≤ 1,

the MPRK scheme (2.18) is second-order accurate. Moreover, it is conservative:

N
∑

i=1

cni =

N
∑

i=1

c
(1)
i =

N
∑

i=1

cn+1
i ,

and unconditionally positivity-preserving: if cni ≥ 0 for i = 1, 2, · · · , N , then cn+1
i ≥ 0 for

i = 1, 2, · · · , N and all ∆t > 0.

Remark 2.2. Our scheme (2.18) is a generalization of the schemes in [1, 10]. By taking

α = 0 in (2.18), it reduces to the scheme in [10]. If we further set β = 1, it reduces to the

scheme in [1].

Remark 2.3. If we take α = 1
2

and β = 1, the coefficients of the optimal SSP RK method

are recovered:

α10 = β10 = 1, α20 = α21 = β21 =
1

2
, β20 = 0,

and accordingly s = 2.

Remark 2.4. The form of σi in (2.18) is not the only possible choice. Following [10], we

can also take a convex combination of (c
(1)
i )s(cni )1−s:

σi = λ(c
(1)
i )s1(cni )1−s1 + (1 − λ)(c

(1)
i )s2(cni )1−s2.

with 0 ≤ λ ≤ 1. To satisfy the condition (2.14), the relations of parameters λ, s1, s2 can be

derived in the same approach. For simplicity, we do not investigate this issue in detail and

will only focus on (2.18) in the following.
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2.4 Extension to semi-discrete schemes

To cover the semi-discrete scheme for the PDEs, we formulate a system of ODEs in the

following form:

dck,i

dt
= Fk,i(c) + Pk,i(c) −Dk,i(c), k = 1, · · · ,M, i = 1, · · · , N. (2.19)

Here ck,i = ck,i(t) denotes the “concentration” of the i-th species at the k-th grid point, N

and M denote the number of species and nodes, respectively. The vector c is the collection of

all unknown variables with the form c := (c11, c12, · · · , c1N , · · · , cM1, cM2, · · · , cMN)T and is of

length M ×N . Fk,i = Fk,i(c) denotes the contributions of the convection terms after spatial

discretizations in the PDEs. The production and destruction terms are Pk,i = Pk,i(c) =
∑N

j=1 pk,i,j(c) and Dk,i = Dk,i(c) =
∑N

j=1 dk,i,j(c) which satisfy

pk,i,j(c) = dk,j,i(c), ∀i, j, k and c ≥ 0.

We make the following assumption on (2.19):

Assumption 2.1. The Euler forward method for the convection term satisfies the positivity-

preserving property: if cnk,i ≥ 0 for all k, i, then

cnk,i + ∆tFk,i(c
n) ≥ 0,

for all k, i and ∆t ≤ ∆t0.

Remark 2.5. This family of ODEs (2.19) covers the semi-discrete finite difference WENO

scheme for chemical reacting flows (1.1) by setting the production and destruction terms to

be zero in the momentum and energy equations. The variable ck,i does not necessarily denote

the concentration or density in this case.

We generalize the MPRK scheme (2.18) by incorporating the convection term Fk,i using

the Euler forward discretizations in each stage and arrive at

c
(0)
k,i = cnk,i, (2.20a)
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c
(1)
k,i = α10c

(0)
k,i + ∆tβ10Fk,i(c

(0)) + ∆tβ10

(

∑

j

pk,i,j(c
(0))

c
(1)
k,j

c
(0)
k,j

−
∑

j

dk,i,j(c
(0))

c
(1)
k,i

c
(0)
k,i

)

, (2.20b)

cn+1
k,i = α20c

(0)
k,i + α21c

(1)
k,i + ∆t(β20Fk,i(c

(0)) + β21Fk,i(c
(1)))

+ ∆t(
∑

j

(β20pk,i,j(c
(0)) + β21pk,i,j(c

(1)))
cn+1
k,j

(c
(1)
k,j)

s(c
(0)
k,j)

1−s

−
∑

j

(β20dk,i,j(c
(0)) + β21dk,i,j(c

(1)))
cn+1
k,i

(c
(1)
k,i)

s(c
(0)
k,i)

1−s
). (2.20c)

where the parameters are the same with those in Theorem 2.1, Obviously, the scheme (2.20)

satisfies the positivity-preserving property if the time step satisfies

∆t ≤ min{
α10

β10
,
α20

β20
,
α21

β21
}∆t0.

Next, we show that the scheme (2.20) is second-order accurate. First, we do expansion

for c
(1)
k,i in the first stage (2.20b):

c
(1)
k,i = cnk,i + ∆tβ10F

n
k,i + ∆tβ10(

∑

j

pn
k,i,j

c
(1)
k,j

cnk,j

−
∑

j

dn
k,i,j

c
(1)
k,i

cnk,i

),

= cnk,i + ∆tβ10(F
n
k,i + P n

k,i −Dn
k,i) + O(∆t2).

