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Abstract
WediscusshowtoapplytheHessianmethod(i)topredicttheimpactofanewdataset(orsets)

onthepartondistributionfunctions(PDFs)andtheirerrors,byproducinganupdatedbest-fit

PDFanderrorPDFsets,suchastheCTEQ-TEAPDFs;(ii)topredictdirectlytheeffectofanew

datasetonthePDFerrorsofanyothersetofobservables,withouttheneedtorecalculateusing

thenewerrorPDFs;and(iii)totransformtheoriginalsetintoareducedsetoferrorPDFswhich

isoptimizedforaspecificsetofobservablestoreproducethePDF-induceduncertaintiestoany

specifiedprecision. Wepresentasoftwarepackage,ePump(errorPDFUpdatingMethodPackage),

thatcanbeusedtoupdateoroptimizeasetofPDFs,includingthebest-fitPDFsetandHessian

eigenvectorpairsofPDFsets(i.e.,errorPDFs),andtoupdateanyothersetofobservables. We

demonstratethepotentialoftheprogrambypresentingselectedphenomenologicalapplications

relevanttotheLargeHadronCollider.Specialcareisgiventodiscusstheassumptionsmadeand

thelimitationsofthistheoreticalframeworkcomparedtoatreatmentbythefullglobal-analysis

program.
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I. INTRODUCTION

Predictionsforhigh-energycrosssectionsattheLargeHadronCollider(LHC)andother

collidersrequiretheuseofPartonDistributionFunctions(PDFs),whichsupplythelong-

distancehadroniccontribution. ThePDFscannotbecalculatedfromfirstprinciplesto

sufficientaccuracy;thereforetheyaregenerallyextractedfromaglobalanalysisofhigh-

energyscatteringdata,includingbothdatafromDeepInelasticScattering(DIS)atlepton-

hadroncollidersanddatafromhadron-hadroncolliders[1–6].Inadditiontoabest-fitset

ofPDFs,modernPDFglobal-analysisgroupsalsoprovideanumberofadditionalsetsthat

canbeusedtoestimatetheuncertaintyinthepredictionsduetotheuncertaintiesinthe

PDFsthemselves.

Thetwomostcommonly-usedmethodsforobtainingthePDFuncertaintiesaretheMonte

Carlomethod[7,8]andtheHessianmethod[9].IntheMonteCarlomethod,astatistical

ensembleofPDFsetsisprovided,whichisassumedtoapproximatetheprobabilitydistri-

butionofpossiblePDFs,asconstrainedfromtheglobalanalysisofthedata.Theadvantage

ofthismethodisthatitcan,inprinciple,reproducetheprobabilitydistributionwithout

approximations. Adisadvantageisthatitmayrequireasizablenumberofsets(around

1000)intheensembletogetanaccurateestimateoftheuncertainty.IntheHessianmethod

asmallernumberof“errorsets”(about50)isusedtoobtainanestimateoftheerror.These

errorsetscorrespondtotheplusandminuseigenvectordirectionsinthespaceofPDFpa-

rameters,whichareusedtoapproximatetheχ2-functionnearitsglobalminimum. The

Hessianmethodreliesonaquadraticapproximationfortheparameterdependenceofthe

χ2minimizationfunctionandalinearapproximationfortheparameterdependenceofthe

observableinquestion.InpracticetheHessianmethodworksquitewellformostobservables.

AnunderstandingofuncertaintiesduetoPDFsiscrucialtoprecisionstudiesofthe

standardmodel,aswellastosearchesfornewphysicsbeyondthestandardmodel.Inturn,

newmeasurementsofstandardmodelprocessescanbeusedtoconstraintheuncertainties

onthePDFs.Themostcompletemethodforobtainingconstraintsfromthenewdataon

thePDFswouldbetoaddthenewdataintotheglobal-analysispackageandtodoafull

re-analysisonthePDFs. However,thisisimpracticalformostusersofPDFsforseveral

reasons.First,itrequiresthecompleteknowledgeofboththeexperimentalmeasurements

andthetheoreticalpredictionsasafunctionofthePDFs,forallofthedatasetsinthe

globalanalysis.Second,giventhecomplexityofthetheoreticalpredictionsatNext-to-Next-

to-LeadingOrder(NNLO)andthefactthattheobservablesmustbecalculatednumerous

timesinordertoprobetheterrainoftheχ2-function,theminimizationanderroranalysis

ofthePDFsisverycomputationallyintensive.

ForthesereasonsatechniqueforestimatingtheimpactofnewdataonthePDFs,without

performingafullglobalanalysis,isextremelyuseful.Inthecontextofthe MonteCarlo

PDFs,thePDFreweightingmethodhasbecomecommonplace. Thisinvolvesapplyinga

weightfactor,whichisdependentonthenewdataandthetheorypredictions,toeachofthe
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PDFsintheensemble[7,10,11]whenperformingensembleaverages.Becausetheweight

factorforsomeofofthePDFsintheensemblemaybesmall,theeffectivenumberofPDFs

intheensembleisreduced.Therefore,thenumberofinitialPDFsintheensemblemustbe

increasedtogetsufficientstatisticsinthereweightedaverages. TheCT14MCPDFsetis

suchanexample,inwhichalargenumberofMonteCarloreplicashavebeengeneratedfrom

theHessianPDFsinordertousethisreweightingprocedure[12]

ItisalsopossibletoestimatetheimpactofnewdatadirectlyusingHessianPDFs,ashas

beenshownbyPaukkunenandZurita[13],whoexpandedonideaspresentedinRef.[14].A

versionofthismethodhasalsobeenincludedinthexFitterpackage[15],whereitiscalled

Hessianprofiling. TheadvantageofthisHessianupdatingmethodoverthe MonteCarlo

reweightingmethodisthatitdirectlyworkswiththe(smallsetof)HessianPDFsanditis

asimplerandmuchfasterwaytoestimatetheeffectsofthenewdata.Thismethoddirectly

calculatestheminimumoftheχ2functionwithintheHessianapproximation,andwasshown

byPaukkunenandZuritatobeequivalenttotheMonteCarloreweightingmethod,ifthe

Giele-Kellerweights[7](appropriatelyscaledtoincludethetolerancecriterion)areused

inthatmethod.Inthispaper,weextendthemethodproposedinRef.[13]anddevelopa

softwarepackagecalledePump(errorPDFUpdatingMethodPackage)tobeusedtoupdated

anyHessianPDFsetsobtainedfromanearlierglobalanalysis. WewillusetheCTEQ-TEA

(CT)PDFsasanexample. Namely,weshalldemonstratehowtouseePumptoupdate

CT14PDFswhennewexperimentaldataareincludedintheglobalfit. Weemphasize,

however,thatePumpmaybeusedtoupdateanyPDFsetcontainingHessianerrorPDFsin

LHAPDFformat[16],suchasthosesuppliedbyCT,MMHT,andothers,anditisflexible

enoughtoaccommodatedifferentnon-globaltolerancecriterions.

Anotherusefulandrelated,butdistinctoperationontheHessianerrorPDFsetsisto

obtainareducedsetoferrorPDFsoptimizedforaparticularexperimentalanalysis.In

adetailedexperimentalanalysis,itisquitecommontoinvestigateuncertaintiesonthe

kinematicacceptanceandthesystematicerrorsinducedbytheuncertaintiesinPDFs.The

largenumberof MonteCarloPDFs,andeventhesmallernumberofHessianPDFscan

makethistypeofanalysisverydifficultduetothelargecomputationaltimeneededforthe

theoreticalcalculationtosimulatetheexperimentaldatawithdifferentcutsandbins.For

thispurposeasmallerreducedsetofHessianerrorPDFsthatcoverthemajorityofthe

PDFdependenceoftherelevantobservablesisnecessarytomakethisdetailedexperimental

analysispossible.InRefs.[17–19]severalmethodsweredevelopedtoobtainareducedset

ofHessianPDFsfromaMonteCarloorHessianPDFset.Inthispaper,weadoptavery

differentmethodwhichisbasedonideassimilartothatusedinthedatasetdiagonalization

methoddevelopedbyPumplin[20].Theadvantageofourmethodisthatittakesasetof

HessianerrorPDFsandconstructsanequivalentsetoferrorPDFsthatexactlyreproduces

theHessiansymmetricPDFuncertainties,butinadditioneachneweigenvectorpairhas

aneigenvaluethatquantitativelydescribesitscontributiontothePDFuncertaintyofthe

dataset.ThenewoptimizederrorPDFpairsareorderedbytheireigenvalues,andsoitis
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easytochooseareducedsetthatcoversthePDFuncertaintyforthedatasettoanydesired

accuracy.

Theremainderofthispaperisorganizedinthefollowingmanner.InSec.II,wediscussthe

methodofupdatingHessianPDFs(includingthecentralanderrorPDFs)andpredictions

onanyphysicalobservables(includingitsPDFuncertainties)fromnewexperimentaldata.

Carefulattentionisgiventohowtoincludenon-globaltolerancesintheupdatingofboth

thecentralanderrorPDFs.Inthissectionwealsodiscusslimitationsofthemethodand

presentsomerealisticapplications.InSec.III,wediscussthemethodofoptimizingthe

HessianerrorPDFsforagivenexperimentaldataandgivesomesampleapplicationsofthe

PDFoptimizationprocedure. AbriefdescriptionoftheePumpcodeisgiveninSec.IV.

Sec.Vcontainsourconclusion.

II. UPDATING HESSIANERROR PDFS AND OBSERVABLE PREDICTIONS

FROMNEWEXPERIMENTALDATA

A. ReviewoftheHessian Method

Inordertosetnotationandpresentthenecessarybackground,wefirstgivetheresultsof

theHessianMethodforobtainingthecontributionofthePDFuncertaintytothetheoretical

uncertaintyofageneralobservable.ThePDFs1f(x,Q0;z),definedattheinitialscaleQ0,

areparametrizedbyN parameters{zi;i=1,N},whichwewriteasavectorz. The

determinationofthePDFsisobtainedusingaχ2-function,whichquantifiesthediscrepancy

betweenthetheoreticalpredictionsandtheexperimentalmeasurementsofaglobalsetof

experiments,includingtheexperimentalerrors. Thebest-fitPDFsarethenobtainedby

minimizingχ2asafunctionoftheparameters.

Byevaluatingtheχ2functionarounditsminimum,itispossibletochooseandscalethe

parametersintermsoftheHessianeigenvaluedirections,suchthattheχ2functioncanbe

written,uptoquadraticorderinz,as

∆χ2(z)=T2
N

i=1

z2i, (1)

whereTisthetoleranceparameter.2TheuncertaintyinthePDFparametersisthensetby

1NotethatwesuppresstheflavorindexofthePDFs.AllPDFindicesinthesesectionswillcorrespondto

eigenvectordirections.
2IfthedataerrorsarepreciselyGaussianandinternallyconsistent,thenoneshoulduseavalueofT=

1atthe68%CL(correspondingtoT=1.645at90%CL).However,toaccommodateexperimental

inconsistenciesbetweenthedatasets,aswellasuncertaintiesarisingfromthechoiceofnon-perturbative

parametrization,thevalueofTisoftenincreased.TheCTEQ-TEAgrouphasusedthevalueT=10at

the90%CLintheiranalysestodate.
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therequirement∆χ2≤T2atsomeprescribedconfidencelevel(CL),yielding

N

i=1

z2i≤1 (2)

atthesameCL. Withthischoiceofparameters,thebest-fitPDFsaregivenbyf0(x,Q0)≡

f(x,Q0;0),andthe2N errorPDFs(2foreacheigenvectordirection)aredefinedby

f±j(x,Q0)≡f(x,Q0;±e
j),where(ej)i=δ

j
i.

