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ABSTRACT

Supermassive black holes (SMBHSs) pair and form bound binaries after their host galaxies
merge. In a gas-rich merger, accretion discs are expected to form around the binary and its
components. These discs control the binary orbital evolution until the system is compact
enough for gravitational waves to drive the SMBHs to coalescence. In this work, we imple-
mented a time-dependent one-dimensional model to follow the long-term evolution of the
coupled binary+disc system, from a separation of 10° down to 20 Schwarzschild radii. We
run different models changing the system parameters, including the binary mass ratio g < 0.3
and a factor of y that controls the inflow across the gap created by the secondary. We find
that our implementation yields higher residual masses and longer binary residence times than
previous studies. Our main conclusion is the non-steady-state nature of the evolution of the
system: the properties the disc had when the binary was still at large separations influence its
whole evolution. To recover steady state, the binary residence time would have to be much
longer than the inflow time-scale of the disc throughout their entire history, which in general

is not satisfied.
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1 INTRODUCTION

Observational evidence suggests the existence of supermassive
black holes (SMBHs) at the centres of most, if not all, galaxies
(e.g. Kormendy & Ho 2013). Galaxies interact and merge accord-
ing to the current hierarchical cosmological model, thus an expected
outcome of those events is the formation of SMBH binaries in the
galaxy remnants (e.g. Begelman, Blandford & Rees 1980; Volon-
teri, Haardt & Madau 2003). To become a bound binary and finally
coalesce, the SMBHs will go through different processes that ex-
tract their energy and angular momentum, making them fall deeper
into the gravitational potential (Begelman et al. 1980).
Coalescence can be achieved within a Hubble time (depending of
the environment conditions; Merritt & Milosavljevi¢ 2005; Colpi &
Dotti 2009; Mayer & Bonoli 2018), but the details of the mecha-
nisms involved are still a topic of active research. While the galaxies
are merging, dynamical friction between the individual SMBHs and
the background of stars and gas will drag them into the centre of the
gravitational potential (Governato, Colpi & Maraschi 1994). After a
bound binary is formed, dynamical friction becomes inefficient and
the shrinkage will be dominated by scattering of individual stars,
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a process whose efficiency depends on the properties of the stellar
background (e.g. Yu 2002; Vasiliev, Antonini & Merritt 2015). In
the gas-rich case, the gas that followed the black holes through the
dynamical friction phase could form a circumbinary accretion disc
around the binary (e.g. Escala et al. 2005) and allow the system to
shrink by angular momentum transfer due to a tidal interaction (e.g.
Cuadra et al. 2009; Roedig et al. 2011; Tang, MacFyden & Haiman
2017). When the SMBHs reach a separation of O(100) Schwarzchild
radii (Rs), the emission of gravitational waves (GW) dominates and
shrinks the binary in a short period of time (Peters 1964; Armitage &
Natarajan 2002; Chang et al. 2010). Due to the different time-scales
involved, most of the (accreting) SMBH binaries are expected to be
in the accretion-disc dominated phase, which can take of the order of
millions of years for the expected binary parameters (Haiman, Koc-
sis & Menou 2009; Tang, MacFyden & Haiman 2017). Candidates
for this kind of system have recently been identified as periodic
quasars in the Catalina (Graham et al. 2015) and Palomar Transient
Factory (PTF) surveys (Charisi et al. 2016).

The large computational cost of simulating the long-term evolu-
tion of these systems makes three-dimensional (3D) or even two-
dimensional (2D) models prohibitive. Therefore, here we approach
the problem with an one-dimensional (1D) idealized configuration.
We modelled the ‘inner’ disc around the primary and the ‘outer’
circumbinary disc with the standard hydrodynamic equations. We
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y ~ Circumbinary Disc

Figure 1. Schematic representation of the binary—disc system for ¢ < 1.
The whole system is surrounded by the circumbinary (outer) disc, while
the primary black hole (mass Mp,) has an individual (inner) disc extending
out to the secondary. For simplicity, we neglect the accretion disc around
the secondary black hole (mass M) and assume the BH and gas orbits are
circular, co-planar, and pro-grade. The binary separation a and the surface
density 2(r) of the discs are coupled and evolve over time. The external
boundary condition of the system is given by a fixed accretion rate Mey;.

also include a simple prescription to mimic the binary tidal torque
(Armitage & Natarajan 2002; Tazzari & Lodato 2015), and allow
for some gas to cross from the outer to the inner discs. For sim-
plicity, we do not model the individual disc around the secondary
and neglect the change in the mass ratio due to accretion (as dis-
cussed and justified in Section 2.4). A schematic representation of
the system is shown in Fig. 1.

In this scenario, many processes occur simultaneously. The tidal
interaction removes angular momentum from the binary and adds
it to the circumbinary disc, removing some gas from the vicinity.
On the other hand, the inner disc transfer its angular momentum
to the binary, slowing its migration (e.g. Papaloizou & Lin 1984).
Viscosity in both discs dissipates kinetic energy and drags the gas
inwards (Shakura & Sunyaev 1973; Frank, King & Raine 2002),
which added to the dissipation effect of the tidal torque heats up the
gas, shaping its electromagnetic radiation (e.g. Lodato et al. 2009).

Important properties of the system depend on g < 1, the mass
ratio of the binary. D’Orazio et al. (2016) found that for ¢ < 0.05 the
tidal interaction digs an annular gap at the location of the secondary
orbit, that the disc remains axisymmetric, and drives a constant ac-
cretion rate. On the other hand, for ¢ 2 0.05, the gap becomes a
central cavity around the binary, which furthermore becomes lop-
sided when ¢ 2 0.3. Short-term 3D simulations of this process
show however that streams of material get across the cavity and
drive accretion episodically (Artymowicz & Lubow 1994; Cuadra
et al. 2009; Roedig et al. 2011; Farris et al. 2014, 2015; Dunhill,
Cuadra & Dougados 2015; Tang, MacFyden & Haiman 2017), al-
though the efficiency of this feeding decreases as the discs become
thinner (Ragusa, Lodato & Price 2016). A similar result has been
found in 2D and 3D simulations of ¢ < 1 binaries, where mate-
rial can cross the annular gap (Baruteau et al. 2012; Duffell et al.
2014; Diirmann & Kley 2015, 2017), again depending on the disc
thickness (Cerioli, Lodato & Price 2016).

Several previous studies have focused on the long-term evolution
of the binary—disc systems in the regime where ¢ < 1, but they are
either analytical, assuming steady state (Liu & Shapiro 2010; Kocsis
etal. 2012b; Rafikov 2016), or numerical, but with a relatively small
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initial binary separation (a < 10* Rs) and without inflow through
the secondary orbit (Armitage & Natarajan 2002; Lodato et al.
2009; Chang et al. 2010; Tazzari & Lodato 2015). In this work, we
overcome these limitations by developing a self-consistent, time-
dependent model that follows the long-term coupled evolution of
the system starting at 10° Rs, including a prescription for material
to cross the gap.

This paper is organized as follows. In Section 2, we present and
explain the physical properties of the system we are considering, and
present the equations for each process implemented in our numerical
simulation. In Section 3, we show our main results on the evolution
of a binary system, the surface density profile, the residence time,
and the expected spectrum of the discs. In Section 4, we compare our
results with previous analytical and numerical works and discuss the
similarities and differences between our approach to the problem.
Finally, in Section 5, we present a summary of our main results and
their implications.

Our most significant conclusion is that, at least for the mass
ratios and inflow speeds included in our study, we find no real
steady state on the discs: the surface density distribution chosen as
the initial condition influences the state of the discs during their
whole subsequent history.

2 SYSTEM PHYSICS AND MODEL
PROPERTIES

In this section, we first explain the relevant physics in our study, then
we discuss the simplifications needed to implement a 1D simulation,
and finally give details of our numerical code.

‘We model the inner- and circumbinary discs assuming their scale
height 4 is much smaller than the distance to the centre r, so the sys-
tem behaves as a standard, 2D thin disc. Furthermore, we consider
the primary black hole to be at the centre of mass of the system,
ignore the individual disc around the secondary, and assume that
the secondary and both accretion discs follow circular, co-planar
and prograde paths around the primary black hole. These assump-
tions allow us to model the system in 1D, with all disc properties
functions of the radial coordinate r only.

