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Abstract. In this paper, we discuss the stability and error estimates of the fully discrete schemes for
linear conservation laws, which consists of an arbitrary Lagrangian-Eulerian discontinuous Galerkin
method in space and explicit total variation diminishing Runge-Kutta (TVD-RK) methods up to third
order accuracy in time. The scaling arguments and the standard energy analysis are the key techniques
used in our work. We present a rigorous proof to obtain stability for the three fully discrete schemes
under suitable CFL conditions. With the help of the reference cell, the error equations are easy to
establish and we derive the quasi-optimal error estimates in space and optimal convergence rates in
time. For the Euler-forward scheme with piecewise constant elements, the second order TVD-RK
method with piecewise linear elements and the third order TVD-RK scheme with polynomials of any
order, the usual CFL condition is required, while for other cases, stronger time step restrictions are
needed for the results to hold true. More precisely, the Euler-forward scheme needs 7 < ph? and the
second order TVD-RK scheme needs 7 < ph% for higher order polynomials in space, where 7 and h
are the time and maximum space step, respectively, and p is a positive constant independent of 7 and
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linear conservation laws

w4 (Bu)y =0, (z,t) € la,b] x (0,77,

u(z,0) = ug(z), = € [a,b] (1.1)

with the periodic boundary condition. Here (3 is a constant. We only pay attention to the smooth solution of
(1.1).

The discontinuous Galerkin (DG) method is a class of finite element methods, in which the basis functions
are completely discontinuous, piecewise polynomials. Reed and Hill introduced the first DG method to solve
the neutron equation [19] and later, Cockburn et al. extended the method to Runge-Kutta DG (RKDG) for
nonlinear conservation laws in a series of papers [2,4-6]. The DG method has a wide range of applications
owing to some advantages like parallelization capability, the strong stability and high-order accuracy, and so
on. We refer to [3,7,8,12,20] and the references therein for more references of the DG method.

For the theoretical analysis of the fully discrete DG method, Zhang et al. have done a lot of work for
conservation laws [22-26], where the time discretization is the explicit second or third order total variation
diminishing Runge-Kutta (TVD-RK) method. For the smooth solutions, they obtained (quasi)-optimal error
estimates for both the second and third order TVD-RK time-marching schemes with periodic boundary condi-
tions and suitable CFL conditions. The stability of the third order TVD-RK (TVD-RK3) was shown in [25].
They also considered the inflow boundary condition as well as the discontinuous initial data [22,26]. Moreover,
Burman, Ern, Ferndndez [10] analyzed the explicit RK schemes in combination with stabilized finite element
methods for first-order linear partial differential equation systems and established sub-optimal error estimates
for smooth solutions, which presented a unified analysis for several high-order symmetrically stabilized finite
element methods encountered in the literature. We refer to [15,21] for the energy analysis, which is the main
technique for all work listed above.

However, all the analysis listed above are considered on the static grids. The ALE-DG method discussed here
is a moving mesh DG method and the grid moving methodology belongs to the class of arbitrary Lagrangian-
Eulerian (ALE) methods [9], which allows the motion of the mesh to be like either the Lagrangian or the
Eulerian description of motion and should satisfy the geometric conservation law (GCL). The significance of
the GCL has been analyzed by Guillard and Farhat [11]. There have been works about the implementation
and applications of the ALE-DG method in the literature, e.g., [14,16-18]. Klingenberg, Schniicke, and Xia
developed an ALE-DG method for one-dimensional conservation laws [13], where local affine linear mappings
connecting the cells for the current and next time level are defined and yield the time-dependent approximation
space. They showed that the ALE-DG method satisfies the GCL for any Runge-Kutta scheme and is efficient
for the conservation law. They also showed that the ALE-DG method shares many good properties of the DG
method defined on static grids, e.g., the L? stability, the local maximum principle, high order accuracy, and so
on.

The main purpose of our work is to study the stability and the error estimates for the ALE-DG method
combined with the explicit Runge-Kutta time-marching schemes, in which the Euler-forward, the second order
TVD-RK (TVD-RK2) and TVD-RK3 methods are considered. Compared with the work on the static grids,
our analysis is similar but more technical. Owing to the time-dependent functional space, the scaling arguments
play an important role in this work. With the energy estimates, we prove that all three fully discrete schemes
are stable under suitable CFL conditions. More precisely, for the Euler-forward scheme with P° (piecewise
constant) elements, the TVD-RK2 scheme with P! (piecewise linear) elements and the TVD-RK3 approach
with polynomials of any order in space, the usual CFL condition is needed, while the Euler-forward scheme
with P* elements for k > 1 requires 7 < ph? and the TVD-RK2 approach with P* elements for & > 2 needs
T< ph% for the results to hold true. Here 7 and h are the time and maximum spatial mesh sizes, respectively,
and p is a positive constant independent of 7 and h. To best understand the error equations, we reformulate
the Eq. (1.1) in terms of a suitable coordinate transformation. Then we proceed to obtain quasi-optimal error
estimates in space and optimal convergence rates in time under the same CFL condition as the stability. To the
best of our knowledge, the above results are the first for high order ALE methods with minimum smoothness
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assumptions on mesh movements (only assuming uniform Lipschitz continuity of the mesh movements) and

without the need of remapping.
The organization of our paper is as follows. In Section 2, we list some notations adopted throughout the

paper. The semi-discrete ALE-DG scheme for the linear conservation law is given in Section 3, where we also
show some properties of the scheme. Section 4 presents the stability of the ALE-DG scheme in combination
with the explicit RK time-marching methods up to third order. The error estimates for the three corresponding

fully discrete schemes are proven in Section 5. We conclude our results in Section 6.
2. NOTATIONS
In this section, we will introduce some notations adopted throughout the paper.

2.1. Notations for the distribution of the mesh

Let © = [a,b]. In order to describe the semi-discrete ALE-DG scheme of Eq. (1.1), we first introduce some
N

notations for the distribution of the mesh. Assume that the mesh generating points {x?fl} are given at
2J =1

"+1 are connected by time-dependent straight lines

any time level ¢,,, n =0, ---, M, and the points x;},; and Tl
2 2
T;o1 (t) := x?_% +w; 1 (t—tn), VtE€ [tn,tnti], (2.1)
where
o
Wi 1= J7z J73 (2.2)
I3 tn+1 - tn

Note that for any time ¢, the first point L (t) and the last point x L (t) stay the same for compactly supported
problems and could move with the same speed %z 1(t) = 4Ny 1(t) for periodic boundary problems. We
provide an example to show the distribution of the ALE mesh in Figure 2.1. The straight lines (2.1) provide
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FIGURE 2.1. An example of the ALE mesh

the time-dependent cells

Kj(t) = [mjfé(t)vquL%(t)]v Vi e [tnvthrl] and j=1,---,N.
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The length of each cell Kj(t) is denoted by A;(t) := 2, 1(t) — x;_1(t). Moreover, we set h(t) := max. Aj(t)
<<
and h := Hﬁ?‘)}] h(t). We assume that the mesh is quasi-uniform in the sense that h < CA;(¢t) for j =1,2,--- , N,
te(o,
where C is a positive constant and independent of h. In addition, the grid velocity field for all ¢ € [¢,,, t,+1] and
x € K;(t) is defined by

x—x,;_1(t) x,1(t)—x
_ J—3 Jts3
w(z,t) = w; 1 TAD +wj1 ENORE (2.3)
and the weak derivative of w with respect to x is given by
CU‘_;'_l _Wj_l A/(t>
O (w(z, b)) = 122 2= L L (x,t) € K;(t) X [tn, tns1]. (2.4)
Ayt A;(t) !
Note that 0,(w(z,t)) is independent of . The quasi-uniformity assumption for the meshes implies that Aj(t)
satisfies the following property, for all ¢ € [t,, ¢p41], n =0, -+, M — 1,
A;(t) = (wj_% - wj_%)(t —tn) + Aj(ty) > 0. (2.5)

In addition, we assume that w(z,t) satisfies the following properties:
(wl): There exists a constant C,, > 0, independent of h, such that,

W= G 2.6
i el < .

(w2): There exists a constant Cy,, > 0, independent of h, such that,

O )] < Crz- .
(Iyt)erﬁzl%?x[of“ (w(z,1))| < @7

For any K(t), we define the following time-dependent linear mapping

L K0, e =2 E ) a0 2.9

which yields a characterization of the grid velocity
P (x;(&:1) = w(x;(€:1),1), V(& 1) € [-1,1] X [tn, tnia].
For simplicity, we denote K = K;(t,) and A} = A;(t,), for any n =1, ---, M.
2.2. Notations for function space and norms
For any t € [t,,, t,11], the finite element space is defined by

Vi(t) = {v € L*(Q) s v(x;(~ 1)) € P(-1,1]), j=1,2,--- N},

where P¥([—1,1]) denotes the space of polynomials of degree at most k on [~1,1]. We denote the inner product
over the interval K;(t) and the associated norm by

U, T K (1) = vrdz, |||k, = v/ (0, 0) K (1)-
v = | ) el = /(0 0) 1,00

J
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We also use the usual notations of Sobolev space. Let H*(D) be the Sobolev space on sub-domain D C 2,
which is equipped with the norm || - || (py for any integer s > 0. Then we define the broken Sobolev space

Hi(t) == {v:v(x;(-t) € H(-1,1]), j=1,2,---,N},

which contains the finite element space. Moreover, the left and right limits of v at the point x o1 (t) are denoted

by U; and vj_ 1, respectively, where
2

_1
2

ij = lim v(z;_1(t) £e,t).

