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Abstract Despite its conceptual and practical importance, a rigorous derivation of
the steady incompressible Navier—Stokes—Fourier system from the Boltzmann theory
has been an outstanding open problem for general domains in 3D. We settle this
open question in the affirmative, in the presence of a small external field and a small
boundary temperature variation for the diffuse boundary condition. We employ arecent
quantitative L?—~L approach with new L® estimates for the hydrodynamic part P f
of the distribution function. Our results also imply the validity of Fourier law in the
hydrodynamical limit, and our method leads to an asymptotical stability of steady
Boltzmann solutions as well as the derivation of the unsteady Navier—Stokes—Fourier
system.
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1 Introduction
1.1 Background

The hydrodynamic limit of the Boltzmann equation has been the subject of many stud-
ies since the pioneering work by Hilbert, who introduced his famous expansion in the
Knudsen number ¢ in [36,37], realizing the first example of the program he proposed
in the sixth of his famous questions [38]. Mathematical results on the closeness of the
Hilbert expansion of the Bolzmann equation to the solutions of the compressible Euler
equations for small Knudsen number &, were obtained by Caflisch [12], and Lachow-
icz [45], while Nishida [49], Asano and Ukai [4] proved this by different methods.
More recently, the convergence in the presence of singularities for the Euler equations
have been obtained in [55] and [39]. The relativistic Euler limit has been studied in
[52].

On a longer time scale ¢!, where diffusion effects become significant, the prob-
lem can be faced only in the low Mach numbers regime (Mach number of order ¢
or smaller) due to the lack of scaling invariance of the compressible Navier—Stokes
equations. Hence the Boltzmann solution has been proved to be close to the incom-
pressible Navier—Stokes—Fourier system. Mathematical results were given, among the
others, in [9,15,30,32,33] for smooth solutions. For weak solutions (renormalized
solutions), after several partial steps [5—8,47,48], the full result for the convergence
of the renormalized solutions has been obtained by Golse and Saint-Raymond [24].
For more references, see [50].

Much less is known about the steady solutions. It is worth to notice that, even
for fixed Knudsen numbers, the analog of DiPerna-Lions’ renormalized solutions
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Stationary Solutions to the Boltzmann Equation in the... Page30f 119 1

[16] is not available for the steady case, due to lack of L' and entropy estimates. In
[26,27], steady solutions were constructed in convex domains near Maxwellians, and
their positivity was left open. The only other results are for special, essentially one
dimensional geometry (see [3] for results at fixed Knudsen numbers and [1,2,18,19]
for results at small Knudsen numbers in certain special 2D geometry). In a recent
paper [17], via a new L>—L> framework, we have constructed the steady solution
to the Boltzmann equation close to Maxwellians, in 3D general domains, for a gas in
contact with a boundary with a prescribed temperature profile modeled by the diffuse
reflection boundary condition. The question about positivity of this steady solution
was resolved as a consequence of their dynamical stability. As pointed in [22], despite
the importance of steady Navier—Stokes—Fourier equations in applications, it has been
an outstanding open problem to derive them from the steady Boltzmann theory. We
list some recent developments along L% — L framework [17,31-35,40,41,52,54].

The goal of our paper is to employ the L?>—L framework developed in [17] to study
the hydrodynamical limit of the solutions to the steady Boltzmann equation, in the
low Mach numbers regime, in a general domain with boundary where a temperature
profile is specified. In order to perform the hydrodynamic limit, some uniform-in-¢
estimates are required. To achieve this we need to show higher integrability than L?
for the slow modes of the solution.

Let Q be a bounded open region of R? for either d = 2 or d = 3. We consider the
Boltzmann equation for the distribution density F' (¢, x, v) witht € Ry :=[0, 00), x €
Q,ve ]Ri. In the diffusive regime, the time evolution of the gas, subject to the action
of a field G, is described by the following rescaled Boltzmann equation:

WF+e 'v-ViF+G-V,F =¢ 2Q(F, F), (1.1
where the Boltzmann collision operator is defined as
QO(F, H)(v) := / / B(v —u, o)[FW')H@') — F(v)H (u)]dodu
R3 JS2
= 04+(F, H)(v) = Q_(F, H)(v),

withv =v—[(v —u) - ow]o, v’ =u+[(v—u)-wlw. Here, B is chosen as the hard
spheres cross section throughout this paper,

B(V,0) =V -ol. (1.2)

The interaction of the gas with the boundary 92 is given by the diffuse reflection
boundary condition, defined as follows: Let

P v — ul?
Myt = 3 exp[— ]
rT)?2 2T

be the local Maxwellian with density p, mean velocity u, and temperature 7. For a
prescribed function Ty, (wall temperature) on 9€2, we define the wall Maxwellian
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1 Page4of 119 R. Esposito et al.

21
My =_|—Mior,. (1.3)
Ty

We impose the diffuse boundary condition as

F = @;’J(F) on y_, (1.4)

where
@)’,”F(x,v) = Mw(x,v)/ F(x,u){n(x) - u}du. (1.5)
n(x)u>0

Here, we denote by n(x) the outward normal to 9€2 at x € €2 and we decompose the
phase boundary y := 3Q x R? as
ye = {(x,v) € IQ x R* n(x)-v =0},

3 (1.6)
v = {(x,v) € a2 xR nx)- -v=0}.

We recall that the boundary condition (1.4) with (1.5) ensures the zero net mass flow
at the boundary:

/ F(x,v){n(x)-v}dv =0 foranyx € 0L2.
R3
The rescaled Boltzmann equation (1.1) is studied under the assumption of low Mach

numbers, meaning that the average velocity is small compared to the sound speed. This
can be achieved by looking for solutions

F—p=MJuf, (1.7)
with the global Maxwellian
I _n?
n) = Mo = We (1.8)
Here, the number 901 is proportional to the Mach number. The case of M = ¢

corresponds to the incompressible Navier—Stokes—Fourier limit (INSF) that will be
discussed in this paper. The case of 9 « ¢ corresponding to the incompressible
Stokes—Fourier limit, is simpler and the results of this paper also cover this case which
will not be discussed explicitly.

The condition (1.7), once assumed initially, needs to be checked at later times. By
multiplying (1.1) by v and integrating on velocities, we see that the change of mean
velocity is proportional to G. Thus, we need to assume G = 21 with a bounded ®.
Moreover, to make (1.7) compatible with the boundary conditions, we need to assume
that T, = 1 4+ NP, where 9, is a function defined on 02 with size of order 1. In
particular, for the INSF case, we have

-

G=¢d, T,=1+4c¢vy. (1.9)
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1.2 Notation and Preliminary Definitions

Let ®,, be any fixed smooth function on €2 such that ®,|3q = ¥, and

1Owllwioo@) S 10w llwiecpe)- (1.10)
Let

fu= Vi[Ol =372+ pu ] o ==0u+i27 [0 (LD

where p is the standard Maxwellian in (1.8). The average of ®,, is added so that
/] foR3 fw = 0. In order to enforce the incompressible regime we look for a solution
which differs from the standard Maxwellian p for terms of order &. Moreover, to
have only homogeneous Dirichlet boundary conditions in the limiting hydrodynamic
equation we subtract the contribution f,, and seek for a solution in the form

F = p+eyu(fw+ f) (1.12)

Note that there is no loss of generality in assuming the zero-mass condition

// f/m=0, (1.13)
QxR3

so that [, g3 F = [[o.ms 1 =12l
Our aim is to show that we can construct f such that F solves (1.1) and (1.4) both

in the steady and unsteady case. Moreover, as ¢ — 0, f converges in some suitable
sense to fi given by

v =3

f1:= [p—l—u-v—i— 9}\/_, (1.14)

where (p, u, 0) represents the density, velocity, and temperature fluctuations. The
density and the temperature fluctuations satisfy the Boussinesq relation

Ve(p+60) =0, (1.15)

and the velocity and the temperature fluctuations satisfy the Incompressible Navier—
Stokes—Fourier System (INSF)

oou+u-Vyu+Vyp=vAu+®,V,-u =0 in Q,
00 +u-Vi(0+0,) =A@l +0,) in Q,
u(x,0) =ug(x), 0(x,0) =6y(x) in L,

u(x) =0, 0(x)=0 onae,

(1.16)

where v is the viscosity and « is the heat conductivity and p the pressure. We have
used the function ®,, in our definition to impose the null boundary data for 6.
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We recall the definition of the linearized collision operator:

1
Lf =——[0(u, + 01, 1.17
f ﬁ[Q(M Vi) + oW f wl (1.17)

and the nonlinear collision operator:

1
Fi(f.8) = ﬁ[Qi(\/ﬁfa Virg) + 0+ (g, vl (1.18)
The null space of L, Null L is a five-dimensional subspace of L?(RR?) spanned by
v]* -3
[vE v Ji}.
We denote the orthogonal projection of f onto NullL as
v -3
Pf =aJu+v-b/u+c 7 VI, (1.19)

where a == (f, /2. b = (f,v/), ¢ = 3(f. (vI* — 3) /)2 with the L*(R})
inner product (-, -)2, and (I — P) the projection on the orthogonal complement of
NullLZ. The inverse operator L™ is defined as follows: if Pg = 0, L™! g is the unique
solution of L(L™'g) = g, and P(L™!g) = 0. (see [14]) Note that the functions f;
and f,, are in NullL.

It is well-known that, (see [14,29])

Lf =vf —Kf,
where the collision frequency is defined as
1
NG

For the hard sphere cross section (1.2), there are positive numbers Cy and C; such

that, for (v) := /1 + |v]2,

v(v) = Q—(\/ﬁvﬂ):/ / (v —u) - olp(u)dodu.
R3 J§2?