2.1 Viscosity, thickness, and energetics

Viscosity acts as an angular momentum transport mechanism, which
produces a torque between contiguous rings of the disc. The stan-
dard a-disc model (Shakura & Sunyaev 1973) parametrizes the tur-
bulent kinematic viscosity as a function of the sound speed ¢ and
the thickness of the disc 4. While ¢ depends on the total pressure, in
this study we implement an alternative viscosity prescription called
a f-disc model, which ensures thermal and viscous stability:

v =achp. (D)

This allows us to put all the uncertainties in the constant ¢ < 1.
Here, B is the ratio between the gas pressure p,,, and total pressure
Diot = Pgas + Praa (With pryq the radiation pressure). For simplicity,
we consider the pressures to be determined by the mid-plane tem-
perature of the disc T¢: pra = 40 TC4/(3C) and pgys = pkT/(jumy),
with k the Boltzmann constant, o the Stefan—Boltzmann constant,
and © = 0.615 the mean particle mass in units of the proton mass
my, for a plasma of solar metallicity.

The sound speed in the disc is given by cf = put/p With p =
2/(2h) the volumetric density and ¥ the surface density of the discs.
Assuming hydrostatic equilibrium in the vertical direction, we can
express the sound speed as a function of thickness 4 and angular
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velocity: ¢ = Qh, with Q = (GM(1 + g)/r*)'"? the angular velocity
of the material.

To close this system of equations, we relate the central tempera-
ture 7 to the surface density X, assuming photons are transported
to the disc surface by vertical diffusion: F' = 8o TC4 /(3%k) (where
Kk is the opacity due to electron scattering), and that viscous and
tidal heating are dissipated in the form of radiation (Lodato et al.
2009; Kocsis, Haiman & Loeb 2012a),

9 1
F=D,+ Dy = ngQZ—EAE(Q—QS). 2)

The tidal term D,, as explained in Lodato et al. (2009), comes
from angular momentum conservation and from the assumption
that orbits remain circular.

Using the above formulation leads to a system of equations,
uniquely determining the disc properties at each radius and time:

c =

- {3@2(90(9395 —4AQ - Q) } i
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It can be shown that there is only one real and positive solution for
the central temperature. Solving the equations allows us to obtain
the sound speed c;, the thickness % of the disc, and finally the vis-
cosity itself (Fontecilla, Chen & Cuadra 2017). Having the central
temperature at each radius and assuming that the discs emit as a
multitemperature blackbody (Frank et al. 2002), we can obtain the
spectral energy distribution (SED) and the bolometric luminosity
(Lyo1) of the system as a function of time.

2.2 Surface density evolution

At least two mechanisms will make the surface density of the discs
evolve over time: viscosity, already explained in the previous sub-
section, and the tidal torque produced by the changing gravitational
potential of the rotating binary. The latter is a 2D effect, and cannot
be implemented directly in a 1D simulation. To bypass this, we
adopt a commonly used recipe that models its effect on the accre-
tion discs. Following the literature (Armitage & Natarajan 2002),'
we define an orbit-averaged torque,

4
—£q292r2<i) , ifr<a
2 A

4
£q292r2<£> , ifr>a
2 A

“

whose functional form depends on whether we are in the inner (r <
a) or circumbinary (r > a) discs. Here, f = 0.01 is a dimensionless
parameter that controls the strength of the torque, A = max {Rj,
h, |r — a|} is a smoothing term, and R, = a(g/3)"* is the Hill
radius of the secondary black hole. While this model was originally
proposed for ¢ < 1, it has been widely used for binaries up to ¢ =
0.3 (Lodato et al. 2009; Chang et al. 2010; Kocsis et al. 2012a;
Kocsis, Haiman & Loeb 2012b; Tazzari & Lodato 2015).

ISee Dong et al. (2011a), Dong, Rafikov & Stone (2011b), Petrovich &
Rafikov (2012), and Rafikov (2016) for discussion about the tidal prescrip-
tion.
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While viscosity always transfers the angular momentum of the
disc outwards, the tidal effect depends on the position. Inside the
binary orbit (r < a), the tidal torque A adds angular momentum
to the binary, producing an inward acceleration on the elements of
the disc. On the other hand, for the circumbinary disc (r > a), this
effect will add angular momentum to the gas, preventing it to cross
the binary orbit. Here, the balance between the tidal effect and the
viscous mechanism will produce a low-density region called cavity
or gap, which depends on the mass ratio of the binary.

As pointed out by Tazzari & Lodato (2015), for ¢ > 0.1, equa-
tion (4) gives an unphysically large tidal contribution on the discs
outside the Lindblad resonances, which will alter the migration ve-
locity of the binary and the surface density of the discs. Following
their work, we added an exponential cut-off for the tidal torque
outside this region,

S 202 2(")4 <r_rIMLR)2 .
—=q?Q%r?(—) exp|— | ———— if r < rovr,
2 A WIMLR

S 202.2( ¢4 ! I — I'OMLR : .
—q°Qro|—) exp|— (| ———— if r > romir.
2 A WOMLR
(%)

Here, riiir = 0.63a and ropir = 1.59a are the radius of the in-
nermost and outermost Lindblad resonances, while wpyr = 3704
and womrr = 75h are the widths of the Gaussian smoothing. These
values were used by Tazzari & Lodato (2015) to reproduce the gap
sizes of a ¢ = 0.11 binary from Artymowicz & Lubow (1994).
Following Frank et al. (2002), considering the mass continuity
and angular momentum conservation equations in the discs, adding
the viscous and tidal torques (equation 4), the surface density evo-

lution can be written as
0x 10

a A
Z__Z 3 12 7 b3 1/2 = 6
ot ror ( "o (v2r'?) + Q )’ ©)

where the first term at the right-hand side is the effect of viscosity
and the second one is produced by the tidal interaction between the
binary and the discs.

2.3 Binary separation evolution

The separation between the SMBHs will evolve over time by two
different mechanisms. The first one, mostly relevant at large binary
separation, is the back-reaction between the binary and the disc due
to the tidal interaction explained above. The second effect, which
dominates at smaller separations, is produced by the GW emission.
The following equation for the evolution of the binary separation a
incorporates both effects:

da 4t /’omA2 o8 (4o Rs\’ o
—=— rdr—— cl— ) .
& aM., seE T,

Here, the first term of the right-hand side is the binary—disc interac-
tion integrated over the whole disc, and the second term is the GW
energy loss (Peters 1964); M = gM, is the secondary’s mass, 2
is its angular velocity, Rs = 2GM|D/c2 is the Schwarzchild radius of
the primary BH, G is the gravitational constant, and c is the speed
of light.

The GW emission always tends to bring the SMBHs together. On
the other hand, the presence of material inside the binary orbit will
push the secondary outwards, while the material in the circumbinary
disc will push it inwards. Therefore, the time until coalescence will
be influenced by how material is distributed in the discs and how
much of it can cross the cavity.

MNRAS 482, 4383-4396 (2019)
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2.4 Initial and boundary conditions

After obtaining the equations for the surface density and binary
separation evolution, we need a few more elements in our imple-
mentation to fully simulate the system. First, we need to specity the
initial and spatial boundary conditions of the discs.

The initial surface density profile of the two discs was defined us-
ing a standard Shakura—Sunyaev accretion disc (Kocsis et al. 2012a)
with an accretion rate My = 4Mgaq (Mgaa = 4G M,/ (iccn) is the
Eddington accretion limit, with 7 = 0.1 the radiative efficiency). To
include the effect of the secondary BH, we added an artificial cavity
removing all the material within a factor of 2 of its initial position
(0.5a9 < r < 2ay, with ag = 10°Rs). We define a local disc mass
as

ag+Ry
Mo = / 27tr Syp dr, 8)
a

0—Rn

where X, is the expected surface density of the disc without the
secondary. The ratio between the local disc mass and the secondary
BH mass M, determines the type of migration and its time-scale
(e.g. Haiman et al. 2009). For our fiducial case with @ = 0.1, M, =
10'M@, ¢ = 0.1, and My = 1 Mg yr~', we obtain Mo/M; ~ 8,
so we would expect to be in the disc-dominated type II migra-
tion regime (but this is not necessarily the case, see the discussion
below).

In the outer radius of the circumbinary disc, we implemented a
constant external accretion rate M.y, that feeds the system during
the simulation. For consistency, we use the same accretion rate for
the initial condition, Mey = Mip;.

For the inner radius of the individual disc around the primary BH,
we used a zero torque boundary condition, which allows material
to be freely accreted on to the SMBH.

The outer boundary of the inner disc and the inner boundary of
the circumbinary disc are naturally added in the model by the tidal
effect implemented with equation (5). This tidal torque will open a
cavity around the secondary black hole, pushing the material in the
discs away from its orbit.

For simplicity, we did not evolve the black hole masses in our
model. However, we checked a posteriori if this assumption was jus-
tified. To do this, we assumed (i) the initial disc inside the secondary
orbit is accreted by the primary and (ii) all the material that crosses
the cavity is accreted by one of the BH. At the end of the simula-
tions, we obtained, on average, a variation Aqg/q = 25 per cent and
AM,/M, ~ 34 per cent.