TheusefulnessoftheHessianerrorPDFsisindeterminingthePDFuncertaintyofa

theoreticalcalculationofsomeobservableX.ThetheoreticalpredictionforXcanbewritten,

viathePDFs,asafunctionofthePDFparameters,X(z). Expandingthisfunctionina

Taylorexpansionaroundthebestfitgives

X(z)=X(0)+
N

j=1

∂X

∂zj
0

zj+
1

2

N

i,j=1

∂2X

∂zi∂zj
0

zizj+···. (3)

Wecancalculate X(0)≡X(f0)usingthebest-fitPDFs,andthefirstderivativescanbe

calculatednumericallyusingthe+and−errorPDFsineacheigenvectordirectionjas

∂X

∂zj
0

≈∆Xj=
X(f+j)−X(f−j)

2
. (4)

TheerrorPDFsarenotsufficienttocalculatethefullsetofsecondderivatives,althoughthe

diagonalonescanbeobtainedas

∂2X

∂z2j
0

≈X(f+j)+X(f−j)−2X(f0). (5)

ThetheoreticaluncertaintyinXduetothePDFsatthespecifiedCLisdeterminedbythe

maximumandminimumvaluesofX,subjecttotheconstraint z2i≤1.Inthequadratic

approximationofEq.(1)andkeepingonlythelinearterminEq.(3),weobtaintheextrema

at

zi=
∆Xi

N
j=1 ∆X

j2
. (6)

Thus,theupperandlowerlimitsontheobservableatthespecifiedCLaregivenby

X± =X(0)±∆X, (7)

where

∆X =
N

j=1

∆Xj
2

. (8)

5



ThisistheSymmetricMasterEquationfortheHessianPDFuncertaintyontheobservable

X.TheHessianapproximationiscontainedinthequadraticassumptionofEq.(1)andthe

linearlimitofEq.(3),whicharethensupplementedbythetolerancecriterion∆χ2≤T2

toobtainthesymmetricuncertaintiesfortheobservable.AnAsymmetricMasterEquation,

whichestimatesasymmetricpositiveandnegativeuncertaintiesatthesameconfidencelevel

isgiveninRefs.[21,22].

B. UpdatingofHessianerrorPDFs

OurfirstgoalistoassesstheimpactofnewdataonthePDFsandtheiruncertainties.

Shortofperformingafullglobalanalysisthatincludesthenewdata,onedesiresasimpler

andmuchfasterwaytoestimatetheeffectsofthenewdata. Amethodthatutilizedthe

HessianeigenvectorPDFswassuggestedbyPaukkunenandZurita[13].Inthissectionwe

discussthedetailsofthismethod,whichhavebeenimplementedinthesoftwarepackage

ePump(errorPDFUpdatingMethodPackage).

SupposethatwehavemeasurementsforNX observableswithexperimentalvaluesgiven

byXEα,aswellastheinversecovariancematrixC
−1
αβ forthecorrelatedexperimentalerrors

inthemeasurements.Theinclusionofthesenewdataintheglobalχ2functionbecomes

∆χ2(z)new=T
2
N

i=1

z2i+

NX

α,β=1

Xα(z)−X
E
α C

−1
αβ Xβ(z)−X

E
β . (9)

UsingthegeneralizationofEqs.(3)and(4)toexpandXα(z)tolinearorderinz,gives

∆χ2(z)new=

NX

α,β=1

Xα(0)−X
E
α C

−1
αβ Xβ(0)−X

E
β

+T2
N

i=1

z2i+
N

i,j=1

ziM
ijzj−2

N

i=1

ziA
i , (10)

where

Ai=
1

T2

NX

α,β=1

XEα−Xα(0)C
−1
αβ∆X

i
β,

Mij=
1

T2

NX

α,β=1

∆XiαC
−1
αβ∆X

j
β. (11)

Withtheadditionaldataaddedtothe χ2function,thenewbest-fitparametersare

z0i=
N

j=1

(δ+M)−1ijA
j. (12)
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ThenormalizedeigenvectorsU
(r)
i andeigenvaluesλ

(r)ofthematrixMijsatisfy

N

j=1

MijU
(r)
j =λ(r)U

(r)
i ,

N

i=1

U
(r)
i U

(s)
i =δrs. (13)

Notethattheeigenvaluessatisfyλ(r)≥0,andifNX<NthentherewillbeatleastN−NX
eigenvectorswithzeroeigenvalue,correspondingtodirectionsorthogonaltothenewdataset.

Wecannowsimplifytheequationfor∆χ2byintroducingnewcoordinatesc≡(c1,...,cN)

definedby

zi=z
0
i+

N

r=1

1
√
1+λ(r)

crU
(r)
i , (14)

toobtain

∆χ2(z)new= ∆χ
2(z0)new+T

2

N

r=1

c2r, (15)

where

∆χ2(z0)new=

NX

α,β=1

Xα(0)−X
E
α C

−1
αβ Xβ(0)−X

E
β −T2

N

i,j=1

Ai(δ+M)−1ijA
j.(16)

AssumingthesametoleranceTasfortheoriginalχ2function,gives

N

r=1

c2r≤1 (17)

atthesameCL.

ExpandingthePDFSf(x,Q0;z)tolinearorderinz,wecanapproximatethenewbest-fit

PDFs,whichincludetheimpactofthenewdataby

f0(x,Q0)new=f
0(x,Q0)+

N

i=1

z0i∆f
i(x,Q0), (18)

where

∆fi(x,Q0)=
f+i(x,Q0)−f

−i(x,Q0)

2
. (19)

Inasimilarmanner,wecanobtainupdatederrorPDFs,bysettingthenewcoordinatesto

c±(r)=±er. WedefinethenewerrorPDFsby

f±(r)(x,Q0)=f
0(x,Q0)new+

1
√
1+λ(r)

N

i=1

U
(r)
i f±i(x,Q0)−f

0(x,Q0). (20)
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Notethat(f±i−f0)=±∆fiuptolinearorderinz,sothedefinitionoftheerrorPDFs

giveninEq.(20)isjustoneofseveralequallyvalidchoicesatlinearorder. Ontheother

hand,duetononlinearities,(f+i−f0)=−(f−i−f0)ingeneral,sothatwiththechoiceused

here,theoverallsignoftheeigenvectorsU
(r)
i becomesrelevant. Wethereforesupplementthis

definitionwiththechoiceofsign: N
i=1U

(r)
i ≥0.Notthat,eveninthelimitofC

−1
αβ→0,the

updatedasymmetricerrorswillnotrecoverexactlytheasymmetricPDFuncertaintiesofthe

originalPDFset,duetothenontrivialrotationoftheeigenvectorbasis.However,wehave

foundthatthedefinitionoftheerrorPDFsgivenhere,supplementedbythesignconvention

fortheeigenvectors,typicallygivesbetteragreementwiththeoriginalasymmetricPDF

uncertaintiesthanotherchoicesinthislimit.Inparticular,inthecombinedlimitC−1αβ→0

andU
(r)
i →±δ

r
ithissignchoicerecoversexactlytheoriginalerrorPDFs.

Ontheotherhand,thesymmetricuncertaintiesforthePDFs,asgivenbyEq.(8)will

coincidewiththeoriginalsymmetricuncertaintiesinthelimitC−1αβ → 0.Inthislimitwe

find

∆f(r)=
f+(r)(x,Q0)−f

−(r)(x,Q0)

2
→

N

i=1

U
(r)
i ∆f

i, (21)

sothat

∆f=

N

r=1

∆f(r)
2

→

N

i=1

∆fi
2

, (22)

duetotheunitarityofthematrixU
(r)
i .Forthisreasonweadvocatetheuseofsymmetric

errorswhenusingePumptoassesstheimpactofnewdataonthePDFs,sincethesym-

metricerrorsarenotaffectedbytherotationoftheeigenvectorbasisandthereforedisplay

exclusivelytheimpactofthenewexperimentaldataanderrors.

C. Tier-2PenaltiesandDynamicaltolerances

Thediscussionuptothispointassumesthattheχ2functionisasmoothanalyticfunction

oftheparameters,andthattheconfidencelevelsdefinedbytheHessianeigenvectorPDFs

arespecifiedbyasingleglobaltolerancevaluegivenby∆χ2≤T2. However,inpractice

theconfidencelevelsoftheerrorPDFsareoftendeterminedbyseparateconstraintsfrom

individualexperiments,ratherthanbyasingleglobaltolerance. TheCTEQ-TEAgroup

incorporatestheseseparateconstraintsbyaddingaTier-2penaltytotheχ2functionwhen

determiningtheerrorPDFs,suchthatthetolerancerequirementbecomesmodifiedto

∆χ2+Tier-2≤T2. (23)

ThespecificdetailsoftheTier-2penalty,whichwasintroducedinRef.[22]andwasdiscussed

indetailinRef.[23],arenottooimportanthere,otherthanthefactthatitincreasesrapidly
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asafunctionoftheparametersifthedisagreementbetweenanyindividualexperimentand

theorybecomeslarge.Furthermore,wenotethatonlythestandardχ2functionwithoutthe

Tier-2penaltyisusedindeterminingthebest-fitPDFs.

WecanincludetheeffectoftheseTier-2penaltiesbyidentifying∆χ2=(T±i)
2≤T2at

theparametervaluesthatcorrespondtoeachofthepositiveandnegativeHessianeigenvalue

PDFsatthegivenconfidencelevel.Thesedynamicaltolerances,T±i,aredeterminedeither

bytheseparateconstraintsfromindividualexperiments(MMHT)orthroughthe∆χ2+Tier-

2penalty(CTEQ-TEA),whichlimitsthedeviationintheparticulareigenvaluedirection.

Again,wenotethatintheCTEQ-TEAanalysis,thedynamicaltolerancesareonlyused

indeterminingtheuncertaintiesandarenotincludedintheχ2functionthatisusedto

determinethebest-fitPDFs. Therefore,alloftheresultsfromsectionIIBforobtaining

thenewbest-fitparametersareunchanged,exceptforthenumericalapproximationsforthe

coefficientsintheTaylorexpansion,Eq.(3),obtainedfromtheerrorPDFs.

TherelevanteffectofthedynamicaltolerancesisthattheHessianerrorPDFsarenow

evaluatedattheparametervaluesz±j=±(T±j/T)e
j.Usingthis,weobtain

∂X

∂zj
0

≈∆X
j
=

T−j
T+j+T

−
j

Xα(f
+j)−Xα(f

0)

T+j/T

+
T+j

T+j+T
−
j

Xα(f
0)−Xα(f

−j)

T−j/T
, (24)

and

∂2X

∂z2j
0

≈
2T

T+j+T
−
j

Xα(f
+j)−Xα(f

0)

T+j/T
−
Xα(f

0)−Xα(f
−j)

T−j/T
. (25)

Notethattheapproximationforthefirstderivative,Eq.(24),isjusttheweightedaverageof

theapproximationsusingthepositiveandnegativeeigenvectordirections. Withthismodifi-

cation,alloftheresultsfortheupdatedbest-fitpredictionsstillhold,withthereplacement

∆Xjα → ∆X
j

αeverywhere. Wealsomakethereplacement∆fi(x,Q0)→ ∆f
i
(x,Q0)to

obtainthebest-fitPDFs

f0(x,Q0)new=f
0(x,Q0)+

N

i=1

z0i∆f
i
(x,Q0). (26)

NotethatthereisactuallynodependenceontheglobaltoleranceTinanyoftheseformulae,

sinceitcanberemovedsimplybyre-scalingtheparametersz.

Thegeneralizationofthebest-fitresultstoincludethedynamicaltolerancesisrelatively

straightforward,aswehaveseen.However,thecalculationoftheHessianeigenvectorPDFs

requiresthatwefirstaddresssomepracticalaspectsoftheupdatingmethod.Intheoriginal

globalanalysisthedynamicaltoleranceswereobtainedbytherequirement∆χ2=(T±i)
2

alongeachofthepositiveandnegativeeigenvaluedirections. TheneweigenvectorPDFs,
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however,willalsodependonthedynamicaltolerances,T±(r),alongtheupdatedeigenvector

directions. Toobtainthese,onewouldneedtocalculatetheconstraintsfromeachofthe

individualdatasetsincludedintheglobalanalysisoneachofthenewupdatedeigenvector

PDFs. Thisisbeyondtheapplicabilityofthepresent method,whichassumesthatall

informationoftheglobalχ2functioniscontainedintheoriginalerrorPDFs,exceptforthe

contributionofthenewdataset.Evenifoneassumesthatthecriterionforconstrainingthe

eigenvectordirectionsisthesamefortheoriginalandupdatederrorPDFs,itisnotpossible

tomapdirectlyfromtheT±i totheT
±
(r)withoutdoingamoredetailedcalculationinvolving

alloftheglobalanalysisdatasets,sincetheoriginalandupdatedeigenvectordirectionsare

notparallel.