Co(v) =v(v) = Ci(v). (1.20)
Moreover the compact operator on Lz(Rg), K is defined as
1
Ji
= [ 1w~ latw, 0] fd
R

Kf = —[0+(u, vif)+ 0+(Vif ) — O—(u, /i)l

The operator L is symmetric on the dense subspace Dy = {f € Lz(Rg) | vz f €
L2R)} : (f. Lg) = (8. Lf)a.
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The following spectral inequality holds for L:
(f L2 Z 2 A=P)f 172 s (1.21)

For the proof see [14] or the proof of Lemma 1 of [29].
1.3 Boundary Conditions
From the definition of ®,,, we have
Ml+8pw,0,1+s@)w y = «92;,1) (M1+spw,0,l+£®w)-

Moreover, by expanding My, .0,1+¢0, 1N &, We get

M tep, 01460, = 1+ &fu/I + 2@, (1.22)
where
el < 01Dl 700 502 (V) (W) (1.23)
Therefore, on y_
I+ efu/I+ E QeI = DY (1 + efu /It + €7 pe /L) (1.24)

On the other hand, from (1.4) and (1.12), on y_,
Py [+ e(fu+ HVi] o 27 (i +e(fo + NV
Subtracting above two equations, we obtain the boundary condition for f:
fly =V ' PU(Juf) +er,

with

ri= x/ﬁilf@;ﬂ(«/ﬁ%) —@e, Irlpcpaxry) S ElPuwliepe)- (1.25)
Furthermore we can write

VI D) = Py f +e2f,
with
P, f(x.v) = V21 y/a () / FaVRG () - u)du,  (126)

(x)-u>0

2f = [V '\ PUWIS) — Py f]- (1.27)
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Note that the boundary operator .2 is bounded uniformly in ¢ and, for0 < 8 < 41'1’

2
P 2 f |10 paxrs) S 1Pwliea). (1.28)
This follows by expanding My, in (1.3) with T;, = 1 + €9, in € to obtain

v]?

My (x,v) = V27 0(v) + 60027 (== = 2) (@) +62 0 (19 ) () (). (129)

Hence the boundary condition for f becomes
f =P f+el2f+r] on y_, (1.30)
with 2 in (1.27) and r in (1.25).

From [ o p{n-vidv = —1 = [ My{n - vidv and (1.25) and (1.27), it
follows that

/ 2f/p{nx)-vidv=0= / ry/m{n(x) - vidv forany x € 9Q.
n(x)-v<0 n(x)v<0
(1.31)

1.4 Main Results

We first focus on the steady case. The steady solution to the Boltzmann equation is
obtained with the same procedure discussed before for the unsteady case:

Fy = p+ey/ulfv+ £, (1.32)

where Fy and f; do not depend on 7.
The unknown f; has to satisfy the following equation

veVafi+ szﬁ¢ VVEA] L = LT )+ A (133)

where
1
Lifs = ﬁ[Q(\/ﬁfw, VILfs) + QWi fs i fuw)]l, (1.34)

Ay =60 v i— v Ve fo - ezﬁcb VS TG fu), 0139)

with boundary conditions
fs = P fy+e[2fs+r] on y_, (1.36)

with 2 in (1.27) and r in (1.25).
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Note that, by (1.11),

PA, = £d - v/, //QMAM/ﬁ:O. (1.37)
X

Theorem 1.1 Assume 2 is an open bounded subset of R3 with C* boundary 9S2. We
also assume the hard sphere cross section (1.2).
If® = ®(x) e CY(R), Py € WHXOQ) and

1Pwllmree) + 1Pl2@) < 1, (1.38)

then, for 0 < & < 1, there is a unique positive solution Fy > 0, given by (1.12) with
fs satisfying (1.33) and the boundary condition (1.30).
Moreover,

1 1
Ifsll2+ P fillo+e IA=P) fillo+67 2|1 = Py) fil2 1+ +2 [wfillo < 1, (1.39)

where w(v) = AP with 0 < B < 1. Finally, as ¢ — 0, f; converges weakly in

L% to fis =lus-v+ O (Jv|> — 5)/2] /1 with (ps, ug, 05) the unique solution to the
steady INSF with Dirichlet boundary conditions and subject to the external field ®:

us - Vytts + Vips =0Aug +®, V,-u;=0in Q,
Us - V(O + Oy) =k A(Gy + ©y) in Q, (1.40)
ug(x) =0, 6;(x) =0o0n 0L2.

Remark In particular Theorem 1.1 implies the existence of solutions to the stationary
INSF boundary value problem for small force and boundary temperature in the sense
of (1.38). The hard spheres cross section is used to control the term ev - ®f coming
from the external field.

Note that, if ® = V, U is a potential field, u; = 0, p; = U is solution to the above
system. Therefore, in order to have a stationary solution with non vanishing velocity
field, we may assume that ® is not a potential field, such that V,. - & = 0. (See [22])

We remark that the convergence results provided by Theorem 1.1 does not give any
indication on the rate of convergence in ¢ of the solution to its limit. To discuss this
we can be inspired by the Hilbert expansion.

Letus denote F = p+ ¢ /ig and g1 = /i(ps +uts - v+ (05 + Oy (Jv]> —3)/2),

3 3

1
g2 = 5 Z bQZj [axiuj’s + anul.,S] + Z%iaxi (93 + ®IU)
i,j=1 i=1 (1.41)
1 v|* -3
— L7 [T(fi, fol+ 023/ 14

2
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1 Page 10 of 119 R. Esposito et al.

where <7;; and Z; are given by

2
;=L (Yr(vivj — %&.j)), P = L™ (Yrvi(v]? = 9)),

and 6 = ps — f ps — (65 + ©y) ps. For the properties of 7 ; and %; see [11].
We define |
Ry = e 2{fs + fu — (g1 + &82)},

so that 1
Fy = pu+e/u(gr +eg2 +2Ry). (1.42)

Then R; satisfies the equation
1 _
v~vas+827<I>~VU[ﬂRs]+e‘1LRs = LiR+¢'*T(Ry, Ry)+e'74;, (1.43)
i

with the boundary condition
Ry = P,Ry+e2R; +e2r; on y_. (1.44)

Here A is given by

_ 1

Ay = —(I=P)[v-V,g2]—2T (g1, &) _8{¢‘ﬁvv[«/ﬁ(81 +e22)] —T'(g2. 82)}.
(1.45)

The equation (1.43) is similar to the one for f; with the extra factor /¢ in front of
the nonlinear term I'(Ry, Rs). In fact, using the same arguments employed to prove
Theorems 1.1 we can control the error between solutions of the Navier—Stokes—Fourier
approximation and the Boltzmann equation:

Theorem 1.2 If ® = ®(x) € H*(Q) N CY(R), ¥, € H'/*(Q) and

10wl g1+ a0y + 19l <1, (1.46)

L3t (Q)
then, for 0 < ¢ <K 1, there exist a unique Ry satisfying (1.43) and the boundary

condition (1.44).
Moreover,

1
IRsll2 + e A —=P)R[ly < 1, e2[|wRslloo < 1, (1.47)

where w(v) = B with 0 < B K1

Here, 9, € H/2(Q) means there exists ¥, € H"/2() such that ?, = %, on 9.
3 3
The convention is H't and L2T mean H'*% and L2719 for some 0 < § « 1.
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We remark that /e Ry is of higher order in L? for 2 < p < 6. On the other
hand, \/eR; is small, but not infinitesimal in ¢ in L, so that it is possible that

{Fs — (w +ey/ng)}/e = O(1) in L.
Next we investigate the stability properties of the stationary solution. To discuss
this, we study the unsteady problem. The solution to (1.1) is written as

Fy=p+eJuf, f=fot+fi+f (1.48)

~ ~ - - ~ 2_ . - ~
The aim is to show that f — f1 = /u(p+i-v+ ﬁ(%)), with V, [,0 + 19] =0
and (u, f}, p) satisfying

Qi+ il - Vil + il - Vet + g - Vol + Vi p = 0Al, Ve-ii=0 in€,
O 4+ -Vid 4Vl +us- Vi =AY inQ, (1.49)
i=0, =0 onaQ.

The equation of f is given by

~ ~ ~ ~ ~ -~ ~ UV~
wf+e v Vif+e@ - Vof +e?Lf= ¢ 'Ly fHe ' T(f, H+e——F
(1.50)
Here we have used the notation Ly := —[I'(¢, ¥) + I'(¥, ¢)]. Note that, due to
symmetry, for all ¥, ¥» € L2,
(Lo¥1, ¥2) = (Lo, X—=P)y). (1.51)
The boundary condition of fis given by
fl, =P, f+e2f. (1.52)
We define the energy and the dissipation as
L@ == sup | F)I5+ sup "0, f ()3, (1.53)
0<s<t 0<s<t
7 1 ! AS 112 1 ! s £112
DIf10) = = | e A=P)flIy+ = [ lle”A=P), fII;
€= Jo €= Jo
L esa-ppiz, + L [esa-eofi
806 yz,ysoe y)Jtl2,y
t t t
b [, + [ iadB, + [ 1B
0 0 0
t ~
+ /0 ™ Pa; £113. (1.54)
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Theorem 1.3 We assume the same hypotheses of Theorem 1.1 and let Fy be the steady
solution of (1.12). Suppose the initial datum takes the form of Fy = Fy + ¢, /i fo = 0
such that

SLFIO) + &2 wd; folloo + | A3|ﬁ<x,v>|<v>2ﬂdv||L6(Q) <1, (155)

where w(v) = eBIP with 0 < B <1

Then there exists a unique global solution F > 0 given by (1.48) with f solving
(1.50) and the boundary condition (1.4).

Moreover, for some 0 < A K 1,

&1 F1(00) + 251 f1(0) + sup e 2w f ()l + sup e lwd; f(H)lloo < 1,
<t=<00 <t<o0
(1.56)

Finally, as ¢ — 0, f converges weakly to fi = [i - v 4+ 9(|Jv]* — 5)/2] /1 with
(p,u, D) is a solution to (1.49).

Remark 1.4 The initial assumption (1.55) in particular requires ||9; f O 2, < 1.
This is a very sharp condition of fy, because, from equation (1.50)
WfO)=—etw-Vofo—e®-Vyfo—e2Lfo+ e 'Ly s fo

+ e 'T(fo. fo) +e 2'Uf~o. (1.57)

To compensate the diverging factors one has to choose fo properly. An example of
such a choice is the following: let f1.o = (o +iio-v+6o(Jv|> — 3)/2) /it and assume
that V, - iip = 0, V(5o + 6o) = 0, so that P(v - V, f} 0) = 0 and set

fo=fio—eL v -Vifio— wa+fSJ;O — T(fo, fo)l + &*h,

for some Li’v function %. Then, clearly, the diverging factors are compensated and
d; f(0) is bounded in Li’v. Thus, the smallness condition is fulfilled by assuming
p,i,0 and Lh sufficiently small. Note that the initial data for the hydrodynamic
quantities are small but not depending on ¢. Thus our result implies the exponential
stability of the constructed solution to the INSF system.