Many previous works have shown that the gap opened by the
secondary is not an impenetrable wall: gas can cross the binary
orbit and enter to the inner disc in the form of dense streams of
material. This inflow is crucial because it feeds the inner disc,
contributing to the hot part in the SED, determining how much gas
will be left just before the coalescence and, indirectly, controlling
the migration time-scale. Since this process is (at least) a 2D effect,
we cannot directly compute it and need to use a recipe to include it
in our code. Some possibilities could be using a constant accretion
(Kocsis et al. 2012a,b), a fraction of the external accretion (Rafikov
2016), or a fraction of the steady-state accretion from a standard
single BH Shakura—Sunyaev disc. Using any of these alternative
implies the inflow is tied directly to the viscous evolution of the
circumbinary disc. However, the flow across the gap or cavity is
produced by the tidal (gravitational) torques, and so it should operate
on the orbital time of the binary, and not on the viscous time of the
gas near the gap/cavity wall. Recent hydrodynamical simulations
confirm this and suggest that this accretion process should be mostly
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dependent on the dynamical properties of the binary rather than on
the local physics of the disc (Farris et al. 2015; D’Orazio et al. 2016).
Motivated by this, in our work we consider a different recipe, which
allows us to control the rate at which material crosses the cavity,
but ties this rate to the local orbital time:

Mcross = J/erzﬁl. (9)

Here, y is a free parameter that determines the fraction of the nearby
material that crosses the secondary radius per binary orbit. As an
example, y = 10~* implies that, ignoring viscosity effects, it would
take ~10* orbits to totally deplete the nearby circumbinary disc. To
prevent large fluctuations in the accretion rate, equation (9) is im-
plemented using the average values of the radius (7) and the surface
density (2) in the region of the circumbinary disc where the tidal
torque dominates. Based on the 3D simulations of Cuadra et al.
(2009), the range used was a < r < 3a. From these radii we extract,
once per binary orbit, a gas mass given by the product between the
accretion rate and the orbital time: M o Aforp. I general, some of
this mass will cross the gap (e.g. on horse-shoe orbits for ¢ < 1),
reach the outer edge of the inner disc, and eventually accrete on
to the primary BH. The remaining mass is captured and accreted
on to the secondary (in our model, since we do not include the
circum-secondary disc, we remove this material from the simula-
tion). We adopt the ratio between these accretion rates from Farris
et al. (2014), who computed them explicitly in 2D hydrodynami-
cal simulations over a range of ¢. Specifically, based on their Fig.
7, for our simulations with ¢ = (0.1, 0.3, 0.01), we assume that
(6 per cent, 40 per cent, 85 per cent) of the mass that leaves the
circumbinary disc reach the inner disc. For simplicity, we add this
mass at a fixed radius, i.e. as a delta function at /a = (0.4, 0.2,
0.6), based on the tidal truncation radii obtained by Artymowicz &
Lubow (1994). Since we do not modify the masses of the BHs, these
values are fixed during the whole simulation.

When we add the gap-crossing material to the inner disc, we
endow it with the local Keplerian velocity at the new location. As a
result our simple inflow implementation does not conserve angular
momentum (even if we were to add all the mass to the inner disc).
Without following the non-axisymmetric gas flows in 2D or 3D,
we do not know where this numerically lost angular momentum
would end up. So in order to estimate if this could affect our results,
we consider two extreme scenarios: the lost angular momentum
could have been (i) added to the secondary BH, or (ii) deposited
back in the circumbinary disc. In either case, we found that for y <
1073 the effects are sub-dominant compared to either (i) the binary’s
orbital evolution in the current simulation, or (ii) the viscous angular
momentum flux at the inner edge of the circumbinary disc.

2.5 Model parameters and numerical implementation

In Table 1, we list the relevant properties of our simulation runs. The
first row refers to our fiducial case. The rest of the table shows how
each model deviates from this fiducial case. The first 21 simulations
are the core of our work, and are the combinations between ¢ =
{0.1, 0.3, 0.01} and y = {1074, 1073, 107, 1077, 1078, 1079,
0.0}. In the next set of simulations, we changed the « parameter
(22-23), the external accretion rate (24-25) and the primary BH
mass (26-28). We also started the simulation without either the
inner or both discs (29-30) to explore the effects of the inflow
from the outer boundary and of the initial conditions. We run a
high-resolution simulation (31) to test the numerical convergence
of our results. We have run simulations for the comparisons made
in Section 4 with previous work, with parameters following those
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Table 1. Simulation properties. From left to right the columns are: a reference simulation number, the logarithm of the primary mass in solar masses, the
binary mass ratio (¢), our parameter to control the inflow through the gap (y), the Shakura—Sunyaev viscosity parameter («), the initial and external accretion
rate in units of the Eddington limit, the grid resolution, the time resolution, and the differences between the current simulation and our fiducial case (simulation

N°1). See the text for a more detailed explanation.

( M, ) M i

N° log q y o - no otk Differences

Mg Mgaq

1 7 0.1 10~ 0.1 4 500 10° -

2-7 - - 1072,107%,1077,107%, 107, 0.0 - - - - y

8-21 - 0.3,0.01 1074,107,107°, 1077, 1078, 107, 0.0 - - - - y and ¢

22-23 - - - 0.01, 1 - - - o

24-25 - - - - 04,40 - - M

26-28 6,8,9 - - - - - - M,

29 - - - - - - - Without inner disc

30 - - - - - - - Without both discs

31 - - - - - 103 10° Increase resolution
32-36 - 0.1, 0.01 1075, 0.0 - 0.1 - - Kocsis et al. parameters
37-38 - 0.01 1073, 0.0 0.3 0.1 - - Haiman et al. parameters
39 8 - 0.0 0.1 1 - - Lodato et al. parameters
40 - - - - - - - Empty discs, no secondary

in Kocsis et al. (2012b) (32-36), Haiman et al. (2009) (37-38) and
Lodato et al. (2009) (39). Finally, as a basic test of our code, we ran
an additional simulation without a secondary BH, with a constant
M.y, and initially empty discs (40). We recovered satisfactorily
the Shakura—Sunyaev standard solution for the disc for the given
accretion rate.

To convert into code units we define the following quantities:
Ry = 10? Rs, Ty = 10° K, Xy = 107 gcm*Z, ty = tx271/Q2(Ry) with
% = 10° a scale factor for the time coordinate, and mg = ZOR(% ~
4 x 10> M, for a primary BH mass of 10’ My. Then, we divide
every physical constant (or variable) used in the simulation with
a combination of the previous definitions to obtain dimensionless
quantities. Using the dimensionless versions of the equations for
the processes shown in the previous section, we compute the state
of the discs at each snapshot. To solve the partial differential equa-
tion of the surface density evolution, we used the backward Euler
method, an implicit numerical integration procedure (Heinbockel
2006). This method requires that we solve a tridiagonal matrix,
which we did using the Thomas algorithm (a special case of Gaus-
sian elimination). We used a front-end code in PYTHON to work with
the arrays, to set the properties of the simulations, and for visualiza-
tion. For the heavy calculations, such as the matrix definition and
solution, we developed a library in C. We connected the two types
of codes using CTYPES.

The surface density of the discs at each snapshot is the key vari-
able in the models: with it we can compute the central temperature
T., the pressure ratio 8, and the sound speed ¢, (equation 3). We
then obtain the thickness % of the discs and the viscous and tidal
interaction (equation 6), which in turn sets how fast the separa-
tion between the SMBHs shrinks (equation 7). Once we obtain the
updated values of these variables, we evolve the system by one
time-step, obtaining a new surface density distribution.

We used a linearly spaced grid for the temporal coordinate and
a logarithmic grid for the radial coordinate. We defined a numer-
ical resolution n, which translate into a radial step-size Ar/Ry =
r/Ro(1 — 10"") and a temporal step-size At/ty = 1/n*. We have run
simulations with different values of n, and chose n = 500, which
we have found to provide a good compromise between precision,
convergence and computing time for our study.

Since we cannot directly demonstrate that the logarithmic grid
fulfils the conditions to make the truncation error go to zero in

the Taylor series (Heinbockel 2006), for our fiducial case we also
ran a simulation with a linear radial grid, and found no significant
differences.

