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ABSTRACT
The coalescence of a compact object with a 104 − 107M� supermassive black hole (SMBH)
produces mHz gravitational waves (GWs) detectable by the future Laser Interferometer Space
Antenna (LISA). If such an inspiral occurs in the accretion disc of an active galactic nucleus
(AGN), the gas torques imprint a small deviation in the GW waveform. Here we present
two-dimensional hydrodynamical simulations with the moving-mesh code DISCO of a BH
inspiraling at the GW rate in a binary system with a mass ratio q=M2/M1=10−3, embedded
in an accretion disc. We assume a locally isothermal equation of state for the gas (with Mach
numberM = 20) and implement a standard α-prescription for its viscosity (with α = 0.03).
We find disc torques on the binary that are weaker than in previous semi-analytic toy models,
and are in the opposite direction: the gas disc slows down, rather than speeds up the inspiral.
We compute the resulting deviations in the GW waveform, which scale linearly with the mass
of the disc. The SNR of these deviations accumulates mostly at high frequencies, and becomes
detectable in a 5-year LISA observation if the total phase shift exceeds a few radians. We find
that this occurs if the disc surface density exceeds Σ0 & 102−3g cm−2, as may be the case in
thin discs with near-Eddington accretion rates. Since the characteristic imprint on the GW
signal is strongly dependent on disc parameters, a LISA detection of an intermediate mass
ratio inspiral would probe the physics of AGN discs and migration.
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1 INTRODUCTION

LISA is currently planned to launch by 2034 and is expected to
herald the era of space-based interferometry with the detection of
gravitational waves (GWs) at wavelengths larger than the Earth.
With an interferometer arm-length of 2.5 million km, LISA will
probe the mHz GW sky with the primary goal of detecting merg-
ing supermassive black holes (SMBHs) throughout cosmic history.
While the loudest sources in the LISA frequency band includemerg-
ing SMBHs with component masses MBH ∼ 104−107M� up to a
redshift z∼20, LISA will also be sensitive to less massive compact
objects coalescing with SMBHs. These events are referred to as in-
termediate mass ratio inspirals (IMRIs; q ≡ M2/M1≈10−3−10−4)
or extreme mass ratio inspirals (EMRIs; q.10−4, detectable up to
z∼4, Amaro-Seoane et al. 2017).

Unlike stellar-mass BH mergers which are presumed to occur
in vacuum (although see Perna et al. 2016; Janiuk et al. 2017; Bartos
et al. 2017; McKernan et al. 2017; Stone et al. 2017; D’Orazio &
Loeb 2018), many LISA events may occur in gaseous environments
in galactic nuclei. Only ∼1% of galaxies host active galactic nuclei
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(AGN), in which the central SMBH is accreting at nearly the Ed-
dington rate from a thin, cold accretion disc, but there is plenty of
evidence that AGN are triggered by galactic mergers (e.g. Kauff-
mann & Haehnelt 2000; Hopkins et al. 2008; Goulding et al. 2018
and references therein). In particular, the merger of two massive
galaxies results in a supply of gas that flows into the nucleus of the
post-merger remnant (Dotti et al. 2012; Barnes & Hernquist 1996),
providing a gas-rich environment for BH accretion. As a result, a
large fraction of SMBH mergers are expected to occur in a gaseous
environment (see, e.g. Mayer 2013 for a review).

If a coalescing compact BH binary encounters a sufficient
amount of gas, it will experience a gravitational torque that can act
to either accelerate or hinder a GW-driven inspiral. The presence
of gas also provides the opportunity for BHs to accrete, which in
turn will affect their mass, spin, and momentum. This raises an
important question: could gas change the orbital evolution of a
binary sufficiently strongly such that the corresponding changes in
the GW waveform become measurable? If it does, the GW signal
would not only provide information about the source parameters,
but it also would carry a characteristic signature of the environment
in which the source originated.

Thus far the impact of gaseous forces on GW signals has
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been addressed only via semi-analytical toy models (Kocsis et al.
2011; Yunes et al. 2011; Barausse et al. 2014, 2015b). The overall
conclusion from these studies is that gas has a negligible impact for
SMBH binaries in the LISA band, except for systems with extreme
mass ratios (q�1). Environmental influences become important for
sources with less massive companions, where GWs are weaker and
gas effects are comparatively stronger. Semi-analytical estimates by
Kocsis et al. 2011 focused on EMRIs and found that a dense, near-
Eddington gas disc can speed up the inspiral to an extent observable
by LISA.

GW sources with q � 1 include a range of possible SMBH
component masses, but in the present study we focus on IMRIs
that will fall in the mHz GW band. The two relevant cases in this
regime include the mergers of massive stellar remnant BHs (MBH∼
10−100M�) with IMBHs (MBH∼104−5M�), or 103−4M� IMBHs
coalescing into 106−7M� SMBHs. For our detectability estimates
we adopt the specific case of a q = 10−3 mass-ratio binary with a
primary BH mass of M1 = 106M� .

IMRI rate estimates predict a few to tens of mergers per year
in the universe (Amaro-Seoane et al. 2007; Miller 2009). These es-
timates are based on stellar dynamical processes in galactic nuclei,
and only a small fraction of these events would be expected to occur
in a gaseous environment. However, IMRIs could also occur in AGN
discs via several additional evolutionary pathways, either from com-
pact objects in the galactic nucleus whose orbits are dragged into the
plane of the disc by repeatedly crossing the disc (e.g. Ivanov et al.
1999; McKernan et al. 2012; Kennedy et al. 2016 and references
therein), or from compact remnants that are formed in the disc in
the first place (e.g. Goodman & Tan 2004; Levin 2007; McKernan
et al. 2014; see also Stone et al. 2017). Subsequent accretion and
mergers of these remnants can lead to IMBHS embedded in AGN
discs (e.g. Bellovary et al. 2016; Yi et al. 2018). Similarly to near
equal-mass SMBH mergers, E/IMRIs may preferentially occur in
AGN discs.

The previous studies mentioned above estimate the gas impact
on E/IMRIs in near-Eddington accretion discs with semi-analytical
models of the so-called migration torque. For IMRIs in particular,
these migration torques are based on the viscous torque and are
estimated for a non-inspiraling perturber on a fixed circular orbit.
However, a rapidly inspiraling, GW-driven perturber modifies the
disc structure differently froma non-migrating perturber.As a result,
the torques for a moving perturber differ in both strength and sign
from the torques for a perturber on a fixed orbit (Duffell et al. 2014),
and should also evolve differently during the inspiral.

Motivated by the above, in this paper we perform high–
resolution two–dimensional (2D) hydrodynamical simulations, and
we directly measure the torques exerted on an IMBH embedded in
the accretion disc of a central SMBH. We use the moving-mesh
grid code DISCO (Duffell 2016), model the IMBH as a sink parti-
cle, and assume its orbit follows a GW-driven inspiral. The disc is
assumed to have a locally isothermal equation of state and to obey
a standard α-prescription for its viscosity. We calculate the impact
of the disc torques throughout the coalescence, and predict the cor-
responding modification to the GW waveform seen by LISA. We
also compute the signal-to-noise ratio (SNR) of the detectability of
these modifications.