We remark also that such an asymptotical stability implies non-negativity of steady
solution F§ (Sect. 3.7).

As for the stationary case, Theorem 1.3 does not provide the rate of convergence.
Proceeding as in the steady case we define:

lv|> =3 <
> NI

3 3
~ 1 ~ ~ -
o= 5 30 ey [ty + @]+ Y #io 6 — LD fidl+

i,j=1 i=1
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withé, = p— f p— 6/ and
R=e3F—F —¢fi — 2l (1.58)

Then R has to solve

Btﬁ +e v VXE +ed- VUR +&7’LR

= ¢ 'LIR+ S_Ile/ZRsé +e ' Lr (fi +ef) +e VP I(R, R) (1.59)

D v

+ & Ié+s_l/214,

where, L is defined in (1.34) and

A=—A-P)v-Vi(fr+ )] -20 + fi. g2+ f)
—8{8f+<1>-iv[«/_< + fi+elg+ )]
tJ2 «/ﬁ v/ (g1 1 82 2

—T(e2+ fr.82+ )} — 4, (1.60)
and has to satisfy the boundary condition

R, = P,R+e2R +¢'/*7, (1.61)

~ _ _1 ~ ~ 1 ~ ~
where 7 := e [u ™2 20 (/i) — fil + 072 2) (fa/ ) — fol-
We establish the error estimates between the solutions of the Navier—Stokes—Fourier
approximation and the Boltzmann equation as follows:

Theorem 1.5 Suppose Ro(x, v) defined in Q@ x R? and satisfies

~ ~ ~ 1 ~
EO[R1(0) + &/ wd; Rolloo + | /R |RoCx, 0)|(v)>Vidv | 3, + €2 lwRlloe < 1,
(1.62)
where w(v) = eBP with 0 < B <Ll )
Then for ¢ sufficiently small there exists a unique global solution R solving (1.59)

and the boundary condition (1.61).
Moreover, for some 0 < A K 1,

EIR1(00) + Z[R1(00) + sup &2 |wd R0 oo + sup &2 [|wR(D) oo < 1,
0<t<oo 0<t<o0
(1.63)

where &RI(T) and Z,[R\(T) are defined in (1.53) and (1.54) with f replaced by
R.

Since the nonlinearity for R and R, is weaker with an extra power of &!/2, the proof

of this theorem also follows along the same lines of Theorem 1.3 and it will omitted.
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Theorem 1.6 Assume that (u(t), 0(t), p(t)) is a solution to the INSF initial boundary
value problem fort € [0, T], T > 0, such that

sup [[u(®)ll g4y + sup [10()[l g4 < oo
T

0<t<T 0<t<

Then there is (T) > O~such that for ¢ < &(T) there exists a unique solution F(t) =
w4 elfi+efs +e 2R/ = 0ont €0, T such that

GLRIT) + ZolR)(T) + sup 2| wR (1) loo + sup €2 [wR() oo < 1,

0<t<T 0<t<T

where Eo[RI(T) and Do[RI(T) are defined in (1.53) and (1.54) with f replaced by
R. Moreover, f and f, are defined in (3.108).

The proof of this sharp local-in-time validity theorem is given in Sect. 3.9. We note
that the interval of the validity is the same as the life-span of the classical solutions to
the NSF system. In particular, if Q@ C R?, then T can be arbitrarily large.

1.5 Mathematical Difficulties and Their Resolutions
1.5.1 Theorem 1.1

It is important to note that the key difficulty in the study of the steady Boltzmann
equation is that only the entropy production, not the mass nor entropy itself, is con-
trolled a priori. At the linear level, this means only (I — P) f is bounded, and one
needs to control f, or the missing P f, in terms of (I — P) f via the steady Boltzmann
equation. Such a so-called positivity estimate, to control P f in terms of (I — P) f,
is developed in [28] for the time dependent case in Sobolev norms. In [31] such an
estimate is established in a bounded domain in L2 setting, via an indirect method. The
most important step forward comes in the paper [17], where a quantitative and direct
positivity estimate is obtained

IPfl2 S IA=P)fll2,

which leads to the construction of steady Boltzmann solutions with non-constant
temperature for general domains.

We use the quantitative > — L> approach developed in [17], in the presence of .
We start with the energy estimates to get

1
SIA=P)flly S follz + 1.

The missing P f; can be estimated by the coercivity estimates in [17], with carefully
chosen proper test functions in the weak formulation, such that (Proposition 2.9):

1
IPfsll2 < gll(I —P)fslly + IT(fs. fll2 + 1.
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We split

T (fss fOI = IT®fs, fOl + 10X =P) fy, fo)l < TP f5, Pfo)l
+IC®fs, X=P) [l + DA —=P) fs, fo)l.

Since we expect eI =P fsllv < 1, the last two parts of the nonlinear term are
estimated as

I, M= P) )2+ DA =P)fs, )2 S [~ 1A= P) fill2 ] Lol flloo]:
For the first main contribution, if we have
IPfsllze S 1, (1.64)
then we can close the energy estimate by
IT®fs, Pfoll2 S IPflI31IP fllse S 1.

Thanks to this L° bound, we can control the other two terms by establishing Proposition
2.6

| 1
o S I-P)fsll2] S
I f Zele T Ia =P 21 < 7

We now sketch the main idea for establishing such a crucial L estimate for P f as
stated in Proposition 2.9. For simplicity, we consider a model problem of

v-Vif=gelL? //fdxdv:O,

Ilfs IP fsllLe +

and look for estimate for a(x) = fR3 f+/idv. In [17], we developed a quantitative
method to estimate L> norm of a(x), by carefully choosing a test function ¥ =
( |v|2 — BV - Vi@ /i with =A@, = a(x), and the Neumann boundary condition
0¢@a

5.+ = 0. This process is similar in spirit to the energy estimates in elliptic problems.

The main contribution [ —A,¢.a = ||a||i2 results from the Green’s identity of [ v -

V. f¥dxdv, which leads to L? control of a. The new observation is that the key
requirement for choosing ¢, is | [ Vi@, g < 400, or

Vipq € L.

By Sobolev embedding in 3D, it suffices to require —Agp, € L%. Therefore, we may
choose

Ay, =a5(x>—|sz|*1/a5,
Q

to obtain a main contribution ||a|| f —Ayx@qa. To close such L% estimate, we

LS —
need L bound of (I — P) £, which is controled by interpolation between L? bound of
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e~ ' (I—P) f (from energy estimate) and L bound for £'/? f. We also need to control
L*3 norm of V, ¢, at the boundary, which is luckily bounded by ||a ||i6 exactly via
the trace theorem. Such L® estimate seems natural in terms of scalings of Sobolev
spaces in 3D and should lead to more applications in the future.

We remark that such L% estimate is very different from the celebrated Averaging
Lemma forv-V, f = g € L?, which states a gain of L? integrability (H'/? regularity)
for any velocity average of f in the whole space without boundary. Our L° estimates
are stronger than L3, but only work with an additional assumption (I — P) f € L,

1.5.2 Theorem 1.2

Since the nonlinear interaction of Ry now is much weaker with an extra power of ¢ /2.

the proof of Theorem 1.2 follows the same lines of the proof of Theorem 1.1 and hence
the detailed proof will be omitted.

We note that the chosen power 4/¢ is forced from the fact that higher powers of &
make the boundary term too singular. In fact, if we use « instead of % in the definition
of Rj, the boundary condition for R becomes

Ry = P,R;+¢2R; +e!7%, on y_, (1.65)
with 1
r= ﬁﬁ’;" (VILf2 = @e]) = [f2 — @el. (1.66)

Since in the energy inequality we need to compensate a factor ¢~ in front of

|81""r|i2 ) the choice o = % is the best we can do. In conclusion, the rate of

convergence of the solution to its hydrodynamic limit is at least O (/€) in L>.

More accurate estimates of the errors would require the truncation of the expansion
to higher order terms and boundary layer analysis, but there are serious difficulties in
performing such a program. Although we do not follow this strategy, let us shortly
indicate the main difficulties.

The usual approach is based on the representation of the solution by means of an
Hilbert-like expansion in the bulk, suitably corrected at the boundary to satisfy the
boundary conditions [1,2,18,19]:

F=/A+8Jﬁ[f1 +efot et fip+eff 4l 4+ AR +skR].
(1.67)

Here, the functions fj are corrections in the bulk, while ka are boundary layer cor-
rections which solve Milne-like problems, and R = R? denotes the remainder.

This strategy has been used in [10] in the much simpler case of the neutron transport
equations, but recently in [54] it has been proved that the result in [10] breaks down
exactly because of the lack of regularity. Therefore, the geometric field, even if of
small size, has to be included in the equation for the k-term of the expansion, as in
[1,20] for the case of the gravity and [54] for the geometrical field in the neutron
transport equation in a disk:
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F=ptei[fitefst o +e firr+effete (4w E 1 ehR],

where fki depends on e. Unfortunately, this strategy fails even for a general 2D
domain because the analysis of the derivatives’ singularities presents severe difficulties
(see [34,35] for the analysis at ¢ ~ 1). The only significant exceptions are the papers
[53,54] where this expansion is completely proved in the cases of the neutron transport
equation and the Boltzmann equation in a disk. See some formal expansions in [51].

1.5.3 Theorem 1.3

We start with the energy estimates, as the steady case, to get
F 2 1 ! £12 ! ANV
ILf @l + 8—2/ IA=P)FI5 5/ ITCF Pllz + 1
0 0

The missing P f can be estimated by the coercivity estimates in [17], with carefully
chosen proper test functions in the weak formulation together with the local conser-
vation laws (Lemma 3.9):

t 5 1 t 5 t o
[wiBs S [a-mEs [ g,
0 & 0 0
We estimate the main nonlinear contribution as
IT®APAN | SIPFlers, Pl 2 -

The most important ingredient is to control ||P f [| Lers , as in the steady case, in the

presence of the term €9, f (Proposition 3.13). For further control of 9, f , we repeat
the energy estimate for d; f and estimate the nonlinear term

IT®F POl S IPFllgers P9 Fllp2ps

with the same norm ||Pf||L;>oL3 e

To close the estimate, it suffices to control both ”Pf||L,2L3 and ||Patf||L,2L3 by:

IPFll2es, S ITCG Dllgz + 1T Dz, + 1,
P9 fll2y, S ITCE 8Dz, + 1T Dz, +1.