Iterate once,

c
(1)
k,i = cnk,i + ∆tβ10F

n
k,i

+ ∆tβ10(
∑

j

pn
k,i,j

cnk,j + ∆tβ10(F
n
k,j + P n

k,j −Dn
k,j)

cnk,j

−
∑

j

dn
k,i,j

cnk,i + ∆tβ10(F
n
k,i + P n

k,i −Dn
k,i)

cnk,i

) + O(∆t3),

= cnk,i + ∆tβ10(F
n
k,i + P n

k,i −Dn
k,i) + ∆t2β2

10(
∑

j

pn
k,i,j

F n
k,j + P n

k,j −Dn
k,j

cnk,j

−
∑

j

dn
k,i,j

F n
k,i + P n

k,i −Dn
k,i

cnk,i

)

+ O(∆t3).

By doing expansion for cn+1
i up to O(∆t) in the second stage (2.20c), we have

cn+1
k,i = α20c

n
k,i + α21(c

n
k,i + ∆tβ10(F

n
k,i + P n

k,i −Dn
k,i)) + ∆t(β20 + β21)(F

n
k,i + P n

k,i −Dn
k,i) + O(∆t2),

= cni + ∆t(F n
k,i + P n

k,i −Dn
k,i) + O(∆t2),

and then

cn+1
k,i

(c
(1)
k,i)

s(c
(0)
k,i)

1−s
=

cnk,i + ∆t(F n
k,i + P n

k,i −Dn
k,i) + O(∆t2)

(cnk,i + ∆tβ10(F n
k,i + P n

k,i −Dn
k,i) + O(∆t2))s(cnk,i)

1−s
,

16



=
cnk,i + ∆t(F n

k,i + P n
k,i −Dn

k,i) + O(∆t2)

cnk,i + ∆tsβ10(F n
k,i + P n

k,i −Dn
k,i) + O(∆t2)

,

=
cnk,i + ∆t(F n

k,i + P n
k,i −Dn

k,i) + O(∆t2)

cnk,i + (1 +
α21β2

10

β20+β21
)∆t(F n

k,i + P n
k,i −Dn

k,i) + O(∆t2)
,

= 1 − ∆t
α21β

2
10

β20 + β21

F n
k,i + P n

k,i −Dn
k,i

cnk,i

+ O(∆t2).

Define the vector ψ := (ψ11, ψ12, · · · , ψ1N , · · · , ψM1, ψM2, · · · , ψMN) for ψ = F, P,D. Expan-

sion for φ(1) = φ(c(1)) with φ = pk,i,j, dk,i,j or Fk,i:

β20φ
n + β21φ

(1) = β20φ
n + β21(φ

n +
∂φn

∂c
(c(1) − cn)) + O(∆t2)

= (β20 + β21)φ
n + β21

∂φn

∂c
(c(1) − cn) + O(∆t2)

= (β20 + β21)φ
n + ∆tβ21β10

∂φn

∂c
(F n + P n −Dn) + O(∆t2).

Substituting the above relation into the main part of the right hand side of the second stage

(2.20c) yields

∑

j

(β20pk,i,j(c
(0)) + β21pk,i,j(c

(1)))
cn+1
k,j

σk,j
−

∑

j

(β20dk,i,j(c
(0)) + β21dk,i,j(c

(1)))
cn+1
k,i

σk,i

=
∑

j

(

(β20 + β21)p
n
k,i,j + ∆tβ21β10

∂pn
k,i,j

∂c
(F n + P n −Dn)

)

(

1 − ∆t
α21β

2
10

β20 + β21

F n
k,j + P n

k,j −Dn
k,j

cnk,j

)

−
∑

j

(

(β20 + β21)d
n
k,i,j + ∆tβ21β10

∂dn
k,i,j

∂c
(F n + P n −Dn)

)

(

1 − ∆t
α21β

2
10

β20 + β21

F n
k,i + P n

k,i −Dn
k,i

cnk,i

)

+ O(∆t2),

=(β20 + β21)(P
n
k,i −Dn

k,i) + ∆tβ21β10

∂(P n
k,i −Dn

k,i)

∂c
(F n + P n −Dn)

− ∆tα21β
2
10

(

∑

j

pn
k,i,j

F n
k,j + P n

k,j −Dn
k,j

cnk,j

−
∑

j

dn
k,i,j

F n
k,i + P n

k,i −Dn
k,i

cnk,i

)

+ O(∆t2).

Finally, we simplify the second stage (2.20c):

cn+1
k,i = α20c

(0)
k,i + α21(c

n
k,i + ∆tβ10(F

n
k,i + P n

k,i −Dn
k,i)

+ ∆t2β2
10(

∑

j

pn
k,i,j

F n
k,j + P n

k,j −Dn
k,j

cnk,j

−
∑

j

dn
k,i,j

F n
k,i + P n

k,i −Dn
k,i

cnk,i

))

+ ∆t((β20 + β21)F
n
k,i + ∆β21β10

∂F n
k,i

∂c
(F n + P n −Dn))
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+ ∆t((β20 + β21)(P
n
k,i −Dn

k,i) + ∆tβ21β10

∂(P n
k,i −Dn

k,i)

∂c
(F n + P n −Dn)

− ∆tα21β
2
10(

∑

j

pn
k,i,j

F n
k,j + P n

k,j −Dn
k,j

cnk,j

−
∑

j

dn
ij

F n
k,i + P n

k,i −Dn
k,i

cnk,i

)) + O(∆t3),

= cni + ∆t(F n
k,i + P n

k,i −Dn
k,i) +

∆t2

2

∂(F n
k,i + P n

k,i −Dn
k,i)

∂c
(F n + P n −Dn) + O(∆t3).