Focusing on the intermediatemass-ratio regime has two advan-
tages compared to EMRIs. First, the inspiral is more rapid, allowing
us to simulate a large portion of the inspiral as it traces out a broad
range of orbital separations and frequencies. Second, the system is
easier to resolve numerically, allowing us to follow the system for
as many as ≈ 10, 000 binary orbits.

Our primary goal is to estimate the detectability of the gas
imprint on an IMRI with the currently proposed LISA configuration
(Klein et al. 2016). The torques scale linearly with the mass of the
AGN disc involved, and also depend on other disc properties, such
as temperature and viscosity. Therefore, a measurement of a gas
imprint on the inspiral waveform should probe the properties of the
accretion disc in which the source resides.

This paper is organised as follows. In § 2, we summarise pre-
vious work on migration torques in more detail. In § 3, we describe
our simulation setup, and in § 4 we present our results, focusing
on the torque measurements. In § 5 we use the measured torques
to compute the modifications of the GW signal and estimate their
detectability with LISA. In § 6, we discuss our results, along with
some caveats, and finally in § 7 we summarise our conclusions and
the implications of this work.

2 PREVIOUS WORK ONMIGRATION TORQUES FOR
GW SOURCES

Early estimates of the impact of a gas disc on the gravitational
waveforms of a compact object (CO) spiraling into a SMBH appear
in Chakrabarti (1996) and Narayan (2000). These studies focused
on the angular momentum exchange between the CO and the disc
due to accretion and hydrodynamical drag in disc models at dif-
ferent radiative efficiencies. Levin (2007) considered, additionally,
the impact of torques from density waves excited in a thin accretion
disc (Goldreich & Tremaine 1980), often called “Type I torques” in
the context of extrasolar planets (see below). The impact of a broader
range of environmental effects on EMRI gravitational waveforms
has been enumerated in Yunes et al. (2011) and Barausse et al.
(2015a).

These studies found that the effect of gas is generally very
weak and undetectable for LISA sources.1 The exceptions are sys-
tems with a small ratio, for which the gas torques due to the tidal
deformation of the disc (so-called migration torques) can produce
detectable deviations to the GW torque. Such disc torques are more
extensively studied in the context of protoplanetary discs and planet
migration, including numerous two- and three-dimensional hydro-
dynamical simulations (see a review by, e.g. Baruteau et al. 2014).

In the protoplanetary disc context, migration is described by
two limiting cases (Type I and Type II; Ward 1997). Type I torques
on low mass-ratio planet systems (q < 10−4) are well understood,
in the sense that they can be described by a linear perturbation
theory (Goldreich & Tremaine 1980), which is successfully repro-
duced in numerical studies (e.g. Tanaka et al. 2002). However, these
torques can be sensitive to disc thermodynamics (Paardekooper &
Mellema 2006). Type II migration concerns more massive planets
that can carve gaps in their discs (for intermediate masses q>10−3,
with the precise value depending on the disc viscosity and tem-
perature). In this regime the torques become nonlinear, so there is
no analytical solution for the migration rate. Often, semi-analytical
estimates are based on the viscous torque, but hydrodynamical sim-
ulations show that migration in this regime can deviate significantly
from the viscous rate (Edgar 2007; Crida & Morbidelli 2007; Duf-
fell et al. 2014; Robert et al. 2018). For intermediatemass perturbers

1 It is worth noting that gas discs could be much more important, and
produce order-unity effects, for the more massive, sub-parsec separation
∼ 109 M� SMBH binaries at nano-Hz frequencies, detectable by pulsar
timing arrays (Kocsis & Sesana 2011; Tanaka et al. 2012; Sesana et al.
2012).
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in particular, the torque develops a nonlinear component that is re-
markably sensitive to disc parameters such as the viscosity, Mach
number, and density gradient (Duffell 2015a).

In the context of binaries embedded in AGN discs, Yunes et al.
(2011) and Kocsis et al. (2011) computed modified waveforms,
using semi-analytical formulae of the above planetary migration
torques, for both extreme and intermediate-mass perturbers. Koc-
sis et al. (2011), in particular, showed that the gas-induced drift in
the accumulated GW phase can exceed a few radians per year (de-
pending on disc parameters), a limit that is detectable with LISA’s
sensitivity. For the most massive disc models, the drift can become
as large as 1,000 radians per year, which provides the possibility
for LISA to accurately probe disc parameters (possibly limited by
degeneracies between migration and system parameters).

In our present study, we focus on the analog of gap-opening
satellites (for q = 10−3) in the context of BHs. While similar to the
planet case, there are three major differences: (1) the BHs accrete,
which is typically ignored when calculating planetary torques, (2)
the BH orbit is strongly dominated by GWs (in the LISA band),
there is no analogous “external” force in the planet case, and (3) the
physical parameters of AGN discs differ from protoplanetary discs,
which are typically thicker (lower Mach number) and have a lower
viscosity.

The combination of these effects on migration torques has not
been studied in detail in any simulation to date. For completeness,
we note that related works exist, which present simulations of gas
discs that include unequal-mass, GW-driven binaries, both in 1D
(Chang et al. 2010; Fontecilla et al. 2017; Tazzari & Lodato 2015)
and in 3D (Baruteau et al. 2012; Cerioli et al. 2016). These studies
aimed at understanding the tidal squeezing of the inner disc by
the inspiraling companion (a ‘snow-plow’ effect), and the resulting
enhanced accretion rate onto the primary BH and electromagnetic
(EM) emission. These works did not measure the gas torques on the
binary. Likewise, recent 2D simulations followed the GW-driven
inspiral of an equal-mass SMBH binary (Farris et al. 2015b; Tang
et al. 2018) in the LISA band, but focused on the accretion rates and
electromagnetic (EM) emission, and did not measure the torques in
this regime.

Finally, we note the work of Duffell et al. (2014), whose re-
sults directly inspired the present study. These authors measured
the torques on a Jupiter-like planet (q = 10−3), embedded in a
protoplanetary disc, and migrating at a broad range of manually
prescribed rates. By measuring the torques as a function of the rate
at which the planet is dragged inward, a unique migration rate can
be identified that is consistent with the torques measured at that rate.
This is meant as a “trick” to avoid a numerically challenging simula-
tion of a “live” binary coupled to the disc. However, as a by-product,
Duffell et al. (2014) inadvertently studiedmigration in a case similar
to GW-driven inspiral. They found that above some migration rate
(a(da/dt)−1 & 105torb ∼ tvisc, where a is the binary separation,
torb is its orbital period, and tvisc the viscous timescale), the gas
torques are modified. Interestingly, at sufficiently rapid migration
rates, the torques change sign and start to slow down, rather than
speed up, the inspiral. While their study focused on non-accreting
planets in protoplanetary discs, the dependence of torques onmigra-
tion rate implies that the gas torques of a non-migrating secondary
cannot simply be linearly added to the much larger external torques
(in our case, from GWs).

In summary, in the present paper, we extend semi-analytic
estimates of the modified GW waveforms (Kocsis et al. 2011), by
running hydrodynamic simulations with a setup similar to Duffell
et al. (2014), except with the addition of accretion, GW-driven

migration, and a more AGN-like disc model. We expect that the
torques we measure will be very sensitive to disc parameters, and
therefore this study is but the first step toward a complete exploration
of the importance of gas discs for LISA sources (Derdzinski et al,
in prep).