We now illustrate the estimate for | P f | 203, In the absence of the external field and

the boundary, £>® = 0 and = R, such gain of integrability is well-known from the
Averaging Lemma [21,23] and the sharp Sobolev embedding H'/> ¢ L? (See also
the case for a convex bounded domain with ¢2® = 0 in [23]). We need to extend this

@ Springer



1 Page 18 of 119 R. Esposito et al.

estimate properly to the case of the bounded domain 2 in the presence of an external
field e2d # 0. We first consider an extension of f to the whole space, denoted by f,
such that f € L? and

e f+v-Vif +62®-V,f e L%

This would require that f is continuous along all exterior trajectories, matching with
given incoming and outgoing data of f on the boundary. For a general domain €2
with e2® # 0, the exterior trajectories can be complicated and they can connect the
outgoing set y4 and incoming set y_, arbitrarily near the grazing set yp. It is not clear
that an extension f would satisfy both f € L?anded, f4+v-V, f+&2® -V, f € L?,
due to a possible discontinuity of f [40].

We circumvent this difficulty via an extension lemma, Lemma 3.6, which asserts
that, for the function cutoff from the grazing set yy,

fs ~ 1{|v|< 1{5(x)v|>$ or dist(x, dQ)>6}f for§ <« 1, (1.68)

such an extension % is indeed possible. Here, dist(x, 0€2) := infycyq [x — y|. We
note that P fs ~ P f thanks to the estimate ¢ ! || (I — P) f |l ~ 1. In the presence of an
external field £2® # 0, we modify the proof of averaging lemma for P fs (Lemma 3.7)
via a careful splitting to show its effect is small for our purpose. Similarly to the steady
case, as in [17], we may bootstrap such L estimates to an improved L* estimate for
QCR3

1 ~
1Al < 7||Pf||pom + ol A=P)fler, +153

@l

2 Steady Problems
2.1 Preliminary and the Linear Theorem

Assume 92 is C3. Then for any xo € 9<2, there exists 0 < rg, r1 < 1 and C3 function
n:{x = (p1,x)2) € R2 : lxy| < r1} — 982 N B(xp, ro) such that if x € 92 N
B(xo, ro) then there exists a unique x| € R? with |xy| < r1 which satisfies x = n(x)).
Here, we have used the notation B(xg, rg) := {x € R3 : |x — xo| < ro}. Without
loss of generality we assume that |9y, 7(x))| # 0 for i = 1, 2. Moreover we define
the outward normal unit vector n(x) at the boundary with the same parametrization
xp = (e X),2)-

Assume dist(x, 9R2) < 1 and x( € 0L such that dist(x, xg) = dist(x, 9€2). Then
there exists n which is a parametrization of €2 around x¢. Clearly

Vi, InGep) = x[* = (3, In(xp) — x|, 8y, InCxp) —x[*) =0, for some xj. (2.1)
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On the other hand, if [n(x)) — x| < 1,

35, InGep) —x1? = . [20im () - (e —x)] = O Cxy) —x D+ 20 (x> # 0,

where 9;n 1= 0y, fori =1,2.
Then, by the implicit function theorem, there exists a unique x(x) € C 2 satisfying
(2.1). Moreover,

—1
[%xu,l} :[ 01m|* + 870 - (n — x) 31n‘32n+8132n~(n—X)} [—Ehm]
0 X2 - hn+dom-(n—x)  |nl+03n- (n—x) —om; |’

where n = 1(x)). Then we define x| € C? for dist(x, 0Q) < 1,

x1(x) =[x = n(x()] - nlx)(x)). 2.2

Note that dist(x, 02) = |x (x)] if dist(x, 0R2) < 1.

By the compactness of 9€2, we conclude that if dist(x, d2) < 4r for some
0 < r <gq 1 then there exists (x(x),x1(x)) € C? such that x = n(xp(x)) +
x1 ()n(x)(x)).

Finally we define the C? function & : R? — R as

dist(x, )| dist(x, 2)|2
E(x) = XL ()X (W) (S0 ey

where
1l < 3,
o] / _ — 2
x € CZ(R)suchthat0 < x <1, x (x) > 4x1%§‘x|§1andx(x)_ 0 if x| = 1.
(2.4)

Then Q = {x € R3: E(x) <0} If |E(x)] <« 1then &(x) = x 1 (x).
Moreover n(x) = % at the boundary x € 9€2. From now we define

n(x) := VE(x)/|VE()| for x € R>. (2.5)

We use this new coordinate (2.2) to extend @ on the whole space, and denote this
extension by @, with ||®||s < || P||oo: For0 < § <« 1,

d_D(x) = ()1, 5+ Pl (x)))x ('E((S—x)l> 1xeR3\§2-

Therefore without loss of generality we assume that ® is defined on the whole space
R3.
Definition 2.1 Assume ® = ®(x) € C'. Consider the steady linear transport equa-

tion
V-V f +82D -V, f = g. (2.6)
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The equations of the characteristics for (2.6) are
X=V, V=£oX), Xt:t,x,v)=x, V@, x,v)=v. (27)

If X(t;1,x,v) € Q for all T between s and ¢, then
S T
X(sit,x,0) =x +v(s —1) + 82/ / (X (/s 1, x,v))dr'dr,
t t

(2.8)

S
Vis;t,x,v) =v+ 82/ O (X (t;s,x,v))dr.
t

Note that the ODE (2.7) is autonomous since & is time-independent.
Define

tp(x,v) :=inf{t > 0: X(—1;0,x,v) ¢ Q},

2.9)
xp(x,v) i= X(—tp(x,v);0,x,v), vplx,v):=V(—tp(x,v);0,x,v),

and

te(x,v) :=1inf{t > 0: X(;0; x,v) ¢ 2},

(2.10)
xe(x,v) == X(tg(x,v); 0; x,v), ve(x,v) := V(tg(x, v); 0; x, v).

Clearly (xp(x, v), vb(x, v)) € y— and (xg(x, v), ve(x, v)) € y4.

Lemma 2.2 For any open subset @ C R3, B C 9, and f € L' (Q x R?),
//S‘Zx]R»g |f(-x, U)|1xb(x’u)€Blfb(x,v)§%lnédde

min{r¢ (y,u), L In 1}
:// / [f(X(s;0,y,u), V(s;0,y,u))l
B Jn(y)-u<0J0

x{|n(y) - ul + O(e)(1 + |ul)s}dsdudSy, (2.11)

and
//QxRS RACS v)|1xf(x’v)€Bltf(x,v)§% In édde

0
= / / / [f(X(s:0,y,u), V(s;0,y,u))l
B Jn(y)-u>0 —min{th(y,u),%lné}
x{In(y) - ul+ O()(A + |u])|s|}dsdudsS,. (2.12)

Proof Step 1. From (2.7), for V € {V,, V,},

d (VX VX 033 |I33
a4 —A . A= 7_'7 22 ) 2.13
ds <vv) (vv) (s Vi ®|033 1)
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Note (g‘)ﬁ) |s=¢ = Id. Since the matrix A is bounded, there exists Ce > 0 such that

|02, Xi(s3 1, x, 0)] < Cope“@l ™!, |9y, Xi(s; 1, x,0)| < Colt — s]e“®V ],
|0y, Vi(si 1, x,0)| < Coe®lt —s]e“ ™1 13y, Vitsi 1, x,v)| < CoeCel =],
(2.14)
Step 2. Assume n(xp(y, u)) - (0 01 )T # 0 so that the boundary 92 is locally a graph
of n(y1, y2): (y1, y2, y3) € 9S2iff y3 = n(y1, y2). By the definitions,

2 s T
X = X(s:0, y,u) = ¥ + us +g2/ / ®(X (70, y,u))drdr,
n(y1, y2) 0Jo

s
Vi=V(:;0,y,u) =u+ 82/ O(X(7;0,y,u))dr.
0

From (2.14),
X (1) ‘1)
901 y2) IO, y2) B0y, y2)
S T
+ 82/ / Ve ®(X(7;0,y,u)) - Vo X('; 0, y, u)dr'dc
o Jo
1 0
= 0 1 + 0(?)s%eCs,
hn(y1, y2) dan(y1, y2)
X oAV,
— =V=u+4+0(@E")s, — = e d(X),
as a5
8X S T
_ 2 /. /. /
By = slz3 3+ ¢ / / Vi®(X(t;0,y,u)) -V X(t';0, y,u)dr'dr
v o Jo
=shs+ 0(e%)s3 e,

A% 5 [F 2y.,C
—— =c¢ / Vi®(X(1;0, y,u)) - ViX(7;0, y, u)dt = O(s7)se~*°,
a(y1, y2) 0

aV 2 s
Fe Bi+e / Vi ®(X(7;0,y,u)) - Vu X(7;0, y, u)dr
v 0

= I3+ 0(g%)s%eC*".
We consider

Lo+ 0(2)s%eC v+ 0(D)s|slz 3 + 0(2)s3eC*s

(X, V
et(a (X, V) ):det Vi + 0(e2)s2eCos .
1, y2. 5, v) 0E)5eC® | 20(X) | s+ 052
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Recall the formula for the block matrix when a submatrix D is invertible

det (%\%) = det(D)det(A — BD~'0).

Fors < L ln for m > 1, the submatrix %V is invertible and

IV -1 0(e?)s?eCo
e

A%
det(—) =140 Cos 20, (— .
¢ (81;) +0(e7)s%e ™ # <8v 1 4+30(g2)s2eCos

Furthermore, for s < % In % for m > 1, we have skeCos < &% and therefore
aV X 0X oVN—-1 9V
det (—) det - —(—)
v d(x,s) dv \ dv da(x,s)

_ Lo+ 0(?)s2eC*% u + 0(e?)s
— {1+ 0(e)s) det (( O

0(82)szec‘1’s
2\.2 C 272 C
- (“3’3 roEe M) (13’3 T T30 )\ 0T

272 ,Cos 2
— {1 + O(e)s) det ((%;Ig((jz))jzjc:s U+ 0(e )s) n (0(82)s3ecq>s))

. b+ O(e)s u+ O(e)s
_{1+0(8)s}det(Vn+0(e)s )

=u- (=01, y2), —0an(y1, y2), 1) + O(&)s(1 + [ul])

=—u ~n(y)\/1 + @11 (y1, y20)* + (B20(y1, y2))? + O(e)s(1 + |ul).