The second-order accuracy has been proved. We have the following results:

Theorem 2.2. The MPRK scheme (2.20) is second-order accurate for the system of ODEs

(2.19). It is conservative:

∑

k,i

c
(1)
k,i =

∑

k,i

cnk,i + ∆tβ10

∑

k,i

Fk,i(c
n),

∑

k,i

cn+1
k,i = α20

∑

k,i

cnk,i + α21

∑

k,i

c
(1)
k,i + ∆t

∑

k,i

(β20Fk,i(c
n) + β21Fk,i(c

(1))),

where the summation of the convection terms will vanish if periodic boundaries are imposed.

It is positivity-preserving: if cnk,i ≥ 0 for all k, i, then c
(1)
k,i ≥ 0 and cn+1

k,i ≥ 0 for all k, i and

∆t ≤ min{α10

β10
, α20

β20
, α21

β21
}∆t0.

Remark 2.6. Note that the condition for the MPRK scheme (2.20) to be positivity-preserving

does not depend on the production and destruction terms Pk,i and Dk,i, but only relies on

the explicit SSP RK solver for the convection part. This is highly desirable for solving Euler

equations with stiff chemical reaction sources. The CFL conditions for positivity-preserving

schemes developed in [26, 18] all depend on the stiffness of the source terms.

3 Positivity-preserving finite difference WENO schemes

In this section, we first review the positivity-preserving finite difference WENO scheme [27].

Then we apply our ODE solver (2.20) to reactive Euler equations [18] and Euler equations

with three species reactions [20] and discuss the positivity-preserving properties.
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3.1 The finite difference WENO scheme for hyperbolic conserva-

tion laws

We first review the finite difference WENO scheme for hyperbolic conservation laws without

source terms [15]

Ut + F (U)x = 0, (3.21)

where U is the unknown variable vector and F (U) is the physical flux. Consider a uniform

mesh with node xi. Define xi+ 1

2

= 1
2
(xi +xi+1), ∆x = xi+1−xi and Ii = [xi− 1

2

, xi+ 1

2

]. Denote

the point values at xi and time level n by W n
i . The finite difference scheme with high order

spatial discretization and Euler forward time discretization solving (3.21) has the form

W n+1
i = W n

i −
∆t

∆x
(F̂i+ 1

2

− F̂i− 1

2

), (3.22)

where 1
∆x

(F̂i+ 1

2

− F̂i− 1

2

) should be a high order approximation to F (W )x at x = xi.

If there exists a function H(x) depending on the mesh size ∆x such that

F (x) =
1

∆x

∫ x+∆x/2

x−∆x/2

H(ξ)dξ,

the we call F and H a reconstruction pair and denote them by

H = R∆x(F ), F = R−1
∆x(H).

Then Fx = 1
∆x

(H(x+ ∆x
2

)−H(x−∆x
2

)). Thus, if F̂j+ 1

2

is a high order accurate approximation

of H(xi+ 1

2

), then 1
∆x

(F̂i+ 1

2

− F̂i− 1

2

) will be a high order approximation of F (W )x at x = xi.

We use the global Lax-Friedrichs splitting,

F±(W ) = W ±
F (W )

α
,

Here α is the maximum eigenvalue of the Jacobian matrix ∂F (U)
∂U

, and the maximum is taken

over all the grid points at time level n. For Euler equations of gas dynamics, α = max(|u|+c)

where u and c are the velocity and the speed of sound. For clarity, the notation ± on the

subscripts denotes the positive and negative parts of the splitting flux, and that on the
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superscripts denotes different stencils in the WENO reconstructions for cell Ii and Ii+1. We

also introduce the notation Li+ 1

2

and Ri+ 1

2

which denote the left and right eigenvector matrix

of ∂F (U)
∂U

taking value at Wi+ 1

2

and satisfy Li+ 1

2

= R−1
i+ 1

2

. Here Wi+ 1

2

is some “average” of

Wi and Wi+1. For simplicity, we take Wi+ 1

2

= 1
2
(Wi + Wi+1). The finite difference WENO

scheme are formulated as follows:

At each fixed xi+ 1

2

,

• Denote H± = R∆x(F±), then we have the cell averages (H̄±)
n

i = F±(W n
i ). Transform

all the cell averages (H̄±)n
j for j in a neighborhood of i to the local characteristic field

by setting

(V̄±)n
j = Li+ 1

2

(H̄±)n
j .

• Perform the WENO reconstruction for each component of (V̄+)n
j to obtain approxima-

tions of the point value of the function Li+ 1

2

H+ at the point xi+ 1

2

on the left side and

denote them as (V+)−
i+ 1

2

. Also, perform the WENO reconstruction for each component

of (V̄−)n
j to obtain approximations of the point value of the function Li+ 1

2

H− at the

point xi+ 1

2

on the right side and denote them as (V−)+
i+ 1

2

.

• Transform back into physical space by

(H+)−
i+ 1

2

= Ri+ 1

2

(V+)−
i+ 1

2

, (H−)+
i+ 1

2

= Ri+ 1

2

(V−)+
i+ 1

2

.

• Form the flux by

F̂i+ 1

2

=
α

2
((H+)−

i+ 1

2

− (H−)+
i+ 1

2

).