3 NUMERICAL METHODS

3.1 Disc Model

Our model is a two-dimensional, locally isothermal, viscous gas
disc, evolved using the moving-mesh grid code DISCO (Duffell
2016). DISCO is idealised for modeling accretion discs as it has
the capability to allow the grid to move with the Keplerian flow of
the gas, thus reducing advection errors produced by shearing flow
between grid cells.

The computation domain extends from 0.5≤ r/r0 ≤2.75where
r is measured from the primary BH which is held at the origin,
and r0 is an arbitrary distance unit set to r0 = 1. Likewise, the
primary mass is set to GM1 = 1 in code units (where G is the
gravitational constant). Note that the orbital time in code units at
r = r0 (the final binary separation) is 2π. The grid is logarithmically
spaced in polar coordinates, with a total of 512 radial cells and an
increasing number of azimuthal cells at outer radii such that the
aspect ratio of each cell is unity. This resolution reaches 30 zones per
scale height, which is important for capturing the gas morphology
around the secondary BH. To ensure that our resolution is adequate,
we have performed a test run with 800 radial grid cells, and found
that our measured torques do not change. We employ Dirichlet
(fixed) conditions at the inner and outer boundaries to ensure a
constant mass flux rate.

The disc is parameterised by a constant aspect ratio h/r=M−1,
where h is the disc scale height, r is the distance from the SMBH, and
M is the Mach number, assumed to be independent of r . Under this
assumption, gas dynamics is scale-free as the black hole migrates
through the domain, and the sound speed varies as cs = vφ/M,
where vφ = rΩ is the orbital velocity and Ω is the initial Keple-
rian orbital frequency at r . We assume the disc is gas pressure
dominated, neglecting radiation pressure. Viscosity is set with
an α-law prescription, with the kinematic viscosity provided by
ν = αcsh. We neglect radiative cooling and instead assume the disc
is locally isothermal (the temperature profile and corresponding
mach number remains fixed) by setting the vertically integrated
pressure to p = c2sΣ(r). Here Σ(r) is the vertically-integrated sur-
face density, which is assumed to follow

Σ(r) = Σ0

(
r
r0

)−1/2
, (1)

where Σ0 ≡ Σ(r0) is a constant scaling factor. Since the orbit
of the secondary BH is imposed by hand (§ 3.2) and we have no
self-gravity, Σ0 can be scaled to any value. Gas forces on the BH
simply scale linearly with Σ0, as long as Σ0 remains low enough not
to significantly modify the orbit. This assumes that the evolution of
the binary is overwhelmingly dominated by GWs, which we show
to be valid in § 4.1 below.

For parameters describing the disc temperature and viscosity,
we chooseM =20 and α=0.03. While neither of these values are
typical of what we expect in AGN discs (where we believe the gas
is highly supersonic, withM ∼ 100 and highly ionised leading to
α∼0.1−0.3), we implement these values here because they are (i)
numerically easier to simulate and (ii) this particular combination of
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Figure 1. The logarithmic surface density over the whole computational
domain, at the end of a simulation run. The primary BH is at the origin, and
the gas disc and the secondary BH are both orbiting counter-clockwise. The
secondary BH is located at (x, y) = (1, 0), marked by a large overdensity.

M and α leads to a gap with a similar depth to a disc with AGN-like
parameters.

Fig. 1 shows a snapshot of the logarithmic 2D surface density
over the whole computational domain, at the end of an illustrative
run.

3.2 The migrator and the GW inspiral

The primary BH is held at the origin which is excised from the
simulation domain. The secondary BH is placed in a prograde orbit,
and modeled by a ‘vertically averaged’ potential of the form

Φ2 =
GM2

(r2 2 + ε2)1/2
, (2)

where r2 is the distance to the secondary BH and ε is a smoothing
length, which we set to one half the scale height. This approach
essentially neglects the gravitational pull of the secondary from
within r2 < ε < r/M. The purpose of smoothing the potential is
not only to avoid the singularity at the position of the secondary, but
to mimic the vertically integrated forces that the two-dimensional
fluid elements feel within a scale height of the BH (see Tanaka et al.
2002; Masset 2002; Müller et al. 2012).

While the disc is initially steady, it experiences perturbations in
response to the placement of the secondary BH. These perturbations
are transient and decay after a viscous time. The viscous time is
given by

tvisc(r) =
2
3

r2

ν
=
M2

3πα
torb(r) ≈ 1415

(
M

20

)2 (
α

0.03

)−1
torb (3)

where ν = αcsh = αh2Ω, is the kinematic viscosity, and we define
tvisc as a function of orbital time torb at the secondary location r .
We therefore disregard the dynamics during the first 1400 orbits
of the simulation when measuring the torques, to avoid including
numerical transients. (Note that the secondary onlymoves a distance
of ∼ 0.1r0 during this phase.)

For a binary being driven together by gravitational waves, the

quadrupole approximation (Peters 1964) for the evolution of the
orbital separation is

ṙGW = −
64
5

(GM)3

c5
1

1 + q−1
1

1 + q
1
r3
, (4)

where G is the gravitational constant, c is the speed of light, and
M = M1 + M2 is the total binary mass. Integrating this expression,
the secondary’s position can be written as

r (t) = rmin [1 − 4R(t − ttotal)]1/4 , (5)

where t is the elapsed time, ttotal is the total simulation time, rmin
is the final separation at t = ttotal, and R ≡ ṙGW/r is the inspiral
rate defined at the final separation. In principle, we have the choice
of specifying the initial and final position of the secondary in code
units, as well as the physical scale for the total mass M (note that
q = 10−3 has already been fixed). In practice, we are numerically
limited by the total number of orbits we can simulate (≈ 10, 000
at our chosen resolution). Our choice for, say rmin and the physi-
cal mass scale, is further constrained in order for the binary to be
chirping (i.e. changing its separation noticeably during the simu-
lation), and for the GW frequency to fall in the LISA band. We
therefore chose parameters that are appropriate for a LISA IMRI:
M1 = 106M� , q = 10−3, rmin = 5rS (where rS = 2GM1/c2 is
the Schwarzschild radius). Our choice of covering ∼ 10, 000 orbits
leads to an initial position of the secondary BH being rmax = 11rS .
Simulation parameters are defined in Table 1. Note that in code
units, rmin = 1 (i.e. twice the inner boundary), rmax = 2.2.

The potential remains Newtonian, despite the fact that the final
stages of the inspiral we simulate here are close to the innermost
stable circular orbit (ISCO) of the central SMBH (risco = 3rS for a
non-spinning BH). In reality the disc dynamics would be altered by
relativistic effects, but we chose to start with the simpler, scale-free
case before investigating more realistic additional physics in future
work.

In a similar vein, throughout the inspiral we measure the
torques exerted on the BH, but the BH does not respond to these
torques.While restricting the BH to adhere to an imposed orbit
is artificial, it does not break angular momentum conservation
between the migrator and the disc (just as imposing ṙ = 0 to
enforce a stationary orbit does not lead to a spurious torque
(Murray & Dermott 2000)). Not implementing a ‘live’ BH allows
us to observe gas asymmetry and makes a single calculation scal-
able to any value of Σ0. As we show below, the migration rate of the
BH is strongly dominated by GW emission, and gas torques only
impart a very small deviation.