1
2 e—0t

Thus the cell average and the jump at the point x;_ 1 (t) are defined by

Choy =5 (7 +7) By =y ey
Summing over all the elements, we denote
N N N
0,r) =D @m0 =Y lolkw, 12 =Y 2 ;.
‘ = ;

j=1 j i—1

Let I';,(t) be the union of all elements interface points and define the L?-norm on I',(t) by

1/2

N
oo = | 3 (104 P+ 105, )

Jj=1

2.3. Notations for coordinate transformation

In the following, we will introduce some notations for coordinate transformations, which are often used in
our stability analysis. For simplicity, we only consider the uniform partition of the time interval [0, T], namely
{t, = n7}M | with the time step 7 and M7 = T. With the time-dependent linear mapping (2.8), we have, for

three different time stages t,,, by =tn + %, and t,q1,

A"
n+l "H‘% n
[~1 1) — K2, Xi(& tny) =—5—(E+ 1) +
n+1
1,1 K, X5 ta1) =2 —(+ 1)+,

Thus V¢ € Vi(tn), ¢ € Va(t,y 1), and ¢ € Vi (tn41), define

NI o=

)

QB(Xj('ath)) = ¢>(Xj(wtn))7 ¢(Xj(vtn+;)) = ¢<xj(-,tn)>,

@(Xj(wtnﬂ)) = @(Xj("tn+§)>v @(xj(-,tn)> :
( )

%Z(Xj(',tn)) G Xj(wtn+1)), 1/_)<Xj(’7tn+;)

S0<Xj(‘vtn+;)>v

= z/J(Xj('athrl))-

(2.9)

(2.10)

(2.11)

(2.12)
(2.13)

(2.14)



Moreover, from (2.4) and (2.5), we get

A" APl
ATJHZI—SDO, A =1+51>0, (2.15)
J J
1
A" s A2 s
i34, I =1+ >0, (2.16)
A;ﬁL% 2 A]- 2
ATt s ntl s
J _q_ 22 J _ °3
AT = 1 5 0, il = 1+ 5 0, (2.17)
J Aj
where
81 =Twy(tn), S2=TwWy(tny1), S3= wa(tn+%), (2.18)

and w,(t) = ,w(x,t) is given by (2.4). Note that

An AT An ATE AR AT
il ) J =1 J —_ J =1 J e J - = 1
n n ’ 1 n ’ n 1 ’
Aj Aj A;L+2 Aj Aj A;H‘z
we have
S18 898
S1 :SQ+5182, S1 :53+%, S3 :52+% (219)

In the end, we present some properties. For any function v} € Vj(t,,), the scaling arguments and the assumption
(2.7) of w, indicate that,

n

okl = el = (= s2) [0 s < (14 Cua) |8 e, (2:20)
j : :
n+1
1073 = e lleRt ey = (L4 sl ey < (4 CulleR ey - (2.21)
J

Similarly, we also have

—_ C — — C —
2 we 2 2 wT 2

R ey < 0 52 R gs Wpn < (4 5= 0IREN oy (222

Remark 1. The introduction of coordinate transformations (2.9)-(2.11) is to make the presentations simplified

and clear. With the help of them, the relation between ¢, ¢ and ¢ in (2.12), the representations of the same

function at different time stages, is easy to be understood. Moreover, it is straightforward to obtain properties

(2.20)-(2.22), which are frequently used in our analysis.

2.4. Projections and inverse properties

In this section, we will present two types of projections. The L? projection P, and Gauss-Radau projections
Pf into V4, (¢), which are often used to derive the quasi-optimal and optimal L? error bounds of the DG method.
For a function u € L?(Q), the L? projection is defined by

(Phu,v)Kj(t) = (U,U)Kj(t), You € Vh(t). (223)
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For k > 1 and v(x(-,t)) € P*~1([-1,1]), the Gauss-Radau projections are defined by

(P u,v) k0 = (W, 0) k1), Py u (xj+%(t)) =u (:c;+%(t)) ,
(2.24)
(P}j'u, v)Kj(t) = (u,v)Kj(t), P}j'u (x;;%(t)) = (g;+ (t)) .

i=3

Let Qru be either P,u or Pfu. Suppose u € H¥+1(Q), then by a standard scaling argument, it is easy to show
(c.f. [1]) for both projections that

Inll + B2 llr, o) + BlOsn]| < CR*,

(2.25)
where n = Qpu — u and the positive constant C' depends on u and its derivatives, but it is independent of h.

Finally, we present the well-known inverse properties of the finite element space V},(t). For any v € V},(t), there
exists positive constants 1 and us, independent of v and h, such that

1
hllvell < pallvll, P2 [|vllr, @) < pelloll-

(2.26)
In the following, we denote y = max{uy, u3}. For more details of the inverse property, we refer the reader to [1].

3. SEMI-DISCRETE ALE-DG METHOD
3.1. ALE-DG scheme

To derive the semi-discrete ALE-DG method, we first list the following lemma, which has been proven in [13].

Lemma 3.1. Let u be a sufficiently smooth function in any cell K;(t)
transport equation

. Then for all v € V},(t), there holds the
d

%(u,v)Kj(t) = (atu,’l})Kj(t) + (5‘m(wu),v)Kj(t), Vji=1,---,N. (31)
Next, multiply the Eq. (1.1) by a test function v € V;(t) and apply the integration by parts as well as the

transport equation (3.1), we obtain the semi-discrete ALE-DG method for arbitrary K;(t), t € [ty,tn41]: find
up, € V3 (t) such that for all test functions v € V},(t), we have

d

p (un, ) i,y = (9(w, un)s va) ks (1) — G(w, u;L)j+%v]._+% + g(w,uh)j_%v;;%, (3.2)
where g(w,un) = (8 — w)uy, and the numerical flux g(w,up);_
.j = 1) T Na

1 can be chosen as the Lax-Friedrichs flux, for

N @
g(wvuh)j—% = (B *Wj—%){uh}j—% - §Huhﬂj—%v a=_max [B-uwl

3.3
QX[t",tn+1] ( )
For simplicity, we define the ALE-DG spatial operator A as

N
A('U, T)(t) = Z A(Uv 7n)Kj(t)a V’U, re Hilz (t)a (34)

j=1

where
A(UaT)Kj(t) = _((6_W)U7TLE> —|—g(w,v)j+%rj_+% _g(wvv)j—%"q;__%v (35)
K;(t)
7



and g(w,v);_ 1 s the Lax-Friedrichs flux defined by (3.3). Then by the above notations, the semi-discrete
ALE-DG scheme (3.2) can be rewritten as

4
dt
3.2. The properties of the ALE-DG scheme

(un, V) k(1) = —A(un, V) (1), Vv € Vi(t).

In this subsection, we shall present some properties of the operator A defined by (3.4), which implies the
properties of the ALE-DG spatial discretization.

Lemma 3.2 (Boundedness of the operator A). Suppose A is defined by (5.4), then for any v, r € V3 (t) and
t € [tn,tnt1], we have

(A, ) (0] < 3aph™ |vll]7, (3.6)
A@, O] < (allva ] + Cuslloll + v2apn™ o) |l (3.7)

Moreover, for the piecewise linear case, i.e., k =1 in the finite element space Vi, (t), there holds

AGw,r = PRr)(0)] < (04 D)Cusllvll +V2aph=* []) [Ir — Pr]l (35)

where P,?r denotes the L? projection of r onto the piecewise constant finite element space.

Proof. By the periodic boundary condition, we first obtain
N
Av,r)(t) = ((6 w)v rg;) Z w, )1 [rlps- (3.9)

The definition (3.3) yields,
9043 < Ao,y |+ o7, ).

Then sum over all j to get

N N
> w,v)?,, <2 a2 <|vj++% 2+ 17, \2) = 202 |[v][2, (- (3.10)
j=1 j=1

In addition, we have the following estimates

Z[[rﬂ 1 <2

Mz

(I, 12+ 17y 12) = 20, o (3.11)

Il
N

J

al 1
2
" < —
;{T}}”% S 2

J

] =

1
(It P+ 17y ) = 5, - (3.12)

1

Thus we can obtain the first inequality (3.6),

A, ) (0)] < afulllrll + (imw,w;;) : (imﬁ;)%
.



< amh= ollllrl + 2|l @ lIrlle,¢)
< Baph™ |oll|Ir].

Here we use the Cauchy-Schwarz inequality as well as the inverse property (2.26). To obtain the second inequality
(3.7), we integrate (3.5) by parts and sum over all j,

A0 = (3= ) ) +(o0(8 - o )

+ Z Ol frd g+ Z | 3 (3.13)

= —w, (t)(v,7) + Blv,r)(t),
where
N o
B(v,7)(t) :((ﬁ - w)vm?”) +> B-wi )l frd e+ LU UEEE
i=1 =t

Here we use the fact that the quantity w,(t) defined by (2.4) only depends on ¢. By (3.12) and the similar
arguments to estimate (3.6), we get

1B, r)(®)] < allvz el + vZael I, o
< (allvall + v2auh=2 ol Il (3.14)

which yields the desired result (3.7),
A@, (O] < (allva ]l + Cuslloll + v2apn™ o) |l

Here we use the property (2.7) of d,w(x,t). Finally, we analyze the inequality (3.8). By the property of the
piecewise constant L? projection,

(r— P,?r, vw)Kj(t) =0, Vo(x;(-t) € Pl([—l, 1)),

we have

((ﬁ—w)vx,r—P;?r) = ((wj_; —w)vx,r—PhOr> ,

K;(t) K;(t)
which yields
(6= wpenr = Pr) < Cushlollr = P
< uCusllollllr — PRrl-
Henceforth, replacing r with » — PYr in (3.13) and by similar arguments, we obtain

A, = Pr)(0)] < ((u+ D) Cusllvll + v2auh™3 [o]) v = Pl



Lemma 3.3. Suppose A is defined by (3.4) and Pyv is the L? projection defined by (2.23). Denote n = Pyv—wv,
then for any v € HE(t), r € Vi(t) and t € [ty, tni1], we have

A, 7)(8)] < pCuz |0l lIrll + V2alln]lr, i [7], (3.15)
LA, 7)) < pClusllllirll + 20ph™ ], 17 (3.16)

Proof. From (3.9) and the definition of the L? projection (2.23), we have
A(n,r)(t) = ((ﬁ w) wx) Zg (@, [rl42

N
- <(wwj 1 77a%> w 57 j+1”:T]]j+ )
j=1

which implies that

v !
A O] < Cuhlinlel + (3 gt ;) B

j=1
< uCuslnlllirll + v2alinle, o [r].

Here we use the Cauchy-Schwarz inequality, the inverse inequality (2.26) as well as the estimate (3.10). It is
easy to obtain (3.16) from (3.15) by using the estimate (3.11) and the inverse property (2.26). O

Lemma 3.4. For any v, r € H}-(t) and t € [t,,tn41], we have

Av,r)(t) + A(r,v)(t) = Za[[v]]]+ [l — wa U, T)E () (3.17)
v . Yo
A, 0)(t) = Sl - Z > vl - (3.18)
i=1 i=1

Proof. With the representation of A(v,r)(t) in (3.9) and integration by parts, we can easily obtain

A(v,r)(t) + A(r,v) (¢ V)1 lrljes

(mame)-
(-ow)-

N
=- sz(t)(U7T)Kj(t) + Za[[v]]ﬁ%[[?“ﬂﬁ%
j=1

rj+ [[vﬂj+2

iw
iw

N T
Z(ﬂ Wit ) j+%7"j_+% + Z(ﬂ - W]—%)”j,%r;;%
J;} j=

- Z( )0}l s + B olisy)
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N

N
=—- wa(t)(va)Kj(t) + Za[[v]]j+%[[rﬂj+%'

Jj=1 Jj=1

Here in the last step we use the periodic boundary condition and [r]{v} + [v]{r} = [rv]. It is clear that
(3.17) implies (3.18) if r = v. O

It is worth pointing out that the properties of A in Lemmas 3.2-3.4 are similar to those in Zhang and Shu [25]
developed for the static grids, which play very important roles in obtaining stability.
4. STABILITY ANALYSIS FOR LINEAR CONSERVATION LAWS

In this section, we would like to analyze the stability of three fully discrete schemes, that is, the ALE-DG
method coupled with Euler-forward, TVD-RK2 and TVD-RK3 time-marching schemes. In what follows, we
denote the approximation of uy(t,) by u}.