By definition, throughout the cavity, the surface density should
go to zero. This is not always the case in the simulations, due to
truncation errors that accumulate over time. To address this numer-
ical noise, we added two control conditions. First, if /Xy < 2., =
1072° in some radial cell, we set the surface density of that cell
to zero. We expect that, at a given snapshot, when a disc ‘ends’
(i.e. the surface density drops to zero at some point), it does not
increase again on the same side of the secondary BH orbit. Our
second condition is therefore to find the first cell where /X =
0 in each disc, and, for every cell from that point up to the binary
separation, we set their surface density to zero. We tested these two
control conditions to see if they change the behaviour of the discs
and found that, aside from the elimination of some artefacts in the
cavity itself, the final results are almost the same with and without
them.

3 SIMULATION RESULTS

In this section, we present the main results of our work, including
the surface density evolution, the migration time-scale, the residual
mass left in the inner disc, and the electromagnetic emission of the
system at different times.

3.1 Evolution of the disc surface density (g = 0.1)

In this subsection, we show the main results for the runs with the
fixed fiducial mass ratio ¢ = 0.1, but for different inflow rates
controlled by the parameter y. Fig. 2 shows the radial profiles of
different relevant quantities for some of these models. The left-hand
panels correspond to the case with y = 107#, while the right-hand
panels correspond to y = 1073, Lines of different colours show the
state of the system at different times, labelled by the corresponding
binary separation.

The top row of Fig. 2 shows the evolution of the surface density
2. The initial condition can be recognized by the sharp cut-off at
the cavity edges and the high surface density in the inner disc (set by
a constant accretion rate, Section 2.4). Once the binary separation
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Figure 2. Results for a SMBHB of mass ratio ¢ = 0.1 with y = 10~ (left, at: 13 Myr, 4.7 Myr, 830 Kyr, 440 yr and 0.7 yr before merger) and y = 107>
(right, at: 9.6 Myr, 2.5 Myr, 340 Kyr, 440 yr and 0.7 yr before merger). The black dashed vertical lines mark the position of the binary at a given separation and
the grey regions represent the analytical size of the cavity (0.5a to 2a). The top panel shows the surface density X, the middle panel the mid-plane temperature

T, and the bottom panel the surface brightness 27t>F. While the y = 10~

4 case approaches a steady-state solution without any pile-up, in the case with y =

107 the inner disc becomes depleted and then refills, while the circumbinary disc suffers a modest pile-up.

has shrank to a = 10* Rs, the slope of the surface density in the
inner boundary of the circumbinary disc has decreased, since the
migration time-scale of the binary is shorter than the inflow time-
scale of the material (fqo = /|v,|) at r > 4 x 10* R, so it cannot
refill the inner region of the circumbinary disc nor accumulate there.

At a = 103 Rs, the decrease in the migration velocity allows
the outer disc to recover its initial shape. This slow down in the
shrinkage velocity is likely produced by the change in the available
mass in the interacting region given by the Lindblad resonances
(proportional to the binary separation a; Tazzari & Lodato 2015).
On the other hand, the inner disc has not changed much, except that
its outer boundary is depleted by the effect of the tidal torque.

Around a = 10? R, we expect the so-called first decoupling to
happen: at this point, the inflow time-scale of the circumbinary disc
becomes longer than the binary migration time-scale due to GW
emission. The material of the outer disc will be no longer pushed
away by the tidal torque and will evolve only due to viscosity. In this
simulation, the inner disc still maintains the same surface density
than the previous snapshots, showing that, for this y, we find a
configuration approaching a steady state.

During the GW emission phase the secondary will migrate in-
wards faster than the viscous time of the inner disc, pushing the
gas inwards and squeezing it. The final curve shows the moment
when the binary separation is @ = 20 Rs, where a so-called second
decoupling should occur due to the thickening of the disc, which
invalidates the thin-disc assumptions (Fontecilla et al. 2017). The
figures shows that the gradient of the surface density in the inner
region of the circumbinary disc becomes shallower, as it is not af-
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fected by the tidal barrier. The inner disc, on the other hand, becomes
coupled with the secondary black hole at some point between the
snapshots, and is squeezed, increasing its surface density by more
than a factor of 2.

In our simulations with this value of y, we find that the slope
of the circumbinary disc never becomes steeper than the single-
BH case (a process commonly known as pile-up, e.g. Kocsis et al.
2012a). We attribute this to the fact that this y is large enough to
constantly make the removed mass a considerable fraction of the
available mass in the interaction region at the moment of extraction,
preventing a pile-up.

The right-hand panel in the same row shows a simulation with
the same mass ratio, but with y = 107>. The reduction in the
rate at which material crosses the cavity produces a significant
change in the discs: the inner disc becomes slightly depleted at
some point after @ = 10* R, and the circumbinary disc can pile up
gas, increasing its surface density and speeding up the migration.
The inner disc refills again before the binary reaches the separation
of a = 10? Rs, showing that the depletion and pile-up do not produce
alarge difference in the surface density distribution of the inner disc
at the end of the simulation, the residual mass (see Fig. 6) or the hot
part of the SED.

The differences between y = 107* and y = 107> can be un-
derstood by defining an inflow time-scale across the gap, fcross =
21’ Y [y Q*%. For y = 107*, we find that, in the interaction
region in the circumbinary disc, #..ss is smaller than the back-
ground inflow time-scale #j,, Of the material in the circumbinary
disc, and no pile-up can happen, whereas for y = 107>, #.ss be-

8102 18quisoa(] 0 U0 Jasn JI0A MaN 10 AlID ay) ul AlisiaAiun eiquinjo) Aq 958291 S/S8EY/1/Z28 /108 1Sqe-ajonie/seiull/woo dnoolwapese//:sdiy woll papeojumod



comes slightly longer than #g,,, suggesting that a pile-up must
occur.

The exact value of y for which our inflow model results in steady-
state accretion can be estimated by setting fiross = tis = 212/(3v).
Considering, for simplicity, an « prescription for the viscosity,

N\ Q

fora = 0.1, h/r = 1072, and r = 2a, we obtain y ~ 3 x 107>, We
obtain a similar value when we calculate this y directly from our
fiducial simulation. At r ~ 2a, f <« 1 and equation (10) explains
why the surface density profile presents no pile-up and looks similar
to a steady-state solution.

3.2 Evolution of the disc temperature and spectrum (g = 0.1)

The temperature and surface brightness for the same binary sep-
arations are shown in the second and third rows of Fig. 2. Their
behaviour is similar to the one of the surface density, as expected.
We note that in the outer parts of the circumbinary disc, the temper-
ature falls below 10* K, where our simple opacity implementation
due to electron scattering will not be sufficient to properly model
the hydrogen ionization instability that should occur.

Using the temperature profiles, we compute the electromagnetic
(EM) emission for the two cases in Fig. 2. The top panel of Fig. 3
shows the SED for y = 10~ at the same binary separations as in
Fig. 2. For comparison, a single-BH SED is shown in black. The
formation of a cavity due to the presence of the binary produces
a conspicuous feature — a downward depression, or ‘notch’, in the
spectrum (e.g. Giiltekin & Miller 2012). The (hotter) inner disc
dominates the SED to the right of the notch (i.e higher frequencies),
while the (colder) circumbinary disc dominates to the left. As the
system evolves, the outer disc can reach closer to the primary BH,
heating up and showing an enhancement at shorter wavelengths.
The notch in the SED caused by the cavity also moves to the right
while the inner disc almost preserves its shape, until a = 10* Rs,
where the squeezing starts and the EM emission peaks at higher
frequencies (Farris et al. 2015; Tang, Haiman & MacFadyen 2018).

The case with y = 107> is shown in the bottom panel of the same
figure. The behaviour for this simulation is similar, but the pile-
up of the material at the inner boundary of the circumbinary disc
produces an enhanced contribution (Lodato et al. 2009; Kocsis et al.
2012b). For this y, the dominance of the inner disc is not permanent:
the circumbinary disc surpasses its luminosity after a = 10° Rs.
However, the inner disc dominates again after the first decoupling.

The frequency at which the notch appears in the SED is also
different in the two cases, because removing material from the
circumbinary discs also changes the effective position of the cavity.
In the case with smaller y, this allows more material to be hotter
and closer to the secondary BH.

Summing over all frequencies, we obtain the bolometric luminos-
ity Lyol. The results for each of the ¢ = 0.1 simulations are shown
in Fig. 4, as a function of time before coalescence. The vertical
dashed line indicates the binary separation for the case with y =
10~*, while the horizontal line marks the Eddington luminosity for
this system.