3.3 Accretion Prescription

To model accretion onto the migrating secondary BH (M2), we
implement a sink prescription similar to Farris et al. (2014) and
Tang et al. (2017). Within a sink radius centered on the BH, the
surface density of the gas is reduced on the local viscous timescale,
assuming the gas surrounding the secondary settles into a mini-disk
with parametersM = 20 and α = 0.03. The sink radius is set to
be the smoothing length of the gravitational potential ε , since we
do not resolve the BH’s event horizon. There are 15 cells across the
accretion sink, which in physical units extends to 125 Schwarzschild
radii (in radius) of the secondary BH.

The accretion timescale for the secondary BH is given by
the viscous time of the mini-disk, tvisc(ε ) = (2/3)(ε2/ν). This is
implemented with a new source term, which reduces the surface
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density inside the sink at the rate

dΣ
dt
= −

Σ

tvisc
exp−(r2/rsink)4. (6)

The exponential factor acts to smooth the sink radius boundary, in
order to reduce numerical artifacts that arise from discontinuous
changes in the surface density.

We caution that by utilizing an alpha disk model, choosing
a mach numberM = 20 implies an accretion rate for the disc to
be in a steady state. For certain choices of parameters this rate
can exceed the Eddington rate, where ṀEdd = LEdd/(εeffc2),
where LEdd = 4πGcκ−1es M is the Eddington luminosity, κes is the
electron scattering opacity, and εeff is the radiative efficiency.

For the accretion rate we adopt onto the secondary with
Eq 6, our choice of M = 20 and α = 0.03 implies a super-
Eddington accretion rate of *cite fraction of Ṁ/ṀEdd* for discs
denser than Σ0 >?. This presents an inevitable inconsistency,
given we do not include radiation in our simulations, yet we are
unable to simulate a disc that is sufficiently thin to correspond to
a sub-Eddington accretion rate. (Thinner, colder discs are nu-
merically challenging to simulate given their low sound speed
and correspondingly small time steps.) Radiation may certainly
play a role in the gas properties around the secondary.Although,
it is worth mentioning radiation-hydrodynamic simulations by
Jiang et al. 2014 of super-Eddington accretion that find radi-
ation preferentially escapes the disc in the vertical direction,
having little impact on the surrounding gas and the accretion
rate.

For simplicity, we neglect the impact of radiation in the present
work. In reality the accretion efficiency onto the secondary BH is
uncertain, and our fiducial choice is an estimate. Future work will
explore the dependence of the gas dynamics and torques on the
accretion efficiency.

4 SIMULATION RESULTS

Here we define the various components of the torque exerted on the
inspiraling BH before directly comparing them in the simulation.

The dominant mechanism for angular momentum loss of the
secondary BH is GW emission (§ 4.1), for which the torque is
derived from the quadrupole formula:

TGW = −
1
2

M2rṙGWΩ2. (7)

Note that we are assuming the center of mass is at the position of
the primary,Ω2 is the Keplerian orbital frequency of the secondary,
and we quote the torques exerted on the secondary.

Gas can impart a torque on the secondary in two different ways
– by gravitational interaction and by accretion. The gravitational
torque Tg arises from the gravitational force exerted by the gas.
We calculate this torque by summing up the φ−component of the
gravitational force gφ crossed with the binary lever arm r over all
the grid cells in the disc,

Tg =
∑
|gφ × r| (8)

where |r| is the separation of the binary. We describe this torque
in detail in § 4.1 and distinguish between positive and negative
contributions from different regions of the disc.

Accretion onto the BH is another mechanism for angular mo-
mentum gain/loss. Assuming that the relative linear momentum of

the accreted gas is added to the BH, the accretion torque Tacc is cal-
culated by summing the relative momenta contributed by the cells
within the sink radius:

Tacc =
∑
sink

ṁ |vrel × r|, (9)

where vrel = vi − vBH is the velocity of the gas relative to the
BH, and ṁ is the accretion rate inside the sink, i.e. the integral of
equation (6). As discussed in § 4.2 below, we find this component
of the torque to be relatively insignificant.

Analytical estimates for Type II migration torques often utilise
the viscous torque as a reference, which follows directly from equa-
tion (3) and is given by

Tν = −3πr2Ω2νΣ. (10)

The magnitude of gas torques (equations 8, 9, and 10) all
depend linearly on the normalisation of the surface density, a pa-
rameter we are free to choose. Estimates for Σ vary by several orders
of magnitude depending on the chosen accretion disc model. In a
steady-state Shakura-Sunyaev disc (Shakura & Sunyaev 1976), Σ
is determined primarily by the assumed accretion rate Ṁ and the
viscosity parameter α. In the inner regions of accretion discs where
radiation pressure becomes dominant, Σ is heavily dependent on
whether viscosity scales with the gas pressure or with the total pres-
sure (including radiation). For the system we consider here, the
inspiraling BH is deep within the radiation-pressure dominated
zone. Despite the limitation that our simulations include only gas
pressure, we adopt two estimates for our normalization Σ0 (at the
secondary’s final radius at rmin = 5rS) for the inner regions of thin,
near-Eddington accretion discs that utilise each of these assump-
tions, representing low– and high–end estimates which bracket the
range of expected densities.

We normalise our disc densities to represent AGN accreting
at near-Eddington rates with a radiative efficiency εeff = 0.1. The
low estimate is obtained from the seminal model for a thin, vis-
cous accretion disc by Shakura-Sunyaev (i.e. α-disc; Shakura &
Sunyaev 1973), in which the viscosity is proportional to the total
(gas + radiation) pressure. For this model, the surface density in the
radiation-pressure dominated inner region is given by

Σα = 88.39
(
α

0.03

)−1 ( Ṁ
0.1ṀEdd

)−1 ( r
5rS

)3/2
g cm−2 (11)

where the fiducial choice for the accretion rate is 10% of the Ed-
dington rate. In case the viscosity is proportional only to the gas
pressure (i.e. for a so-called β-disc), the surface density at the same
accretion rate is much higher. We estimate the surface density in
this second model (see Haiman et al. 2009) as

Σβ = 1.55 × 107
(
α

0.03

)−4/5 ( Ṁ
0.1ṀEdd

)3/5
×

×

(
M

106M�

)1/5 ( r
5rS

)−3/5
g cm−2. (12)

4.1 Gas torques versus the GW torque

The gas torques measured in the simulation, along with the GW
torques, are compared in Fig. 2. All torques are shown scaled by the
viscous torque and as a function of the evolving binary separation.
The first point we address is the strength of the gas torques relative
to the GW torque. The gas torque we measure differs from the ana-
lytical estimates (based on the viscous torqueTν ) in both magnitude
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Simulation Parameters

Chosen Parameters [cgs] [code]

α Viscosity parameter 0.03 0.03
M Mach number 20 20
ε Smoothing length 125 rS (M2) = 3.7 × 1010 cm 0.025
rsink Sink radius 125 rS (M2) 0.025
MBH Mass of primary BH 106 M� GMBH = 1.0
q Mass ratio M2/M1 10−3 10−3

norbits Total # of simulated binary orbits 9,721 9,721
rmin Final binary separation 5 rS (M1) = 1.5 × 1012 cm 1.0
Derived parameters
ṙ/r GW inspiral rate at final separation -2.59 × 10−7 s−1 -4.04 × 10−5

rmax Initial binary separation 11rS (M1) = 3.3 × 1012 cm 2.2
ttotal Total simulation time 2.16 × 107 s = 0.68 yr 22,088.3 × 2π

LISA-related Parameters
fmin Initial GW frequency of binary 0.626mHz
fmax Final GW frequency of binary 2.042mHz
z Redshift (for detectability estimate) 1
τ LISA mission lifetime 5 yrs
L LISA arm length 2.5 million km
N Number of laser links 6

Table 1. Definition of parameters used throughout the paper, with their adopted values in both physical and simulation units.