Finally, we get the conservative scheme

W n+1
i = W n

i − λ(F̂i+ 1

2

− F̂i− 1

2

), (3.23)

with λ = ∆t/∆x.
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3.2 Positivity-preserving finite difference WENO schemes

In this part, we briefly review the positivity-preserving finite difference WENO schemes in

[27]. For (1.1), we define the set of admissible states G:

G = {U = (ρ1, · · · , ρns
, m,E)T | ρi > 0, i = 1, · · · , ns, p > 0}. (3.24)

Define ẽ :=
∑ns

i=1 ρiein,i(T ). Then ẽ as a function of U is convex. The convexity of G is

obtained by noticing G = {U | ρi > 0, i = 1, · · · , ns, ẽ > 0}. See also Lemma 2.1 in [26]

for details.

Next, we present the sufficient condition in [27] for the scheme to keepW n+1
i ∈ G provided

W n
i ∈ G.

W n+1
i = W n

i − λ(F̂i+ 1

2

− F̂i− 1

2

),

=
1

2
((H̄+)n

i + (H̄−)n
i ) −

λα

2
((H+)−

i+ 1

2

− (H−)+
i+ 1

2

− (H+)−
i− 1

2

+ (H−)+
i− 1

2

),

:=
1

2
T+ +

1

2
T−,

where

T+ = (H̄+)n
i − λα((H+)−

i+ 1

2

− (H+)−
i− 1

2

),

T− = (H̄−)n
i + λα((H−)+

i+ 1

2

− (H−)+
i− 1

2

).

Then, the cell averages H̄+ and H̄− are split into a convex combination of values at quadrature

points and the following theorem can be proved:

Theorem 3.1 (Zhang and Shu [27]). Under the CFL condition αλ ≤ ŵ1, if q+,∗
i , (H+)−

i+ 1

2

,

(H+)−
i− 1

2

, q−,∗
i , (H−)+

i+ 1

2

, (H−)+
i− 1

2

∈ G, then the finite difference scheme will be positivity-

preserving, i.e., W n+1
i ∈ G, where

q+,∗
i =

1

1 − ŵN
((H̄+)n

i − ŵN(H+)−
i+ 1

2

), q−,∗
i =

1

1 − ŵ1
((H̄−)n

i − ŵ1(H−)+
i− 1

2

). (3.25)

ŵ1 = ŵN are the quadrature weights for the two end points in Gauss-Lobatto quadrature

rules.
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Note that ŵ1 = ŵN = 1/6 for the third-order WENO schemes and 1/12 for the fifth-order

WENO schemes.

To enforce the sufficient conditions in Theorem 3.1, the positivity-preserving limiter is

applied. Here, we slightly modify the simple and robust limiter in [18] since the pressure

is no longer a convex function of W in our model. Let (H̄+)n
i = ((ρ̄1)i, · · · , (ρ̄ns

)i, m̄i, Ēi)
T ,

(H+)−
i+ 1

2

= ((ρ1)
−

i+ 1

2

, · · · , (ρns
)−
i+ 1

2

, m−

i+ 1

2

, E−

i+ 1

2

)T , q+,∗
i = ((ρ1)

∗

i , · · · , (ρns
)∗i , m

∗

i , E
∗

i ). The lim-

iter is presented as follows:

• Set up small parameters ǫs = mini{10−13, (ρ̄s)i} for s = 1, · · · , ns.

• For each cell Ii, modify the densities: for s = 1, · · · , ns,

(ρ̂s)
−

i+ 1

2

= θ1((ρs)
−

i+ 1

2

− (ρ̄s)i) + (ρ̄s)i, θ1 = min{

∣

∣

∣

∣

(ρ̄s)i − ǫs
(ρ̄s)i − (ρs)min

∣

∣

∣

∣

, 1}, (3.26)

where (ρs)min := min{(ρs)
−

i+ 1

2

, (ρs)
∗

i }. Then denote (Ĥ+)−
i+ 1

2

:= ((ρ̂1)
−

i+ 1

2

, · · · , (ρ̂ns
)−
i+ 1

2

, m−

i+ 1

2

, E−

i+ 1

2

)T

and q̂+,∗
i := 1

1−ŵN
((H̄+)n

i − ŵN(Ĥ+)−
i+ 1

2

).

• Then we modify ẽ. For convenience, let q1 = (Ĥ+)−
i+ 1

2

and q2 = q̂+,∗
i . For m = 1, 2, if

ẽ(qm) ≥ 0, set tm = 1; otherwise, set

tm =
ẽ((H̄+)n

i )

ẽ((H̄+)n
i ) − ẽ(qm)

. (3.27)

Then modify

(H̃+)−
i+ 1

2

= θ2((Ĥ+)−
i+ 1

2

− (H̄+)n
i ) + (H̄+)n

i , θ2 = min{t1, t2}. (3.28)

Similarly, we get the revised point value (H̃−)+
i− 1

2

. Then we have the modified WENO

scheme with the numerical flux replaced by

F̂i+ 1

2

=
α

2
((H̃+)−

i+ 1

2

− (H̃−)+
i+ 1

2

). (3.29)

It is straightforward to extend the positivity-preserving finite difference scheme for one-

dimension to multi-space dimensions. The CFL condition for preserving the positivity for

2D case is replaced by

∆t(
a1

∆x
+

a2

∆y
) ≤ ŵ1, (3.30)
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where a1 = max{|u|+c} and a2 = max{|v|+c}, with u, v are velocities in x and y directions,

c the speed of sound. For the time integration, the SSP high order RK time discretization

[5] will keep the validity of Theorem 3.1 since G is convex.