4.1. First order scheme

The ALE-DG with the Euler-forward scheme is given in the following form: find uZ'H € Vi(tns1), such that
for any vy = vp(-,tn) € Va(tn) and 1 < j < N, there holds

(o) g = (o) iy — TA(uR, o)y (4.1)

Here Eﬁ is defined by (2.12).

Theorem 2. Let uZ'H be the numerical solution of the fully discrete scheme (4.1), then we have for any n,
that

up ™ ? < (14 C7)Jup]f?,
under the CFL condition

Aptrh™2 < . (4.2)

O =

In particular, for the piecewise constant finite element space, Vi,(t) = {v(x;(-,t)) € P°([—1,1])}, we have the
strong stability

up ™ < Jlurl),
with the usual CFL condition

ap?rh™! < (4.3)

| =

Here « is defined by (3.3), u is the inverse constant (2.26), and C is a positive constant depending solely on
Cuz-

Proof. To analyze the stability of the scheme (4.1), we need first to obtain the energy identity. Take v} = u}}
in the scheme (4.1) to yield
(up ™) e = Mg ey — T AR, up) iy (4.4)

11



By the scaling argument with (2.15), we have

n+1
IIUhIIKn+1 = An i llen = (14 s0)luplFn- (4.5)
Noting that
o T per = o i + SN — 5 = B
we get the energy identity by summing up (4.4) over j,
1 N s
— 1
|| PP = Sllupl® = HU"Jrl upll> =" 5||UZ||?<; — T A(up, up)(tn)
j=1
= Sl — G - Zafup]?. (4.6)

Here in the last step we use the property (3.18) of A as well as the definition (2.18) of s;. Next, we only need
to analyze the first term of the right hand side in (4.6). Apply the scaling arguments and (2.15) again to get

A —~
(uf, vp) Ky = ATi_l(uZ,v,’;)K;LH =(1- 32)(uz,vﬁ)K;_L+1, (4.7
and
A(up,vp)kr = A(uh, Uh)Kw+1 (4.8)
It implies the equivalent form of (4.1),
(up ™ — @’ﬁ)K;”“ = *32(@7@)@%“ - T‘A(@v@)@l“' (4.9)
Pk case. Take the test function Uh = uZH - u/\’,;” in (4.9) and sum all over j to obtain
N
up ™ = upl® = = sa(ufl, uptt — up) e — TA(u, ul ™t — u) (tpgr)- (4.10)
j=1

Using the Cauchy-Schwarz inequality and the boundedness (3.6) of the operator A, we have

™t =P < (Cuwr + Baprh™ ) g™ = hl
Here we use the fact that |sz| < Cy,7. Then divide both sides of the above inequality by ||uj*" — @H to get,
lup ™ = upll < (Cuar + Baprh ™) ug, (4.11)

which yields that

*IIU’”1 —ai|)? < (Coa® + 9022702 [uf 1>

12



Under the CFL condition (4.2), we obtain the following inequality,
1o — _
§||uh+1 —up|* < (Cher? +7)llup]®
< Orllup .
Here the last step uses (2.21) and 7 < 1. Consequently, the energy identity (4.6) implies that
1 n 1 n n
Sl 2 = Sl < Orllug P
PO case. Apply the equivalent form (3.13) of the operator A to rewrite (4.9),
n+1

(up™ — UZ,UZ)K;L+1 = —TB(uZ,v}})K;LH,

due to the fact that sp = Twg(tn11). Since the finite element space is piecewise constant, we have 0,vp = 0,

which is not available for £ > 1. Take the test function @ = uZH — @ in the above equality and use the
boundedness (3.14) of the operator B to yield,
lup ™ = will < V2aprh”? [up], (4.12)
which leads to
1 —
Sl ™ = ufl? < a®u?rh = up]?. (4.13)

If
1
a?ptriht — ga <0, that is, ap’th '< T
we finish the proof by combining (4.6) and (4.13) together,

1 12 1 2
ST = Sl < 0.

O

In the following, we provide a remark to summarize the main difference between the case P and P* k> 1
in the stability analysis of the first order scheme.

Remark 3. For the piecewise constant finite element space, Vi (t) = {v(x;(-,t)) € P°([—1,1])}, we have the
property O,vn, = 0 with v, € Vi (t), which can not be extended to the finite element space with polynomial degree
k > 1. Thus, the bound (4.12) is no longer available for the case P*, k > 1. Instead, we use the inverse
inequality to control Oyvy, and get the bound (4.11). In the end, two different CFL conditions are obtained for
the stability of the first order scheme.

4.2. Second order scheme

The ALE-DG with TVD-RK2 scheme is given in the following form: find u}'*"* € Vj,(¢,+1), such that for any
vp = op(,tn) € Vi(ty) and 1 < j < N, there hold

(i V) gener = (w07 iy = TAufl, o)y

— 1 1 — T —
(uZJrl’vﬁ)K;H = §(uﬁ,v2)KJn + 5( }l,vﬁ)K;ﬂ - §A(u}ll,vﬁ)K;+1.
13
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Here EE is defined by (2.12).

Theorem 4. Let uZH be the numerical solution of the fully discrete scheme (4.14), then for any n, there holds
lup ™1 < 1+ C7)l|uplf?,
under the CFL condition

4

W3 < 8
T st
In particular, for the piecewise linear finite element space, Vi,(t) = {v(x;(-,t)) € P'([-1,1])}, we just need the
usual CFL condition,

aprh™ < min{— }. (4.15)

1
324 7;"/16
Here « is defined by (3.3), u is the inverse constant (2.26), and C is a positive constant depending solely on
Cua and .

Proof. Rewrite the scheme (4.14) such that all of the terms are in the same cell K;-"H,

(b V) gemn =(1 = s2)(uft, 0F) e = TA(uf, 0F) gen,
n+1 "n 1-— S92 — 1 1 T 1= (416)
(up ,Uh)K;L+1 _T(uhvvh)K"‘H + 2(uh,vh)K;+1 - §A(uh,vh)K;+1.

o~

Here we use (4.7) and (4.8). By taking @ = %uz, uj in the above equalities, respectively, and adding them
together, we have

e A e =f|| ™ b + 22— T 2N
ik ey gA<uz,uz>K;+l - gA<uz,uh>K;+1- (4.17)
Noticing that
kg = (1 = 5o s 92 = Tntnsa), (1.18)

we obtain the energy identity by summing (4.17) over all j and using the property (3.18) of A,

n 1 n n
|| WO = Sl =3 Sl b+ Z *HU;L - uh”Kn+1
j=1
T o T
- Za[uh]]z - Za[[uh]]2. (4.19)

In order to obtain the stability, we just need to analyze the first two terms of the right hand side in the above
equality. From (4.16), it is straightforward to get

(uh, — uj, O e = = TAQUR OF) e = s2(uf, 0f) g, (4.20)
— T o~ o~
(up ™~ Upy V) gt = = §A(Uf1l — Up, U ) gen (4.21)

14



Pk case. Take the test function 1/1,? = uZH — u}L in (4.21) and sum up all over j to yield,

n T T oon
™ = wn 1 = =5 AQu, = uff up ™ = ) (). (4.22)
Using the boundedness (3.6) of A, we have
ntl _ 1 3 —1y,1 _n
lup™ —unll < gapth™ flup, — . (4.23)

Then by the similar arguments, taking the test function @ =uj — @ in (4.20) and using the boundedness (3.6)
lead to

luf, = will < (Cuwar + Baprh™")|[uf. (4.24)

Denote A = aurh~t. Combine (4.23) and (4.24) to get that

St w7 < TN+ N[
If
%X‘ <71, thatis, Th™3 <@ ﬁ, (4.25)
then we have
1 c2 o, -
™ = l* < (=2 4 ) ? < Crllug ), (4.26)

where we use the property (2.21) and 7 < 1. Under the CFL condition (4.25), the estimate (4.24) turns out to
be

g, — up || < 2(Cham + 237 lup 1%,

which indicates that

N
52 n Cuz —
> ek =il < Z5Er(Chur® + 20Tl
j=1
< Crllu|?. (4.27)

Thus we combine (4.19), (4.26) and (4.27) to obtain
1 n 1 n n
SR = 2RI < O g,

P! case. Denote z = u} — ’l/L\Z Using the boundedness (3.7) of A in (4.22), we get

Cwm 2 1
5 72| + ga;nh 2[2]- (4.28)

15
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Now we will analyze ||z,|. Let y = z — Pz, where Pz denotes the L? projection of z onto the piecewise
constant finite element space. It follows from the property of the L? projection and the identity (4.20) as well
as the boundedness (3.8) of A,

N N
lyl* = Z Z = th Y) Kptt = Z(z,y)ijl
= =
= -1 A}, y)(tnt1) 252 up Y Kn+1

IN

(G + 2)Cuarl[af | + V2aprh™* [ug]) Iyl

Here we also use the Cauchy-Schwarz inequality and |sa| < C,,,7 for the last step. Divide both sides of the
above inequality by ||y|| to yield,

Iyl < (1 + 2)Coarlluf || + V2aprh™2 [ufl].

Noting that 9, (PPz) = 0 and the inverse property (2.26), we get

Izall = llyzll < uh™yll,
which implies that
2ol < (4 + 2)Cuprh™ [[ug]| + V2ar®rh™% [uy]:
In addition, it is clear to observe that
[2] < V2([up] + [ui])-
Thus the estimates (4.24) and (4.28) give that,
@ —~ :
gt — bl < 37 (G0 2)Cuprh™ ||+ V20pPrhH [uf] )
CU}QZ' \/5

—1 "ﬁ Ve 7%
+ 2227 (Cuwt + Baprh ™)) + S-aprh ™[]
< Crrflupll + Coflup] + Csluyl, (4.29)
where
(1 +5)A+ CuaT

Ch =

2
5 Cpz, Co= a,m'h*% + goﬂ,uzTQh*%, Cs = ozm'h*%,

and A = aurh™!. Squaring the above inequality, we have
St — | < GBIl + 203 [ + 2032

If we let



or furthermore,

1 1
20212207 < %T, atptrih T < %7’, that is, X< min{@, \VTTL (4.30)
then
1 « @
Sl bl < SrpT? + Srldl? + Ol (4.31)

Here we use the property (2.21) and 7 < 1. Owing to the choice of the CFL condition (4.30) and the estimate
(4.24), we obtain

N s C
2 /H wx /H
E ZHU}Z - uh||§(;’«+1 S 74 T(szT + 3/\)2”uh”2
j=1
< Crlup|®. (4.32)

Finally, we finish the proof by combining (4.19), (4.31) and (4.32),
1 n 1 n n
Sl 2 = S < Orllug P
(]

Similar to the first order scheme, we provide a remark to summarize the main difference between the case
P! and P*, k > 2 in the stability analysis for the second order scheme.