Figure 2. Different components of the total torque exerted on the secondary
BH: gravitational torque (Tg) and accretion torque (Tacc) from the gas disc,
as well as the torque from GW emission (TGW). All three torques are scaled
by the fiducial viscous torque at the secondary’s location. The gas torques
are normalised to correspond to a β-disc (see equation 12). Note the overall
different scale for each torque shown. The GW and accretion torques are
both inward, while the gravitational torque is outward.

and direction. As Fig. 2 shows, the torque we find is 5 − 10 times
weaker than Tν .

We compare the strength of the measured torque to an-
alytical estimate following Syer & Clarke 1995, for which the
secondary-dominated Type II torque is obtained by Tν with a
multiplicative factor given by the ratio of disc mass to satellite
mass (4πr2Σ0/M2) (Note this scaling of the torque is also found

in Duffell et al. 2014). We find that, assuming the α-disc mass,
the simulated torque is ∼ 8 orders of magnitude stronger than
the analytical estimate. This is not surprising, given that the
mass of the disc inside the secondary’s orbit is relatively small
when compared to the BH mass M2. If the estimate is provided
by the denser β-disc, the simulated torque is still stronger by
∼3 orders of magnitude.

Furthermore, for our disc parameters the gravitational torque
causes the secondary the migrate outward rather than inward (out-
ward torques in isothermal discs have also been noted by Duffell
2015a). The torque also changes with migration rate, decreasing in
strength as the secondary BH moves inward and accelerates. For
the case that the surface density is high, resulting in the strongest
torque (in the β-disc model), the gas torque is still several orders
of magnitude weaker than the GW torque (Fig. 3). Nevertheless
migration can still produce a detectable deviation in the GW signal,
as we discuss in § 5.

Our simulation results can be used to understand the origin
of gas torques in more detail, and how the different components
depend on the accretion or migration rate of the BH. The entirety
of the disc exerts some gravitational force on the secondary BH,
including both the inner and outer disc, streams across the gap, and
gas near the BH itself. We include all of these regions to calculate
the total gas torque.

We find that gas closest to the BH, particularly within the Hill
sphere, is the dominant contributor to the torque due to its close
proximity. The Hill sphere is an approximation of an embedded
body’s sphere of influence in the presence of a more massive body
at a distance a. Its radius is estimated as

rH =
( q
3

)1/3
a. (13)

As gas flows across the gap, it can continue to replenish the net
angular momentum of material in the Hill sphere of the secondary.
This can cause an asymmetry within the Hill sphere, and a slight
increase in the gas density upstream from the BH, leading to a
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consistently positive (outward) torque. This torque has been seen in
otherworks (e.g. D’Angelo et al. 2005). Accurately capturing the gas
morphology within the Hill sphere requires high spatial resolution.
Further work investigating the gas streamlines, particularly with
high-resolution 3-dimensional simulations, will likely be necessary
to accurately measure the torque arising from this asymmetry, and
to fully understand the reason for the small front-back asymmetry
that yields the net torque.

We note that in disc-satellite calculations, the torque within the
Hill sphere is often ignored or “damped”, based on the assumption
that material within the Hill sphere is bound to the perturber (e.g.
de Val-Borro et al. 2006; Dürmann & Kley 2017). However, asym-
metrically distributed gas in this region can exert a net torque on
the BH, which must be included if the BH and the gas is separately
resolved and followed. This asymmetry, unlike a bound ‘orbiter’,
is constantly supplied as gas flows across the gap. In our case
the accumulation of gas leading the BH’s orbit occurs because
gas preferentially flows ahead of the BH and/or because it slows
down (and hence spends more time) in this region.

Further evidence for torque inside theHill sphere is present
in simulations by Crida et al. 2009, in which a live BH experi-
ences changes in migration rate when torques within the Hill
sphere are truncated. In their case the planet migrates inward
more quickly when the Hill region is included, suggesting an ac-
cumulation of gas in the trailing side of the planet’s orbit. This is
likely due to a difference in disc parameters since the dynamics
are sensitive to viscosity and mach number. Ultimately truncat-
ing the torque in the Hill sphere gives a poor approximation to
a self-consistent, highly resolved torque calculation, which sug-
gests that this region is important. Our simulations sufficiently
resolve gas flow within the Hill sphere, and thus we choose to not
omit this region when computing the total torque.

Fig. 3 shows the torque broken into two components – inside
and outside the secondary’s Hill sphere – along with smooth fits
to the data which we use for calculating detectability in § 5. The
Hill sphere torque is qualitatively different in that it settles to a
positive value (it pushes outward). The gas from elsewhere in the
disc, including the inner and outer discs, as well as the streams
connecting the two regions, exerts a negative (inward) torque that
is 1-5% of the viscous torque. Fig. 4 shows 2D torque density
contours of each of these components. The left panel illustrates the
torque density outside of the Hill sphere, which is dominated by the
streams flowing across the secondary BH’s orbit. The right panel
zooms in on the torque density inside the Hill sphere, showing that
there is a slight density increase in the gas in front of the BH (for
a counterclockwise orbit). This asymmetry is responsible for the
positive torque.

4.2 Accretion torque

For the fiducial accretion rate, we find that the accretion torque is
negligible compared to the gravitational torque from the gas – their
magnitudes differ by ∼ 6 orders of magnitude, as seen in Fig. 2.
This is because the relative velocity of the gas near the black hole is
effectively negligible. We show this in Fig. 5, with a snapshot of the
velocity field in a frame co-rotating with the binary. The gas close to
theBHhas low angularmomentum and resembles a quasi-stationary
atmosphere, rather than a near-Keplerian mini-disc.

Accretion plays a minimal role in our simulations. The
most conspicuous effect of accretion is to reduce the density of
the gas near the BH, which leads to a decrease in the positive
component of the torque. Without including a sink, our results

inside rH

outside rH

Figure 3.Gravitational torqueTg exerted by different regions of the gas disc
onto the secondary BH, as a function of binary separation. The red (upper)
curve shows torques from within the Hill sphere, and the green (lower)
curve shows torques from outside this region. Both torques are scaled by
the viscous torque. The dashed curve shows fitting formula we adopt for our
LISA SNR computations (§ 5).

show the same asymmetry within the Hill sphere, albeit with
more gas (and a larger positive component of the torque). The
torque from elsewhere in the disk is unaffected by our sink
prescription. We hypothesize that more efficient accretion would
lead to more depleted gas density and less positive torque. This
trend has been found in simulations of equal-mass binaries on fixed
circular orbits, in which a sufficient increase in the accretion rate
leads to a change in sign of the total torque (Tang et al. 2017).
It is possible that a drastic increase in accretion rate could lead to
other differences, since it would steal gas that would otherwise flow
to the inner disc. We leave an investigation of the dependence of the
torques on the accretion rate in the q , 1, GW-driven case to future
work.