3.3 Reactive Euler equations

We consider the reactive Euler equations which are often used to model the detonation waves

[18] in 2D case:

Ut + F (U)x +G(U)y = S(U), (3.31)

with

U = (ρ,m, n, E, ρY ),

F (U) = (m, ρu2 + p, ρuv, (E + p)u, ρuY ),

G(U) = (n, ρuv, ρv2 + p, (E + p)v, ρvY ),

S(U) = (0, 0, 0, 0, ω),

and

m = ρu, n = ρv, E =
1

2
ρ(u2 + v2) +

p

γ − 1
+ ρqY. (3.32)

Here q > 0 is the heat release of reaction, γ is the specific heat ratio and 0 ≤ Y ≤ 1 denotes

the reactant mass fraction. The source term is assumed to be in an Arrhenius form

ω = −K̃ρY e−T̃ /T , (3.33)

where T = p/ρ is the temperature, T̃ > 0 is the activation constant temperature and K̃ > 0

is a constant.

To fit into our framework, we rewrite (3.31) in an equivalent form. The unknown variables

and the corresponding physical fluxes and source terms are replaced by

U = (ρY, ρZ,m, n, E),

F (U) = (ρuY, ρuZ, ρu2 + p, ρuv, (E + p)u),
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G(U) = (ρvY, ρvZ, ρuv, ρv2 + p, (E + p)v),

S(U) = (ω,−ω, 0, 0, 0),

where Z denotes the unreacted mass fraction. The admissible set G is defined as

G = {U = (ρY, ρZ,m, n, E)|ρY ≥ 0, ρZ ≥ 0, p > 0}.

The semi-discrete finite difference WENO scheme for the equivalent PDEs reads as

dWi,j

dt
= −

1

∆x
(F̂i+ 1

2
,j − F̂i− 1

2
,j) −

1

∆y
(Ĝi,j+ 1

2

− Ĝi,j− 1

2

) + S(Wi,j), (3.34)

with Wi,j := (Wi,j,1,Wi,j,2,Wi,j,3,Wi,j,4,Wi,j,5) = ((ρY )i,j, (ρZ)i,j, mi,j , ni,j, Ei,j). This system

of ODEs can be written in the form (2.19) by splitting the source terms into

Si(W ) = Pi(W ) −Di(W ), (3.35)

with the production and destruction terms

p2,1(W ) = d1,2(W ) = −ω ≥ 0, (3.36)

and pm,n(W ), dm,n(W ) vanish for other set of 1 ≤ m,n ≤ 5. Then we apply our ODE solver

(2.20) and obtain

W
(1)
i,j =α10W

n
i,j − β10

(

∆t

∆x
(F̂ n

i+ 1

2
,j
− F̂ n

i− 1

2
,j
) +

∆t

∆y
(Ĝn

i,j+ 1

2

− Ĝn
i,j− 1

2

)

)

+ ∆tβ10(ω
n
W

(1)
i,j,1

W n
i,j,1

,−ωn
W

(1)
i,j,1

W n
i,j,1

, 0, 0, 0)T , (3.37a)

W n+1
i,j =α20W

n
i,j + α21W

(1)
i,j

− β20

(

∆t

∆x
(F̂ n

i+ 1

2
,j
− F̂ n

i− 1

2
,j
) +

∆t

∆y
(Ĝn

i,j+ 1

2

− Ĝn
i,j− 1

2

)

)

− β21

(

∆t

∆x
(F̂

(1)

i+ 1

2
,j
− F̂

(1)

i− 1

2
,j
) +

∆t

∆y
(Ĝ

(1)

i,j+ 1

2

− Ĝ
(1)

i,j− 1

2

)

)

+ ∆t((β20ω
n + β21ω

(1))
W n+1

i,j,1

(W
(1)
i,j,1)

s(W n
i,j,1)

1−s
,−(β20ω

n + β21ω
(1))

W n+1
i,j,1

(W
(1)
i,j,1)

s(W n
i,j,1)

1−s
, 0, 0, 0)T .

(3.37b)
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By introducing auxiliary variables V
(1)
i,j and V n+1

i,j , we rewrite (3.37) into an equivalent form

V
(1)
i,j =α10W

n
i,j − β10

(

∆t

∆x
(F̂ n

i+ 1

2
,j
− F̂ n

i− 1

2
,j
) +

∆t

∆y
(Ĝn

i,j+ 1

2

− Ĝn
i,j− 1

2

)

)

, (3.38a)

W
(1)
i,j =V

(1)
i,j + ∆tβ10(ω

n
W

(1)
i,j,1

W n
i,j,1

,−ωn
W

(1)
i,j,1

W n
i,j,1

, 0, 0, 0)T , (3.38b)