Therefore,

X, V)
det <—) =0Mny)-u+ 0@ + |ul)s.
a(s, y, u)

These prove (2.11). For (2.12), note that if 5 < % S, n(y) -u > 0 then
(X (s;0,y,u),V(s;0,y,u)) = s < 1ln—, and if 5 < 1ln—, ny) -u <0
then (X (s; 0, y,u), V(s; 0, y,u)) =s < L ln— This confirms (2.12). O

— m

Next lemma extends the Ukai’s Lemma ([14]) to the case with external fields.

Lemma 2.3 Assume Q is an open bounded subset of R3 with 32 is C>. We define

v ::{(x v) €yt n(x) v > 8, 8<|v|<§}. (2.15)
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If f e LY(Q x R3) andv~fo+82CI>-va e LI(Q x RY) then f has a trace on
)/i and satisfies

IfLsh Sse Iflh+ v Vof +8°@ -V, fl.

Proof Let f solve (2.6) in the sense of distributions. Then along the trajectory for
(x,v) € y4, with X(s) = X(s;¢t; x,v) and V(s) = V(s; t; x, v),

t
Lf e, 0l S (X (), V(9)] +/ lg(X (1), V(1))ldz.

Integrating over s € [t — tp(x, v), t], we obtain

t

p(x, V)| f(x, V)] 5/ | f(X(s), V(s))|ds
t—tp(x,v)
t

+(x,v) lg(X (1), V(1))|dr. (2.16)

t—tp(x,v)

On the other hand, for (x, v) € yji, from xp(x, v) = x —tp(x, VI)V+ 0(82)(tb(x, v))2,
tn(x, v) = [v] " ap(x, v) — x| + 0D 1y (x, v))2 (2.17)

We claim, for (x, v) € yji,
h(x,v) 25 1. (2.18)

For large C > 1, we only need to consider (x, v) € yf_ such that tp(x, v) < C. From
(217), iy (x, v) = PR — iy (x, ) O (e7) B = FORE — 1 (xr, 0) (D) §
so that

C —1
t(x, v) > [1 + O(ez)ﬂ o] (x, v) — x| = ol (x, v) — x).

From |xp — x| 2 |n(x) - é:i:‘ | for xp, x € 92 ([31]),

th(x,v) 2 |n(x) - (x —xp(x, v)|/ [vllx — xp(x, V)]

On the other hand, for (x, v) € yi and e < 1,

In(x) - (xp — 2)| = [n(x) - v + 0D (1)1 = tpIn(x) - |
+ 0(e?)(th)* 2 thln(x) - vl

and |x — xp| < tp|v| + 0 (&%) (1p)> < tp|v|. Therefore, we conclude our claim (2.18)

by
ty 2 tpln(x) - v|/[plv]] = [n(x) - vljv] ™" 25 1.
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From (2.16) and (2.18),

1 1

| f(X(s), V(s))lds +/ 18(X(s), V(s))lds.

t—tp(x,v)

l(x,v)eyﬁf(xv V)| 55 /

t—t(x,v)
Integrating the above over y_‘i, we deduce
|f (x, v)[[n(x) - v]dSydv
vi
t
5// |f(X(s:1,x,0), V(s; 1, x,v)|[n(x) - v|dsdSxdv
yji t—tp(x,v)

!

+

t
s / |g(X (s; 1, x,v), V(s; 1, x,v))[n(x) - v|dsdScdv.
t

—tp(x,v)

We check that there exist &g > 0, m > 1, and § > 0 such that, for all 0 < ¢ < g,
B 1 2.1
vy C (x,v)ey+:tb(x,:tv)fmlngandlmzms lng .

Clearly, [v| > § > ms% 1n% > me? 1né. Since € is bounded, we have

lvltp (x, £v) <q 1 and (x, £v) < |17\ <i=< mln% <mln?i. Then

o)1+ |v)s < 0(e) (1 + é) mlné <s o(D)|n(x) - v|.

From (2.12), we conclude that

, G nlin@) - vldScdv S LIl + gl
Y+

The same arguments can be applied to bound | f lyf l. O

Lemma 2.4 Let ® € C'. Assume that f(x,v), g(x,v) € L*(Q x R?),{v-V, +
20 -V} f, {v-Vi+ 820 -V,ylg e L2(Q x R¥) and f,, g, € L*(3Q x R?). Then

// (0-Vof +620 -V, flg+ (v Vog + 620 Vyg)f
QxR3

:/ fg—/ fe. (2.19)
Y+ y-

Proof 1tis easy to check that the proof in Chapter 9 of [14], equation (2.18), still holds
in the presence of C! field. O

In the following sections, Sects. 2.2 and 2.3, we prove the next linear estimate.
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Theorem 2.5 For the steady case, we define a norm
[f] = NA=P) fllo+&~ 2| A= P) fla+1fla+ IPflle+&" [ wf lloo- (2:20)

Suppose ® € L™, g € L*(Q2 x R3), and r € L*(y_) such that

// glx,v)/pdxdv = 0 = / r(x,v)/pdy. (2.21)
QxR3 _

Then, for sufficiently small ¢ > 0, there exists a unique solution to
1
vV f 4 s2ﬁq> Vo [VEf]l+e 'Lf =g, fl,.=P,f+r, (222

such that

//Q - fx,v)/rdxdv =0, (2.23)

and

_ _ _ 1 3 _
1S e Y2+ I 2A = Pyglla + 7 HIPglla 4 2 [wrloo + 82 [[{v) " wg oo

(2.24)
The proof is in the end of Sect. 2.3.
2.2 L*° Estimate
The main goal of this section is to prove the following proposition.
Proposition 2.6 Let f satisfy,
[v-Vi+e2®-Vy+e ' Cov) +A]If] < e 'Kl f|+ Igl, 225
|fly-| < PyIfI+ 1,
where L > 0, for0 < 8 < %, Kglf| = fR3 kg (v, u)| f(u)|du and
- vl — |u’T?
k(v u) == {lv—ul + v —ul""Yexp[-Blv —ul® — p—-F—]. (226

v —ul?

FPf e LS(Q xR and A —P)f € L2 x R3), then, for w(v) = ef'"7 with
0<p <8,

1 1 3
1 1 31
e2wflloo S e2lwrloe + €2 1{v)” wglloo

(2.27)
+ P fllLocanrsy + & IA=P) fll 2(0xrd)-

We define the stochastic cycles for the steady case.
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1 Page26of 119 R. Esposito et al.

Definition 2.7 Define, for free variables vy € R3, from (2.9)

(i, x,v) =t —1tp(x,v), x;1 = X151, x,v) = xp(x, v),

ht,x,v,v1) =1 — tp(x1,v1), x2 = X(t2; 11, x1, v1) = xp(x1, V1),

L1 (X0, 000, 0) =t — Xk, Vi), Xkl = X (Beg15 T Xks V) = Xp (X, Vk)-

Set

Xaa(s:t,x,0) = Y Ly ()X (55 1, X, v8),
k

Va(s; t,x,v) := Z L0 OV (st X, ).
k

For x € 092, we define

V) ={ve R? : nx)-v >0}, do(x,v):= x/ﬁ,u(v){n(x) - v}dv.
For j € N, we denote

Vii={vj € R3: n(x;j)-v; >0}, doj:= «/ﬂu(vj){n(xj) -vjjdu;.

The following lemma is a generalized version of Lemma 23 of [31].

(2.28)

(2.29)

Lemma 2.8 ([31]) Assume ® = ®(x) € C'. For sufficiently large Ty > 0, there exist

constant C1, Co > 0, independent of Ty, such that for k = C1 TO5/4,
574
k—1 & o/
sup k1 llk(t,x,v,m,vz ,,,,, Uk,1)>OH£:1dO'[ < z
(t,x,0)€[0,To]xexR3 [T %

Proof For 0 < § < 1, we define
5 1
V) = {ve € ¥ ¢ vg-n(xe)| > 8 and § < |vg| < 5}
Clearly, fﬁ\"//f doy < C3§, where C is independent of £. We claim that

lte —teg1] > 8°/Cq, for ve e ¥ .
It suffices to prove, for (x, v) € yf and) < e K 1,

-2
h(x,v) 2 v "|n(x) - vl.

(2.30)

(2.31)

Note that % < 82. Therefore we only need to consider the case of 7, (x, v) < 52.
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From |v| > § and xp, = x 4+ tpv + 0 (%) (1p)?,
ty = lxp — x[[v] ™"+ 0 () v = |xp — xl|vI ™ + 1 O(eH)8.
For fixedd > Oand ¢ < g9 <5 1,

-1
th(x,v) 2 |xp(x, v) —x[jv] .

X—Xp

|X_Xb|| for xp, x € 02 from [31], we have

From the fact |xp — x| 2 |n(x) -

i (x, ) 2 [n(x) - [x — xp(x, 01|07
On the other hand, for (x, v) € yf ande < 1
In(x)-(xp—x)| = |n(x)-[tyv+ 0 () (1p)*1| = tpIn(x)-v|+O0 () (th)* 2 tyln(x)-v].

Therefore we prove our claim. The rest of the proof of (2.30) is identical to the proof
of Lemma 23 on [31]. O

Now we are ready to prove the main result of this section:

Proof of Proposition 2.6 Define, for w(v) = eﬁ/“"z,

h(t,x,v) :=w)f(t,x,v). (2.32)

From Lemma 3 of [31], there exists = B(B, B') > 0 such that kg (v, u) ﬂZ; N
kg(v, u).
Then, from (2.25),

2
e“d - Vyw
—”]|g%h|

1 1w (2.33)
58—1/ kg (v, w)leZh(u)ldu + &7 |wgl.
R3

[v-Vi+ 2@V, +e ' Cofv) +

Clearly ¢! Co(v) + 82@'# ~ e~ 1Co(v).
From (2.25), on (x, v) € y_,

eHlhx, )l < mww)\/mw/ e e 01 Y2 0y -

(x)-u>0 w(u)
+e2w®)|r(x, v)]. (2.34)

< ~1
w(v) n(x)u>0

&2 [h(x, w)|W(w)do + &2 w®)|r(x, v),

where we define |
1 = — 2.35
) w(v)+/ 1 (v) (239
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We claim, for t = Tj defined as in Lemma 2.8 (not depending on &),

1 544 o 1 1
e2nce ol = [er* )" +otCn et bl + Cryedwrlos

9}

3
+ Cre 1) wgllo (2.36)

1
+ Cn[IPf o) + S 10— P)f 20w |

where o(1) denotes any number that can be chosen arbitrarily small independently of
€.