5 DETECTABILITY OF GAS IMPRINT BY LISA

5.1 Drift in the accumulated GW phase

In this section, we estimate the deviation from the vacuum GW
signal caused by the gas disc torques, and assess its detectability by
LISA.

The total accumulated phase of a gravitational wave event can
be obtained by integrating over the total frequency evolution

φtot =

∫ t0+tobs

t0

φ̇GW dt = 2π
∫ t ( fmax)

t ( fmin)
fGW dt (14)

where t0 is an arbitrary reference time when the LISA observation
begins, tobs is the total observation time, fmin and fmax bracket
the corresponding observed frequency range, fGW(t) = Ω(t)/π is
the GW frequency, which is twice the binary’s orbital frequency
Ω(t), and φGW is in radians. Assuming the orbit remains circular
throughout the inspiral, changing the integration variable to orbital
separation r gives

φtot = −2π
∫ rmax

rmin

fGW
ṙ

dr, (15)
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8 A. Derdzinski

Figure 4. 2D contours of torque surface density, comparing the torques contributed by gas within the Hill sphere (right panel) to torques from gas outside this
region (left panel).

Figure 5. Velocity field in the frame co-rotating with the binary, overlaid
on the surface density contour. Low relative velocities around the secondary
BH indicate the build-up of a quasi-stationary atmosphere, rather than a
near-Keplerian mini-disc.

where ṙ is the (negative) radial inspiral velocity corresponding to
the angular momentum evolution of the binary. In our case, both
GW emission and gas torques change the angular momentum, so
the net evolution can be described by the sum of both components

ṙ = ṙGW + ṙgas, (16)

and the accumulated phase is given by

φtot = −2π
∫ rmax

rmin

fGW
ṙGW + ṙgas

dr. (17)

Because the effect of gas is much smaller than GWs (ṙgas � ṙGW)
the difference between the accumulated phase with and without gas,
δφ ≡ φGW+gas − φGW, can be simplified as follows:

δφ = 2π
∫ rmax

rmin

fGW ṙgas
ṙ2GW


1 + O

(
ṙgas
ṙGW

)2 dr (18)

Our simulation provides a direct measurement of ṙgas(Σ0, r). We
simplify the gravitational torque with a fit to the numerically mea-
sured value from the simulation. The fit for the total torque (adding
the components inside and outside of the Hill sphere) has the form

Tfit = Σ0(Ar2 + Br + C) (19)

with A = 4.37 × 10−28 cm2 s−2, B = −8.16 × 10−16 cm3 s−2, and
C = 4.19 × 1048 cm4 s−2, This fitting formula is shown together
with the numerically measured torques in Fig. 3. For r < 6rS, the
spike at the end of the simulation is likely numerical, so in the range
3rS ≤ r ≤ 6rS, we set the torque to remain a constant (we assume
3rS represents the end of the inspiral phase).

Using this fit for the total gas torque in equation (18) with the
relation ṙgas = 2 ˙̀gasr1/2(GM)−1/2 (where ˙̀gas = Tgas/M2 is the
rate of change of the secondary’s specific angular momentum), we
compute the phase drift δφ over an observed frequency window
from fmin to fmax. Unless stated otherwise, we use the total gas
torque, including the contribution inside the Hill sphere.

5.2 Signal to noise ratio of the waveform deviation

To estimate the detectability of deviations from the vacuum inspi-
ral waveform, we compute the signal–to–noise ratio (SNR) of the
deviation produced by gas, compared to an event occurring in vac-
uum. The detectability of the gas-induced phase drift in an event
depends on the strength of the torque (and thus linearly on the disc
mass) as well as the frequency range of the LISA observation, since
this determines the loudness of the event (the strain amplitude h),
the number of observed orbits during which the phase drift can
accumulate, and the instrumental noise.

The sky- and polarization-averaged GW strain amplitude of a
source at comoving coordinate distance r (z) is

h =
8π2/3

101/2
G5/3M5/3

c

c4r (z)
f 2/3r , (20)

where Mc = M3/5
1 M3/5

2 /(M1 + M2)1/5 is the chirp mass and
fr = f (1 + z) is the rest-frame GW frequency (e.g. Sesana et al.
2005).

The characteristic strain hc of a periodic source takes into
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Figure 6. The characteristic strain amplitude of the binary inspiral, for an
M1 = 106M� , M2 = 103M� IMRI at redshift z = 1, as a function of the
observed GW frequency. The top bracketed regions delineate three different
5–year observation windows as labeled, and the bottom bracket highlights
the portion we cover in our simulation (∼0.7yr).

account the total observation time τ (i.e. the LISA mission lifetime)
as well as the characteristic number of cycles the source spends
in each frequency band, n ≡ f 2/ ḟ . For illustrative purposes, in
Fig. 6 we plot the characteristic strain of an IMRI with our chosen
mass ratio q = 10−3, primary mass M1 = 106M� and redshift
z = 1. The top bracketed regions highlight the evolution of the
binary during three different possible 5-year long observational
periods. The bottom bracketed portion delineates the evolutionary
track we cover in our simulation, which corresponds to ∼ 0.7 years.
The torques outside this regime are extrapolated using the fitting
formula (eq. 19).

Following Kocsis et al. (2011), the phase drift δφ can be ex-
pressed by the strain deviation δh̃ in Fourier space. If the Fourier
amplitude strain of a vacuum waveform is h̃, the difference in strain
due to the phase drift is given by

δh̃ = h̃(1 − eiδφ ), (21)

assuming the gas-impacted and vacuum waveforms differ only in
phase. The SNR of the deviation δρ can be computed in Fourier
space as

(δρ)2 = 2 × 4
∫ fmax

fmin

df
|δh̃( f ) |2

S2n ( f ) f 2
, (22)

where Sn ( f ) is the LISA sensitivity per frequency bin taken from
Klein et al. (2016). The factor of 4 comes from the normalization of
the one-sided spectral noise density, and the extra factor of 2 arises
from the currently proposed configuration of LISA having 6 links,
or effectively two interferometers. Similarly, the total SNR of the
event is

ρ2 = 2 × 4
∫ fmax

fmin

df
| h̃( f ) |2

S2n ( f ) f 2
, (23)

The total inspiral for this particular binary takes ∼ 100 years
after the strain enters the LISA frequency band (at fmin ∼ 10−4Hz),
so the total SNR depends onwhat separation the binary is at (or what
GW frequency the binary is emitting) when the LISA observation

begins. The top panel in Fig. 7 shows the SNR of the gas-induced
deviation as a function of the disc surface density Σ0 and the phase
drift δφ for three different 5–year observed frequency windows.
Vertical lines in the figure mark the two estimates of the surface
density for near-Eddington accretion discs (Eqs. 11 and 12). Initially
the SNR scales linearly with surface density, before it saturates
around a particular value once δφ ≈ 2π.

The bottom panel of Fig. 7 shows the ratio of the SNR of the
deviation compared to that of the total event, δρ/ρ. By dividing
out the total SNR, this quantity isolates the impact of the gas. For
the case where the SNR of the deviation is highest (the green curve
in Fig. 7), the SNR never reaches a saturated value because as
the binary chirps towards merger, the change in the GW frequency
results in a considerable contribution to (δρ)2 from a broad range
of higher frequencies. While the influence of gas is comparatively
stronger than GWs during the earlier stages of the inspiral, the
detectability is less likely because a smaller frequency range results
in a weaker SNR.