Remark 5. For the piecewise linear finite element space, Vi,(t) = {v(x;(-,t)) € P'([-1,1])}, we have the
orthogonal property

(r—Pir,ve) i, =0, Vo(x;(-,t)) € PY([-1,1]),

where P,gr is the L? projection of r onto the piecewise constant finite element space. With the help of this
property, we can obtain a sharp estimate for ||u2+1 —u} ||, namely, the bound (4.29). Under the usual CFL con-
dition, we derive the stability for piecewise linear polynomials. However, for higher order piecewise polynomials
(k > 2), the above treatment breaks down since the orthogonal property is invalid. Thus we use the boundedness
(3.6) of A directly and obtain the stability for the case P*, k > 2 under a stronger time step restriction.

4.3. Third order scheme

The ALE-DG with TVD-RK3 scheme is given in the following form: find u}*"* € V},(¢,+1), such that for any
vp = op(-,tn) € Vi(t,) and 1 < j < N, there hold

—~

(uile;Ll)K;"H = UZ,'UZ)K]?‘ - TA(“Z?”Z)K;U

— 3 1 — 1 —
(T gy = 000Dy + G0k T ros = A ) 0 (1.33)
— 1 — 2 —
(UZ+1’U;Z)K;"+1 = g(uZﬂ);zL)K]" + g(uivvg)K:+% - gTA(U%,U;;)K;+%,

where @, vl are defined by (2.12). In this subsection, we are going to obtain the L?-norm stability for the fully
discrete scheme (4.33). Similar to the second order case, we first rewrite the scheme (4.33) such that all of the
17



terms are in the same cell K;LH,

(u,ll,v,’;)K;Lﬂ = ('U,Z,’UZ)KnJrl — TA(UZ,U;LL)K;L+1 — 32(UZ,UZ)K;L+1,

—~ 3 1, — o - 53 -5 3 —
(ui,v,’;)K;Lﬂ = Z(“h’“h)K"“ + 4(U%L7U}TLL)K;L+1 - ZA(U}wUﬁ)K;L“ + 5(“}21 - 5“%“}?)1{;‘“7 (4.34)
— 1~ 2 5 — 21 5 — S —~ 5 —
(U’Z+17U’7Z’)K;L+1 = g(uh,vh)KrH»l + 3(uh,'Uh)Kn+1 — gA(U’%,’UZ')K;H»I — ?(uﬁ + U%,UZ)K;L+1.

Here we use the scaling arguments and (2.15)-(2.17). Next, for the convenience of the analysis, we define

Ei=up, —uf, Eo=2u} —up—uf, Ez=u}™ —2ul +ul. (4.35)
Then we can achieve the following identities by a direct calculation,
(Eq, 'UZ)K;H»I = — so(uf, UZ)K;L+1 — T A(uj, UZ)K;LH,
— — -~ T —
n — n 2 n n
(E2a”h)KJTL+1 = —sa(up — uh’“h)K]’.H'l - §A(Elv”h)1{;+1’ (4.36)
— — o~ o~ T —
_ 2
(Eg, 'UZ‘)K;HJ = — Sg(uh - ’LLZ7 U’T;)K;L+1 - gA(E27 U;Z)K;‘Jrl'
For the last identity, we rewrite E3 = (ujt" — 2ull — 2u?) — 2(u? — u}}), and
(= W 0 geper = =2 U, ) gepes + (0 0 peres — Al + ], ) (437)
up — up, vy, K= —sa2(uy, vy, Kt + 9 u,, vy, KpT T 1 Uy, + Uy, Uy Kt .

In the following, we will present the stability for the fully discrete scheme (4.33).

Theorem 6. Let u;l”'l be the numerical solution of the fully discrete scheme (4.33), then we have for any n,
that

up™H? < (14 C7)Jup]f?,
under the CFL condition
11
aputh™ < 3 (4.38)

where « is defined by the Laz-Friedrichs numerical flur (3.3), 1 is the inverse constant (2.26), and C is a
positive constant depending solely on Cyy .

Proof. Similar to the second order scheme (4.14), we need first obtain the energy identity. Taking the test

functions @ = @, 4u}, and 6u? in the identities (4.34), respectively, and adding them together, we have

/ Fdw = o s — 25001 s + 53Ry — 7R,
K7 J i
where
F= —2u}ﬂ/¢% — (@)2 + dudup, — (up)? + 6u”+1uh - 2uhuh 4(u?)?,

Ry = 2(uj, up, — @)Kﬁ“ - 3(@a“i)}(@+17
J J

Ry = A(@? @)K’?*l + A(u}lw “}DK’?“ + 4~A(“%7 u%)KT‘Jrl'
J J J
18



Noting that
F = 3 ™)? — (@) — B3 — 3" — W B,

we get the following identity by summing over all j,

N
Bllup |2 — 3wl )® = B2 |l® + 3(uptt — wl By) + 3 2R,

j=1
N N - N

= sallup s =2 sal[ud[2nin — 7> R (4.39)
j=1 ! j=1 ’ j=1

Denote each line of the right hand side in the above equality by ©1, ©, respectively. The definitions (4.35),
the identities (4.36) and the properties (3.17)-(3.18) of A yield,

N
(S :||E2||2 + 3(E3,E1 + Es + Eg) + Z $oRy
j=1
N
= — [|E2||* + 2(E2, Es) + 3(Es, E1) + 3(Es, E2) + 3||Es||* + Y _ 2R,
j=1
= — ||Ex|” + 3||Es3||* — TA(E1, Eg) — 7A(Eg, Er) — 7A(Eg, Es)
N
+ 282(@ — ui,Ez + 3E1)K’.‘+1 + Z soRy
, =
N a N
- HEQHQ + 3H]E3H2 - TQZHEl]]j+%[[E2]]j+% - 57'[[1}32]]2 + 282@11,
Jj=1 j=1

and
011 = (uf — u2,Ey +3B1) i1 + Ry + (B1, Bo) erin + 5 IIEzllKn+1
= —fuuhuKnH - 5||ui||§<;+1~

On the other hand, the property (3.18) of A implies that

« [0
02 == Srlwl? - Sl - 207 [

N
-y *Iluhll e Z *HuhHKm
j=1

Recalling the relationship (4.18), we add ©1 and O4 to the equality (4.39) and obtain the energy identity

BlluptHI? = 3llupl? = I + I, (4.40)
where
N «
— s + 3Es | — ar S [l 4y [Bal 4y — 57 IEI, (4.41)
j=1

19



e a
I, =— 57—[[1;2]]2 - ETHU}L]]2 —2ar[ui]?. (4.42)

Denote the last two terms on the right hand side of (4.41) by I;; and we have the following estimate by applying
the Young’s inequality,

@ «
I < ZT[[EH]Q + 57[[1[‘32]]2

IN

o a o
Sl + ST + orlEal, )

IN

o o
57[[u}l]]2 + 57[[uﬁ]]2 +aprh™! ||IE2||2, (4.43)

where we use the estimate (3.11) for the second inequality and the last inequality uses the inverse inequality
(2.26). Next, we will analyze 3||E3||? with the identity (4.36). Denote A = aurh™! as before. Take the test
function v = E3 in the third equality of (4.36), sum over all j and use the boundedness (3.6) of A to derive,

1ol < (Cuarliu — ufll + AEll) [Es]l
which implies that,

3IEs]1® < 6A2|[Ea® + 62,72 — wi > (4.44)
Here we use |s2| = |wy(tn11)7| < Cpe. Then from (4.41)-(4.44) and under the CFL condition (4.38), we get,

I + Iy <6C2,72(|u3 — wp||? — (1 — 62 — \)||Es)?
<602, 7|} — uf|?, (4.45)

since 7 < 1. In addition, it is clear to obtain the following equality from (4.37),

S92 T

(1—2)(ui - uZ,UZ)K;,H =-3 (uh,vh)Kn+1 — Z.A(u,l1 + uz,vz)K;H,

which yields,

- — 83 T S3
9 (uh,vh)Kn+1 - 1(1 + 5)
53 T 53 n

5 (uh, 'Uh)Kn-H — (1 + E)A(E17vh)K;’+l
83

1+ E)A(ug, vg)K;LH.

Aluj, +uh,vh)Kn+1

Here we use the relationship (2.19) between so and sz for the first step. Taking the test function vh = uh Q/L%
in the above equality, summing it over all elements, and applying the boundedness (3.6) of A, we have

< 1 3Cuq C
lif, = whll < (5 + ——=7)lu upll + 7 (

T)Ex]- (4.46)

Here for the first step we use |s3| = |wz(t,11)7| < Cu,7 and the last step uses the CFL condition (4.38). For

the estimate of ||E,]|, we take @ = E; in the first equality of (4.36) and use the similar arguments to derive,

IEL|| < (Cuat + 3N)|ujt]| < (CuT + 1)llui]- (4.47)

20



As a result, we collect the estimates from (4.45) to (4.47) to achieve,
L+ < C’17-||1/LE||2,
where C7 depends solely on C,,,. Recalling the energy identity (4.40), we will finish the proof,
Bllup 17 = 3llup ) < Crrllupll® < Crllug?,

where we use the property (2.21) and 7 < 1. O

5. ERROR ESTIMATES FOR LINEAR CONSERVATION LAWS

In this section, we will present error estimates for the fully discrete schemes with the help of the stability
analysis in the previous section. We begin with some preliminaries. To make it clear to construct the error
equation, we first show the representation of Eq. (1.1) after a time-dependent coordinate transformation x =
x(&,t) defined by (2.8). For simplicity, we denote 9(£,t) = v(z(,t),t) for any function v(z,t). Then by the
chain rule,

Ue = UgpTe, Up = Ut + Ug Ty,

where z¢ = A’é(t) and z; = w. Thus in the reference coordinates (,t), the Eq. (1.1) of K;(t), t € [tn,tn+1]
becomes
. 2 o\
g + (B—w)ue =0, (&t)€[=1,1] X [tn, tynya]- (5.1)
Aj(t)

)=~ (5.2)

Combine (5.1) and (5.2) to derive,

which is equivalent to the form,

Ui+ (aU)e =0, U t) =ad;(t), a(ft)= "2 (5.3)

5.1. First order scheme

In this subsection, we would like to show the error estimates for the ALE-DG spatial discretization coupled
with the Euler-forward time marching scheme. Following the idea of analyzing the error estimates for static
meshes [25], we first present the error equation.