Ifthenewdynamicaltoleranceswereknown,onecouldthencalculatethecorresponding

eigenvectorparameters,

z
±(r)
i =z0i±

1
√
1+λ(r)

T±(r)
T

U
(r)
i . (27)

andobtaintheupdatederrorPDFsusingthelinearexpansionasbefore.Intheirabsence

weproceedbynotingthatweshouldrecovertheoriginalerrorPDFsinthecombinedlimits,

C−1αβ→0andU
(r)
i →±δ

r
i.Thus,areasonableassumptionistoreplace(T

±
(r)/T)with(T

±
i/T)

inEq.(27),andapproximatethenumericalderivativesusingthepositiveornegativeeigen-

vectorPDFs,correspondingly.Roughly,thisassumesthattheeffectofthenewdynamical

tolerancesisnotsubstantiallydifferentfromtheeffectoftheoldones(andinparticular,that

themaincontributionofthenewdatatothereductionofPDFerrorscomesthroughthe

standardχ2treatmentandnotthroughadditionalconstraints,suchastheTier-2penalty).

Notethatwiththeabovereplacement,thefactorsof(T±i/T)inEq.(27)cancelagainstthe

samefactorsinthenumericalderivatives,sothatwestilluseEq.(20)fortheupdatederror

PDFsinthepresenceofdynamicaltolerances.Theonlydifferenceisthatnowtheeigenval-

uesλ(r)androtationmatricesU
(r)
i dependontheoriginaldynamicaltolerances(sincethe

matrixMijdependsontheoriginaldynamicaltolerances). Again,weadvocatetheuseof

symmetricerrorswhenevaluatingtheeffectsofnewdata,sincetheyarelesssensitiveto

nonlineareffectsarisingfromtherotationoftheeigenvectorsdirections.

D. DirectUpdatingofObservablePredictionsandUncertainties

GiventheupdatedcentralandHessianerrorPDFs,obtainedasdescribedinthelast

section,itispossiblenowtocalculateupdatedpredictionsanduncertaintiesforanyother

setofobservablesYα(includingtheoriginalobservablesXαthatwereusedforupdatingthe

PDFs).Thiswouldrequirerunningthecodetocalculatetheobservablesusingtheupdated

centralandeachoftheupdatederrorPDFs.However,frequentlythepredictionswiththe

originalcentralanderrorPDFsarealreadyknown,soitwouldbemoretime-efficientto
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usethesetocalculatetheupdatedpredictionsanduncertaintiesdirectly.Itisveryeasyto

obtaintheupdatedresultsusingtheapproachpresentedinthelastsection.

SupposewehavealreadycalculatedYα(0)≡Yα(f
0)andYα(f

±j).Thenusingthelinear

expansion,weobtain

Yα(f
0
new)=Yα(f

0)+

N

i=1

z0i∆Y
i

α, (28)

wherez0iwasgiveninEq.(12)and∆YαisdefinedinEq.(24).Fortheuncertainty,weuse

theconventiondescribedattheendofthelastsectionandnotethat

∆Y(r)α =
Yα(f

+(r))−Yα(f
−(r))

2

=
1

√
1+λ(r)

N

i=1

U
(r)
i ∆Y

i
α, (29)

whichisvalidinthelinearapproximation. Thus,wecanobtaintheupdatedsymmetric

uncertaintiesfortheobservableYαas

(∆Yα)
2
new=

N

r=1

∆Y(r)α
2

=
N

r=1

1

1+λ(r)

N

i,j=1

∆YiαU
(r)
i ∆YjαU

(r)
j

=

N

i,j=1

∆Yiα(δ+M)
−1
ij∆Y

j
α, (30)

wherewehaveusedthecompletenessoftheeigenvectorsU
(r)
i inthelastequation,andthe

matrixMijwasgiveninEq.(11).

Equations(28)and(30)givetheresultsfortheupdatedcentralpredictionandupdated

symmetricuncertaintyfortheobservableYαintermsofcalculationsthatuseonlytheorigi-

nalcentralandHessianerrorPDFs.Theseresultscanalsobegeneralizedtothecorrelation

cosinebetweentwoobservablesYαandYβ,whichcanbeexperimentalobservablesorPDF

distributionsatspecificxandQvalues.Theoriginalcorrelationcosinebetweentheobserv-

ablesisgivenby[25]

cos(θαβ)=

N
i=1∆Y

i
α∆Y

i
β

|∆Yα||∆Yβ|
. (31)

Itrepresentsthedegreeofcorrelationbetweenthetwoobservablesasdeterminedbythe

PDFs,withcos(θαβ)=1completelycorrelated,cos(θαβ)=−1completelyanticorrelated,

andcos(θαβ)=0nocorrelation.UsingthesamestepsasforEq.(30),weobtaintheupdated

correlationbetweenthetwoobservablestobe

cos(θαβ)new=

N
i,j=1∆Y

i
α(δ+M)

−1
ij∆Y

j
β

|∆Yα|new|∆Yβ|new
. (32)
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E. LimitationsontheuseoftheerrorPDFupdating method

ThemethodusedinePumpisverypowerfulandcanveryquicklygiveresultsonthe

impactofnewdataonthePDFs.However,itcannotbeusedtoreplaceafullPDFglobal

analysisofexperimentaldata.Inthissectionwediscussthelimitationsofthismethodand

considerwaystoassesswhereitmightfail.Therearebasicallyfourcategoriesofassumptions

thatgointothemethod,andwewilldiscusseachofthembelow.

ThefirstassumptionthatgoesintotheHessianupdatingmethodisthequadraticde-

pendenceofthechi-squarefunctionontheparametersfortheoriginaldata.Althoughthis

assumptionisexpectedtobegoodinmostoftheeigenvaluedirections,itispossiblethat

somedirectionsthatarenotwell-probedbytheoriginaldatacanhavenoticeabledeviations

fromquadraticdependence.Unfortunately,thiscannotbeassessedwithinePump,sinceit

wouldrequireadetailedanalysisoftheoriginalglobalchi-squarefunctionfromtheoriginal

globalanalysis.However,areasonableexpectationisthatthefurthertheparametersdevi-

atefromtheoriginalbestfit,themorelikelythatnon-quadraticbehaviorofthechi-square

functionbecomesimportant.Ameasureofthedeviationoftheparametersfromtheoriginal

bestfitis

∆χ2(z0)original=T
2
N

i=1

z0i
2
, (33)

whichisthechangeinchi-squarefortheoriginaldataset,evaluatedattheupdatedbest-fit

parameters.Thiswascalledthe“penaltyterm”inRef.[13].Acomparablemeasureinthe

presenceofdynamicaltoleranceswouldbethefractionaldistance-squaredbetweenthenew

andoldbest-fitsrelativetotheconfidence-levelboundaryinthespaceofparameters,which

canbewritten

(d0)2=
N

i=1

T

Ti
z0i

2

, (34)

wherewehaveletTibetheaverageofT
±
i.InthecalculationofthePDFuncertaintiesinthe

Hessianmethod,itisassumedthatthechi-squarefunctionisquadraticintheparameters

ford2≤1.Inaddition,independentofthequadraticapproximation,avalue(d0)2larger

thanonewouldindicatethateitherthereistensionbetweenthenewdataandtheoriginal

data,orelsetheuncertaintiesintheoriginalglobalanalysiswereunder-estimated. This

latterinterpretationmightoccurifthenewdataprobearegionofxandQ2forthePDFs

forwhichtheyareundetermined,sothattheoriginalerrorestimateitselfwouldnotbe

well-determined.

ThesecondassumptionthatgoesintotheHessianupdatingmethodisthelineardepen-

denceoftheobservablesXαontheparameters.Thiscanbetestedsomewhatbycomparing

resultsusingthelinearapproximationforthedependenceoftheobservablesonthepa-

rameters,aspresentedabove,withacalculationwhichalsoincludesthediagonalquadratic

12



contributiontotheobservables. Wepresentanefficientmethodforthecalculationincluding

thesetermsinappendixA.Notethatsincewecanonlycalculatethediagonalquadratic

termsusingtheerrorPDFs,thisnonlinearpredictionoftheupdatedPDFsisnotguaran-

teedtobemorecorrectthanthestrictlylinearapproximation.However,ifthedifferences

betweenthetwopredictionsaresmall,onemayexpectthatlinearapproximationforthe

observablesisprobablygood.

Relatedtothissecondassumption,onemightbeinterestedtoknowiftheoriginalbest-fit

isoutsidetheuncertaintyboundsoftheupdatedfit,eveniftheupdatedbestfitiswithin

theoriginaluncertainties. ThismightoccurifthenewdatastronglyconstrainthePDFs

inaregionoftheparameterspacethatwasessentiallyunconstrainedintheoriginalfit.In

analogytoEq.(34),wecandefinethefractionaldistance-squaredbetweentheoldandnew

best-fitsrelativetothenewconfidenceboundary:

(̃d0)2=

N

r=1

T

T(r)
c0r

2

, (35)

where

c0r=− 1+λ(r)
N

i=1

z0iU
(r)
i (36)

isthelocationoftheoriginalbest-fitwrittenintheupdatedcoordinates.Ifweusethesame

replacement(T(r)/T)→(Ti/T)aswedidindeterminingtheupdatedeigenvectorPDFs,we

canapproximatethisby

(̃d0)2=
N

i,j=1

T

Ti
z0i (δ+M)ij

T

Tj
z0j . (37)

Notethatd̃0≥d0,becauseλ(r)≥0orequivalentlyMijisnon-negative.Thisisrelatedtothe

factthatintheHessianapproximationtheuncertaintiescannotincreasewhennewdataare

added,althoughthiscanbepossibleifnonlineareffectsnotincludedintheapproximation

areimportant.Alsonotethatifthismeasureislargerthanone,itdoesnotmeanthatthe

newdataareintensionwiththeolddata,oreventhatanyoftheassumptionsintheerror

PDFupdatingmethodhavenecessarilybrokendown.However,ifd̃0≫ 1≫ d0,itimplies

thatthegridofpointsevaluatedintheparameterspace(definedbytheoriginalerrorPDFs)

islargecomparedtothescaleofthevariationsinthecontributionofthenewdatatoχ2.In

thiscasethemodelingoftheXα(z)nearthenewbestfitmaybemorelikelytobeaffected

bynonlinearities,whichcouldproduceresultsthatdifferfromthetrueglobalfit.

ThethirdassumptionthatgoesintotheHessianupdatingmethodisthelineardependence

ofthePDFs,oranyotherobservablewhosepredictionistobeupdatedbytheimpactofthe

newdata. Wenotethatthisassumptionisthesameasthatusedinanydeterminationof

uncertaintiesusingtheHessianmethod.Inparticular,thepredictionsoftheupdatedbest-

fitPDFsshouldbegoodintheregionswheretheyhavesomeconstraintsfromtheoriginal

13



data,butinregionswheretheyareessentiallyunconstrained,suchasatverylargeorsmall

x,onemightexpecttheresultsofePumptobelessreliable.

Finally,andprobablymostseriously,theerrorPDFupdatingmethodistiedtoallofthe

systematicassumptionsthatwentintotheoriginalglobalanalysis.Thisincludesthechoice

ofparametrizationandnumberofparametersinthePDFs;anyconstraintsonPDFs,such

ass=̄sorconstraintsonsea-quarkdistributions;choiceofglobaltoleranceandtreatment

ofdynamicaltolerances(i.e.,Tier-2penaltyinthecaseoftheCTdistributions);andany

othersystematicchoices(suchasthemassoftheheavyquarks,thevalueofαs,etc.)that

wentintotheoriginalglobalanalysis.Therefore,newinsightsthatmaychangesomeofthe

originalassumptions,ortheinclusionofnewdatathatmayrequireadditionalflexibility

intheparametrization(eitherthroughadditionalparametersorrelaxationofconstraints

betweenparameters)cannotbeprobedusingthepresentmethod.