Roughly half of the time in the binary evolution is spent going
from the initial separation at a = 10° Rg to a = 10* Rs. At the end
of the simulation, all systems become brighter compared to their
luminosity at @ ~ 10* Rs, due to the squeezing of the inner disc.
Since, as pointed out by Lodato et al. (2009), we include the tidal
heating in both discs, the inner region of the circumbinary disc can
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Figure 3. SED from the inner and outer discs, obtained assuming they are
optically thick and emit as a multitemperature black body. The top panel
shows the results for g = 0.1 and y = 10~*, while the bottom panel shows
y = 1073, The thick curves correspond to combined total SED, with the
black curve the case of a single BH with M = My for reference. The
thin dashed curves indicate the SED from the circumbinary disc alone.
Depending on the rate at which material crosses the secondary’s orbit, the
peak of the SED from each disc can dominate at different stages of the
binary evolution.
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Figure 4. Bolometric luminosity (Lyo) for the simulations with ¢ = 0.1
and each value of y as a function of time (running from right to left). The
vertical dashed lines mark different binary separations for the case with y =
10~*, and the horizontal dashed line shows the Eddington luminosity for
this system. For the cases when material crosses the cavity rapidly (y >
1073), there is relatively more gas near the primary close to the merger, and
the peak at the second decoupling (~1 yr prior to merger) is higher than
at the first decoupling (~100 d prior to merger). On the other hand, when
the secondary ‘dam’ is more efficient (y < 10*6), the circumbinary disc
pile-up, peaking at the time of the first decoupling, produces the brightest
luminosity during the system’s evolution.
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Figure 5. Residence time (f, = a/(da/dt)) spent by the binary at each
distance a from the primary, shown for each of the y values used in
this work. Top panel: ¢ = 0.1, middle panel: ¢ = 0.3 and bottom panel:
g = 0.01. The behaviour at a ~ 10° Rg is produced by the redistribution
of the material in the boundaries of the cavity from the sharp edges of
the initial condition. At the end, when a ~ 5 x 10% Rs, GW emission
starts to dominate the torques from the gas disc (the diagonal line shows
a pure GW residence time). The light diagonal line is the viscous time-
scale of the circumbinary disc, while the vertical thick dashed line marks
the separation where the local disc mass becomes equal to the secondary’s
mass.

dominate the bolometric emission showing a peak around the time
the first decoupling happens.

There are some important, visible differences between the mod-
els with different y: the simulation with y = 10™* shows a more
constant luminosity, since the material crosses the cavity suf-
ficiently rapidly to prevent a pile-up in the circumbinary disc.
For y = 1073, a pile-up is formed, but material still crosses
the cavity rapidly enough to make the emission at the squeez-
ing end phase (~1 yr prior to merger) brighter than the one at
the first decoupling. Finally, for y < 10° this does not happen,
and the system is brightest during the first decoupling, when the
pile-up is most pronounced (seen at ~100 d prior to merger in
Fig. 4).

The enhancement in the luminosity after its minimum is due to the
refilling of the inner disc and/or the pile-up of the circumbinary disc.
After the first decoupling, the luminosity decreases again, because
the outer disc is no longer influenced by the binary’s tidal torques
and heating. Reaching the end of the simulation, the secondary BH
squeezes the inner disc, increasing the overall luminosity of the
system, but, for y < 10°, there is a relatively small amount of gas
left near the primary to be heated, and the luminosity peaks around
the first decoupling.

MNRAS 482, 4383-4396 (2019)

3.3 Binary inspiral time-scales

We next compare the main results among the first 21 simulations to
show how the variation in g and y affects the time the binary spends
at each radius and how much material is left in the inner disc when
the first decoupling occurs.

Fig. 5 shows the residence time 7, = a/(da/df), as a function of
the binary separation a. The thin dashed black line, which every
simulation approaches at the end, displays the residence time as-
suming only GWs were present, while the thin dashed grey line
shows an analytical estimate of the viscous time in the inner regions
of the circumbinary disc, at the same binary separations. The thick
vertical dashed line, on the other hand, indicates the position where
the local mass of the disc, defined by equation (8), becomes smaller
than the secondary BH mass.

At the beginning of the simulations, the effect of the sharp ini-
tial condition is clear: the system needs time to create the right
cavity shape before it starts to evolve more smoothly. Following
this adjustment, we can distinguish three migration regimes. At
the right of the vertical dashed line, the binary should be follow-
ing a disc-dominated type II migration. When the local disc and
secondary masses become similar, the system should change to a
slower secondary-dominated type II migration (Haiman et al. 2009).
This is especially visible in the bottom panel, as a flattening of the
slope at this transition. Around the same binary separation, the vis-
cous time-scale of the circumbinary disc becomes smaller than the
residence time, allowing the material to pile up over time. After the
binary separation becomes smaller than a ~ 500 Rs, we see another
clear steepening in the slope of each curve, showing the beginning
of the GW emission regime.

The top panel shows the simulations with ¢ = 0.1 for every value
of y. Except for the case with y = 107*, all the other cases have
a similar behaviour. As we argued above, values higher than y =
1073 have accretion time-scales shorter that the inflow time-scale.

The bigger deviation happens during the secondary-driven evolu-
tion, where the contribution of the circumbinary disc becomes less
and less important due to the shrinkage of the interaction zone.

When the binary has more similar masses (¢ = 0.3, middle panel),
all simulations follow the same trend: more time is needed at the
beginning to reach a more physical surface density distribution from
the initial condition, while at the end the GW emission becomes
dominant faster. We acknowledge that this mass ratio is at the limit
of our capabilities with a 1D code, since considering the primary BH
to be fixed at the origin, or using the tidal torque implementation,
are no longer good approximations.

Finally, the bottom panel shows the case with a smaller secondary
BH (g = 0.01). For this mass ratio, we do not show results for y =
10~*, because in that case the material that is partially added to the
inner disc (and removed from the circumbinary disc) changes the
direction of the binary migration, increasing their separation instead
of shrinking it (see equation 7). We suspect this result is an artefact
of our initial condition and inflow implementation: the sharp initial
gradients cause an inflow much more rapid than expected from the
viscous time-scale. We dismiss this behaviour as numerical and not
physically relevant.

Table 2 summarizes the initial disc mass in the form of the mass
in the inner disc (Mjy) and as the local mass (M,)), along with the
separation when the latter becomes equal to the secondary mass. For
each mass ratio, we compared the slope of the residence time ob-
tained here to the analytical estimations from Haiman et al. (2009).
We found that, except for ¢ = 0.01, our slopes are flatter than the
one expected for disc-dominated migration. The results suggest that
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Table 2. Disc properties related with the type of migration. From left to
right, the initial disc mass of the inner disc, the initial local mass around the
secondary, and the binary separation when the local mass becomes equal to
the secondary mass.

q Minl(Ms) Mloc(Ms) a(RS)
0.1 3.38 8.09 225 x 10*
0.3 1.13 3.87 3.81 x 10*
0.01 33.82 37.30 7.40 x 10°
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Figure 6. Properties of the first 21 simulations. Top panel: Residual mass in
the inner disc around the first decoupling, when the binary separation is a =
102 Rs. Bottom panel: Time elapsed between a starting binary separation
of a = 10* Rg until it reaches a = 102 Rg. Both panels are as a function
of the mass ratio ¢ and the different values of y. While the residual mass
changes considerably between simulations, the migration times are similar
for each case. Given a fixed mass ratio, as we reduce y, each property tends
to converge to a value for the case when there is no inflow.

the condition for this type of migration is that the disc mass needs
be higher than the secondary mass by at least an order of magnitude.

We define a ‘residual mass’ as the mass in the inner disc at the
time when the binary separation reaches a = 100Rs, which is when
we expect the first decoupling and the inflow through the cavity
stops (or at least slows down). This is similar to the ‘fossil disc
mass’ defined by Chang et al. (2010) and Tazzari & Lodato (2015).

The top panel of Fig. 6 presents the residual masses. For each
g, we find that for smaller y, less material is left in the inner disc,
as naively expected. However, the difference between the cases is
further affected by the position of the gas added in the inner disc
(Artymowicz & Lubow 1994) and how much gas is deposited into it
(Farris et al. 2014). Also, removing material from the circumbinary
disc changes the surface density distribution itself, affecting the
available gas in the vicinity of the secondary. This in turn can
change the migration velocity and the inflow rate across the cavity.
Overall, we find that the dependence of the residual mass on y
is much weaker than linear. Furthermore, when we shut down the
inflow through the cavity entirely (y = 0), a fraction of the initial
mass of the inner disc still survives, as already found in models that
did not allow the gas to flow across the gap (Armitage & Natarajan
2002; Chang et al. 2010; Tazzari & Lodato 2015).