5.1.1. Error equation

Denote u™ = u(z,t,) for any time level n. To proceed with the error equation, we need the following lemma,
which describes the local truncation error in time.
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Lemma 5.1. Let u be the exact solution of Eq. (1.1). Suppose u is sufficiently smooth with bounded derivatives,
then for any vyl € Vj,(t,) and 1 < j < N, there holds,

(W o) g = (" o) iy — A" 0 iy + (68 0 )y (5.4)

where @ is defined by (2.12), e is the local truncation error in time and |[e}||xy = O(7?) for any j and n.

Proof. By the Taylor expansion with Lagrange form of the remainder, we obviously have,
. . . 7'2 .
U(ga t+ T) = U(§7 t) - T(G“U)f(ga t) + ?Utt(é-v tl)a tl S (t7 t+ T)v

where we use the definition of U in (5.3). Let ¢ = t,, and we still use the notation ¢; to stand for a fixed value
between t,, and t,.1. Multiply the test function ¥ € P¥([—1,1]) on both sides of the above equation, and
integrate by parts to yield,

1

1 1 2
/1 Untlonde = /1 Uropdé — TAU™, 1) + % / ) Ue(§, 11)0p de,

where

1
AT, i) = — / QMU B (B)dE + 0" Ty — TN
-1

Noting that z; = Ajé(t), we can easily get, by the scaling arguments and (5.3),

1 1
/ U tlonde = 2(umt, UZ)K;_LH, / Umipde = 2(u", UR) K- (5:5)
1

- -1

Owing to the smooth exact solution, we have [u] jo1 = 0 at each element boundary point, which implies that,

AU™, o) = 2A(u", vy kp- (5.6)
Moreover, from the definition (5.3) of U and A;-(t) = wjy1 —w;_1, We obtain,
Up = D) + Aj(a,  Up = Aj(t)ae + 20 ().

It is inferred that

2

2t T ! !
3/ Upe (€, t1)07dE =7/ (Ajatt+2Ajﬁt>(£,t1)ﬂﬁd£
-1

—1

As(t ~ n 2A/ U [
S R O IR Bl TN
" Kn J Ky
=2(e7, v Ky o0

where @ (X (-, tn)) = ue(z (-, t1)), Ge(x (5 tn)) = ur(z(-, 1)) for x(-,t,) € an’ S Kj(tl>v and

’

Aj(t)
247

n __ 2~ J 2~
€1 = T U + ET Ut .

J
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By the quantity (2.4), (2.5) and (2.7), there hold,

A A
]A(il) =1 +Ww(tn)(t1 - tn) < 1+ C’waca 7]| = |wm(tn)| < wa’
J

AT
which implies that

n 2
e} |xr < CT°.

Here C' is a positive constant independent of h and 7. Finally, we combine (5.5), (5.6) and (5.7) to finish the
proof,

(U0 e = (w0 ey = TAQ 0 iy + (€7, 0R) -

O

For the convenience of analysis, we introduce some notations. The error between the exact solution and
the numerical solution of the first order scheme (4.1) is denoted by €™ = u(z,t,) — u} for any stage n. Let
(" = Pyu" —uf and " = Pu™ — u™, where Pyu” is the L? projection defined by (2.23). Subtracting (5.4) for
the first order scheme (4.1), we obtain the error equation for any v}’ € Vj,(t,) and 1 < j < N,

(&Hﬁ)K}LH = (", vp) K — TA(E", 0 ) kr + (€1, V) K-

Moreover, €™ = ("™ — n" yields that

(¢ 0 e = (¢ Ry = TA(C vy + M, of), (5.8)
where
Hj (777 ’U;LL) = (nnJrl’ @)K;*l - (nna U}?)KJ" + TA(nnv UirLl)K}' + (671L7 U;Z)K}' (59)

In the end, we present the following estimates for the projection error.

Lemma 5.2. Suppose u is sufficiently smooth with bounded derivatives, then there exists a positive constant C
independent of h, T and n, such that for any vy € H}(t,) and ¥n < M,

1™ |+ B2 e 1) + BllOen" | < CRMH, (5.10)
(™ o) = (", vi) < CTRMHY o, (5.11)

Proof. The estimate (5.10) can be obtained directly from (2.25). By the scaling arguments, the definition
n" = Ppu™ — u™ and (5.3), we get,

+1 1 1
n+l "o o n n 7A;l ~n+1 vnd _ A? vnvnd
(n 7%)1(;“ (n 7Uh)K;7’ =79 0 opdg > 7" 0y, d§
—1 —1

1
-1 / [(th'f”“ — U™ — (PU" — U“)} L dg

2/
e - . . -
:i/ [Ph(U”“ —Om) — (U - U")}agdg
-1
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& - -
S77||3§+2(GU)(§7tn)||L2([71,1])HUZZHLZ(H,U)-

Here we use the fact that the L? projection is linear in time on the static mesh as well as the exact solution is
smooth enough. Noting that aU = 2(8 — &)@ from (5.3), we apply the scaling arguments again to derive,

1 2
||8§+2(am(57tn)||2L2([71,1]) :/1<8§+2(a(7)(§,tn)> d¢

—i [ (ams- w)u">)2<xg>2’“+3dx

=4<§)2k+s /K (afz“«ﬁ - w)u”>> .

n
J

and
2 ! 2 2 2
Ay AR S AR

Finally, the above estimates yield,
("™ o) = (" o) < OTRMH g
The proof is completed. O
In the following, we use the notation C' to stand for a generic positive constant independent of 7, h, n and
uj’, but may depends on the exact solution u, the mesh speed function w and the inverse constant p in (2.26).

It may have a different value in each occurrence.

5.1.2. Error estimate for the first order scheme

Theorem 7. Let u}l be the numerical solution of the fully discrete scheme (4.1) with Euler-forward time-
marching method, and u be the exact solution of Fq.(1.1). Suppose wu is sufficiently smooth with bounded
derivatives, then we have the following error estimate,

max [[u(z, tn) - uf]| < C(h*+2 4 7),
under the CFL condition

2ptrh™2 < —. (5.12)

Nel i

In particular, for the piecewise constant finite element space, Vi, (t) = {v(x;(-,t)) € P°([-1,1])}, we just need
the usual CFL condition

aprh™! < (5.13)

ool —

Here « is defined by (3.3), p is the inverse constant (2.26). The positive constant C is independent of h, T, n
and uyp,.
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Proof. Similar to the stability analysis, we take the test function v}’ = (™ in the error equation (5.8) to derive
the energy identity for ¢,

1 1 1 —~ al
SICTHHZ = SHCM 2 = S ¢ = T2 = Zallc P + Y Hyn, €. (5.14)
j=1

In the following, we will estimate ||¢"T! — EEHQ and Zjvzl H,;(n, (™) separately. From the estimate (5.11) and
Lemma 5.1, it is easy to conclude that,

" vp) = " o) + (€1, o) < C(Th™ 4 72)|oj . (5.15)
By the scaling arguments with (2.15), we have,

(Cn,’l);;)K;.’/ = ATi—l(Cn7UZ)K;+1 = (1 — 52)(<n’UZ)K;.’+1'
J

Then the error equation (5.8) can be rewritten as
(" = ¢ o) gent = —s2(C 0 ) genes = TA(CT V) iy + My (. 07).

Choose @ = ("t - ZE in the above equality and sum over all j to obtain

N
I = ¢nP = = D sa(Cm ¢ = (M) genin = AW CHE = 0 ()

=1
JN -

+ 3 Hi(n, ¢ = M), (5.16)
j=1

where Z’Tﬁ is defined by (2.14). Now we will divide the analysis into two cases as in the stability analysis.
P¥ case. The boundedness (3.15) of A firstly gives that

A", ¢") < 1Cusln" IS+ V220" |p, 2, [€"]
< CHEHY|C| + Cah* 2 ¢"]
< ll¢" 17 + S 06" + o,
Here we use the estimate (5.10) for the second step and Young’s inequality for the last step. Take v}’ = (™ in
(5.15) to infer that

N
S TH;(0.¢") = (") — (7, C") + TAM" L M) + (7,C™)

j=1

< 272 + S7ICT + Or(h*H 4 72), (5.17)

Here we use the Young’s inequality again. As for the estimate of ||("+! — ZZHQ? we will use the equality (5.16).
By the boundedness (3.16) of A and (2.20), we have,

¢+t —L R
A", ¢t = (") (ta) < (MCMIIU”I +2aph ™ ||y ||Fh(tn)> 1Cr ¥ — ¢
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S C<hk+1 T Oéuhk> ||Cn+1 _ ET\L”

Owing to 7 < 1, it follows from taking ﬁ = (- ZE in (5.15) and (2.20) that

N
S H (n, O — ¢ < c(rh'““ +apTht + 72) g — .
j=1

In addition, by the boundedness (3.6) of A, we get,
A, ¢ = () (tnr1)] < Baprh™H[CICMT = ¢l
Recalling the equality (5.16), we obtain the following estimate by dividing both sides by [[¢"+! — Z’\LH,

[¢"FY = ¢l € Con|ICM| + Baprh™H|CM| + C(Th* ! + aprhF + 72),

which implies that

2
%”Cnﬂ — P < <CT2 + (3C¥u7h1)2> IS + C<¢h’““ +apTh® + T2>
< O7)C7| + Or(h¥+2 + 72)
< CO7[I¢M? + O (R 4 72). (5.18)

Here we use the CFL condition (5.12), the relationship (2.21) and 7 < 1. Hence, we combine (5.14), (5.17) and
(5.18) to derive

IS = 112 < CrlIC™ 1 + Cr(p* 4 7).
Summing over n and using Gronwall’s inequality, we obtain,
Ic"1* < (R 4 7%), n< M,
if we choose the initial condition uy(x,0) = Pyu(z,0). Finally, apply the estimate (5.10) to yield,
”enHQ < C(h2k+1 _|_7_2), n < M.