F. ExamplesofUpdatingusingePump

InthissectionweshowsomeexamplesofupdatingthePDFsandobservablesusing

ePump. WefirstbeginbycheckingtheresultsofupdatingwithePumpversusrefittingthe

PDFswithafullglobalanalysis. ThenweconsideranexampleofhowePumpmightbe

usedinpracticetoanalyzetheimpactofanewdatasetbyusingePumptoupdateacurrent

standardPDFsetwiththeinclusionofthenewdata.

AsacheckontheconsistencyoftheePumpresultswiththefullglobalanalysis,wehave

carriedoutthefollowingstudies. Firstly,wehavecheckedthattheePumpanalysiscan

reproducethefullCT14HERA2best-fittoaverygoodaccuracy.Thiswasdonebytaking

thecompleteoriginalCT14HERA2datasetsasthe“new”inputdatasetandusingePump

toupdatetheCT14HERA2PDFs. Asexpectedtheupdatedbest-fitPDFsareessentially

unchanged,andthetotalχ2ofthebest-fitfoundintheePumpanalysisisonlyhigherby0.8

unitsascomparedtotheminimumtotalχ2oftheoriginalCT14HERA2best-fit,whichis

3594(forthetotalof3302datapoints). Wehavealsocheckedthattheupdatedpredictions

forphysicalobservablesfromtheePumpupdatingcodeagreeperfectlywithourglobalfitting

codeforallthedatapointsincludedinourCT14HERA2fit.Theuncertaintiesonphysical

observablesinducedbythePDFerrorspredictedbytheePumpcodealsoagreewithour

globalfitaftertakingintoaccountthefactorof1/
√
2∼0.707reductionintheePumpresult

becausetheCT14HERA2datasetwaseffectivelycountedtwiceinthisexercise.Although

thefactthatthecentralvalueofthebest-fitparametersdoesnotchangeinthisexercise

makestheupdatinginthiscaselesscomplex,itdoesdemonstratethatePumpcaneasily

handlealargedatasetandthattheuncertaintiesforthefullglobalanalysisarereasonably

givenintheHessianapproximation. Moredetaileddiscussionsaboutthiscomparisonwill

bepresentedinaseparatepaper[27].

Secondly,wehavecomparedtheresultsofaddingnewdatawithePumpversusadding

themwiththecompleteglobalfittingcode.Specifically,wepreparedabasesetofPDFs
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FIG.1: Comparisonofthegluon-PDFforthreeanalyses: CT14HERA2mJetisthestandard

CT14HERA2analysisbutwiththefourinclusivejetdatasetsremoved,CT14HERA2mJet+eJet

isthe CT14HERA2mJetsetupdatedbyePumptoincludethe missingjetdatasets,and

CT14HERA2existhefullCT14HERA2analysis(butwiththetwogluonextremesetsexcludedin

computingtheuncertaintybands).

fromaglobalfittothefullCT14HERA2datasetwithallthejetdataremoved,calledthe

CT14HERA2mJetPDFset.Thisincludesacentralset(00)anderrorPDFsets01through

54,sothatthereareNi=27eigenvectordirections. ThisnumberoferrorPDFsisthe

sameasthatintheCT14HERA2PDFset,providedweexcludethetwoextremesetsfrom

CT14HERA2,whichwereaddedtoenlargethegluon-PDFerrorsinthesmallxregion3.

Wethencomparedtheresultsofaddingbackthefoursetsofinclusivejetdata(CDF[28],

DØ[29],ATLAS[30],andCMS[31])usingePump(labeledCT14HERA2+eJet)withthe

resultsofaddingthembackusingthefullglobalanalysis(i.e.,thepublishedCT14HERA2

globalfit,withthetwoextremeg-PDFsetsremoved,labeledCT14HERA2ex).InFig.1,we

showthecomparisonoftheg-PDFsatthescaleQ=100GeVfortheCT14HERA2mJet,

CT14HERA2ex,andtheCT14HERA2+eJetfits.Theleftcurvesanderrorbandsarenor-

malizedtotheirrespectivecentralfits,whiletherightcurvesanderrorbandsareeach

normalizedtotheCT14HERA2mJetcentralPDF.Theseplotsclearlyshowthatthejet

dataincludedintheCT14HERA2fitfurtherconstraintheg-PDFforxbetweenafewtimes

10−4toabout0.5.Inaddition,theyshowthatePumpreproducestheresultoftheoriginal

CT14HERA2fitforxinthesamerange.Outsideofthatrange,particularlyatverylarge

x,thePDFsarenearlyunconstrainedrelativetothebestfit,sothatnonlineardependence

ontheparametersbecomessignificant,whichexplainstheapparentdifferencebetweenthe

resultofePumpupdatingandtrueglobalfit. Wenotethatthedistanceinparameter-space

3AscomparedtotheoriginalCT14NNLOPDFset,theCT14HERA2PDFsetcontainsonemoreshape

parametertodescribethestrange-PDF.Hence,itwasnotnecessarytointroducetwoadditionalextreme

setstoenlargethestrange-PDFuncertaintyinthesmallxregion(inadditiontothetwogluonextreme

sets),aswasdoneintheCT14NNLOPDFs.
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FIG.2: Comparisonofthegluon-PDFforthreeanalyses: CT14HERA2cisthestandard

CT14HERA2analysisbutwithwithall,exceptCDF,jetdataremoved,CT14HERA2c+eJetis

theCT14HERA2csetupdatedbyePumptoaddbacktheDØ,ATLASandCMSinclusivejet

data,andCT14HERA2existhefullCT14HERA2analysis(butwiththetwogluonextremesets

excludedincomputingtheuncertaintybands).

betweentheoriginalandnewbest-fits,relativetotheoriginalconfidence-levelboundary,

(givenbyEq.(34))isd0=0.6,indicatingthatthenewdataisconsistentwithintheuncer-

taintiesoftheCT14HERA2mJetfit.However,relativetothenewconfidence-levelboundary

(Eq.(35))thedistanceisd̃0=1.3,indicatingthattheoriginalparametervaluesareoutside

theconfidence-levelboundariesoftheupdatedfit. Thismightleadtosomeconcernthat

theapproximationsusedinevaluatingthecontributionstoχ2ofthenewdatamightbreak

downinthisanalysis. TocheckonthiswehavealsoperformedtheupdatewithePump

whileincludingthediagonalquadraticterms,asdiscussedinAppendixA,andfoundthat

thegluonPDFsareessentiallyindistinguishablewiththelinearresultexceptatverylarge

x 0.6. Ofcourse,theePumpresultisfurthervindicatedbythedirectcomparisonwith

thefullCT14HERA2globalfitshowninFig.1.

Inpractice,amoretypicaluseofePumpwouldbetoaddnewdatatotheoriginal

CT14orCT14HERA2PDFanalysis,inwhichsomejetdatahavealreadybeenincluded

toconstraintheg-PDF.Hence,thedifferenceintheg-PDFbetweentheoriginalglobalfit

andtheupdatedePumpanalysiswouldbeexpectedtobesmallerthanwhatisobservedin

Fig.1,unlessthenewdatasethadastrongtensionwiththeolddatasetincludedinthe

CT14globalanalysis.Thoughmoredetaileddiscussionsaboutthistopicwillbepresented

inaseparatepaper,weshallillustratethispointbythefollowingexample. Thedataset

oftheCT14HERA2globalanalysisincludesfoursetsofinclusivejetdata,whichareCDF

[28],DØ[29],ATLAS[30],andCMS[31]inclusivejetdata.Letusconsideranewglobal

fitinwhichalloftheCT14HERA2non-jetdataisincluded,butonlytheCDFjetdata[28]

isincluded,whichresultsinanewerrorPDFset,calledCT14HERA2c,with54errorPDFs

plusitscentralset.InFig.2weshowtheg-PDFanditserrorbandsforCT14HERA2c,

forCT14HERA2ex(excludingitslasttwoextremePDFs),andforCT14HERA2cupdated
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byePumptoaddbacktheotherthree(DØ,ATLASandCMS)jetdata,whoseresultis

labelledasCT14HERA2c+eJet.ItisinterestingtonotethattheCDFdataalonealready

constraintheg-PDFintherelevantxrange.Thisiscorroboratedbyconsideringthedistance

inparameter-space,bothrelativetotheoriginalandupdatedconfidence-levelboundaries.

Forthiscaseweobtaind0=0.42andd̃0=0.65,respectively.Thefirstvalueshowsthatthe

additionalthreejetdataareconsistentwiththeCDFdata,whilethesecondvalueshows

thattheCDFdataaloneissufficientlystrongthattheCT14HERA2cbest-fitiswellwithin

theconfidence-levelboundariesobtainedafterincludingthefullsetofjetdata.Inaddition,

weseethattheePumpresultagreesverywellwithCT14HERA2intheg-PDFformostof

therangeofx,withalmostperfectagreementuptoaboutx∼0.3.

Finally,wepresentasimpleexampleoftheerrorPDFupdatingmethodusingePumpby

addingnewdatatoacurrentstandardPDFset. WeconsidertheeffectoftheCMSinclusive

jetdatameasuredattheLHCat8TeV[32],whenaddedtotheCT14HERA2NNLOglobal

analysis.Inotherwords,weuseePumptoobtainanapproximationoftheoutcomeofafull

NNLOglobalanalysisthatincludesallofthedataincludedintheCT14analysisplusthe

CMSdouble-differentialinclusivejetcrosssectionmeasurementsasafunctionofjetrapidity

(y)andtransversemomentum(pT).Forthisstudywehaveincludedalloftherapiditybins

foratotalof185datapoints.AsinourPDFglobalanalysis,wehaveconsideredallthree

differenttypesofexperimentalerror,includingstatistical,correlatedanduncorrelatederrors,

intheePumpanalysis.(DetailsoftheerroranalysisarediscussedinAppendixB.)Forthe

theoreticalprediction,wehaveusedtheFastNLOgrids[33,34],includingthecorresponding

k-factors,definedastheratiosofNNLOtoNLOdouble-differentialinclusivejetcrosssections

foreachdatapoint.FortheinitialPDFsetwehaveusedtheCT14HERA2NNLOcentralset

(00)andtheerrorPDFsets01through56,includingthefinaltwoextremesets. Withthis

setofinputs,wecannowusetheePumpexecutableUpdatePDFstocalculatetheimpactof

thenewdataontheCT14HERA2NNLOPDFs,usingthemethoddiscussedinsectionIIB.

InFig.3weshowtheupdatedgluon-PDFevaluatedatthescaleQ=100GeV.Asbefore,

theleftcurvesanderrorbandsarenormalizedtotheirrespectivecentralfitsinorderto

emphasizethechangestotheuncertaintybands,whiletherightcurvesanderrorbandsare

eachnormalizedtotheCT14HERA2NNLOcentralPDFinordertoemphasizethechanges

totheupdatedcentralfit.Theseplotsshowthatincludingthesedatamakesthegluon-PDF

becomesofterwhenxislargerthanaround0.2,anditreducestheuncertaintyinthegluon

PDFinthesameregionofx.

Forcompleteness,wealsocompareinFig.4thechangesintheotherflavor(u,d,ū,̄d,s

andc)PDFsafterupdatingtheCT14HERA2PDFsusingePumptoincludetheadditional

CMS8TeVjetdata.Thoughthesejetdataareexpectedtohavethelargesteffectontheg-

PDF,itcouldalsomodifyslightlytheotherflavorPDFs,asshowninthefigure.InRef.[25]

itwasproposedthatthemostrelevantpartonflavoranditsrangeofxvaluesaffectedbythis

newdatasetcouldbefoundbyexaminingthecorrelationcosine,cf.Eq.(31),betweeneach

datapointandthevariousPDFflavors.Theresult,displayedinFig.5forthecorrelation

17



0.8

0.9

1.0

1.1

1.2

10-610-410-3 10-2 10-10.2 0.5 0.9

Er
ro
r 
ba
nd
s 
of
 g
(x
,
Q)

x

g(x,Q) at Q =100.0 GeV 90%C.L.

CT14HERA2
CT14HERA2+eCMS8

0.8

0.9

1.0

1.1

1.2

10-610-410-3 10-2 10-10.2 0.5 0.9
0.8

0.9

1.0

1.1

1.2

10-610-410-3 10-2 10-10.2 0.5 0.9

P
D
F 
Ra
ti
o 
to
 
C
T1
4
H
E
R
A2

x

g(x,Q) at Q =100.0 GeV 90%C.L.