The bottom panel of the same figure shows the time it takes for
each system to go from a = 10* Rs to a = 10? Rs. We selected a =
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10* R as a starting separation for this analysis because at this point
the shape of the initial condition should long ago have disappeared,
making it easier to compare with previous works. The total time
that the system needs to reach the final separation does not change
much either with the mass ratio ¢ or with the mass influx rate y —
for all our simulations it is close to 3 x 10° yr, which happens to be
very similar to the values found in Tang et al. (2017), and also of the
same order as the viscous time-scale. It is reassuring that our simple
torque implementation does not give merger time-scales that are
wildly different from those found in hydrodynamical simulations,
despite the different nature of the torques.

For a given mass ratio, the similarity between the cases with y <
107> can be understood as the result of a self-regulation: if material
crosses the gap more rapidly, the surface density in the inner disc
increases, which adds angular momentum to the binary, and slows
down the migration. On the other hand, a higher surface density
implies a higher viscosity, which increases the accretion on to the
primary BH and reduces the total mass in the inner disc. Finally, in
the circumbinary disc, removing material more rapidly produces an
enhanced density gradient, which causes the region to re-fill more
rapidly, and increases its tidal effects.

For a given y, increasing ¢ increases the time needed to reach a =
107 Rs. This could be produced by a series of factors: the role of the
tidal torque, which becomes stronger for higher mass ratio (but the
smoothing becomes relevant, see Tazzari & Lodato 2015), the mass
of the secondary in the back-reaction term in equation (7), or the
position of the circumbinary disc inner edge. After considering the
first two factors, by examining the tidal term in equation (7), we see
that the velocity of the secondary increases as ¢ increases, which is
the opposite of the trend we found in our simulations. We conclude
that the reason for this slow-down comes from the position of the
inner boundary of the circumbinary disc: while for g = 0.01, regee =
1.2a,for g=0.1, reqge = 1.7a, and for g = 0.3, reqee = 2.5a. Adopting
for simplicity, the surface density profile for a steady-state disc with
¥ o 35 (Kocsis et al. 2012a), and using equation (7) without
the GW contribution, we find that the ratio between the migration
velocities are dg.o1/do = 5.32 and ag,/ap3 = 3.84, which could
explain the slower gas-driven inspiral we found for larger g.

As explained above, y = 10~* produces an inflow rate similar
to a steady-state accretion without the secondary when ¢ = 0.1. In
this case, the material added to the inner disc doubles the time the
binary needs to coalesce, compared with the lower y cases. For ¢ =
0.3 this y makes a smaller difference, while for ¢ = 0.01 it prevents
the binary to merge at all, by driving it outwards.

We stop our simulations when the binary separation becomes a =
20 Rg because around this point we expect the second decoupling to
occur. The inner disc should subsequently become thick, with the
secondary ploughing through it. For a more detailed discussion of
this last stage of binary evolution, see Fontecilla et al. (2017).

3.4 Is the system in steady state?

We next address the question of whether the system follows a series
of steady state solutions, as often assumed in previous studies (e.g.
Liu & Shapiro 2010; Kocsis et al. 2012b; Rafikov 2016). In the
top panel of Fig. 7, we show the accretion rate through the disc at
the last snapshot of our simulations, for every mass ratio g with
y = 107°. The thick horizontal dashed line indicates the external
accretion rate Mo = 1 Mg yr~'. A higher or lower value indicates
that a pile-up or a depletion is occurring in that annulus of the disc.
Because this snapshot is right before the merger, if the steady-state
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Figure 7. Accretion rate (top) and scale height (bottom) of the discs as a
function of radius at the binary separation of @ = 20 Rs. Results are shown
for y = 107 and for three different mass ratios ¢ as labelled. Dashed curves
show the three preceding snapshots at 10, 103, and 10*Rg of the simulation
with ¢ = 0.1. The radial dependence of the accretion rate is produced by
the binary’s history of migration and shows that the disc has not established
steady state, even when the binary is close to merger. The scale height in the
bottom panel demonstrates that the inner disc becomes thick at this close
binary separation, as discussed in Fontecilla et al. (2017).

assumption were fully correct, the system should have had enough
time to smooth out those variations and establish a constant M in-
dependent of radius. The coloured dashed curves show the three
preceding snapshots at 10?, 103, and 10* Rg of the simulation with
g = 0.1. As the figure shows, the system is always far away from
a steady-state configuration. At the external boundary, we have im-
posed a constant accretion rate as a boundary condition. Going
inwards, the accretion rate profile can be understood as follows. For
r 2 10° Rs, the enhancement in the accretion rate is mostly produced
by the viscous torques while the simulation adjusts the boundaries
of the accretion discs after the sharp initial condition. In the range
10*Rs < r < 107 Rs, this accumulation disappears. The migration
velocity of the binary was fast enough to make the material unable
to pile up at the inner boundary. Also, the viscous time of the gas
added as the external boundary condition is longer than the merger
time of the system, so this gas does not reach the inner region of the
circumbinary disc during our simulation. In the range of 10> Rg <
r < 10* R, a steady increment in the accretion rate is produced by
the slow-down of the binary in the cases with ¢ > 0.1, while in the
case with ¢ = 0.01 this barely happens. In this range, the tidal wall
formed near the inner edge of the circumbinary disc stays longer
at each radius, increasing the surface density and the accretion rate
outside the range of the tidal torque.> When r ~ 80 Rs for ¢ = 0.1

2To see this, consider a disc at two different times 7, > 71, where X > Xy
We assume the discs have a radial dependence of the form ¥, o rd , where
dr <d; <0anddy, =dy — |Ad| (Ad < 1). Since M & —r Zv, and v, oc —
=112 ) ar, if we use the equations outlined in Section 2.1,
considering a gas pressure dominated region without tidal dissipation (i.e.
outside r 5, see Rafikov 2016), then v o« %3 rand M o r1/23(23313/2) /9r.
With these simplifications, the ratio between the accretion rates becomes

y 5/3
My, _ &>/ A0 (11
Mtl PR 10d; +9 /) °
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and at r ~ 220Rs for ¢ = 0.3, the accretion rate peaks and then
falls to zero, showing the decoupling between the binary and the
circumbinary disc, since viscosity moves the gas slower than the bi-
nary migrates. In the case with ¢ = 0.01, the circumbinary disc has
not fully decoupled yet, and its inner boundary reaches a distance of
less than 2R;, from the binary orbit. This is the closest the disc gets
to the secondary in our simulations, in difference from the ‘over-
flow’ scenario described in Kocsis et al. (2012b, see the discussion
below). Near the outer boundary of the inner disc, the seconday’s
torques have squeezed the material inwards and enhanced the ac-
cretion rate and the thickness of the inner disc. The bottom panel
of the same figure shows the scale height: while it is below unity,
the tidal effect can push the material outside the binary orbit; but
when it becomes of order unity, the thin disc approximation breaks
down.

3.5 Sensitivity to model parameters

In order to assess the sensitivity of our results to the model param-
eters, we ran several additional simulations with a fixed mass ratio
g =0.1and y = 107, but changing one or more parameters of our
system, as listed in Table 1. Fig. 8 shows the surface density profile
in each case, at a binary separation a = 20 Rs.

Increasing the strength of viscosity (controlled by «, top panel)
decreases the initial surface density and enhances the material’s
inflow speed, which in turn reduces the time the binary needs to
merge and produces a less depleted circumbinary disc. On the other
hand, increasing the initial and external accretion rates (second
panel) increases the initial surface density and reduces the time
the binary needs to merge. Still, the overall shape of the surface
density, both in the inner disc and in the circumbinary disc, are
overall similar.

When we increase the primary black hole mass (third panel), the
initial surface density, the external accretion rate, and the amount of
material that crosses the cavity all increase. Since the Schwarzschild
radius also depends on the primary mass, and our initial separa-
tion is a fixed amount of Rg, the overall effect is a longer time to
merger.

Finally, in the simulation without the inner disc, but allowing
the inflow through the cavity (y = 107%, bottom panel), the final
surface density is identical to our fiducial case, but it takes less time
to merge. If we remove both discs and allow the external accretion
rate to fill the system, it takes 10 times longer than in the fiducial
case to reach a = 20 Rs. At this moment, the surface density is
still around two to three times smaller than in the fiducial case,
reinforcing our conclusion that the system never reaches a true
steady state in its evolution.