PO case. Since the finite element space is piecewise constant, we have 0zvj; = 0, which indicates that

N
A" vp)( Z g(w,n" J+1[[Uh]]1+2
xf 9™ e (e [0 (5.19)
%[[vh]}Q +Ch. (5.20)

Here we use the estimate (3.10) for the second step, Young’s inequality and the estimate (5.10) are used for the
third step. Then recalling the definition (5.9) of H; and taking v} = ¢™ in (5.15) and (5.20), we get

N
> Hy0.¢") < TICP + TTICT + O+ 7). (5.21)
j=1
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On the other hand, choose v}’ = C/’?:l — (™ in (5.19) to derive,

A", ¢ = ¢ (tn) < V2al0" [l () [ = ¢
< 2aph™ 2 "I ) 1C7F = €
< Cap||¢" = ¢,

where the same reasons for obtaining (3.16) are used in the second step, and for the last step we use the estimates
(5.10) and (2.20). It is inferred from taking @ = ("1 — (" in (5.15) and (2.20) that

N _ —~

SO H (1,0 - (") < O(Th +apT+ 72) gt = &l

j=1

Moreover, by the boundedness (3.7) of A, we obtain,
AR = ))<= (Cun G+ VEaprh™ ') 6™+ = Gl

In light of the equality (5.16), divide both sides by [|¢"*! — @H to yield,
1" = 7 < 2Cuu |7 + V2aprh ™ 2[C"] + C(rh + apr + 7).

Under the CFL condition (5.13), the above estimate leads to

l¢ = P < GrICT? + CrliCMP + Ol 4 7). (5.22)

1 o
2 4

Here we also use (2.21). Consequently, the estimates (5.21)-(5.22) together with the energy identity (5.14) imply
ISP = NIC™I1* < Crlic™ |1 + O (h + 72).
Thus by the same arguments as in the P* case, we can obtain the desired results for the case PP,
e < C(h+7%), n<M.
The proof is completed. O

5.2. Second order scheme

In this subsection, we will present the error estimate for the fully discrete scheme (4.14) with TVD-RK2
time-marching method. Similar to the first order case, we need first obtain the error equation.

5.2.1. Error equation

To obtain the error equation, we introduce the reference functions, which are in parallel to the TVD-RK2
time discretization stages. Similar to the first order case, we consider on the reference cell. To be more specific,
let U (&,t) = Aj(t)i(€,t) be the exact solution of the equation (5.3) in the j-th cell, and

U (g, t) = UO (e, 1) + 700 (€, 1). (5.23)

27



Then define

1

7(0) (D —
Aj(t)U 0 (€7t)a u ! (€7t) -

a(&,t) = UM (g, t).

Aj (t + T)
Denote u™! = u®(z,t,) = a (£, t,) for any time level n and I = 0, 1. Now we are ready to state the following
lemma, which describes the local truncation error in time.

Lemma 5.3. Let u be the exact solution of Eq. (1.1). Suppose u is sufficiently smooth with bounded derivatives,
then for any vy € Vi, (t,) and 1 < j < N, there hold,

(w0 g =(u" o) iy = TAQ" o)k (5.24)
— 1 —
('un+1’ U;LL)K;L+1 :5 (u”, U}TLL)K]" —+ 5 (u’ﬂ,l’ 'U;’LL)K;LJA
T —
_ 5"4(“”’17”2)1(;“ + (3, V) K7, (5.25)

where EE is defined by (2.12), €} is the local truncation error in time and |[€}||xy = O(13) for any j and n.

Proof. By the Taylor expansion with Lagrange form of the remainder and the definitions of the reference
functions (5.23), it is not difficult to derive,

UW(Et) = U (1) = (@l D)e(&, 1),

U(E, 1 +7) = U6 1) + 0O (E1) — Zfale 1+ DT (€, 0]e + (6.1,

where

3 73 . 1 .
e(€,t) = EUttt(tﬂ) + ?[(atUt)(t) + iatt(tzz)U(l)(t)]s, to1, tog € (L, + 7).

Recalling the definition of U and a in (5.3) as well as A;- (t) =wj;1 —w;_1, we have,

Up = Aj(£)i + Aj ()0, Upr = Aj(8)iigee + 30 (),

Let t = t,, and we still use the notations t9; and ta9 to stand for fixed values between t,, and ¢,,41. The scaling
arguments imply that

1 1
/ Uree (t21) 00 dE = / (A s+ 3, (£t ()57
1 —1

’

2A4(t21) ~ n 64, ~ n
= Ziy(utttavh)l(f + T;;(Uttvvh)K;”a

where e (X (-, tn)) = et (2(, t21)), Ut (X (5 tn)) = wie (2 (-, t21)) for x(-,tn) € K7, @ € Kj(to1). Similarly,
T A 1 A ) 1
[ latieinas =52 [ (8 - @udeinds - 25? [ (6 - @ile(ta)ohde

1 i J-1 —1
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’

:f% (8 = w)udlas of 2@2)? (8~ wulay o} )
j K J

and

1 5 A2l 5 5
[ ot e = s [ (5000 + 70 e

AY)PAT 1
_ (Z;&”)J/ [(B = @) (0 + Tiig) e () Tjr dE

A'~ 3 1
+ f?(t];f/_l[(ﬁ — @)i]¢(tn)0h dE
—M —w)(u+TU vy
= i (G- 9 e k)
(24))
A?(tgg)

(168 - ). o) .

5
As a result, we know that

1
[ et tarinde =250y
1

where €5 can be obtained by the above analysis and
ezl < O,

Here we use the assumption that u is smooth enough, the quantity (2.4), (2.5)-(2.7) and the fact that 7 < 1.
The positive constant C' is independent of 7, h and n. Finally, by the same arguments as Lemma 5.1, we obtain
the desired results (5.24)-(5.25). O

As is customary in the error estimates, we introduce some notations. Denote the error at each stage by
e™0 =y —u} and €™ = u™! —u}, where u} and u} are the solutions of the fully discrete scheme (4.14). For

. 0 1
simplicity, denote uy" = u; and u)," = u}. Let
!
Cn,l _ Phun,l o UZ, , nn,l — Phun,l o un,l7 | = 0’ 1,

where P,u™! is the L? projection defined by (2.23). Noting that e™! = (™! — ™!, we obtain the error equation
for any vy € Vj,(t,) and 1 < j < N by Lemma 5.3 and the scheme (4.14),

(™ o) g = (€ o) iy = TAWC™ o) rey + £5(n.07), (5.26)
(T eres = (€ ey + 5 (€T s — S AT + L300, 07, (527)
where
L5 (n, vpy) =(n”’1ﬂ7;§);<;+1 = (") kp + TAM", V) K (5.28)
L3, 08) =" ) s — 5O oR)aey — O T
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T —
+ 5./4(7]71’17’02')1(;14»1 + (6;,@2)]{;’7 (529)
By the scaling arguments, we have
(Cn7 ’UZ)K]% = (1 - 52)(<nv U}?)K;”fl 5 A(Cna U}?)KJ" = A(Cnv ’U}?)K;”rla

which indicates by a direct calculation,

(¢mt — C",UZ)K;H = —82(C",UZ)K;+1 - TA(C"?@)K]’P“ + ,le(mv,’f), (5.30)
— T = — 1
(C"'H — (:n’l, UZ)K;LJA = —5./4((”’1 - ¢, UZ)K;}*l + /3?(777 vR) — 2‘Cg (n, vy). (5.31)

Next, we will list some estimates for the projection error. The analysis is the same as that in Lemma 5.2, thus
we only present the results without the detailed proof.

Lemma 5.4. Suppose u is sufficiently smooth with bounded derivatives, then there exists a positive constant C
independent of h, T and n, such that for any vy € H}(t,) and ¥n < M,

0™+ B2 ™ ey 0 + BIOen™| < CRETY T=0,1, (5.32)
dy (" 0p) + do (™ o) + ds (™, vp) < CTREY g, (5.33)

with any three constants restricted by dy + ds + ds = 0.
Based on the above estimates, we can easily get the following estimates, which is important for our analysis.

Lemma 5.5. Suppose u is sufficiently smooth with bounded derivatives, then we have the following estimates,
form=1, 2,

N

Z (n,01") < C(ThF* + Gom )|V || + Carh® 2 [u?], (5.34)

N

Z (n,v0) < C(Th* 4 89,73 + apurhF)|| v, (5.35)
=1

where day, is the Kronecker symbol.

Proof. 1t is straightforward to obtain the desired results by a combination of the estimates in Lemma 3.3,
Lemma 5.3 and Lemma 5.4. Here we also need use the property (2.21). O

5.2.2. Error estimate for the second order scheme

Theorem 8. Let uj be the numerical solution of the fully discrete scheme (4.14) with TVD-RK2 time-marching
method, and u be the exact solution of Fq. (1.1). Suppose u is sufficiently smooth with bounded derivatives,
then we have the following error estimate,

max |[u(z, t,) — uf|| < C(KF7 + 72),
nt<T
under the CFL condition

T < ph?, (5.36)



with any given positive constant p. In particular, for the piecewise linear finite element space, Vi, (t) = {v(x;(-,t)) €
PY([-1,1])}, we just need the usual CFL condition,

< ph. (5.37)

Here p is a suitable positive constant depends solely on o and p, where « is defined by (3.3) and p is the inverse
constant (2.26). The positive constant C' is independent of h, T, n and up,.

Proof. To derive the energy identity for (", we take the test function ﬁ = %(,{'\L, ¢"™! in the error equation (5.26)
and (5.27), respectively, and add them together to yield,

N
1 n 1 n 1 n n 52 n n
ST = S =g lICm = ¢+ D e = Sl e
j=1

N
o S (S B YA UN NG (5.39)

j=1
where
1 —
[':;1(777 Cna le) = 5‘6]1 (77; Cn) + 532(7% Cn,l).

The following proof is decomposed into four steps.
Step 1. Bound on Zjvzl L3. By the estimate (5.34) in Lemma 5.5, we get,

)+ O + Carht (M + [C1])

N
> L4, ¢ ¢t <O (ICM + llgn

Jj=1

<7[ICMP + llem P + %T([[C”]]2 ¢ + Cr(R*E 4 1), (5.39)

here we use the Young’s inequality and (2.20).
Step 2. Bound on [[¢™! — ("||. Take the test function v} = ("' — (" in the equality (5.30) and sum over all j
to yield,
1¢™ = PP <(Cuat + 3aprh™H[ICH[IC™ = ¢
+ O 4 aprhP) ¢t = ¢

Here we use the Cauchy-Schwarz inequality, the boundedness (3.6) of A and the estimate (5.35). We also use
the fact that sy = w,(t,+1)7 and the assumption (2.7). By the property (2.20) and dividing both sides by

¢ — |, we have,
¢ = ¢l <(Cuw + Baprh™ IS + C(rh*H + aprh). (540)

Step 3. Bound on [|¢"™!]|. Taking the test function @ = (™! in the error equation (5.26) and following the
same lines as that in Step 2, we can easily get the boundedness of ||¢™1!]|,

<™ <C(1+ 3aprh™)||C"|| + C(ThF T + aurhk). (5.41)

Step 4. Bound on ||¢"*! — ¢(™1!||. This step will be divided into two cases, the general P* case and the P! case,
which is the same as in the stability analysis. Denote A = aurh~! for simplicity.
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Pk case. Take the test function U/\}; = ("t — (™! in the equality (5.31) and apply the estimate (3.6) of A as
well as (5.35) to derive,

3 —
¢ = ¢ < Sapurh I = T 4+ kA + aprhk 4 7°)

Sg)\<cw:v7— + 3)\)”@” + C(l + g)\)(,rhk—‘rl + Oé,U/Thk i 7-3).