CT14HERA2
CT14HERA2+eCMS8

0.8

0.9

1.0

1.1

1.2

10-610-410-3 10-2 10-10.2 0.5 0.9

FIG.3: Comparisonbetweenthegluon-PDFatQ=100GeVforCT14HERA2NNLOandfor

CT14HERA2updatedbyePumpusingtheCMS8TeVdouble-differentialinclusivejetcrosssection

measurementsasafunctionofjetrapidity(y)andtransversemomentum(qT).Theleftcurvesand

errorbandsarenormalizedtotheirrespectivecentralfits,whiletherightcurvesanderrorbands

areeachnormalizedtotheCT14HERA2NNLOcentralPDF.

cosinesbetweenthegluonPDFasafunctionofxatQ=100GeVwiththeCMS8TeVjet

datapointsinthefirsttwobinsofrapidity,showsthattheCMS8TeVdouble-differential

inclusivejetcrosssectiondataaremostsensitivetotheg-PDFaxbetweenafewtimes10−2

and0.5.ThisresultisconsistentwiththesensitivityanalysisofRef.[35],whichidentified

thisdatasetasoneofthemoreimportantnewLHCdatasetstoconstrainthePDFs.

Thedistanceinparameterspacebetweentheoriginalandupdatedbest-fitsforthisanal-

ysisisd0=0.33andd̃0=0.42,relativetotheoriginalandupdated90%confidencelevels,

respectively,indicatingthattheePumpresultismostlikelyreliable. Wenotethatthechange

intheupdatedgluonPDFobservedinFig.3forxlargerthanabout0.5(andsimilarlyfor

theotherPDFsinFig.4)isnotsignificant,duetothelargeuncertaintyofthePDFin

thatregion(nottomentionthatthePDFsthemselvesgorapidlytozeroasxgoestozero).

AsmentionedinSec.IIE,wecannotbecertainthattheresultofePumpwouldagreewell

withafullglobalanalysisatverysmallorlargexvalues,becauseinthoseregions,thePDF

uncertaintiesaresolargecomparedtotheircentralvaluethatthelinearapproximationused

toevaluatethePDFsinePumpislikelytofail.

Asdiscussedintheprevioussection,ePumpcanalsodirectlyupdatethepredictionsfor

anyphysicalobservablesaftertheinclusionofnewdata.Forexample,onemightwantto

knowhowtheinclusionoftheCMSdouble-differentialinclusivejetcrosssectionmeasure-

mentsattheLHCat8TeV[32]intheglobalPDFfitswouldmodifythepredictionforthe

totalcrosssectionoftheHiggsbosonproducedviagluon-gluonfusionprocessattheLHC,

at8and13TeVcenter-of-massenergies.InTableI,twosetsofpredictionsarecomparedby

usingtheCT14HERA2PDFsandtheCT14HERA2+eCMS8PDFs,obtainedbyupdating

theCT14HERA2withtheCMSjetdatausingePump.Theupdatedcrosssectionsarethe

directoutputoftheePumpcode,withoutrecalculatingitbyrunningthroughallofthe
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FIG.4:SameasFig.3,butfortheupdatedu,d,ū,̄d,sandcPDFs.

updatederrorPDFs.Aswecanseefromthetable,theuncertaintiesdecreaseslightlyafter

theupdate,whilethechangeinthepredictedcentralvalueisnegligiblecomparedtothe

uncertainties.

InadditiontoupdatingPDFsandphysicalobservables,ePumpcanalsoupdatecor-

relationcosinesinordertostudythedegreeofcorrelationbetweenvariousexperimental

observables,beforeandafterupdatingthePDFswiththenewlyincludeddata.Forexam-

ple,letusexaminethecorrelationellipseofthefollowingtwoobservables:theCMS8TeV

double-differentialinclusivejetcrosssectionmeasuredinthefirstyandpTbin(0≤y≤0.5,

74GeV≤pT≤84GeV),andtheHiggsbosoninclusivecrosssectionσ(gg→H)atthe13

TeVLHC.Thisisdefinedsuchthatthepredictionsforthetwoobservableswillfallwithin

theellipseatthe90%CL,whenincludingonlytheuncertaintiesduetothePDFs(andusing
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FIG.5:Correlationcosine,cf.Eq.(31),ofCMS8TeVdouble-differentialinclusivejetcrosssection

datapointsinthefirsttwobinsofrapidityversusvariousthegluonPDF,asafunctionofxat

Q=100GeV.

CT14HERA2CT14HERA2+eCMS8

8TeV 18.60+1.65%−2.10% 18.57+1.59%−1.97%

13TeV 42.56+1.76%−2.12% 42.55+1.67%−1.91%

TABLEI:Higgsboson(witha125GeVmass)productioncrosssections(inpb)forthegluon

fusionchannelattheLHC,at8and13TeVcenter-of-massenergies,respectively,obtainedusing

theCT14HERA2andCT14HERA2+eCMS8PDFs,withacommonvalueofαs(MZ)=0.118.The

errorsgivenareduetothePDFsatthe68%C.L.

theHessianapproximations).InFig.6wecomparetheircorrelationellipsesbeforeandafter

updatingtheCT14HERA2PDFswiththefullCMS8TeVdouble-differentialinclusivejet

crosssection.FromtheePumpoutputwecaneasilyidentifythisCMSdatapointasthe

onewiththelargestcorrelationtotheσ(gg→ H)at13TeV(withcosθ=0.85beforeand

cosθnew=0.83aftertheupdate).Similarly,wecanalsoidentifythemostanti-correlated

(CMS8TeV)datapointtoσ(gg→H)atthe13TeVLHC,whichisthebinwith0≤y≤0.5

and686GeV≤pT≤737GeV(withcosθ=−0.67beforeandcosθnew=−0.61afterthe

update).InFig.7weshowthecorrelationellipsesforthisbinwithσ(gg→ H)atthe13

TeVLHC.Frombothoftheseplots,weseethatthePDFuncertaintyintheHiggscross

sectiondecreases,andthatthemagnitudeofthecorrelationwiththerespectivedatapoints

decreasesaftertheupdatebyePump.

ItisalsointerestingtoexaminethequalityofthefittothisnewCMSdataafterupdating

byePump.AsproposedinRef.[26],thiscanbeaddressedbyexaminingthedistributionof

theresidualsforeachdatapointoftheCMSdata.Theresiduals,whichareautomatically

suppliedbytheoutputofePump,comparethedifferencebetweenthetheoryprediction

andtheshifteddatarelativetotheuncorrelatederror(withthefullcorrelatedsystematic
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FIG.6:The90%CLcorrelationellipseofthefollowingtwoobservables:theCMS8TeVdouble-

differentialinclusivejetcrosssectionmeasuredforybetween0and0.5andpTbetween74GeV
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FIG.7:SimilartoFig.6,butforybetween0and0.5andpTbetween686GeVand737GeV.

errorsincludedviathedatashift).Inanexcellentfit,theresidualsfollowastandardnormal

distribution,withameanofzeroandaunitwidth. Anon-zeromeanobservedinthe

residualdistributionwouldindicateasystematicdiscrepancyaffectingthewholedataset;

ontheotherhand,asmallerorlargerthannormalwidth maybeduetounaccounted

randomeffectsornon-Gaussianerrors(seeAppendixB.2inRef.[24]).Thedistributionof

theresidualsfortheCMS8TeVdata,usingtheupdatedbestfit,isplottedinFig.8.It

isevidentthatthefrequenciesoftheresidualsagreewellwithastandarddistribution;the

meanoftheresidualdistributionisconsistentwithzeroandthewidthofthedistributionis

aboutone.
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FIG.8: ThedistributionofresiduesforeachdatapointoftheCMS8TeVdouble-differential

inclusivejetcrosssectionmeasurements.

III. OPTIMIZATIONOFHESSIANERRORPDFS

Ascenariothatarisesfrequentlyinexperimentalerroranalysesistherepeatedsimulation

ofeventsviaMonteCarlowiththeHessianerrorPDFs,inordertoevaluatevariouscuts

orexperimentaluncertaintiesandtheirinterplaywiththePDFuncertainties. With50or

moreerrorPDFs,thiscanbeatime-consumingendeavor.Therefore,asmaller,reducedset

oferrorPDFsthatcontainthemajorityofthePDFdependenceoftheobservablesunder

considerationisoftencriticalfortheanalysis.Inthissectionwepresentamethod,entirely

basedwithintheHessianapproach,thatcanbeusedtoproduceanewsetofHessianerror

PDFsthatareoptimizedforagivensetofobservables.Inaddition,theoptimizedsetof

errorPDFsisorderedinsuchawaythatareducedsetoftheerrorPDFscanbeeasily

chosentoreproducethePDF-inducedvariancesintheobservablestoanydesiredprecision.

OuroptimizationmethodisbasedontheobservationthattheHessianparametrization

oftheχ2functionarounditsminimumisnotunique. Thisideawasusedinthedataset

diagonalizationprocedurebyPumplin[20]todiagonalizethecontributionofsomesubset

ofthedatatothetotalχ2functioninordertoassessitsimpactonthePDFsandits

compatibilitywiththerestofthedata.Inourpresentapplication,weusethisadditional

freedomtofindneweigenvectordirectionsthathavethemaximalPDFsensitivityforagiven

setofobservables,whichmayormaynotbeincludedintheoriginalglobalanalysis. The

neweigenvectorscontainexactlythesameinformationastheoriginaleigenvectors,butare

optimizedsothatasmallersetoferrorPDFscanbechosenforusewiththesetofobservables

toanyrequiredPDF-sensitivity. Thisprocedureiseasiesttounderstandwhenappliedto

asingleobservable.Thus,wequicklyreviewtheideaofextremePDFs[36],andshowhow

theycanbeconstructedintheHessianmethod,beforegeneralizingtoanarbitrarynumber

ofobservables.
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A. ExtremePDFSetsforaSingleObservable

ForasingleobservableXonecandefinetwo“extreme”PDFsetsthatgivethemaximum

andminimumuncertaintyvaluesfortheobservableattheCLcorrespondingtothetolerance

T. WecanobtainextremePDFsetsbymaximizingthefunction

S(z,λ)=w X(z)−X(0)
2

−λ∆χ2(z)/T2−1, (38)

whereλisaLagrangemultiplierandwisanarbitrarypositiveconstant,whichwewillset

forconvenienceshortly.Theextremesetscanbecalculatedwithoutanyapproximationson

thebehaviorofX(z)or∆χ2(z)usingtheLagrangemultipliermethod[37]. Thismethod

hasbeenusedtoobtaintheextremePDFsetsfordescribingthetotalinclusivecrosssection

ofgg→HattheLHC[36].

Wecanalsoobtaintheextremesets4usingthequadraticapproximationforthechi-square

function,Eq.(1)andthelinearapproximationfortheobservables,

X(z)=X(0)+
N

j=1

∆Xjzj, (39)

toobtain

S(z,λ)=w

N

j=1

zj∆X
j

2

−λ

N

i=1

z2i−1

=
N

i,j=1

ziMijzj−λ
N

i=1

z2i−1 , (40)

whereMij=w∆X
i∆Xj.Ifwechoose

w=(∆X)−2=

N

i=1

∆Xi
2

−1

, (41)

thenthematrixMijhasthenicepropertythatTr(M)=1. ThemaximizationofSis

obtainedbysolvingtheeigenvectorequation

N

j=1

Mijzj=λzi, (42)

4Inthispresentation,weuseasingleglobaltoleranceT,butthederivationalsofollowsfordynamical

tolerancesifweletTibetheaverageofT
±
i andassumethattheconfidencelevelboundaryisgivenby

N
i=1(T/Ti)

2z2i=1.
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withthenormalizationcondition N
i=1z

2
i=1.SinceMijisanN×Nrealsymmetricmatrix,

ithasNreallinearly-independenteigenvectors,U
(r)
i withrealeigenvaluesλ

(r),r=1toN,

whichsatisfy

N

j=1

MijU
(r)
j =λ(r)U

(r)
i , (43)

andcanbemadeorthonormal,

N

i=1

U
(r)
i U

(s)
i =δrs. (44)

ByinspectiononecanseethattheuncertaintyinXissaturatedbyasingleeigenvector,

U
(1)
i =±

∆Xi

N
i=j(∆X

j)2
, (45)

inagreementwithEq.(6)fromSec.IIA.Thecorrespondingeigenvalueisλ(1)=1. The

remainingeigenvectors,U
(r)
i forr=2toN,areannihilatedbyMijandthereforehave

eigenvaluesλ(r)=0.Ifweintroducenewcoordinates(c1,...,cN)thatarecoefficientsofthe

displacementalongtheeigenvectorsofMij,weobtain

zi=
N

r=1

crU
(r)
i

N

r=1

c2r=

N

i=1

z2i (46)

S(z,λ)=

N

r=1

λ(r)c2r = c
2
1.