Fig. 9 shows the ratio between the residence time of each test
simulation and our fiducial case. Having no initial discs, reducing
o or M, have similar consequences in this ratio, increasing the
residence time by a factor of around 4, up to the point where GW
dominates. Similarly, increasing o or M reduces the residence time
by almost an order of magnitude. The simulation with only the
circumbinary disc at the beginning becomes indistinguishable from
the fiducial case for @ < 10* Rs. Finally, changing M, results in an
overall scaling of the residence time that can be seen at the end of
the simulation.

which for d; < —0.9 is always greater than unity, proving our assertion.
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Figure 8. Different tests to see how the surface density at the last snapshot
(a = 20Rg) changes with system parameters. The top panel shows simu-
lations with different « viscosity parameters (runs 22 and 23; see Table 1
for more details). The second panel shows the results when we change the
initial (and boundary) accretion rate (runs 24 and 25). In the third panel, we
change the mass of the primary black hole (runs 26-28), while in the bottom
panel, we remove one or both discs from the initial condition (runs 29 and
30).

4 COMPARISON WITH PREVIOUS WORKS

In this section, we contrast our results with previous studies of the
long-term evolution of SMBHB systems. First, we compare our
work with analytical estimates that assumed steady state, and then
with other numerical simulations where different conditions were
implemented.

4.1 Previous analytical works

The first and most relevant work to compare our results with is
Kocsis et al. (2012b, hereafter K12), where the disc properties are
obtained analytically, using a similar set of equations, except as-
suming that the accretion discs go through a series of steady-state
solutions as the binary evolve. Since in our simulations we dropped
the steady-state approximation and let the binary separation shrink
over time by both the influence of the discs and GWs, this compar-
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Figure 9. Same simulations as in Fig. 8, but here we show the ratio between
the binary’s residence time in each case to the fiducial run. As expected,
changing the primary mass changes the GW time-scale, and it dominates
from a = 102 Rg inwards.

ison can give us insight into whether the steady-state assumption is
justified.

As we saw in Fig. 5, in the range between 10> Rs < a < 10* R
the inflow time-scale of the circumbinary disc is shorter than the bi-
nary’s residence time. While this is a necessary condition for steady
state, it is not sufficient, as we already discussed in Section 3.4
above (see Fig. 7 in particular).

There are two other important differences between K12’s model
and the present study. First, K12 did not include the GW contri-
bution in their calculations, since when the GWs dominate, the
steady-state assumption is clearly invalidated. Secondly, K12 treats
the gas inflow at the secondary differently. In particular, they assume
that the gas near the secondary flows inwards at the constant accre-
tion rate M.y, and demand that the inward radial velocity of the
gas at the inner edge of the circumbinary disc (at r & 2a) is &~ twice
the migration speed of the secondary. This envisions a steady-state
configuration, in which the gas just outside the secondary’s orbit fol-
lows the inward-migrating secondary, preserving the approximately
2:1 ratio of the size of the gap and the binary separation. Depending
on the values of the system parameters, solutions with this prescrip-
tion are found with or without an inner disc. In summary, K12’s
prescription has no free parameters and describes a steady state, in
difference from ours, in which we move mass inwards across the
gap at a rate parametrized by the new parameter y, and require no
steady state. Since K12 excludes GWs, we can only compare our
results with their snapshots at the relatively large binary separation
of a = 500 Rs. To make a direct comparison, we ran four new sim-
ulations with the parameters in K12, Mey/Mggq = 0.1, ¢ = {0.1,
0.01} and y = {1073, 0} while the rest of the parameters are the
same as our fiducial case. As our test with 0.1M; demonstrated,
when we vary the accretion rate through the disc, the final shape of
the surface density is similar, and the only difference is in its overall
scaling. At a = 500 Rs, K12 found a solution with a completely
depleted inner disc (see their fig. 2), and a strong pile-up in the
outer disc. The increase in the circumbinary disc surface density is
a factor of 3 over the initial condition for ¢ = 0.1 and 2.1 for g =
0.01, with no material inside the secondary orbit.
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These results most closely corresponds to our case without any
inflow across the gap (y = 0), for which we found a more modest
surface density enhancement of a factor of 1.5 for ¢ = 0.1, and
no enhancement at all for ¢ = 0.01. While in the former case we
also obtain a gap that extends all the way down to the innermost
stable circular orbit (ISCO), in the latter we found an inner disc,
albeit with a very low surface density (250 times smaller than the
initial condition). Finally, the thickness of the circumbinary disc in
our case is three times smaller than in their results, while our g
parameter is more than five times higher. At this separation K12
found, for ¢ = 0.01, a binary radial velocity da/dr ~ 200 cm st
and a disc velocity (measured at r = 2a) two times faster. Instead,
in our simulation with the same mass ratio and y = 0, our binary
radial velocity is da/dt ~ 60 cms™! and the disc velocity is four
times faster. Those values are consistent with our surface density
being half theirs. Since we run a numerical simulation from farther
away and let the system reach this point solving the equations self-
consistently, we consider our results to be a more precise estimation
of the disc properties at this binary separation.

We note further that a better definition for a ‘pile-up’ is not the
overall increase in the surface density, but rather the change in the
slope of the discs at different times. The surface density of our
discs are generally smaller than K12’s because our system never
reaches a steady-state configuration. If we were to fix the binary
separation and let the discs evolve, the disc masses would increase.
To illustrate this, we re-normalized our model output to match their
surface density at » = 5 x 10° Rs and found a slope very similar to
K12’s at a = 500 Rs.

To further test K12 set-up, we run a simulation with y = 107>,
Our result resembles the case on the left panels in our Fig. 2, where
no pile-up is found and an inner disc is maintained over all the
simulation. An smaller y could reproduce the circumbinary disc
pile-up, with a depletion and subsequent refill of the inner disc,
depending on the binary separation.

The fact that K12’s surface density is enhanced by a factor of
2 in comparison with their initial condition (and our model), also
partly explains why their residence time is (& four times) shorter
than ours.

To explore the residence times further, we next focus on the results
of Haiman et al. (2009, hereafter H09). Unlike K12 or the present
work, HO9 did not incorporate the binary torques directly into the
disc structure equations or the resulting migration rate. Instead, they
used the density and viscosity profiles of the usual Shakura—Sunyaev
discs, modified by the presence of the secondary as detailed in prior
semi-analytic studies (Syer & Clarke 1995; Ivanov, Papaloizou &
Polnarev 1999). They assumed that the secondary’s migration is
tied directly to the viscous time in the modified disc, and presented
a dedicated analytical study of the resulting residence times.

To make a meaningful comparison, we run a new simulation with
aparameter combination included in H09,i.e. « = 0.3, My / Mpgq =
0.1, M = 10" Mg, and ¢ = 0.01. The main difference is that we
solve the system self-consistently, allowing the disc structure to be
modified in a different way, depending on the migration rate of the
secondary.

The residence time we obtained is similar to HO9 at both ends, i.e.
when the GWs dominate (a < 50 Rs) and when the binary separation
is bigger than a > 2 x 10* Rs, where the type II migration should
be controlled by the circumbinary disc (with disc mass exceeding
the secondary’s mass). In-between these separations, our residence
times deviate from H09’s results for an unsteady 8 disc (based on
Ivanov et al. 1999) with the largest difference at 400 Rs, when ours
is two times slower. Then, at a ~ 200 Rs, our solution becomes
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Table 3. Residence times in our simulations compared to corresponding
semi-analytic results from K12 and Haiman et al. (2009) with similar pa-
rameters (¢ = 0.01 and y = 0).

a =400Rs a=10*Rg
Kocsis et al. 1.5 x 107 yr 3.6 x 100 yr
Run 36 7 % 10 yr 4.6 x 10 yr
Haiman et al. 2 x 10° yr 1.5 x 10% yr
Run 38 4 10° yr 2.1 x 10% yr

dominated by GW, decreasing until both results become similar
again at a = 50 Rs.

One explanation for this difference could be that in our work we
made the direct calculation of the tidal torque, both from the inner
and the circumbinary disc, whereas the inner disc is neglected in
HO09. The presence of an inner disc will add angular momentum
to the binary and will slow down the migration. Moreover, as the
binary shrinks, the interaction region defined by the Lindblad res-
onances also shrinks. This effect is stronger for the circumbinary
disc, making the contribution of the inner disc more significant at
later times. The difference can also be partially produced by the tidal
torque used. In their fiducial model, HO9 follows the self-similar
disc evolution in Syer & Clarke (1995), which uses a tidal torque:

4

A= nggaz(ﬂ) = A~ (2-8) x 10%A, (12)
A af

in the region of tidal interaction. Therefore, the tidal effect is

stronger in their work.

In summary, Table 3 shows our residence times for the sim-
ulations mimicking K12 and HO09, along with their results for a
separation of a = 400 Rs and a = 10* Rg. We see that, while for
a = 10* Ry the analytical and numerical results are similar, at closer
separations the absence of an enhancement in the circumbinary disc
surface density and the presence of an inner disc made our residence
times longer.