Here we use the estimate (5.40). If the time-step satisfies A* < pr for any positive constant p, the above
inequality indicates that

1 —~
2C = ¢ <O + O 419)
<C7|IC™))? + C(rh*HE 4 75), (5.42)
where we use (2.21) and 7 < 1. In addition, the estimates (5.40)-(5.41) turn out to be

g™ — ¢l <C|IC7|| + CRMY < C|I¢™ | + CRFH,
¢ <ClI¢™ || + CREFY,

under the CFL condition (5.36). Then combine the energy identity (5.38), the estimates (5.39) and (5.42) to
get,

SIC P = ZICI <OTICR 4 mIC R + Or(h254 4 74) 4 Ce et G2
<O7|I¢"|? + O (W1 4 14).
Summing over n, using Gronwall’s inequality and choosing the initial condition uy(z,0) = Pyu(z,0), we obtain,
IC*1* < C(h** 1 7%, < M,
Finally, apply the estimate (5.32) to yield,
le™]> < C(h** ! + 7%, n< M.

P! case. Denote z = (™! — EE Choosing the test function 1/);? = ("t — (™1 in the equality (5.31) and using
the estimate (3.7) of A as well as (5.35), we have,

Cw:r 2 1
¢ = ¢ <+ Sl + g [e] + C(rh + apirh + 1) (5.43)

Now we analyze ||z|. Similar to the stability analysis, let y = z — Pz and Pz is the L? projection into the
piecewise constant space. By the property of the L? projection and taking v)y = y in the equality (5.30), we get,

N

191 = 320 < (4 2CuarlCF] + VEaprh= 1T o

j=1
+ C(Th? + apth)||y||. (5.44)
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Here we use the boundedness (3.8) of A and the estimate (5.35). Divide both sides of the above inequality by
llyll to obtain the estimate of ||y||. In addition,

22l = llyell < b~ lyll- (5.45)

Let 7 < ph with a positive constant p independent of 7 and h, we will show the restriction of p in the following.
Collect the estimates (5.43)-(5.45) to yield,

n n \/i —Llren —5m
¢ = ¢ <L+ mapp)aprh” 2 [CM] + aprh T2 [CV] + L,

where
“n Cua ap 2 3
L = Cp7| ¢ + 5 Tllz|| + C(1 + TP)(T}L + auth + 7).
Hence,
1 n n \/i — n
§HC o ™P <1+ TQMP)Z(@M)QT% "¢
4 2(()(”)27_2}171[[47171]]2 4 2L2.
If
2(ap)’*m?ht < ET, (ap)p?m?h~1 < g7', 2(ap)’*m*ht < gT,
16 16 8
that is,
1 1
< i
JUS mln{32au27 ol /716;14}7
then we have
1
SIC = ¢ < Srl¢M? + Srlen Y + 2L, (5.46)

With the CFL condition (5.37) and the property (2.21), the estimates (5.40)-(5.41) turn out to be,
2l < CIC™ |+ CR2, ¢ < ClC™| + 2, (5.47)
which imply that,
L? <C7|¢™|? + CTh® + 7°. (5.48)
In light of the energy identity (5.38), we combine the estimates (5.39) and (5.46)-(5.48) to obtain,

C’lU x

1 n 1 n n n
SICHHE = SC I <Ot + CrCh R + w2 4+ Orhd 4+ 7

<C7||¢"||? + CTh 4 7°.
In the end, by the same arguments as the general P* case, we can obtain the desired results for the case P!,
le™]|? < C(h® +711), n< M.

The proof is completed. O
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5.3. Third order scheme
In this subsection, we will present the error estimate for the fully discrete scheme (4.33) with TVD-RK3

time-marching method. We begin with the error equation.
5.3.1. Error equation

Similar to second order case, the reference functions will be introduced to obtain the error equation. Con-
sidering the equation (5.3), define U (&, 1) = A;(t)u(€,t) as the exact equation, and

UM (&,1) =UO (&, t) — T(aUD)e(€, 1)
U (60) =300 (€.0) + 10 (€0) — § (a0 + 0 e0)
3
Then let
B W S 1o N6t WS S 1¢) R C) N L+
CEaeY Y T A Y T Y

here we omit the same symbol (£,t) on both sides of the above equalities. By the standard explicit TVD-
RK3 scheme for the equation (5.3) and the same idea as that in Lemma 5.1 and Lemma 5.3, we can easily
obtain the following lemma, which describes the local truncation error in time. Before doing that, denote
vt = u®(x,t,) = a (&, t,) for any time level n and I = 0, 1, 2.

Lemma 5.6. Let u be the exact solution of Eq. (1.1). Suppose u is sufficiently smooth with bounded derivatives,
then for any vy € Vi, (t,) and 1 < j < N, there hold,

n,1 n

u”,vp)kr — TAW", vk,

—~

(u ’{}E)K’?’“ =
J

(u" ’Uh)K" + 4( l,v}})K;L“ - *A( 'Uh)K”“

2

. 2T _
g(umz’U}?)K;L-%—% - ?A(un’2vv}?)K:+% + (‘?ga U;LL)K;'5

Wl = »Mw

(un+1’172\1)K?+1 = (unav}TLL)KJ" +

where ’l/)E and v}l are defined by (2.12), €% is the local truncation error in time and le5llxr = O(t4) for any j
and n.

Similar to the second order case, we denote the error at each stage by ™! = u™! — uZ’l for any nand [ = 0, 1,
2, where uZ’l = u}, with [ = 1, 2 are the solutions of the fully discrete scheme (4.33) and uZ’O = uy. In addition,
the error can be rewritten as e™! = (™! — n™! with

Cn,l _ Phun,l B uz,l’ nn,l _ Phun,l _ un,l7 =0, 1, 2.

Here P,u™! is the L? projection of u™' defined by (2.23). We can obtain the error equation along with the
scheme (4.33) and Lemma 5.6, for any vy € Vj,(¢,) and 1 < j < N,

(™ o) s = (o) iy — TAW™ o) ky + TR,

(¢ ’QaUhL)sz Z(C Uh)K" Z(C ’170}?);(]’?“ - *A(C ’l,vﬁ)K]ﬁ“ +7}2(Uh)7 (5.49)
ntl 1 2 no —m 2T n2 —m "
(¢ +1ﬂv;:,L)KJ’.‘+1 = g(( Uh)K" g(c 727“h)K'(L+% - ?A(C )27,Uh)Kn+% +7;3(vh)7
J J
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where
TR =™ o) e — (0", o)y + T AWM 0R)

I 3 1 — T —~
7}2(1)}?) 2(77"’2>UZ)K@+% - *(Unavf?)K;‘ - 1(77"’1’“2)1(;“ + ZA(Wn’lvvﬁ)K;“,

; 4
7—_3(,071) :( n+1 ;TL) L }( n Un) Y 2( n,2 UT) L _,'_QLA( n,2 UT) L +(€n ,Un) "
J h n ) h[(JTL+ 3777 th 377 ) hK@+§ 3 n ) hK7‘z+§ 39 th~
J

J

Similar to the stability analysis, we introduce some notations for simplicity,
Dy = (™l — () Dy = 2072 — (™ — (7, Dy = (" — 202 4 (n, (5.50)

Recalling the fact that

(€ iy = (L= s2) (o ("5 oy = (L= 20 ey,
we follow the same lines as that in obtaining (4.36) to derive,
(D1, 03) gerr = = 8200 gener — AL 0 g + T3 (),
(D2, 0F) s = = 52(C7 = 2, 0 gorer = A1, 0f) s + T3 (), (5.51)
(D, 07) jerr = = 82(C"2 = O 0) s — A2, 0] g + T (1),

where

__ — T o~
T3 i) =200"2,00) vy = 0" o) iy = (00 00) o+ G AM™ = 007 g,
J

7;5(1;2) :(nn+17UZ)K;L+1 — 2(7]71,2,@)1(7#% + (77”7UZ)KJTL + ({:‘g,v;})}(; (5,52)

j
+ %A(?W - 77”’1 — 775, @)K(wl.
J

Similar to the first and second order case, some estimates for the projection error will be shown. The proof
follows the same lines as that in proving Lemma 5.2, therefore we just list the results without the detailed proof.
Lemma 5.7. Suppose u is sufficiently smooth with bounded derivatives, then there exists a positive constant C

independent of h, T and n, such that for ¥Yn < M,
™+ B2 10" Iy 1y + RIGen™ | <CRETY 1= 0,1, (5.53)
™21+ B2 02,y + Rl Gen™ 2| OB (5.54)

n+3

Moreover, for any vy € H} (t,),
(™t dan™ o) + da (™, ) + da (", 07) < OTRF [l

with any four constants restricted by di + do + d3 + dg = 0.