Once (2.36) holds, Proposition 2.6 is a direct consequence.

We first prove (2.36). From (2.33), for 1 (¢, x,v) < s <*t,

d
ds
¢ : 1
Se‘ffTo(V(””x’“))df—/ kg(Va(ss 1, x, v), v)leh(Xalss 1, x, v), v)|dv/
& JR3

C
[e* ]V @t gp (% (s 1, x,v), Valss £ x, v))]

t C .
+e B V@D gy g (Xa(s; 1, %, v), Vals 1, x, )]

Along the stochastic cycles, for k = C TO5 / 4, following the arguments presented in
Section 4 of [17], which we do not repeat here for brevity, we deduce the following
estimate:

1
le2h(x, v)|
t Co(Ver(T:t,x,v)

) 1
< 1{(t.x,v)<0}€” 90 ¢ g2 h(Xa(0; 7, x, v), Va(0; 7, x,v))|  (2.37)

t Co(Ve(zit.x,v))
,fs cfdr

4 e
+/ ds
max {0,71 (¢,x,v)} €
x/ dv’kﬁ(Vd(s;t,x,v),v’)‘8%h(Xc1(S; t,x,0),0)| (2.38)
R3
t e‘f;wdt 3
+ ds Fwg(Xal), Vas)  (2.39)
max {0,#1 (¢,x,v)} €
Cp Gl
R IEDE le2wr (x1 (x, v), vi (x, V)]
1y St g
e 1 4 X, U &
1 H, 2.40
+ 1y (t,x,0)>0) o) /n’;‘}"ﬂ,- (2.40)

where X¢1(s) := Xa(s; ¢, x, v) and Vg (s) := Va(s) := Va(s; t, x, v), and H is given
by
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T
N

1 . .
1 <o<i|€21(0, Xa (i — E)’ Va(t — Z))|

~
I

1

31 i won) d%(0) (2.41)
W(Vet (g1 — ’"“ ;
k—1 ~
1 ~ -t
+ / dTlt]>O py) / kﬁ(vcl(tl ——),u)
1=1 max{0,741} 3 &
- 7
x|e2h(r, Xali — —), w2, “’“’m? dudSi(x)  (2.42)
& WVt (Tms1 — 255 v))
k—1 ;[ 11)(1) )
+ Z/ - 1fl>01-[m 1 =
=1 ¢ max{0,74+1} w(Vcl(tm+1 '"“ 5 Um))
(2.43)
. i (um)
+ ) 12w r (@, X, v) T, - dX(f41) (2.44)
=1 W (Ver(tm1 — "’“ 3 Um))
w(vp,) -
+ 15 ole 2 h(, xi, v DI - A1 (i), (2.45)

w(vcl(tm+1 m“ 3 Um))

where Vol(tn+1; Vm) = Va(tm+1; tms Xm, Vm) and dXg_1(#) is evaluated at s = #;
of

A% (s) := ]_[ do;

Jj=l+1
[—1

AT
j=1

Note that if #,(x, v) = oo only (2.37), (2.38), (2.39) remain. Then it is bounded
directly by (2.49).
Since

tl CoVer (31, x1,91)
{e s c drw(vl)dal}

0 (Ve (Tt

] ] ] )
4o ,-} . (2.46)

. 2 2
IV (tn+15 tis Xms V) — Ul < €%tmg1 — Il | Plloo 5 e~ Ty,
then for £2To < 1, we have

W (V)
WV (tm+1; tms Xms Um)) =1+0(). (2.47)

Directly, from our choice k = C TS/ 4
C
(2.37) + (2.41) Zry e_TOZIIE%hlloo, (2.40) + (2.44) < ||82wr||oo,
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and
(2.39) 4+ (2.43)

t . .
3 Va(s; t, x,v)) _ t ColVa(witxw)

NV ||87(U)71w8“ X Yalsit, x, v)) ))e k= drgs

~10 00 0 P

1 . .

5/4 (Va(z: 17, xi,v1)) _ pi ColVayxg.vp)

+ C1T0/ sup/ ARG R X B d’dr]
1 Jo 3

d ft Co(Ver(w;1.x,v)

t
<n o2 wgll, /0 e I s < et o) wg

where we have used the fact that do; is a probability measure of 7.
Now we focus on (2.38) and (2.42). For N > 1, we can choose m = m(N) > 1
such that

1
Kk, (v, u) := llv_u‘>l1‘”|§m1|v|§mk5(v, u), sup/ Ky (v, u)—kb;(v, u)ldu < —.
—m v R3 N
(2.48)
We split kﬁ (v, u) = [kE(v, u) — Kk, (v, u)] + Kk, (v, 1), and the first difference would
lead to a small contribution in (2.38) and (2.42) as, for N >, 1,

5/4

lTO 1
lle2Alloo-

k1
ﬁl|82h||w=

We further split the time integrations in (2.38) and (2.42) as [#; — ke, 1] and
[max{0, t74+1}, 1 — Kel:

t t—ke k=1 4 t1—ke
(2.38):/ +/ . (242 :1{,120}/ Z{ / +/ }
t—ke max{0,t;} n’;;‘lvf_,- = f1—xe max{0, 741}
N — ——

The small-in-time contributions of both (2.38) and (2.42), underbraced terms, are
bounded by

1 1 1
K&‘—SUP/ Ky, (v, v)dV'[[£2h]l00 S Klle2h|co,
€ v Jp|=N

1
C1T05/41<£gsup//|<N Ky (v, V)V |62l o0 < K C1 T4 [1E2 oo
V=

v

For (2.45), by Lemma 2.8 and (2.47),

5/4
245) < {1+ 0} |le2h|o

k—1
X sup /kf1 ltk(t,X,U»UI,UZ,'",Uk—l)>OHj:1dO'j
(t.x,0)€[0,T]x2xR3 JT;21 7
5/4

47 CaT,
s{z)7" tehl.
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Overall, for (z, x, v) € [0, To] x Q x R3,

le2h(x, v)|

t—ke efT(tfs) .
5/ —/ |£7h(Xc1(s;t,x,v),v’)|dv’ds
€ [v'|<m

max {0,71(¢,x,v)}

C _
+1 A / k} :1 /Q—m 150
(6120} — = e
! w(v) l'[k 17/ max{0,z041) €

7 e=1

X/ |8%h(Xc1(T; te, x¢, vg), V)| dv"dZe(r)dt
v |<m

s/af oy 1 1 3,
+CT e e hlloo + Crylle2 wr(s)lloo + Cry 162 (0) ™ wgllo |
5/4

FoCT et +{5] 7 et (249)
o0 2 o0 .

Note that the same estimate holds for the underbraced terms in (2.49). We plug
these estimates into the underbraced terms of (2.49) to have a bound as

e2h e x v <Xy + T + 5

Here, using w(u) <,, 1 for |u| < m,

_

t—ke e—%(t—s) s—Kke e—w
L gm/ ds —/ dv’/ [P ——
max {0,7} & [v'|<m max{0,} &

X/ dule?h(Xa(s'; 5, Xa(s; £, x,v),0), )]
|ul<m

t—re o= L) o= D (s—1))
+ / ds —— / dv’ I{I;ZO}'*—
max {0,1} € v |<m w(v)

= 1 KE 1, 1
Z / ,é/>og|87h(‘r, Xa(z; 1), X, vp), w)|dud e (1)dr,
—1 max {0,

k=11
l'[_/ 1//.1 tl’+1}

where fp = fp(s, Xa(s:t,x,0),0), x;, = xp(Xals;t,x,v),0), v, =
v (Xa(s; t, x,v), v"). Moreover

o= =) k=1 fy—xe 1
L S Y200 ——=—— / 2/ dX¢(r)dr 1z4>o—/ dv”
w(v) l'[k 1//1 11 Y max{0,re41} € J"|<m

T—KE 80(, s")
ds” e d %h X "or X . ”
x s —— u le2h(Xa(s"; T, Xa(r; te, xe,v0),v"), u)|
lul<m

max {0,1]'} €
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ly—KE

1
dX(r)dr 1;50— / dv”

|v”\<m

o =) kzl
+11>0 —/
(=0 ( l_[k 17/ i =1 max{0,tp41}

) e 0 (r—1) k— 1y —Ke . 1

X ” _— E " —

=0 w(v”) k=L max{0,t tl”>0
j=

=17 =1 )

1
X / |8§h(‘5//, Xc](f te//, xé///, Ue//) H)|dudxz//(f//)df//,
lu|<m

where t;, 1= tgr (T, Xa(T; te, x¢, ve), V"), xp, i= xer(Xa(t; te, x¢, ve), V"), vy, =
ver (X (T; te, x¢, ve), v""). Furthermore

I 5 CTy e e dhlos + Crylletwrllog + Crylle? () gl |
4 615"
+ oCT; P lethlo + T 5 3.