Thus,thePDFuncertaintyonXisdependentonlyondisplacementsalongeigenvectorU
(1)
i

andiscompletelyinsensitivetodisplacementsinthedirectionsorthogonaltothis.

ThisanalysisoftheextremesetsintheHessianmethodsuggestsare-diagonalizationof

theerrorPDFs. WedefinenewerrorPDFsas:

f(±r)(x,Q0)=f
0(x,Q0)+

N

i=1

U
(r)
i f±i(x,Q0)−f

0(x,Q0) . (47)

ThePDFsf(±1)(x,Q)aretheHessianversionoftheextremesets.IntheHessianapproxi-

mation,thedependenceoftheobservableXonthePDFsiscontainedonlyinf(±1)(x,Q),

whereasitisinsensitivetovariationsalongtheremainingeigenvectordirections,givenby

there-diagonalizederrorPDFsf(±r)(x,Q0)forr=2toN.
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FIG.9:ThegluonextremesetsfortheHiggscrosssectionthroughgluonfusionattheLHCwith
√
s=14TeV,asaratiototheCT10NNLOcentralprediction.Thegreenandredcurvesarethe

CT10Hextremesets,obtainedusingtheLagrange Multipliermethod,whilethegoldandbrown

curvesaretheHessianextremesets,obtainedasdiscussedinthetext.Theblueshadedregionis

theCT10NNLOgluonuncertaintybandatthe90%CL.

ForthesamereasonsthatwerediscussedinSec.IIB,wemaketheabovelinearapproxi-

mationfortheoptimizedPDFswiththeconstraint N
i=1U

(r)
i ≥0.Thisgivesgood,butnot

perfect,agreementbetweentheoriginalandoptimizedeigenvectorbasesfortheasymmetric

errorsonthePDFsthemselves.However,itgivesperfectagreementforthesymmetricerrors

byconstruction.

InFig.9,weplottheHessiangluonextremePDFs,f(±1)(x,Q),startingfromthe

CT10NNLOandoptimizedforthegg→ H crosssectionattheLHCat14TeV.These

arecomparedtotheCT10HgluonPDFsfromRef.[36],obtainedbytheLagrange Mul-

tipliermethodforthesameobservable. Ascanbeseenfromthefigure,thetwodifferent

versionsoftheextremegluonsetsagreewellintherange10−4<x<0.3Theyonlydif-

fersubstantiallyatlargexorverysmallxvalues,wherethePDFsareunconstrainedand

nonlineardependenceontheparametersbecomessignificant.

B. OptimizationoferrorPDFsforasetofobservables

ThemethodofthelastsectioncanbegeneralizedtoasetofobservablesXα,whereα=1

toNX. Thegoalistofindthedirectionsintheparameterspace,z,thatmaximizethe

deviationsofeachoftheobservablesfromtheirbest-fitvalues,whilekeeping∆χ2(z)≤T2
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attheprescribedCL.Thus,wemaximizethefunction

S(z,λ)=

NX

α=1

wα Xα(z)−Xα(0)
2

−λ∆χ2(z)/T2−1, (48)

whereλisaLagrangemultiplierandthewαarepositiveconstantsthatweightthecontri-

butionofeachoftheobservablestothesum.IntheHessianapproximation,weobtain

S(z,λ)=

NX

α=1

wα

N

j=1

zj∆X
j
α

2

−λ

N

i=1

z2i−1

=

N

i,j=1

ziMijzj−λ

N

i=1

z2i−1 , (49)

where

Mij=

NX

α=1

wα∆X
i
α∆X

j
α, (50)

and∆Xiα=(Xα(f
+i)−Xα(f

−i))/2,asdefinedpreviously. Anaturalchoiceforthecon-

stantsare

wα=(∆Xα)
−2=

N

i=1

∆Xiα
2

−1

, (51)

sothateachobservableisweightedequally5,andthematrixsatisfiesTr(M)=NX.

Atthispoint,thesolutionofthisproblemisformallyidenticaltothatforasingleob-

servable.TomaximizeSwesolvetheeigenvectorequation

N

j=1

Mijzj=λzi, (52)

withthenormalizationcondition N
i=1z

2
i=1. WeobtainNXorthonormaleigenvectorsU

(r)
i

andcorrespondingnon-negativerealeigenvaluesλ(r),r=1toNX.IfNX <N,thenin

generaltherewillbeNX non-zeroeigenvaluesand(N−NX)eigenvaluesthatareidentically

zero.

Asbefore,weintroducenewcoordinates(c1,...,cN)definedby

zi=
N

r=1

crU
(r)
i (53)

5Thisequal-weightingassumptioncanbeeasilymodified,ifdifferentobservablesrequiredifferentprecision

ontheirPDFuncertaintyforagivenanalysis.
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andsatisfying

N

r=1

c2r=
N

i=1

z2i (54)

S(z,λ)=

N

r=1

λ(r)c2r.

There-diagonalizederrorPDFs,optimizedforthissetofobservables,are

f(±r)(x,Q0)=f
0(x,Q0)+

N

i=1

U
(r)
i f±i(x,Q0)−f

0(x,Q0) , (55)

whereagainwefixthesignby N
i=1U

(r)
i ≥0.

WecancalculatetheHessianuncertaintyonanyobservableusingthere-diagonalized

errorPDFs.Defining

∆X(r)α =
Xα(f

(+r))−Xα(f
(−r))

2
, (56)

usingthenewerrorPDFs,thentheHessianuncertaintyontheobservableXαusingthe

SymmetricMasterEquationis

∆Xα =
N

r=1

∆X
(r)
α

2

=
N

r=1

N

i=1

U
(r)
i ∆X

i
α

N

j=1

U
(r)
j ∆X

j
α

=
N

i,j=1

∆Xiα∆X
j
α

N

r=1

U
(r)
i U

(r)
j

=

N

j=1

∆Xjα
2
, (57)

wherewehaveusedthelinearapproximationassumedbytheHessiananalysis.Thus,the

uncertaintycalculatedwiththere-diagonalizederrorPDFsisidenticaltothatcalculatedwith

theoriginalerrorPDFsinthisapproximation.Inparticular,thesymmetricuncertaintyon

thePDFsthemselvesisexactlyidenticalinthecalculationsusingthetwodifferenterrorPDF

sets,becausethere-diagonalizederrorPDFsaredefinedexplicitlyusingalinearexpansion

inEq.(55).

Theadvantageofusingthere-diagonalizederrorPDFs,optimizedforthesetofobserv-

ables,Xα,isthatwecannowdefineaprescriptionforkeepingareducedsetoferrorPDFs,
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byremovingthosethathavenegligibleeffectontheobservablesofinterest.Letusorder

theoptimizederrorPDFsbythesizeoftheireigenvalues,sothatλ(1)≥λ(2)≥···≥λ(N).

Then,ifwekeeponlythefirst2nerrorPDFs(includingboth±directions),theresidual

errorinthevariancecalculatedforobservableXαis

δ(n)α =1−

n
r=1 ∆X

(r)
α

2

(∆Xα)
2

=1−wα

n

r=1

∆X(r)α
2
, (58)

IfwesumthisresidualerroroverallNX observables,andusethelinearapproximationin

theparameterdependenceoftheobservables,weobtain

NX

α=1

δ(n)α =NX−

NX

α=1

wα

n

r=1

∆X(r)α
2

=NX−

NX

α=1

wα

n

r=1

N

i=1

U
(r)
i ∆X

i
α

2

=NX−

n

r=1

N

i,j=1

U
(r)
i MijU

(r)
i

=NX−

n

r=1

λ(r)

=

N

r=n+1

λ(r). (59)

Thus,thesumoftheeigenvaluesofthediscardederrorPDFsgivesthesumoftheresidual

errorsinthecalculationofthevariancesforthesetofobservables.Thisimpliesthatifthe

numberofobservablesislessthanthenumberofeigenvectordirections(NX<N),thenwe

needonlykeepthefirst2NX errorPDFstoobtainthefulldependenceoftheobservables

XαonthePDFparameters,intheHessianapproximation.

Furthermore,inpracticewhenperformingstudiesonasetofexperimentally-relevant

observables,therewillbecorrelationsamongtheobservables. Therefore,evenifNX >N

therewillbeeigenvectordirectionsthathavenegligibleimpactonthecalculationoftheXα.

Thus,byproducingtheoptimizederrorPDFsforthesetofobservables,andnotingthe

sizeoftheeigenvaluesobtainedinthere-diagonalizationprocedure,onecandeterminehow

manyerrorPDFsarenecessarytoretaininordertostudytheobservablesataparticular

levelofprecision.
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FIG.10:Comparisonofu,d,ū,̄d,s,andgPDFuncertaintiesusingoriginalCT14HERA2error

PDFs(lightblue),errorPDFsoptimizedforHiggsandt̄tcrosssections(redhatched),labelledas

HttbOpt,andareducedsetofoptimizederrorPDFs(greenhatched),labelledasHttbOpt4.

C. ExamplesofOptimizingusingePump

AsanexamplewehaveoptimizedtheCT14HERA2PDFsforthefollowingeightobserv-

ables:theNNLOHiggscrosssectionthroughgluonfusionattheLHCandtheNNLOt̄t

crosssectionattheLHC,eachatcenter-of-massenergies7,8,13,and14TeV.Thecross

sectionswerecalculatedusingtheCT14HERA2errorPDFs,andthemassesofthetopquark

andHiggsbosonaresettompolet =173.3GeVandmH =125GeV,respectively,asdone

inRef.[1]. Namely,weworkwithN=28errorsetpairsandNX =8observables. The

eigenvaluesthatweobtainare:4.40,3.53,6.8×10−2,1.6×10−3,1.1×10−4,1.4×10−5,
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9.1×10−7,1.5×10−7,andtheremaining20eigenvaluesareidenticallyzero. Twoofthe

nonzeroeigenvaluesarelarge,correspondingtothetwomaincrosssections,andtheother

nonzeroeigenvaluesaresmaller,pickingupthesmallchangesinthePDFdependenceof

theHiggsandt̄tcrosssectionsastheenergyisvaried.Bychoosingareducedeigenvector

setofthefirst4optimizedeigenvectordirections(correspondingto8errorPDFs),oneis

guaranteedtocoverthefullPDFuncertaintiesoftheseeightobservablesintheHessianap-

proximationwitharesidualerroroflessthan0.01%foranyoneoftheobservables.InFig.10

wehaveplottedthesymmetricerrorbandsatQ=100GeV,relativetotheCT14HERA2

centralfit,fortheu,d,ū,̄d,s,andgluonPDFs,calculatedusingtheoriginalCT14HERA2

errorPDFs(lightblue),thefullsetofoptimizederrorPDFs(redhatched),labelledasHt-

tbOpt,andthereducedsetofthefirst8optimizederrorPDFs(greenhatched),labelled

asHttbOpt4.Fromtheseplotswecanfirstverifythatthesymmetricuncertaintiesofthe

PDFthemselvesareidenticalwhethercalculatedwiththeoriginalCT14HERA2errorPDFs

orthefullsetofoptimizederrorPDFs,asexpected. However,theerrorbandsofthere-

ducedsetofoptimizederrorPDFsaregenerallymuchsmallerthanthosecalculatedwith

theoriginalCT14HERA2errorPDFs.TheonlyexceptionisforthegluonPDFerrorband,

whichisalmostcompletelyspannedbythereducedsetofoptimizedPDFsfortherangeof

xbetweenabout10−4to0.2.ThisisconsistentwithourexpectationsthattheHiggsand

t̄tcrosssectionsattheLHCaremoststronglydependentonthegluonPDFsinthatrange

ofx. ForthequarkandantiquarkPDFs,thereducedsetspansasmallerregionofthe

fulluncertaintybands,indicatinglessdependenceoftheobservablesonthesePDFs.Note,

however,thattheerrorPDFscontaincorrelatedshiftsbetweenalloftheflavorsofPDFs,

whicharenotvisiblewhenplottingeachofthePDFuncertaintiesindividually.