Denote 7™ (vy) = Zjvzl T;"(vyy) for m =1, ---, 5. It is straightforward to derive the following results by a
combination of the estimates in Lemmas 3.3, 5.6 and 5.7 as well as in (2.20)-(2.22).
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Lemma 5.8. Suppose u is sufficiently smooth with bounded derivatives, then we have the following estimates,
form=1,---,5,

T (o) < C(ThP ! 4§31 + (55m74)|\5,§|| + CarhFt3[wp], (5.55)
T wR) < C(ThF Y 4 85,01 + S5t + aprh®)|[o]), (5.56)

where 63y, and d5,, are the Kronecker symbols.
In particular, we also get the following results of the estimates for 7* and 77°.
Lemma 5.9. Suppose u is sufficiently smooth with bounded derivatives, then we have the following estimates,
form =4,5,
T Wp) < C(Th*+Y 4 85,0 + aur?h®)|[o]). (5.57)

Proof. By the scaling arguments and the quantities (2.15)-(2.17), we have,

2 _ ~

S
= (1= Z)02, ) ern,
J

[N

(nna ’UITLL)KJ” = (1 - SQ)(ﬁEv UZ)K;L+17 (nn’Qaﬂ)Kn+
J

which implies

n,l

(™ — ﬁa“Z)KJT‘“ =(n aUZL)K;.L“ - (77n7U;f)K}‘ - 526%’“}?)1(;*1,

—

(22 =t = 0 gerer =208 ey — (L V) e — (7 o)y
J

—

+ 52(n™2 = 0, U genr
J
It follows from the estimates in Lemma 5.7 and s2 = w, (t,,41)7 that

(™t =7 o) <CTRMH o], (5.58)

(22 =™ =7, ) <OTR o

Here we use the relationship (2.20)-(2.22) and 7 < 1. Take @ =™ — 7% in (5.58) and divide both sides by
[ 77/%” to obtain,

lg™" =77 < Crh**.
By the inverse equality (2.26), we derive,
— 1
™" =07 \ley taa) < CTRM T2,
Similarly, we have
— — — — 1
12772 =™t = || < CTRM, |22 = 0™t =y (4,40 < CTAETE.
Thus the boundedness (3.16) of A yields ,

—_ by _l n o
A" =170 (tng1) < (qun"’l — || + 2aph~ 2 |p™t — n”llrh(w)) [oA
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<7 (Chk“ + Qchhk) [ o7 ].

Together with Lemma 5.7, we can easily get,

TH0R) < C@h !+ 70 apr®h®) oy |
< C(rh* 4 apr®h®)|[of |,

Since 7 < 1. We follow the same lines and use Lemma 5.6 to obtain,
To(p) < CrA* + 74+ aurh®) [of |

The proof is completed. O

5.3.2. Error estimate for the third order scheme

Theorem 9. Let uj be the numerical solution of the fully discrete scheme (4.33) with TVD-RK3 time-marching
method, and u be the exact solution of Eq.(1.1). Suppose u is sufficiently smooth with bounded derivatives, then
we have the following error estimate,

max ||u(z, tp) — ul|| < C(hF+2 + 73),
nt<T

under the CFL condition Th™! < p with a fized constant p > 0. Here the positive constant C is independent of
h, 7, n and up,.

Proof. Similar to the stability analysis, we take the test function v;} = (", 4¢ ™1 and 6¢™? in the error equation
(5.49), respectively, and add them together to obtain the identity for ¢™,

N
BIIC™H 2 — B % =D + 3(C"H - E7Dy) + 3 5564
j=1
N e N o N
= sl = 2> 8202 = 7> G+ T, (5.59)
j=1 ! j=1 ! j=1

where
G1 =2(C"2,¢" = 07 er = BT ¢ e
Gz = A, T e + AW, ¢ gers + 4A2,CM) e,
TO = TLC™) + 4T 2(C™Y) + 6T3(Cn2). (5.60)

Denote each line on the right hand side of (5.59) by ®; and ®s, respectively. In light of the definitions (5.50),
the equalities (5.51) and the properties (3.17)-(3.18) of A, we follow the same lines as that in the stability
analysis to derive,

N
®1 =|D2||* + 3(D3, D1 + Dy + D) + Z 592Gy
=1
N
= — [|Dg||* 4 2(D2, D3) + 3(D3, D1) + 3(D3, D2) + 3(D3, D3) + ZSQGl
=1
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= — |[D2|* + 3||Ds||* — TA(D1, D) — TAD:,Dy1) — TADs, Dy)

N N
Fno_ 2 7
+ZS2(C ¢ ’D2+3D1)K;1+1+282G1 +T
Jj=1 j=1
N N N
2 2 9 .
= — [[D2|* + 3| Ds || — TQ;HD1HJ+%HD2HJ+% — 5 7ID2] +JZ_;S2(I)H + 77,
and
n o 2 1
®; = (Cn — (2, Dy + ng)K;L+1 + Gy + (DhDQ)KJ’_H-l + §||D2H§(:L+17
TT = 2T4(Dy) + 375(Dy) + 37°(Dy). (5.61)

A direct calculation of ®1; gives that,
5, =~ 1
by = *iugn”iqﬁ—l - §||C ’1||§(Jn+1.
Moreover, by the property (3.18) of A, we get,

®y = — 57[¢"]* = SrI¢ ] - 20 [C7)?
N s Al
2075 2 n
DR G e e [
— 2 i — 2
J=1 Jj=1

Plug ®; and @5 in the identity (5.59) to obtain the energy equality for (",

3(7_14»1 + T6
J

BIC"FHI? = 3[I¢M 1P = Ay + Ag + As, (5.62)
where
N [0
Ay = — ||D2)? 4 3|[Ds]|* — Tox Z[[Dl]]jnL%lIDQ]]jJr% - 57[[]%]}2,
j=1

« n a n n
Ay =— §Tﬂ< 1 - ET[K A2 = 2a7[¢M?)7,
Ag :7_6 + T7.
Here 7% and 77 are defined by (5.60) and (5.61), respectively. The following proof is decomposed into five
steps.

Step 1. Bound on ||D3||. Take the test function v}’ = D3 in the third equality of (5.51), sum all over all j and
apply the boundedness (3.6) of A to obtain,

D3]] <Cuwat <||Cn’2|| + |C"||> + apth™ Dy ||
+ C(Thk+1 + auth® + 7'4).

Here we use the estimate (5.56). Denote A = aurh™! as before. It is inferred that

2 |@||2)

3Ds]f? <6A%Dy? + W(W

38



+ C(rhF Y + aprh® + 74)2
Step 2. Bound on A;. By the Young’s inequality and the above estimate, we have,
o 3a
Ay <7[D1]* + -7 [Do]” - [|Ds])* + 3 Ds |
@ «a
<GrIC + GrICT - (1= 33— 632) [y
+Cr? (||C/nv\2||2 + ||@2) + C(rh* + aprhb + 742,
Thus we obtain the time step restriction
(1—3X\—6)2?)>0.

It is sufficient to choose \ < % Then
« 1o — —
Ay <o [CTP 4 [T+ CEh 4T + CT<||C”’2||2 + ||<n||2>. (5.63)

Here we use 7 < 1. - -
Step 3. Bound on 7. Recalling the definition (5.60) of T°, we take v} = (", (™! and (™2 for m = 1, 2 and
3, respectively, in the estimate (5.55) to yield,

T6 <C(rht ! + T‘*)(@n e+ Wn)

+ Cark#+ (167 + [+ 6])
<r (IR + e 1P + 1672
# S (IP+ IR + [0 + Cn(r 4 4 19, (5.64)

Step 4. Bound on 7. Taking q/jf = Dy and D; + D5 in the representations (5.52) of 7 and T2, respectively,
we obtain the following estimate by Lemma 5.9,

T7 <Cr(hF 4 73 + aprhF)(||Dy | + ||D2 )
<7Dy |1 + 7| Da||® + Cr(h2 2 + 76 + a2 p272h)

scf(nw 2 4 G2 + e

2) + Cr(h* T2 4 79). (5.65)
Here we use the CFL condition 7 < ph and the fact that
1Dy 2 + |, 2 < c(ncnv?n? G + ||<”71||2).

Step 5. Bound on [|¢™!|? and ||C/”\2||2 Take the test function @ = (™! in the first equality of the error
equation (5.49) to derive,

™M I <N ¢l + Baperh=HI¢™ [[l¢™
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+ C(TR T+ aprht) ¢

< (cuc"n " ch) .

Here we use the Cauchy-Schwarz inequality, boundedness (3.6) of A and the estimate (5.56) of 7! for the first
step. The CFL condition and (2.20) are used for the second step. The above estimate indicates that

Il < Cli¢™ | + Ch*L. (5.66)

Taking the test function v} = ¢ ™2 in the second equality of the error equation (5.49) and by the similar analysis,
we have,

1€ < ClIC™ || + ClI¢™H || + CRFH,
which implies
I¢m2] < CIIC |+ ClIC™H | + Ch*. (5.67)

Here the properties (2.20)-(2.22) are used frequently. Finally, we combine the estimates (5.63)-(5.67) and the
energy equality (5.62) together to yield,

B = BICIP < Crllg? + Or(h?*+ 4 7°).
Sum over all n, use the Gronwall’s inequality and choose the initial condition uy(x,0) = Pyu(z,0) to obtain,
IC"? < C(h* ! +7%), n< M.
We finish the proof by applying the estimate (5.53),
le™|> < C(h* ! +79), n < M.

O

Remark 10. We remark that it is not difficult to extend the error estimates to the upwind flux, which also
starts from the energy identity and the analysis follows the same ways as the Lax-Friedrichs flux case, then we
can obtain the optimal error estimates. The main differences lie in two places. One is the properties of the
ALE-DG operator A, which is also changed owing to the choice of the flux, and the other one is the Gauss-Radau
projections (2.24) instead of L? projection.

6. CONCLUSION

In this paper, we have analyzed the stability and error estimates of the fully discrete ALE-DG schemes for
linear conservation laws, when explicit TVD-RK time-marching methods up to third order are adopted. The
coordinate transformations and scaling arguments are the main techniques in our work, which have been used
to control the additional quantities owing to time-dependent cells, function spaces and velocity grid field. We
have assumed that the velocity grid field is a piecewise linear polynomial with respect to the spatial variable.
Moreover, the velocity grid field and its weak derivative in space are assumed to be bounded in our analysis.
These assumptions are helpful to satisfy the discrete geometric conservation laws and are significant to our
proof. We have proven that the three fully discrete schemes are stable under the appropriate CFL conditions.
In the first order fully discrete scheme, we have considered two cases, P® and P*, k > 1. The main difference
between them is that 0,v, vanishes with v, belonging to the piecewise constant finite element space, and a
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usual CFL condition is sufficient to preserve stability for the case P°. However, a more restrictive condition is
required for the finite element space with polynomial degree k > 1. In the second order fully discrete scheme,
the cases P! and P¥, k > 2 have been analyzed separately. For the piecewise linear finite element space, we have
used the orthogonality property of a L? projection defined onto the piecewise constant finite element space and
derived the stability under the usual CFL condition, while for higher order piecewise polynomials (k > 2), the
above treatment broke down and we required a stronger CFL condition for stability. For the third order fully
discrete scheme, the combinations of the numerical solutions in different time stages have been used to derive
the stability under the usual CFL condition. In addition, we have obtained the quasi-optimal error estimates
in space and optimal convergence rates in time for sufficiently smooth solutions. The ALE-DG method itself
can be extended to conservation laws on a simplex mesh in two dimensions. The analysis of the fully discrete
ALE-DG scheme in the two dimensional case is more technical and will be considered in the future.
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