This bound of I3 is already included in the RHS of (2.36).
Now we focus on I and I,. Consider the change of variables

Vo oy =X s, Xals t, x, v),v). (2.50)

By a direct computation and (2.14), for max{0, r{} < s’ < s — ke < T,

oXi (s D (s—s o +/ dr’ / dt”EZZa ®; (X (" )) ( " 5
]
=— (s —s"[8;j + 0D Pl OzeCQTO].
By the lower bound of |s — 5’| > ke,
det Vy X (s's s) = |s — 5" det (8;; + O () | [l c1 Tge @ ™) > i’

Now integrating over time first

_ ’

t—ke e—%(f—s) S—K& e—w
/ ds / av' / as'
max {0,1} & [v'|<m max{0,]} &

x/ dufePh(Xa(s'; 5, Xa(s: 1, x, v), ), )|
|u|<m

S sup / dv’/ du |2 h(Xa(s'; s, Xa(s: 1, x, v), v), w)|.
[v'|<m lu|<m

0<s'<s—ke<s<t—ke

From |h(u)| = w)|f @)| Sy | f ()] for [u] <m

N sup 8%/ / |f(Xa(s's s, Xa(s; 1, x,v), V"), u)|dudv’
[v'|<m J|u|<m

0<s'<s—ke<s<t—ke
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< sup 6t / / Pf(Xa(s'; s, Xals; £, x, v), v)[ )/ (w)dudv’
W'|<m Jlu|<m

0<s'<s—ke<s<t—ke

(]

+ sup e

0<s'<s—ke<s<t—ke

/ / X —P)f(Xa(s's s, Xa(s; 7, x,v),v"))|dudv’.
v <m J|ul<m
For P f —contribution,

e2 / / |Pf(Xals'ss, Xals; 1, x,v), v/))(u)zmwudv/
v Ju
<m 8%[/ |Pf(Xa(s'ss, Xals; 1, x,v), v’))|6dv’]l/6
o
Sim 8%[/9xR3 |Pf(y, v/)|6£dydv/]l/6
S P £l Ls@xrsy-
For (I — P) f contribution,
|

87/ /l(I—P)f(Xcl(s’;s, Xe(s; 1, x,v), "), u)|dudv’
v Ju

1/2

S 6%[// |@X=P)f(Xa(s's s, Xals; 1, x,v), V), u)|2dv’du]
1 2 1 172
Swetl [ la=prroanf o]
QxR3 K- €&
1
Sm g”(l - P)f||L2(Q><1R3)'
We have the similar change of variables for v}, = X (;t;, X/, v;), and vy,

Xa(t"; 1), x},, v}, and v" = Xa(s”; 7, Xa(z; te, xe, ve), v").
Following the same proof, we conclude

5/2 1
LD S T (IPfls@nes) + 1A =PV fll2um). 25D

All together we prove our claims (2.36). O

2.3 Steady L2—Coercivity and L® Bound

The main purpose of this section is to prove the following:

Proposition 2.9 Suppose all the assumptions of Theorem 2.5 hold. Then, for suffi-
ciently small ¢ > 0, there exists a unique solution to (2.22). Moreover,

IPfll2+ e HA=P)flly + e 21(1 = P)) Flos+Ifla

1 1 . (2.52)
S 2A=Pglo +e M Pgllo +e 2 rl, -
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Furthermore
1
IPflle Se A =P)flly+e 211 = Py) flot + |r—
+ II%Ilz +o()e? |wf o (2.53)
1 3
+leTwrlso + le2 (v) T wgllso.

As the first step of the proof of Proposition 2.9, we consider the following penalized
problem:

1
Lf=0tev— S0 0 f +v-Vof +620.Vyf =g inQ xR,
f=P,f+r ony_. (2.54)

Lemma 2.10 Assume that g € L*(Q x R and r € L*(y_) and satisfy (2.21).
Moreover, let ® € L°°(2) and ). > 0. Then, if¢ > 0 is sufficiently small, the solution
to (2.54) exists and is unique. Moreover it satisfies

_ 8
e NI+ =POfE L S e||ﬁ||%+|r|%,_. (2.55)

We remark that Lemma 2.10 implies that, for ¢ sufficiently small, the operator .%~!
is well-defined and bounded as a map from L? to L?.

Proof Step 1. Denote @ := A + e~y — %ezcb -v. Since v > vy (v), with vyg > 0, if

@ satisfies %82||d>||oo|v| < %8_11), then we have w > %s_lvo(v).

For the existence, we first consider the following problem:
of +v-Vof +620 -V, f =g inQ xR, fl, =r (2.56)

with a prescribed positive function @ (x, v) and prescribed g, r.
From (2.7), for —tp(x,v) <t < tg(x, v),

il:f(x(to x U) V(tO x v))eforZD’(X(T;O,X,U),V(T;O,X,v))df]
dl‘ o 9 9 K K 9 K K

= g(X(1:0,x,v), V(1: 0, x, v))elo 7 X @010 VE0x 0T,

Then, for (X (¢), V(t)) := (X(t;0,x,v), V(¢;0,x,v))and w (1) :=ww (X (1; 0, x, v),
V(z;0,x,v)),

— 0

0
£ 0)=r(x, v), vp(x, v))e w7 4 / g(X(5), V(s)e Jr 7M.
—tp(x,v)

(2.57)
This proves the existence.
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-0 -0
Combining with [°_ ar(s)e™ )i 7@drqy = [0 [ o@drge — 1 _
0
e =@ < P and w(s) > e YV (5)),

8
[ Flloo + 1 flos S 1= lloo + I7loc-
Similarly, we can prove
2 2 2 2
1€P1 Flloe + 1P floo < P! %noo + 1€ 7 oo

Step 2. Next we consider the diffuse reflection boundary conditions. This is done by
introducing the sequence f* solving

of T o Ve e v T =g P =P,

with f0 =0, ¢ > 0 integer and ¢ € [0, 1).
By multiplying by f¢*! and using the Green identity we obtain

1 1 1 1
—// Dl LR, = (g + —/ WP, £+ Lo
2 QxR3 2 2 y_ 2
From (2.21) and the definition of P, , we have f v rP, f ¢ = 0 and hence
1 1
5/ 9P, fC+r* < Efﬂwyfﬂ%,_ +rl3 .
]/,

Therefore, from @ > %(v), |nye|2,_ < |f[|2,+ and

(P @l = (Vv Ve=2) [ S oe IR + el =1,
|( f)! f 2
we find
Vopenz o Loepg 8 0 1o 1192 3 2.58
gel /T I < el el i+ 2N @58

By iteration, since ¥ < 1, we conclude that

—1y pl+12 0412 8 2 2
e 1Ty Seoel—=Na +Irls .

NG

Let us look now, for £ > 1 at the difference f¢*! — f¢. By the Green’s identity, we
obtain

1 1 1 -
L L A T VAl A RSy VAl s W
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Again by iteration, we obtain that the sequence { f¢} is a Cauchy sequence and has a
limit fy depending on . Moreover, taking the limit £ — ooin (2.58), we have

£

NG

where we used the trace theorem, Lemma 2.3, for the boundary integration. Then we
see that fy satisfies the uniform-in-9 bounds 8ls||f,9 ||% < 8||%||% + |r|%.

1
8—8||fz9||12,+(1—192)|fz9|%,+ < el=13+1r13,

Thus we can take the weak L2-limit as # — 1 to obtain the existence of the solution
fto the first line of (2.54). For the boundary condition we use Lemma 2.3 to show the
second line of (2.54).

Then the difference fy — fsatisfies the bound

1 1
I =B+ 51 = ol <A =DIfF, >0 as9 - 1.

Hence the convergence is strong.

Step 3. We can prove (2.55) by applying the Green’s identity to (2.54): We establish
an important positivity property of .Z. Using Lemma 2.4 and the boundary condition
for f, we get

1 1 1
(f,i”f)=// (A+8‘1v——82<1>'v)f2+—/ f2=<f,g>+—/ (P, f+r).
QxR3 2 2 Vi 2 y_

Following Step 2, we derive

// (Hg—lu_lszq»v)ful/ (L= P2 < o(e 112
QxR3 2 2 Y+

8
+s||—v||% +1rl3_. (2.59)

Vo

If e < 1 then $&2||®]loe < %2, and

£
Jv
The inequality (2.55) follows immediately from (2.60). The uniqueness follows

from (2.55) because, if there are two solutions, their difference satisfies (2.54) with
g = 0 and r = 0. Hence it must vanish. O

—1
& 1
AFI3+ 7||f||% + 510 - PO Sel—=13+Irl3 _. (2.60)

Lemma 2.11 Forany i, e > 0, the operator K £~V is compact in L. Explicitly, if
g" € L? and sup,, ||g" |2 < oo then there exists a subsequence ny such that K f™ —
Kf in L?, where f" solve

1 1
MU+ Vet 4 ouf" + 20V fT = et uft =g My =Pyt
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This lemma is proved in Appendix A.2.
Next we prove the essential bound for P f, where, for v € [0, 1], f solves
-1, 1o 2 -1 - 3
A+ (1—1v)e V_EE Q)| f+v-Vyf+e"d - Vyf+e tLf=g, mQxR
f—=Pyf+r ony_.
(2.61)
Note that the total mass of f in general does not vanish. But since this condition is

essential for our proof, we first establish, in Lemma 2.12, the estimates for f defined
as

f=f-<f>Jn <f>:= (//wa\/ﬁdxdv //Qwudxdv
(2.62)

Lemma 2.12 Assume (2.21). Let f be a solution to (2.61) in the sense of distribution.
Then, for all & > 0 sufficiently small and all ¢ € [0, 1] sufficiently close to 1,

o _ 8
IPFI3 < e 2||<I—P>f||3+|<1—Py>f|§,++|r|%,,+||ﬁ||%+»92||<1>||m| <f>P
(2.63)

and
M<f>1 < A=veflh. (2.64)

Moreover, for0 < n < 1

o _ _1 8
IPflle Se A=P)fllv+e 21(1=Py) flot +1rh— + =l
Vv (2.65)
1 3 _ 1
+lewrlo + €2 (v) Twgllos + il < f > | +eZ|wflloc),
and, in particular, for A = 0 and v = 1, (2.53) is verified.

Proof Set wy = A+ (1 —v)e™ v — %8251) - v. By the Green’s identity (2.19) and
(2.61),

Def Y — v Vo f — &2 fO-Voy + wf— vf
QxR3 v

// sz(I—P)f+// (2.66)
QxR3 QxR3

Step 1. Proof of (2.64). From (2.66) with ¥ = /I,

<f>|:)»+(l—t)8 // i|+(1—t)8 // vf\/_ 0, (2.67)
QXR3 QxR
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where we have used (2.21), [[q, g3 f+/# =0, and

I - Vo)
/R3\/ﬁ[<l>~vvf—§<b~vf}dv_/Ra\/ﬁd>-Tdv_O,

| ey~ [ gymay <o
y- e

Clearly, [[ v/t < IIflla < [ f 12 and these prove (2.64).
Now we prove (2.63). Denote @ =: a— < f > so that

. 203

Step 2. Estimate of c¢. We claim that, for sufficiently small ¢ > 0,

lella S oIPFll2+ 11— Py) flog +e 2IA—P) fll2 + II%Ilz +Irl2,—,
(2.68)

lells S oW{IPFlie + 2 lwflloc) + e HIA—P) £lly + II(L—P) £l
1 1 3
+e 2|1 = P)) flot + ||iv||z + 17l -+ le2wrloo + 62 (V) " wg oo

NG
(2.69)

For k = 2, 6 we choose the test functions

U=k = (01> = Be) VIV Vi@e s (x), where — A, g (x) = K71 (x), @erlaa=0,

(2.70)
and g, is a constant to be determined.
From the standard elliptic estimate, we have
el S lllz. @.71)
With the choice (2.70), the right hand side of (2.66) is bounded by
_ 8
ths.2.66) S el (el A=P)fl2 + 1= 1) @72)

For k = 6 we use the Sobolev—Gagliardo—Nirenberg inequality: for I < p < N
and a bounded C! domain @ ¢ RN, andu € W7 (Q),
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1
/ |ul? <CWN, p, Dllullwir, foranyp<p*= , (2.73)
Q N-—p

and WP () is continuously embedded in L7 () (see [46], page 312).
Here N = 3 and we are interested in p* = 2 which means p = g. Thus for any

6
q € [3,2], we have
IVoeslly S ||<ﬂc,6||W2,g.