The SNR of the deviation (top panel in Fig. 7) is directly
relevant to the detectability, and is dependent both on the strength
of the deviations introduced by the gas, as well as on the total SNR
of the event. While gas effects are stronger in the earlier stages of
the inspiral, the overall SNR obtained by observing these stages
(regardless of any phase change) is relatively low. If LISA catches
the binary 5 years prior to merger, however, where its initial rest-
frame separation is rmin ∼ 10rS, it will accumulate a significant
amount of SNR as the binary chirps to merger, largely because the
LISA noise is much lower towards higher frequencies (see Fig. 6).
Thus for this particular binary, the deviation is most detectable in
the final five years of the inspiral. This would not necessarily be
the case, however, for lower-mass primary BHs, or lower-redshift
events, which would chirp past the minimum of the noise curve.
Adopting the criterion of detectability δρ ≥ 10, we find that the gas
imprint is detectable for our fiducial binary if the BH is embedded
in gas with surface density Σ0 & 103 g cm−2.

6 DISCUSSION AND CAVEATS

In the present work we find that, depending on the AGN disc mass,
LISA can detect the migration imprint on gas-embedded IMRIs in
the final 5 years of the inspiral. With our current understanding
of AGN, the typical density of accretion discs is uncertain, and
theoretical estimates range from Σ ∼ 101−108 g cm−2 in the regions
of interest (. 30rS). We find that the deviation is detectable (SNR >
10) if the secondary BH is embedded in a disc with a surface density
Σ & 103 gcm−2. This density is reasonably reached in models of
near-Eddington accretion discs; in particular it is exceeded in so-
called β-discs. In our fiducial α-disc model, the torques are too
weak to detect.

The difference between Σ in these models lies in the physical
mechanism providing the viscosity and its dependence on radia-
tion pressure, an area of active research in accretion disc dynamics
(see Blaes et al. 2011; Jiang et al. 2013). The viscosity in β-discs,
in particular, is assumed not to rise with radiation pressure. As a
result, it is much lower than in the α-discs, resulting in a much
higher disc surface density at a fixed accretion rate. If the signatures
of a gas-embedded IMRI are detected by LISA, then it should be
possible to extract information about the underlying disc, as even
a measurement of a total accumulated phase shift will provide (at
the least) a lower limit on the disc density. If both the amplitude
and frequency-dependence of the deviation in the GW signal are
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Figure 7. The top panel shows the SNR of the gas-induced deviation (δρ;
eq. 22) in the LISA waveform as a function of disc density, for different 5–
year observation windows, and with our fiducial parameters M = 106M� ,
q = 10−3, and z = 1. The lines are labeled with the binary’s rest-frame
separation during the LISA observation, with an assumed total observation
time of 5 years. The top axis shows the corresponding total accumulated
phase drift for each surface density, for the (ideal) case of observing the final
5 years to merger (green line). The lower panel shows the relative SNR: the
SNR of the deviation in units of the total SNR of the event (δρ/ρ; with ρ
from eq. 23).

well measured, this will directly probe the density, and we expect
other disc parameters to be constrained as well (e.g. density gra-
dient, temperature, viscosity) provided the frequency-dependence
amongst these parameters is well understood and not degenerate.
Our basic conclusion is that LISA will have to opportunity to probe
disc migration physics via gravitational waves.

We find that the effect of migration torques is stronger during
the earlier stages of the inspiral, but its detectability is highest at
higher frequencies, where LISA is most sensitive, and the system is
chirping rapidly. For our fiducial binary (M1 = 106M� , q = 10−3,
z = 1), the gas-induced deviation is most detectable during the
final years of the inspiral, as this is when LISA accumulates most
of the total SNR for the event. This feature is characteristic of the
particular (redshifted) chirpmass, forwhich the last several cycles of
the coalescence occur at frequencies near the minimum of the LISA
sensitivity curve (see Fig. 6). For IMRIs with a higher chirp mass

Figure 8. Torques exerted on the secondary BH from gas within the Hill
sphere (solid curves) and outside the Hill sphere (dashed curves), for two
runs with different viscosity parameter α as labeled. The torque from gas
inside the Hill sphere is highly sensitive to the viscosity.

the merger will occur more quickly, the characteristic frequency is
shifted to lower values, and we expect the contribution to the SNR
from the final stages to be lower. The same may be true for lower
chirp masses, which shift the final few cycles to higher frequencies
past the minimum of the LISA noise curve. We plan to explore
the range of detectability over various system parameters in future
work.

It is worth noting that the torques depend on both disc physics
and the accretion efficiency of the secondary BH. In particular, sim-
ulations of equal–mass binaries find that the build–up of gas within
and near the Hill sphere, and therefore the net torque, scales with
viscosity (Tang et al. 2017). To assess the sensitivity in our case,
we re-run our fiducial calculation, except we reduced the viscos-
ity by a factor of three. The evolution of the gas torques in both
cases are compared in Fig. 8. We normalize the torques by the
conventional Type I torque from Tanaka et al. (2002) provided by
T0 = Σr2Ω2q2M2, which does not depend on viscosity and thus
allows for a direct comparison. As this figure shows, in the new run
with α = 0.01, the Hill sphere torque is 3 times weaker than in the
α = 0.03 case. On the other hand, the torques from outside the Hill
sphere remain similar, and they tend to converge to the same value
by the end of the inspiral. This suggests that the increase in the sink
timescale (eq. 3) caused by the smaller α, is more important than
the change in the dynamics due to the reduced viscosity in the bulk
of the simulation, although we note that the reduced bulk viscosity
may also play a role in reducing the gas flow around the secondary
BH. We plan to further explore the sensitivity to α and to other
parameters in future work.

We also note that in all cases, the migration torque exerted by
the gas outside the Hill sphere is much weaker (by approximately an
order of magnitude) than the torques from inside, and they also have
the opposite sign (resulting in inwardmigration). Thus if the torques
from inside the Hill sphere were excluded, the phase drift would be
negative, corresponding to a slight increase in the inspiral rate, and
the detectability would require an order of magnitude higher disc
surface density.

Our detectability estimates are obtained for an intermediate
mass ratio binary. For binaries with a more extreme mass-ratio, we
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expect that the gas effects would be more easily observable. First, a
lower mass-ratio binary emits weaker GWs: the GW inspiral time is
proportional to q−1 (at fixed total mass and binary separation mea-
sured in gravitational radii). The total number of cycles observed
during the fixed LISA observation time scales with chirp mass as
∝ M

−5/8
c , yielding more cycles over which the phase drift can be

measured for lower-mass companions. On the other hand, the scal-
ing of the disc torques with mass ratio in the GW-driven regime is
unknown and must be computed in future work. We note here only
the following: If the gas-induced migration time-scale followed the
viscous time, it would be independent of the secondary’s mass M2.
However, migration may be slower than the viscous timescale by
a factor that depends on the ratio of the secondary and disc mass,
M2/Mdisc. In the self-similar models employed in Haiman et al.
(2009), the migration timescale is proportional to q−3/8, although
Duffell et al. (2014) find a steeper, nearly linear scaling (∝ q−1),
approaching that of the GW torques. Finally, as the mass ratio de-
creases and the secondary BH no longer carves a gap, it will enter
the Type I regime, in which the torque (provided by T0) scales dif-
ferently with mass ratio and disc parameters. As a comparison, if
the secondary BH was instead a 10M� BH (which for the disc pa-
rameters we adopt in this work, puts the BH in the Type I regime,
see Duffell (2015b)) then the torque estimated by T0 is ∼ 3 orders of
magnitudeweaker than the torque exerted on ourmoremassive, gap-
opening secondary. However, it is currently unclear how the torque
changes with migration rate in this migration regime. Additionally,
while IMRIs will characteristically have higher SNR, the current
capabilities of numerical relativity are computationally limited for
calculating waveforms for intermediate mass ratio systems (Mandel
& Gair 2009). Accurate waveforms will be crucial for extracting the
system parameters and for detecting a gas-induced phase drift.