Finally, we compare our results with the work of Rafikov (2016),
which presented analytical estimates of the circumbinary disc struc-
ture, assuming steady-state evolution. Note that Rafikov (2016) did
not include the binary torque directly in the evolutionary equations.
The torques were instead added as an additional flux of angular
momentum, injected at » = 0. The solutions should nevertheless be
accurate far outside the binary-disc interaction region, but only if
steady state is established. Following Tang et al. (2017), we took
Rafikov’s equations (3), (11) and (20), and write

qM,, da _ 4 B
2(1 4 q)far dt |, Jr

Here, M(r}) is a constant accretion rate at a radius r;, >> a far away
from the secondary, and da/dt|. is the circumbinary disc contribution
to the binary migration. Fig. 10 shows the best fit for A and B in
each snapshot, at different binary separations, for our simulations
with y = 107, The bottom panel shows our numerical results for
y = 0, compared to the same analytic fits as in the top panel.

In the top panel, the analytic profiles follow our results closely,
in each case, beyond two to three times secondary’s orbit. In the
bottom panel, the case with no inflow through the cavity shows a
clear pile-up over time, causing much stronger deviations extend-
ing to much larger radii. As discussed above, y = 10~ is the value
at which our mass flow rate across the cavity matches the value
expected for steady state accretion, while y = 0 turns off this cross-
cavity flow. Since the inflow time-scale is shorter than the migration

3y = M(ry) — (13)
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Figure 10. The radial dependence of the accretion rate in our simulations,
compared to the semi-analytic results of Rafikov (2016) that are expected
to be valid far away from the binary. The solid curves show the simulation
results for three different binary separations, as labelled, while the dashed
curves show analytic fits to the results of Rafikov (2016) from equation (13)
for y = 10~*. In the top panel, the analytic profiles follow our results with
¥ = 10~* closely beyond two to three times secondary’s orbit. In the bottom
panel, the case with no inflow through the cavity (y = 0.0) shows a clear
pile up over time, causing much stronger deviations at small radii.

time, material piles up in the inner region of the circumbinary disc.
Furthermore, in this case, the profiles deviate from the analytic
expectations much farther out. Rather than always remaining ap-
proximately correct out to two to three times the current binary
separation, the analytic solutions are now accurate only beyond a
few x 10*RRs, even at late times and much smaller binary separa-
tions. Because the system falls increasingly out of steady state, this
critical radius (beyond which the analytic solution is valid) now re-
mains tied to the initial conditions, rather than to the current binary
separation.

4.2 Previous numerical simulations

In Lodato et al. (2009), the authors study a similar set-up as our
own, with the difference that their initial condition for the accretion
discs has a fixed total mass and they do not have any inflow of
material from the outer boundary.

To compare our results to their work and to see how our initial
and boundary conditions change the time to merger, we ran a new
simulation with their parameters (no. 39 in Table 1). The cut-off
from Tazzari & Lodato (2015), also implemented here, prevents
the material outside the interaction region to directly influence the
migration of the binary. To compute the mass of the interacting disc,
we integrate from ISCO out to a radius where the tidal contribution
to the total radial velocity of the gas is less than one per cent.

Lodato et al. (2009) considered an initial binary separation ay =
0.01 pc ~ 10® Rs and concluded that, for an initial disc with half
the mass of the secondary, the merger happens after 4.8 Myr. Our
interacting disc mass at the same binary separation is around 0.4/,
and in our simulation the system needs 5.8 Myr to merge, very
close to their results. At the moment of the first decoupling, Lodato
et al. (2009) found that an inner disc survives even for the case
with an initial disc mass 10 times smaller than the secondary. In our
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simulation, the inner disc is completely accreted, which we suspect
it due to the different initial condition used (since y = 0).

Finally, we compare our residual mass after the first decoupling
with that obtained by Tazzari & Lodato (2015). Compared with our
simulation without inflow, their result is half the one we obtained,
and even smaller for the cases where y # 0.> The main differences
between our works are (i) we have an inflow of material from the
circumbinary disc, controlled by y and (ii) our external accretion
rate is 10 times higher than theirs. In the simulation with no inflow,
the external accretion rate has no effect in the inner disc since
material cannot cross the cavity. If we compare our inner disc mass
at a = 10* Ry (their initial condition), ours is three times larger,
which could explain the final difference.

In summary, we emphasize that the key novel factor in our work is
the implementation of the inflow through the cavity. This ingredient
changes the final state of the binary at the first decoupling, as we can
see from the previous comparisons. While we do not know exactly
which value of y is the ‘right’ one, or if it changes over time, our
results show how important this inflow rate is for setting the residual
mass, while we find that it does not greatly influence the residence
time of the binary.

5 SUMMARY AND CONCLUSIONS

In this work, we developed 1D models to study the long-term, cou-
pled evolution of a SMBH binary + gas disc system, solving the
equations for the evolution of the surface density and temperature,
and the secondary BH’s migration in a self-consistent way. The
non-axisymmetric distortions in the background discs, the resulting
torques, and the rate at which gas can cross the gap created by the
secondary, cannot be computed within our model. We instead incor-
porate these effects by prescriptions motivated by 2D simulations.
In particular, the torques are implemented via a fitting formula cal-
ibrated to simulations (Armitage & Natarajan 2002). We further
introduced the parameter y, which specifies that in the absence of
viscosity, the material from the circumbinary disc would be trans-
ported to the inner disc in ~y ~! binary orbits, due to the secondary
BH’s gravitational torques and shocks. We implemented and tested
different values of this parameter. While a 1D simulation is unable
to capture the full range of physical processes at hand, it remains
the only practical way to study the coupled long-term evolution of
such systems.

The main results of our study are the residual mass in the inner
disc near the end of the merger (when the binary separation is a =
10% Ry), the time for the BHs to merge, or, in practice, to reach the
GW-driven regime (starting from a = 10* Rg), as well as the time-
evolving deviations in the spectrum and luminosity produced by
the tidal heating. All of these quantities are functions of the system
parameters, including g and y.

The residual mass is very sensitive to system parameters and
ranges between 1072 and 10> M, with a variation by two orders
of magnitude at a given mass ratio. In particular, if gas can cross
the gap efficiently (large y), the large amount of residual gas is a
promising source of fuel for a possible EM counterpart to LISA
events, as proposed in earlier work (Chang et al. 2010; Tazzari &
Lodato 2015). By comparison, we find the merger time to be much
more robust: the total time for the secondary to migrate from a =

3Chang et al. (2010) had found a much smaller residual mass, due to the
overestimate of the classical formula for the tidal torque (see equations 4
and 5, and Tazzari & Lodato 2015).
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10* Rs to a = 10% Ry is always within a factor of < 3 of 2 x 10°
yr. These values are reassuringly similar to those found by directly
measuring the total torque in 2D simulations (Tang et al. 2017),
and also of the same order as the viscous time-scale. They reinforce
the conclusion that a circumbinary disc, fuelled at near-Eddington
rates, can drive the binary to coalesce well within a Hubble
time.

As expected, when we decrease y the pile-up in the circumbi-
nary disc becomes more pronounced and the inner disc depletes.
This can be seen in the SED: the hot region of the circumbinary
disc is enhanced while the inner disc diminishes. The time before
merger when Bolometric Luminosity peaks also depends on the
amount of material that crosses the cavity. We find that for y >
107 this happens at the ‘second decoupling’, while for smaller val-
ues, the tidal heat of the circumbinary disc at the ‘first decoupling’
dominates.

We also found that in general, the binary4-disc system never
reaches a genuine steady state. This is most clearly seen in our anal-
ysis of the accretion rate profile (Section 3.4), where the accretion
rate remains a function of radius. The entire evolutionary history of
the system generally depends on the initial and outer boundary con-
ditions. When we assume the gas crosses the gap inefficiently (e.g.
in our runs with y < 107> and ¢ = 0.1), we find that the inner disc
is depleted and then re-filled (see Fig. 2), while the bolometric lu-
minosity increases and decreases by an order of magnitude (Fig. 4).
When we assume the gas can cross the gap more efficiently (i.e.
for higher values of y), this depletion does not occur. In the case
with y = 107#, an approximately constant surface density develops
over time, with the magnitude and the slope of the surface density
profiles similar between snapshots, but the accretion rate profiles
still show that a steady state is not established (Section 3.4). This
non-steady-state behaviour implies that the gas distribution near the
time of the merger and close to the BHs depends on the bound-
ary conditions at large radii and at early times. This issue must
be studied further in 2D and 3D simulations, and eventually incor-
porated into the initial conditions of more sophisticated (e.g. 3D
GRMHD simulations), designed to follow the last stages of the
merger.
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