V n+1
i,j =α20W

n
i,j + α21W

(1)
i,j − β20

(

∆t

∆x
(F̂ n

i+ 1

2
,j
− F̂ n

i− 1

2
,j
) +

∆t

∆y
(Ĝn

i,j+ 1

2

− Ĝn
i,j− 1

2

)

)

− β21

(

∆t

∆x
(F̂

(1)

i+ 1

2
,j
− F̂

(1)

i− 1

2
,j
) +

∆t

∆y
(Ĝ

(1)

i,j+ 1

2

− Ĝ
(1)

i,j− 1

2

)

)

, (3.38c)

W n+1
i,j =V n+1

i,j + ∆t((β20ω
n + β21ω

(1))
W n+1

i,j,1

(W
(1)
i,j,1)

s(W n
i,j,1)

1−s
,−(β20ω

n + β21ω
(1))

W n+1
i,j,1

(W
(1)
i,j,1)

s(W n
i,j,1)

1−s
, 0, 0, 0)T .

(3.38d)

At time level n, given W n
i,j ∈ G for all i, j, then the positivity of densities and pressure of

V
(1)
i,j in the first stage (3.38a) is guaranteed by the limiter in section 3.2. In the second stage

(3.38b), the positivity of densities of W
(1)
i,j is trivial. In addition, note that the density ρY

of W
(1)
i,j is no greater than that of V

(1)
i,j , i.e., W

(1)
i,j,1 ≤ V

(1)
i,j,1, due to the fact that ωn ≤ 0. Then

the positivity of pressure of W
(1)
i,j is guaranteed by noticing that p = (γ−1)(E− 1

2
m2

ρ
−qρY ).

In the third and the fourth stage, the positivity of densities and pressure of V n+1
i,j and W n+1

i,j

can be preserved by the same argument.

3.4 Euler equations with three species reactions

We consider the three species model with a more general equation of state in [20]

U = (ρ1, ρ2, ρ3, ρu, E)T ,

F (U) = (ρ1u, ρ2u, ρ3u, ρu
2 + p, (E + p)u)T ,

S(U) = (2M1ω,−M2ω, 0, 0, 0).

and

ρ =

3
∑

s=1

ρs, p = RT

3
∑

s=1

ρs

Ms
, E =

3
∑

s=1

ρses(T ) + ρ1h
0
1 +

1

2
ρu2. (3.39)
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the internal energy es(T ) = 3RT/2Ms and 5RT/2Ms for monoatomic and diatomic species

respectively. The rate of chemical reaction is given by

ω =

(

kf(T )
ρ2

M2
− kb(T )(

ρ1

M1
)2

) 3
∑

s=1

ρs

Ms
(3.40)

kf = CT−2e−E/T , kb = kf/ exp(b1 + b2 log z + b3z + b4z
2 + b5z

3), z = 10000/T (3.41)

where bi, C and E are constants which can be found in [26].

The semi-discrete finite difference WENO scheme for the equivalent PDEs reads as

dWi

dt
= −

1

∆x
(F̂i+ 1

2

− F̂i− 1

2

) + S(Wi), (3.42)

with Wi := (Wi,1,Wi,2,Wi,3,Wi,4,Wi,5) = ((ρ1)i, (ρ2)i, (ρ3)i, mi, Ei). For this model, we split

the source terms 2M1ω into two parts:

2M1ω = ω+ − ω−,

with the positive part

ω+ = 2M1kf(T )
ρ2

M2

3
∑

s=1

ρs

Ms
≥ 0,

and the negative part

ω− = 2M1kb(T )(
ρ1

M1

)2
3

∑

s=1

ρs

Ms

≥ 0.

This system of ODEs can be written in the form (2.19) by splitting the source terms into

Si(W ) = Pi(W ) −Di(W ), (3.43)

with the production and destruction terms

p2,1(W ) = d1,2(W ) = ω− ≥ 0, p1,2(W ) = d2,1(W ) = ω+ ≥ 0, (3.44)

and pm,n(W ), dm,n(W ) vanish for other set of 1 ≤ m,n ≤ 5. Then we apply our ODE solver

(2.20) and obtain

W
(1)
i =α10W

n
i − β10

∆t

∆x
(F̂ n

i+ 1

2

− F̂ n
i− 1

2

)
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+ ∆tβ10(ω
n
+

W
(1)
i,2

W n
i,2

− ωn
−

W
(1)
i,1

W n
i,1

,−ωn
+

W
(1)
i,2

W n
i,2

+ ωn
−

W
(1)
i,1

W n
i,1

, 0, 0, 0)T , (3.45a)

W n+1
i =α20W

n
i + α21W

(1)
i − β20

∆t

∆x
(F̂ n

i+ 1

2

− F̂ n
i− 1

2

) − β21
∆t

∆x
(F̂

(1)

i+ 1

2

− F̂
(1)

i− 1

2

)

+ ∆t((β20ω
n
+ + β21ω

(1)
+ )

W n+1
i,2

(W
(1)
i,2 )s(W n

i,2)
1−s

− (β20ω
n
−

+ β21ω
(1)
− )

W n+1
i,1

(W
(1)
i,1 )s(W n

i,1)
1−s

,

− (β20ω
n
+ + β21ω

(1)
+ )

W n+1
i,2

(W
(1)
i,2 )s(W n

i,2)
1−s

+ (β20ω
n
−

+ β21ω
(1)
− )

W n+1
i,1

(W
(1)
i,1 )s(W n

i,1)
1−s

, 0, 0, 0)T .