An important question to consider is whether the impact of
gas may be degenerate with system parameters (such as chirp mass,
inclination, eccentricity, spin, etc.) or with other environmental ef-
fects, such as dynamical friction from dark matter (Barausse et al.
2015b). In principle, gas torques can also be degenerate with mod-
ifications to general relativity, although this effect would then be
present in all E/IMRIs, while gas would have a variable effect from
source to source. An exploration of the parameter space is beyond
the scope of the present paper, and we leave it to future work.
However, we note that the frequency dependence of the gas torque
is generally different from that of the system parameters. At least
for high SNR measurements for a source that chirps over a broad
frequency band, and for which the frequency-dependence can be
measured, we expect that the gas effects can be disentangled from
system parameter variations (see discussion in Yunes et al. 2011).

We focus primarily on migration torques, but accretion discs
can produce other interesting effects on BH inspirals that we neglect
in the present study, including mass, spin, and eccentricity evolu-
tion. Efficient accretion can lead to a non-negligible increase in
mass of the secondary BH throughout the inspiral, which will affect
the GW frequency evolution (accretion onto the primary SMBH
is negligible, as the increase in mass throughout the LISA lifetime
is under the accuracy limit). The possibility exists for accretion to
drive up the spins of the BHs (e.g. Teyssandier & Ogilvie 2017),
an effect which we neglect here, and it may also act to align the
spins of both BHs, particularly if the BHs form in the accretion disc
(Bogdanović et al. 2007). While we do not model the spin of the
BHs in this paper, we hypothesise that significant spin-up of the
secondary is unlikely (at least for the prograde case we simulated
here), because the relative angular momentum of the gas near the
BH is low. This is shown in the velocity map in Fig. 5, where the

gas around the BH exhibits properties more akin to an atmosphere
than to a mini-disc.

Gas also provides the possibility for EM counterparts to the
GW detection. If an associated EM signature is detected, it would
confirm the presence of gas around the source. In this case, even a
non-detection of a GW phase deviation for an EM-identified IMRI
would teach us about the environment by putting a limit on the
density and/or viscosity of the disc.

Simulations of intermediate-mass planets show that a disc may
drive periodic eccentricity oscillations in the planet’s orbit that are
low but not negligible, with the eccentricity ranging from 0.01 to
0.1 (Ragusa et al. 2018, see also Papaloizou et al. 2001; Bitsch et al.
2013) although this depends on both the disc mass and the perturber
mass (Dunhill et al. 2013). We expect that gas-embedded E/IMRIs
will be close to circular compared to events originating from stellar
remnants in galactic nuclei, which will have significantly higher
eccentricities. Thus spin-aligned and near-circular events will be
indicative of a gas disc.

In future work, we intend to relax several assumptions made in
this study, as well as explore a range of values for the key parameters.
In this paper we assumed a locally isothermal equation of state. This
assumption should be relaxed by incorporating a more sophisticated
treatment of the thermodynamics, allowing the gas to heat due to
local shocks and viscous dissipation, and to cool through its surface
(e.g. Farris et al. 2015a). It is also known that the α-prescription is
a poor approximation in parts of the disc where the flow is not lam-
inar, an issue that can be addressed using magneto-hydrodynamics
simulations (e.g. Shi et al. 2012). As already mentioned above,
a near-Eddington circumbinary accretion disc around a BH in the
LISA band is likely to be supported by radiation pressure, whichwill
need to be included in future simulations. Finally, our simulations
in this study are in 2D. We expect that the 3D vertical structure will
modify the structure of the gap and the accretion streams, as well
as the gas distribution near the secondary BH, and will inevitably
have a strong affect on the gas torques.

We also expect that the migration torques depend on disc pa-
rameters (such as α andM), the density and temperature profiles
of the disc, the BH mass ratio, any orbital eccentricity, and also the
GW-driven orbital decay rate. Indeed, even for non-migrating plan-
ets, Duffell (2015a) find that disc torques are sensitive to combina-
tions of these parameters, particularly in the intermediate mass-ratio
regime.

Despite its limitations, our present study suggests that the im-
pact of circumbinary gas may be measurable in the LISA waveform
of an E/IMRI event and warrants further investigation. We intend to
address the outstanding issues in future work.

7 CONCLUSIONS

In this paper, we study the gas torques exerted on a gravitational
wave driven inspiral with high resolution 2D hydrodynamic simu-
lations of a 10−3 mass ratio binary in an isothermal viscous disc.
Motivated by the prospect of LISA detecting the late stages of inter-
mediate mass ratio inspirals, we apply the results of our simulations
to estimate the detectability of gas torques on a 106M� + 103M�
binary merger occurring at a redshift z = 1.

We find that the net disc torque differs from previous semi-
analytic estimates, whichwere based on the viscous torque for a non-
migrating secondary. While these previous torque estimates were
negative, we here find that the total torque is positive, resulting in a
slow-down of the inspiral, and its strength is only fraction (1%−5%)
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of the viscous torque. While it is 4 − 5 orders of magnitude weaker
than the torque due to GW emission, it can still produce a detectable
phase drift in the GW waveform. For our fiducial estimate of the
accretion rate, the accretion torque is at least 10 − 11 orders of
magnitude weaker than that due to GWs and does not contribute
significantly to the gas imprint in the waveform.

An analysis of the origin of the torques shows that gas very
close to the secondary BH (inside its Hill sphere) exhibits a front-to-
back asymmetry with respective to the direction of the secondary’s
motion, and leads to the positive (outward) component of the torque,
whereas gas elsewhere in the disc exerts a weaker negative torque.
More sophisticated simulations that resolve the 3-dimensional gas
morphology and velocity of gas near the secondary BH could pro-
vide insight into whether and how this asymmetry occurs.

For the IMRI we consider here, the deviation in the GWwave-
form is detectable (with a signal to noise ratio > 10) if the system
is embedded in a disc with a surface density Σ0 & 103 gcm−2. This
density may be exceeded in cold, thin, near-Eddington discs ex-
pected in active galactic nuclei. Gas-induced deviations are strongest
during the earlier stages of the inspiral, but they are more de-
tectable for binaries at higher frequencies, where LISA’s sensitivity
is stronger and the binary is chirping significantly. We expect the
gas disc-induced phase drift in the GW waveform to be sensitive to
disc properties, which implies that the detection of a gas-embedded
inspiral will provide the opportunity for LISA to probe the physics
of AGN discs and migration torques.
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