ForamorerealisticapplicationofoptimizedPDFsfromePump,weconsidertherapidity

distributionsfromZbosonproductionattheLHCbexperimentat8TeVcenter-of-mass

energy.TheLHCbcollaborationmeasuredthecrosssectionin18binsofZbosonrapidity

inthedi-muondecaychannel[38].Theyalsomeasured17binsofZbosonrapidityinthe

e+e− decaychannel[39]. Therefore,forthisexerciseweconsidertheoptimizationofthe

CT14HERA2PDFsforthese35observables. Notethatthisismorethanthe28pairsof

eigenvectorsintheCT14HERA2set. Forthecalculationofthe35observablesthatgoes

intotheePumpanalysis,weusedaNNLOcalculationobtainedfromtheFEWZ[40–43]and

ApplGrid[44]codes.Forthissetofobservables,thefirst6eigenvaluesare28.64,4.61,1.29,

0.30,0.12,0.03,withtheremainingeigenvaluesdecreasingrapidlyafterthat.Fromthiswe

seethatthefirsteigenvectorpaircontainsmostofthedependenceonthePDFsofthe35

observables.Therestoftheeigenvectorpairsarenecessarytoprovidethesensitivitytothe

differentflavorandx-rangeprobedbythedifferentobservablesinthesetof35.Inorderto

decidehowmanyeigenvectorpairsarenecessaryforthisparticularanalysis,itisusefulto

considertheresidualerrorsonthevarianceofeachobservableα,asafunctionofthenumber

ofeigenvectorpairsnthatareretainedinthereducedset.Thesevalues,δ
(n)
α ,whichwere

definedinEq.(58),areincludedintheoutputofePump.Theresidualerrorsforeachofthe
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FIG.11: Comparisonofu,d,ū,d̄,s,andgPDFuncertaintiesusingoriginalCT14HERA2er-

rorPDFs(lightblue),errorPDFsoptimizedforLHCbZrapiditydistributionsat8TeV(red

hatched),labelledasLHCbOpt,andreducedsetofoptimizederrorPDFs(greenhatched),labelled

asLHCbOpt6.

observables,usingupto6eigenvectorpairsisshowninTableII.Themaximalresidualerror

foreachnumberofpairsusedisenclosedinabox.Fromthistable,wefindδ
(4)
α <0.05for

allobservablesα,sothat4eigenvectorpairsaresufficienttoensurethatallresidualerrors

arelessthan5%.Similarly,wefindδ
(5)
α <0.004andδ

(6)
α <0.001forallobservablesα,so

thatareducedsetof5or6eigenvectorpairsissufficienttoensurethattheresidualerror

onthevarianceforanyofthe35observablesislessthan0.4%or0.1%,respectively.

Giventheseresults,areasonablechoicemightbetouseareducedsetof5or6optimized

eigenvectorpairs(correspondingto10or12optimizederrorPDFs),dependingonthepre-
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α yZ δ
(1)
α δ

(2)
α δ

(3)
α δ

(4)
α δ

(5)
α δ

(6)
α

1 2.000–2.125 0.2924 0.1165 0.0209 0.0099 0.0027 0.0005

2 2.125–2.250 0.2371 0.0803 0.0067 0.0018 0.0002 0.0002

3 2.250–2.375 0.1787 0.0449 0.0013 0.0007 0.0007 0.0002

4 2.375–2.500 0.1322 0.0223 0.0034 0.0030 0.0014 0.0001

5 2.500–2.625 0.0975 0.0116 0.0082 0.0043 0.0009 0.0000

6 2.625–2.750 0.0757 0.0128 0.0123 0.0038 0.0002 0.0000

7 2.750–2.875 0.0638 0.0224 0.0131 0.0022 0.0001 0.0001

8 2.875–3.000 0.0582 0.0357 0.0102 0.0010 0.0006 0.0001

9Z→µ+µ− 3.000–3.125 0.0562 0.0484 0.0061 0.0011 0.0009 0.0000

10 3.125–3.250 0.0576 0.0572 0.0033 0.0023 0.0007 0.0001

11 3.250–3.375 0.0621 0.0584 0.0038 0.0035 0.0002 0.0001

12 3.375–3.500 0.0752 0.0509 0.0084 0.0033 0.0002 0.0001

13 3.500–3.625 0.1033 0.0362 0.0139 0.0018 0.0007 0.0001

14 3.625–3.750 0.1559 0.0207 0.0169 0.0009 0.0008 0.0001

15 3.750–3.875 0.2442 0.0165 0.0140 0.0032 0.0002 0.0001

16 3.875–4.000 0.3670 0.0360 0.0087 0.0071 0.0006 0.0000

17 4.000–4.250 0.5447 0.0897 0.0116 0.0023 0.0016 0.0001

18 4.250–4.500 0.7396 0.2061 0.1232 0.0408 0.0037 0.0001

19 2.000–2.125 0.3020 0.1259 0.0219 0.0113 0.0029 0.0009

20 2.125–2.250 0.2337 0.0800 0.0071 0.0019 0.0001 0.0001

21 2.250–2.375 0.1821 0.0468 0.0015 0.0008 0.0008 0.0003

22 2.375–2.500 0.1327 0.0227 0.0034 0.0030 0.0015 0.0001

23 2.500–2.625 0.0975 0.0117 0.0083 0.0043 0.0009 0.0001

24 2.625–2.750 0.0764 0.0130 0.0125 0.0038 0.0002 0.0000

25 2.750–2.875 0.0631 0.0224 0.0131 0.0024 0.0002 0.0001

26 2.875–3.000 0.0579 0.0355 0.0104 0.0009 0.0006 0.0001

27 Z→e+e− 3.000–3.125 0.0564 0.0486 0.0062 0.0011 0.0009 0.0000

28 3.125–3.250 0.0574 0.0570 0.0034 0.0025 0.0007 0.0001

29 3.250–3.375 0.0619 0.0584 0.0041 0.0037 0.0003 0.0002

30 3.375–3.500 0.0751 0.0510 0.0085 0.0033 0.0002 0.0001

31 3.500–3.625 0.1033 0.0362 0.0134 0.0018 0.0008 0.0001

32 3.625–3.750 0.1562 0.0208 0.0170 0.0009 0.0009 0.0001

33 3.750–3.875 0.2422 0.0154 0.0134 0.0034 0.0006 0.0004

34 3.875–4.000 0.3698 0.0383 0.0087 0.0072 0.0008 0.0001

35 4.000–4.250 0.5474 0.0940 0.0121 0.0033 0.0024 0.0005

TABLEII:ResidualerrorinthePDF-inducedvariance,δ
(n)
α ,foreachoftheobservables(α=1,35)

asafunctionofthenumbernofoptimizedeigenvectorsretainedinthereducedHessianPDFset.
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cisionrequired.InFig.11wehaveplottedthesymmetricerrorbandsatQ=100.0GeV,

relativetotheCT14HERA2bestfit,fortheu,d,ū,̄d,s,andgluonPDFs,calculatedusing

theoriginalCT14HERA2errorPDFs(lightblue),thefullsetofoptimizederrorPDFs(red

hatched),labelledasLHCbOpt,andthereducedsetofthefirst12optimizederrorPDFs

(greenhatched),labelledasLHCbOpt6.

IV. EPUMPCODE

TheePumpcodeiswritteninC++andconsistsoftwomainexecutables,UpdatePDFsand

OptimizePDFs. Wediscusssomegeneralfeaturesofthecodehere,anddirecttheinterested

readertothewebsitehttp://hep.pa.msu.edu/epump/toobtainthecodeandtofindspecific

detailsofitsusage.

TheUpdatePDFsexecutableupdatesthebest-fitandHessianeigenvectorPDFs,aswell

aspredictionsforobservables,givenoneormorenewdatasetsofobservables,usingthe

approximationsoutlinedinSec.II.ThePDFsettobeupdatedcanbeineitherLHAPDF

format(“.dat”files)orCTEQformat(“.pds”files),andtheupdatedcentralanderrorPDFs

areoutputinthesameformatastheinputfiles(i.e.,either“.dat”or“.pds”files).Either

aglobaltolerancevaluemaybeused,ordynamicaltolerancesmaybeused,inwhichcase

afileoftolerance-squaredvalues,definedas(T±i)
2foreach±errorPDF,ina“.tol”file

mustbeincludedwiththePDFset.Foreachdatasetofobservablestobeusedtoupdate

thePDFs,onemustsupplya“.data”fileanda“.theory”file. The“.data”filecontains

theexperimentalvaluesanderrorsforeachofthedatapointsinaparticulardataset.The

errorscanbeincludedinseveraldifferentformats,includingatableofuncorrelatedstatistical

andsystematicerrorsandcorrelatedsystematicerrors,asdetailedinAppendixB.Thisis

essentiallyidenticaltotheformatofthedatatablesusedinthestandardCTglobalanalysis.

The“.theory”filecontainsalistofthetheoreticalpredictionsfortheobservablesinthedata

setforeachofthePDFsintheoriginalbest-fitandHessianerrorPDFset. Thelocation

ofthePDFs,the“.data”and“.theory”files,aswellasotherbasicinformationtobeused

byUpdatePDFsiscontainedinamaster“.in”file.Individualweightscanbegiventothe

contributionsofeachdatasettotheχ2function,aswellasanoverallglobalweighttothe

contributionofallnewdatasets,inordertoeasilyprobetheimpactofthePDFstoeach

ofthenewexperimentaldata.Thecodetakesonlyafewsecondstorunonanearly-2013

MacBookPro,soitisquickandeasytotrydifferentcombinationsofdatasetstocompare

theirimpactonthePDFs.

Inadditiontotheupdatedbest-fitanderrorPDFs,theoutput(“.out”file)ofthe

UpdatePDFsexecutableincludesinformationontheupdatedχ2contributionfromeachofthe

datasets,includingupdatedreducedχ2andresidualsforeachofthedatapoints,andbest-

fitvaluesforthenuisanceparameters[1,26]. UpdatedpredictionsandPDFuncertainties

foreachoftheobservables,aswellasupdatedcorrelationcosinesforpairsofobservables

arealsoincludedinthe“.out”file. Theseupdatedpredictionscanalsoincludeauxiliary
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observables,notusedintheupdate,byincludingadditional“.theory’files.

TheOptimizePDFsexecutableoptimizestheHessianeigenvectorPDFsforoneormore

setsofobservables,usingthemethoddescribedinSec.III.ThePDFscanbeinLHAPDF

orCTEQformats(withtheoptimizederrorPDFsoutputinthesameformatastheoriginal

PDFs),andthetheoreticalpredictionsusedforoptimizingthePDFsaregivenin“.theory”

files,identicaltothoseusedbyUpdatePDFs.ThelocationsofthePDFsand“.theory”files

andsupplementaryinformationisgiveninasingle“.in”file,andusefulinformationonthe

optimizedPDFsetisoutputintothe“.out”file.Inparticular,the“.out”filegivesthe

eigenvaluesforeachoftheoptimizedeigenvectordirection,aswellastheresidualerrorsto

thevarianceofeachoftheobservables,whenusingareducedsetoftheoptimizedHessian

eigenvectorPDFs. Withthisinformationitistheneasytodecidehowlargethereducedset

mustforthedesiredprecisionofaparticularanalysis.

ThecompleteePumppackage,aswellasmoredetailedinstructionsforinstallingandfile

formattingcanbefoundatthewebsitehttp://hep.pa.msu.edu/epump/.