(3.45b)

For this model, our scheme (3.45) could only preserve the positivity of the internal energy

(E − m2

2ρ
), but could not guarantee the positivity of the pressure. Actually, for this chemical

reacting flow, the pressure is

p =

ρ1

M1
+ ρ2

M2
+ ρ3

M3

3ρ1

2M1
+ 5ρ2

2M2
+ 5ρ3

2M3

(E − ρ1h
0
1 −

m2

2ρ
), (3.46)

which may become negative due to the existence of ρ1h
0
1. We also remark that this difficulty

seems to be essential, since even the first-order splitting with the exact evolution in time for

the ODEs part does not necessarily preserve the positivity of the pressure.

In our numerical experiments, if there exists negative pressure in the calculation, we just

take the absolute value of the pressure when calculating the sound of speed. Moreover, we

do not enforce the positivity of pressure in the limiter in section 3.2.

To conclude this section, we give several remarks below:

Remark 3.1. We use the finite difference method as the spatial discretization and not the

finite volume and DG schemes. The reason is that, for the finite volume and DG schemes,

the semi-discrete scheme in general could not preserve the original form of the source.

Remark 3.2. We also remark that our ODE solver can be applied to convection-diffusion-

reaction equations by treating the convection and diffusion terms explicitly in the time inte-

gration, as long as the reaction terms can be written in the production-destruction form.
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4 Numerical tests

In this part, the numerical results will be presented. We first discuss the convergence order

for the non-stiff problems and the performance on the stiff problems in solving the ODEs.

Then we move to reactive Euler equations and Euler equations with three species reactions

and general equation of state. Since the second-order SSP RK method is linearly unstable

when coupled with the fifth-order WENO spatial discretization [19], we adopt the third-order

finite difference WENO scheme proposed in [12]. To ensure the sufficient conditions of the

positivity of solutions, the CFL number is set to be 1/6. We also take a similar strategy

as in [18]: if a preliminary calculation to the next time step produces negative density or

pressure, then recalculate from the time step n with half of the previous time step.

4.1 ODEs

Example 4.1 (linear case). The linear test case is

dc1
dt

= c2 − ac1,

dc2
dt

= ac1 − c2,

with constant a > 0, and initial value

c1(0) = c01, c2(0) = c02. (4.47)

The exact solution is

c1(t) = (1 + b exp(−(a+ 1)t))c∞1 , c2(t) = c01 + c02 − c1(t), (4.48)

with the parameters c∞1 and b determined by

c∞1 =
c01 + c02
a+ 1

, b =
c01
c∞1

− 1. (4.49)

In the numerical experiment, we take c01 = 4.5, c02 = 3.2, a = 2.7 and the final time t = 1.

The errors between numerical solutions and exact solutions at the final time are listed in

Table 4.1. The second-order accuracy is clearly observed.
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Example 4.2 (nonlinear case). To test the accuracy of our solver (2.20), we make up a

non-stiff nonlinear problem:

dc1
dt

= F1(c) −
c1c2
c1 + 1

,

dc2
dt

= F2(c) +
c1c2
c1 + 1

− ac2,

dc3
dt

= F3(c) + ac2.

where (F1(c), F2(c), F3(c)) denotes “convection terms”.

To express this system of ODEs in the form of production-destruction equations, we set

p21(c) = d21(c) =
c1c2
c1 + 1

, p32(c) = d32(c) = ac2, (4.50)

and pij = dij = 0 for other sets of i, j. In the numerical examples, the initial conditions are

set as c01 = 9.98, c2 = 0.01 and c3 = 0.01. The convection terms are

(F1(c), F2(c), F3(c)) = (c1c2c3,
c3
c2
, c1c2c

2
3). (4.51)

The final time is t = 1 and the parameter a = 1. The reference solutions are generated by

the fourth-order explicit Runge-Kutta method with small enough time step. The errors are

listed in Table 4.2, which shows second-order accuracy.

Example 4.3 (stiff case). One of the most prominent examples of the stiff ODEs is the

Robertson test case, which describes the chemical reactions [6]:

dc1
dt

= 104c2c3 − 4 × 10−2c1,

Table 4.1: Example 4.1: Error table for linear ODEs.
∆t error order

1/20 1.20e-03 -
1/40 3.07e-04 1.97
1/80 7.78e-05 1.98
1/160 1.96e-05 1.99
1/320 4.91e-06 1.99
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dc2
dt

= 4 × 10−2c1 − 104c2c3 − 3 × 107c22,

dc3
dt

= 3 × 107c22,

with initial values ci(0) = c0i for i = 1, 2, 3.

For this problem, the production and destruction terms are

p12(c) = d21(c) = 104c2c3, p21(c) = d21(c) = 4 × 10−2c1, p32(c) = d23(c) = 3 × 107c22,

(4.52)

and pij = dij = 0 for other sets of i, j. In the numerical simulations, we take c01 = 1

and c02 = c03 = 0. Following [10], the time step size in the k-th time step is chosen as

∆tk = 2k−1∆t1 with the initial time step size ∆t1 = 10−6. The small initial time step

was set to obtain an adequate resolution of the component c2 in the starting time interval.