V. CONCLUSIONS

Already,alargeamountofprecisiondatahasbeencollectedattheLHC,andmany

advancedtheoreticalcalculationshavebeenproducedinordertocomparetothedatato

betterdeterminetheparametersoftheStandardModelandtosearchforpossiblenewphysics

signals. Oneofthekeyinputstothisimportanttaskisthepartondistributionfunctions,

whichmustbedeterminedaspreciselyandwithasmuchinformationoftheiruncertainties

aspossible.However,inthetypicalQCDglobalanalysisofPDFs,thelongcomputingtime

thatisnecessarytoobtainpreliminaryresultscanslowdowntheimprovementofthePDFs,

evenwhenjustincludingafewLHCjet,highmassDrell-Yan,W,Z,andtopquarkdata

setsinthefitsattheNNLOaccuracyinQCDinteraction.

Inthiswork,wehavepresentedatheoreticalmethodwhichallowsustoobtainpreliminary

resultsoftheupdatedPDFsinjustafewsecondsofCPUtime. Wehaveextendedthe

methodofPaukkunenandZuritatoupdatetheHessianPDFs,ofwhichCTEQ-TEAPDFs

aretypicalexamples.Somespecificadvances,ascomparedtothepreviouswork[13,15],

aregivenasfollows.AsbrieflyreviewedinSecs.IIAandC,theCTerrorPDFsetswere

determinedwithatotaltoleranceT(around100atthe90%CL),whichalsoincludesthe

so-calledTier-2penalties.Inthiswork,wehaveconsistentlyincludedtheeffectofthe

Tier-2penaltiesassociatedwitheacherrorPDFsetalongitseigenvectordirectioninthe

CTEQ-TEAfittingparameterspace. Thisallowsustoobtainboththeupdatedbest-fit

PDFandtheupdatedeigenvectorPDFs(aftermakingareasonableassumptionaboutthe

thebehavioroftheTier-2penaltiesaftertheupdate).Inadditiontoupdatingthecentralfit

anditsassociatederrorPDFs,wehavealsoshowedhowtodirectlyupdatethepredictions

onexperimentalobservablesandtheirPDFuncertaintieswithoutrequiringtheuseofthe

updatedPDFstore-dothetheorypredictionsinSec.IID.
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Wehaveimplementedthesefunctionsinanumericalsoftwarepackage,calledePump. We

showedsomeexamplesandverificationsofitsfunctionalityinSec.IIF,anddiscussedwhere

theapproximationsusedinthemethodmaybreakdowninSec.IIE.TheHessianmethod

reliesonaquadraticapproximationfortheparameterdependenceoftheχ2minimization

functionandalinearapproximationfortheparameterdependenceoftheobservables,includ-

ingthePDFsandanyotherobservableswhosepredictionwillbeimpactedbythenewdata.

TheHessianupdatingalsoreliesonthelinearapproximationfortheparameterdependence

oftheobservablesthatdescribethenewdatausedintheupdating. Wepresentedsomeways

toprobewhentheseapproximationsmightbepushedtotheirlimits.Inpractice,themost

importantlimitationoftheHessianupdatingmethodisthatitistiedtoallofthesystem-

aticassumptionsusedintheoriginalPDFerrorset.Forinstance,ifthenon-perturbative

functionalformoftheoriginalPDFsisnotsufficientlyflexibletodescribethenewdata,

thentheupdatingmethodwilllikelyfail.

Recently,apublicprogram,PDFSense[35],wasdevelopedasatooltoidentifytherelative

importanceofnewexperimentaldatasetsinreducingtheuncertaintiesofthePDFs.The

ePumpcodeprovidescomplementaryinformationtothisbydirectlycalculatingthechanges

tothePDFsandtheiruncertaintieswhenthenewdataisincluded.Intheprocesswehave

corroboratedthatthelargestimpactonthePDFsdocomefromtheexperimentssuggested

bythePDFSenseprogram.

ThesecondpartofthispaperwasdevotedtoconvertingagivensetofHessianerror

PDFstoanew(andsmaller)setofHessianerrorPDFsthatareoptimizedforagiven

setofobservables. Themotivationforthiseffortcomesfromthefactthatitisfrequently

requiredinexperimentalerroranalysestorepeat MonteCarlosimulationofeventswith

theHessianerrorPDFs,inordertoevaluatevariouscutsorexperimentaluncertaintiesand

theirinterplaywiththePDFuncertainties. With50ormoreerrorPDFs,thiscanbea

time-consumingendeavor.Therefore,asmaller,reducedsetoferrorPDFs,whichprovides

thesameinformationonthePDFdependenceoftheobservablesunderconsiderationisoften

criticalfortheanalysis.InSec.III,wepresentedanovelmethod,entirelybasedwithinthe

Hessianapproach,thatcanbeusedtoproducethenewsetofHessianerrorPDFsthatare

optimizedforagivensetofobservables,andcontainthefulluncertaintyinformationofthe

originalerrorset.ThisoptimizedsetoferrorPDFsisorderedinsuchawaythatareduced

setoftheerrorPDFscanbeeasilychosentoreproducethePDF-inducedvariancesinthe

observablestoanydesiredprecision. Thisfunctionalityhasalsobeenimplementedinthe

ePumpcode,andwediscussedacoupleapplicationsofitinSec.IIIC.

TheePumpcodeisasimpleandefficientpackageforperformingthetwotasksofupdating

andoptimizingtheHessianPDFs. WithregardstoupdatingPDFstoincludetheeffects

ofnewdata,weemphasizethattheePumpcodeisnotmeantasareplacementforatrue

globalanalysis,whichveryoftenrequirestheintroductionofnewparametrizationformsfor

thepartondistributionsattheinitialevolutionscale(around1.3GeVintheCTfits).In

addition,thefinaljudgmentfortheapplicabilityofthequadraticandlinearapproximations
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usedinePumpwillalwaysbethefullglobalanalysis.Nevertheless,ePumpprovidesaquick

waytoestimatetheimpactofagivennewdataset(inclusivejets,forexample)onthe

updatederrorPDFs,whichinturnaffectsotherobservables(theHiggsbosonproduction

crosssectionattheLHC,intheexampleofSec.IIF).WithregardstooptimizingPDFs,the

ePumpcodecanproduceanoptimizedsetforaparticularsetofexperimentalobservables,

fromwhichtheusercanthenchooseareducedsetfortheirrequiredprecision. Againthe

advantageistoshortentheCPUtimeneededfortedious MonteCarlosimulations,while

retainingasmuchofthedependenceofthecompletesetoferrorPDFsasdeterminedbythe

user.
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AppendixA:InclusionofdiagonalquadratictermsinX(z)

AlthoughtheHessianeigenvectorPDFsdonotprovideenoughinformationtonumerically

calculatethefullsetofquadratictermsintheTaylorexpansionoftheoperatorsX(z)as

givenbyEq.(3),theycanbeusedtoobtainthediagonalquadraticterms.Theresultsfor

thelinearanddiagonalquadraticcoefficients,whileusingdynamicaltolerances,wasgiven

inEqs.(24)and(25).Inthisappendixwediscusstheinclusionofthesequadratictermsin

theHessianupdating.

Thenewbest-fitparameters,z0,oftheχ2function,Eq.(9),areasolutionoftheequation

0=
1

2

∂∆χ2(z)new
∂zi

z=z0

= T2z0i+

NX

α,β=1

Xα(z)−X
E
α C

−1
αβ

∂Xβ
∂zi z=z0

. (A1)

Ifthequadratictermsarenottoolarge,thiscanbesolvediterativelyas

z
0(n+1)
i =z

0(n)
i +

N

j=1

(δ+M(n))−1ij Aj(n)−z
0(n)
j , (A2)

where

Ai(n)=
1

T2

NX

α,β=1

XEα−Xα(z)C
−1
αβ

∂Xβ
∂zi z=z0(n)

,

Mij(n)=
1

T2

NX

α,β=1

∂Xα
∂zi
C−1αβ
∂Xβ
∂zj
− XEα−Xα(z)C

−1
αβ

∂2Xβ
∂zi∂zj z=z0(n)

, (A3)

andz
0(0)
i =0.

Notethatifthequadratictermsareexactlyzero,thisconvergesinthefirstiteration

totheresultfoundpreviously,withz0i≡z
0(1)
i .Inmostapplications,wehavefounditto

convergein5to10iterations,startingfromtheoriginalbest-fitparametersorfromthe

best-fitparametersfromtheupdatedlinearsolution.Inthesecasesthedifferenceinthe

speedofePumpishardlynoticeablecomparedtothelinearversion.Ontheotherhand,if

theχ2functiondeviatestoomuchfromthequadraticapproximationandtheinitialtrial

best-fitz
0(0)
i istoofarfromtheexactbest-fitsolution,thentheiterativeproceduremay

notconverge.Inthatcaseitwouldbenecessarytoinvokeamoresophisticatedalgorithm

tofindtheminimum,whichisbeyondthescopeoftheePumpproject.Furthermore,itis

notpossibletoincludetheoff-diagonalquadratictermsinX(z)usingtheerrorPDFs,and

wehavenotconsideredcomparablecorrectionstothecontributionstoχ2fromtheoriginal

data.Therefore,weadvocateusingtheimplementationofePumpwithlineartermsinX(z)

only,asdescribedinthemaintext,whileincludingthequadratictermsonlytocheckfor

consistencyoftheresults,asdiscussedinSec.IIE.
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AppendixB:InverseCovariance MatrixfromUncorrelatedandCorrelatedSystem-

aticUncertainties

Inmanymodernanalyses,theexperimentalerrorsaregivenintermsofuncorrelated

experimentalerrorssαforeachdatapoint(labeledbyα)andcorrelatedsystematicerrors

βαawitha=1,Nλ.ThediscussionherefollowsthatofRef.[26].Theassumptionisthat

themeasuredvalueandthetruevaluearerelatedbyXEα=X
(true)
α +sαδα+ aβαaλa,where

thenuisanceparameters,δαandλa,areGaussianrandomnumberswithstandarddeviation

ofone.Thenumbersδαareuncorrelatedbetweendatapoints,whiletheλaareindependent

ofα(i.e.,λaisthesameforeachdatapoint).IfwereplacethetruevalueX
(true)
α bythe

theoreticalpredictionXα(z)intheaboveequation,thentheχ
2functionis

χ2=

NX

α=1

δ2α+

Nλ

a=1

λ2a

=

NX

α=1

Xα(z)−X
E
α+

Nλ
a=1βαaλa

2

s2α
+

Nλ

a=1

λ2a, (B1)

andweobtainthebestfitbyminimizingwithrespecttothefittingparameters{z}andthe

parametersλa.

Minimizingwithrespecttoλaandreplacingbackintotheχ
2functiongives

χ2=

NX

α,β=1

Xα(z)−X
E
α C

−1
αβ Xβ(z)−X

E
β , (B2)

where

C−1αβ =
δαβ
s2α
−

Nλ

a,b=1

βαa
s2α
A−1ab
ββb
s2β
, (B3)

with

Aab=δab+

NX

α=1

βαaβαb
s2α

. (B4)

Notethatwecanwritethe(un-inverted)covariancematrixas

Cαβ =s
2
αδαβ+

Nλ

a=1

βαaββa. (B5)

However,theformerexpressionforC−1αβ istypicallylesscomputationallyintensethanto

directlyinvertCαβifNλ<NX.
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Theresidualforeachdatapointαisgivenbytheδαatthebestfitvalueoftheparameters.

Thatis,

rα = δ̄α =
XEα−

Nλ
a=1βαaλa−Xα(z

0)

sα

=−

NX

β=1

sαC
−1
αβ Xβ(z

0)−XEβ . (B6)

ComparisonoftheresidualstoanormalizedGaussiandistributiongivesinformationabout

theself-consistencyofthedatapointsandtheuncorrelatederrors.Similarly,thebest-fit

valuesofλagiveinformationabouttheself-consistencyofthecorrelatedsystematicerrors.

Theyare

λ̄a=−

Nλ

b=1

A−1ab

NX

α=1

βαb Xα(z
0)−XEα
s2α

. (B7)

InpracticethecorrelatedsystematicerrorsβαaaregivenaspercentagesofX
(true)
α .In

ePump,wetreattheseerrorsasmultiplicativeerrorsandcalculatetheβαausingtheorigi-

nalbest-fittheorypredictions.Notethatthedifferencebetweenusingtheoriginalbest-fit

predictionsandtheupdatedbest-fitpredictionsinthecomputationofC−1αβ isgreaterthan

quadraticorderintheparameterexpansion,andsoisbeyondtheHessianapproximation

thatweareusing.
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