The reference solutions are generated by the fourth-order explicit Runge-Kutta method with

small enough time step. To visualize the evolution of c2, it is multiplied by 104 in Fig. 4.1.

From Fig. 4.1, we observe the excellent accuracy of our scheme in the case of a highly stiff

problem.

4.2 Reactive Euler equations

Example 4.4 (Detonation diffraction problems). We test the detonation diffraction in

this example. The same parameters and initial conditions with [18] are applied here.

The initial conditions are, if x < 0.5, then (ρ, u, v, E, Y ) = (11, 6.18, 0, 970, 1); otherwise,

(ρ, u, v, E, Y ) = (1, 0, 0, 55, 1). The boundary conditions are reflective except that at x = 0,

(ρ, u, v, E, Y ) = (11, 6.18, 0, 970, 1). The terminal time is t = 0.6. The parameters are

Table 4.2: Example 4.2: Error table for nonlinear ODEs.
∆t error order

1/20 1.35e-03 -
1/40 3.18e-04 2.09
1/80 7.69e-05 2.05
1/160 1.89e-05 2.03
1/320 4.68e-06 2.01
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Figure 4.1: Example 4.3: Time evolution of ci, i = 1, 2, 3.

γ = 1.2, q = 50, T̃ = 50 and K̃ = 2566.4. The numerical results with ∆x = ∆y = 1/48 are

shown in Figure 4.2, which are comparable to the results in [18].

In order to demonstrate the advantage of our method over the explicit RK method, we

make up another test case. Since the effect of the source term is not strong in the above

detonation problem, we artificially take a smaller ignition temperature T̃ = 2, a coarse mesh

size ∆x = ∆y = 1/24 and a smaller terminal time t = 0.35, while the other parameters and

conditions are the same with the above test case. The contour maps of density and pressure

are presented in Figure 4.3, where our results are comparable to the results with the explicit

SSP RK2 method. The time steps in the calculation are 806 and 2146 for our method and

the explicit RK method, respectively. This indicates that our method behaves much better

than the explicit RK method in terms of computational efficiency.

Example 4.5 (Multiple obstacles). Following Example 4.6 in [18], we design a numerical

test with multiple obstacles. The locations of the obstacles are different from those in [18]. In

our test, the location of the first obstacle is [1, 3]× [0, 3] and the second one is [5, 10]× [0, 5].

The uniform mesh can be easily applied. The initial condition is, if x2 + y2 ≤ 0.36, then
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Figure 4.2: Example 4.4: Detonation diffraction problems. Top: colored contour map and
contour line of density; bottom: colored contour map and contour line of pressure.
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Figure 4.3: Example 4.4: Detonation diffraction problems: our method vs. explicit SSP RK2
method. Top: colored contour maps of density; bottom: colored contour maps of pressure.
Left: our method; right: explicit SSP RK2.
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Figure 4.4: Example 4.5: Multiple obstacles. Top: colored contour map and contour line of
density; bottom: colored contour map and contour line of pressure.

(ρ, u, v, E, Y ) = (7, 0, 0, 200, 0); otherwise, (ρ, u, v, E, Y ) = (1, 0, 0, 55, 1). The boundary

conditions are reflective for any boundaries. The parameters are set as γ = 1.2, q = 50,

T̃ = 20, K̃ = 2410.2. The colored contour map and the contour line of the density and

pressure with the mesh size ∆x = ∆y = 1/20 are presented in Figure 4.4.

4.3 Euler equations with three species reactions and general equa-

tion of state

Example 4.6. We solve the three species model of the one-dimensional Euler system with

a more general equation of state in [20, 27], with the same parameters as in [20, 27]. The

parameters are M1 = 0.016, M2 = 0.032, M3 = 0.028, h0
1 = 1.558 × 107, R = 8.31447215,

C0 = 2.9 × 1017 m3, E0 = 59750 K, and b1 = 2.855, b2 = 0.988, b3 = −6.181, b4 = −0.023,
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b5 = −0.001. The eigenvalues of the Jacobian are (u, u, u, u − c, u + c) where c =
√

γp
ρ

with γ = 1 + p

T
P3

s=1 ρse′s(T )
. The initial conditions are: the densities ρ1, ρ2 and ρ3 are

5.251896311257204×10−5, 3.748071704863518×10−5, 2.962489471973072×10−4 on the left,

and 8.341661837019181 × 10−8, 9.455418692098664 × 10−11, 2.748909430004963 × 10−7 on

the right. The velocities are zero. The pressures are 1000 on the left and 1 on the right.

The final time is t = 0.0001. The profiles of densities, velocity and pressure are presented in

Figure 4.5, where the converged solutions are observed.

5 Concluding remarks

In this paper, we have developed a class of time integration methods for the production-

destruction equations, which is conservative and unconditionally positivity-preserving. The

necessary and sufficient conditions for the methods to be second-order accurate are derived.

This ODE solver is then extended to cover a class of semi-discrete schemes for PDEs and

successfully applied to finite difference WENO schemes for non-equilibrium flows. We have

tested the third-order WENO scheme with the positivity limiter coupled with the time inte-

gration method on a variety of numerical examples. Generalizations to third-order schemes

constitute our ongoing work.
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