Hence, by a standard elliptic estimate ([44]),
IVeesla S Igesll o0 S le’llg = lellg. 274)

Therefore, the right hand side of (2.66), for k = 6 is bounded by

ths.2:66) S IVgeslz (7 IA=P)f 11 + gl

_ 8
< el (s N@—P) £l + IIﬁHz)- (2.75)
Thus, by Young inequality (Jxy| < nlx|? 4+ Cp,pqly|9, p~' + 4" = 1), we have
g 6
rh.s.(2.66) < nllcl + Cy (8_1II(I—P)f||u + IIﬁllz) : (2.76)

We have v - Vi = Z?’,j:l(lvl2 — Be) /v 0;j@c k (x), and

Vfc,k)
N
= &2 Y Pildij (v — Be) + 2viv;19c -

i,j

’ [@ VoWek — %v : <1>} f=eJufe- vy

Then the left hand side of (2.66) takes the form, fori =1, ...,d,

d
//asz - (n(x) - v)(Jv|* — ,Bc)«/ﬁz Vi 0; e i fdS,dv Q2.77)
- i=1

— //Q RS[()\ + (1 — t)gilv]f(|v|2 _ ,Bc)\/ﬁz Uiaigoc,kdxdv (278)
d
2 . . ..
_//QXR3(|U| —ﬂc)\/ﬁ{ i;} U,v/E),/(pC,k}fdxdv (2.79)

+82ﬂ E /]g; - (D,'[Sij(|v|2 — Be) +2v;v10@c i fdxdv. (2.80)
. X
i,j
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We decompose

> 3 3
f={a+v.b+c = -3 ]ﬂ+(I—P)f, onQxR3,  (281)
fr=P f+1,, A-P)f+1,r, ony, (2.82)

and substitute (2.81), (2.82) into (2.77)—(2.80). Note that the off-diagonal parts (v;v;
with i # j) and b term vanish by oddness in v. Now we choose B, = 5 so that,

/(|v|2 — BV p(v)dv =0, fori = 1,2, 3. (2.83)

Note that, thanks to the choice of . = 5, we eliminate the a contribution in the bulk.
Then (2.79) becomes

d 2
_ - 2 _poypp(E 3 .
9= -3 /R (P = v} (G- = 5 )ndv /Q Diger(e@dr (2.84)

d
-3 //Q R3(|v|2—ﬂc)viﬂ(v-vx)aigoc,ka—l’)f. (2.85)
i=1 x

From [ (J0]2 = Bo)v2 (1L — 3)p(v)dv = 5 and — A4 = k1 for k =2, 6,

(2.84) = —5/52 Axpere = 5|clk. (2.86)
Moreover, for k = 2,
(2.85) < [IV2@ealla A= P) fll2 < nlicl3 + CyllX—=P) £ 12, (2.87)
and, for k = 6,
(285) < V2 llg 1= P) fllg < nllell§ + Cyll A= P) f g, (2.88)

Consider (2.77). Because of the choice of 8. in (2.83), there is no P, f contribution
at the boundary in (2.77 ). Then for k = 2 we have

Q.77 < lell{l(X = Py) fla4 + Irl2,-}, (2.89)

where we used |Vioclo S llocllgz < licll2 from an elliptic estimate and the trace
estimate.
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Now we consider k = 6 case. By the assumption that  is a C' domain in RY with
N = 3, we can use the following trace estimate (see [46], page 466):

pAN=D % %
(/ dS()lul N_,,) < C(N, P) (/ dx|u|p+/dx|Vu|p> . (2.90)
Q2 Q Q

1
This is a consequence of the trace theorem W17 (Q) — wi=wP (0€2), and the Sobolev

1 (N-1)
embedding in N — 1 dimensional sub-manifold (Wl_F”7 02) C LpN—P (02) for

_ - . .
% = % — =%). In particular, with p = 2 % and N = 3 we have I(VN pl) 3

With u = Vg, 6, we have from (2.47)

IVe@ellanan) S lelljeg)- (2.91)

On the other hand, by Holder inequality

_ 1/2 1 2

WA= P flay < Y4210 = Py flay ] P In 21 = Py £12
_ 1/2 1/2
S [ 2100 = ) Flas ] Pl P lws o] 2

Therefore, by the Young inequality, we conclude
QI < (A= Py) flas + 1174~} Vieelass+
_ 1/2 1/2
{7210 = P r1a ] [ Pl f o] + 11 s il

1 6 _1 6
nlielld +n'[e2lwflloe + 114714 -] + Cp[e72100 = P flos ]
(2.92)

A

IA

Now we consider (2.78). Using (2.71) for k = 2 and (2.74) for k = 6 respectively,
we conclude that

2.78) ST+ A =0 I x {IPflle + 1A =P) fllo}llelf™
ST+ A =0 Tx {IPFIE+ 1A =P)FI5} (2.93)
S A o(W)IPFIF + 11X —P) £II5,

where we have used v = 1 + o(1)e.

Moreover, since [g3 n[(Jv]> — Bc) + 207 [lv‘ — %] =227, and [p; pnl(jv]* —
Be) + 2vi2] =3 — B. +2 =0, the term (2.80) becomes

2¢? /cd> Vi@ek + € «/—Z//XR% z[< %Uivj>(|v|2_ﬂc)+zvivj:|

X djpe (I —=P)f.
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Using | [ ¢® - Vigek| < llcllf | ®[loc, (2.80) is bounded by
2.80) < *[llclf + 1A= P) FIE] I ®lloo- (2.94)

By collecting the estimates (2.72), (2.86), (2.87), (2.89), (2.93), (2.94), for suffi-
ciently small ¢ > 0 we prove (2.68).

Similarly, collecting the estimates (2.76), (2.86), (2.88), (2.92), (2.93), (2.94), for
¢ sufficiently small we obtain (2.69).
Step 3. Estimate of b. We claim that, for sufficiently small ¢ > 0,

1613 < oIPFIZ+ 11— P)fI5, +e2IA—P)fII3
8
+ ||—v||%+|r|%,,. (2.95)

5
161§ S o(IPLIE+ (e72101 = P flacs + &~ IA=P) £l + 1A= P) Il

1 3 6
+ 1=l + Irlz + lePwrloo + lle () wglloo) (2.96)
Jv
For k = 2, 6 we shall establish the estimate of b by estimating (9;9 jA_lblj‘-_l)bi for
alli, j=1,...,d,and (3;0; A~ 'b¥ )b, fori # j.
We fix 7, j. To estimate 9;0; A1 b’;flbi we choose a test function in (2.66) as, for

k=2,6 i\ j i ..
V== ] = B)VRdje) . hj=1.....d, (2.97)
where S, is a constant to be determined, and
— A () =51, @) lae = 0. (2.98)

For k = 2, from the standard elliptic estimate ||<p,§ | 72 < |bll2. Hence, for k = 2 the
right hand side of (2.66) is now bounded by

ths(2.66) < 1bl2fe™ 11— P)f 12 + II%Ilz}- (2.99)
With the same argument as before, the right hand side of (2.66) for k = 6 is bounded
by
6 —1 6
£h5.2.66) S 0Bl + Cy (7 IA=P) £l + lglz) - (2.100)

Now we substitute (2.82) and (2.81) into the left hand side of (2.66). Note that
(vl.2 — Bp){n(x) - v} is odd in v, therefore P, f contribution to (2.66) vanishes.
Moreover, by (2.81), the a, ¢ contributions to (2.66) also vanish by‘oddness. Finally,
in the field term only the P f part survives because V,, % = 2v;0; gol]J and, by oddness,

the a and ¢ contributions disappear. Therefore the left hand side of (2.66) takes the
form

//ag Rs(n(x) ) U)(Uiz N ’Bb)\/ﬁal'wlik[(l —P)f+ril, (2.101)
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+Z//QxR3[(A+(1 — e Wl f W - Bp)VIvide),  (2.102)

_//Q R3(vf2 B ﬂb)ﬁizvlalj¢i,k} f (2.103)

* ]

_822/ zvivk/ ibid; ] - (2.104)
= JR Q ,

By (2.98) and the trace estimate, for k = 2, |8j§0£|2 < ||<p,f | g2 < IIb]l2, for any n > 0,
the term (2.101) is bounded by

1

2.101) < —
( ) < n

(10 =PSB +1rB) + nlbI3. (2.105)
For k = 6, by the same argument as before, the term (2.101) is bounded by
_1
(2.101) < nlIblIg + N IPfll Loxrsy + Coy (€7 2[(1 — Py f)°
1 3 _ _
+1'(le7wrloo + €21 (v) " wglloo + 67 A = P) fll2(0xr3)°  (2.106)

The term (2.102) is bounded, as in (2.93).
The term (2.103) equals

-3 / (07 — Bo)vi il ()b — / (7 — By /i), ()L P) f.
1
(2.107)

We can choose 8, > 0 such that for all 7,

vy 2

2 dv; =0. (2.108)

1
/R @) = Brlu)dv = =5 /R [vf = Bole”

Note that for such chosen B, and for i # k, by an explicit computation

G L O e

1
/(vi2 —,Bb)v,%udv = /(v% —ﬁb)vgme 2 e 2 e 2 dv=0,

1 lvg 2

2 2 4 2,

/(Ui — Bp)v; pdv = W/]R[vl — Bpvile” 2 dvy #0.
The first term in (2.107) becomes
[ 0F - tudvngf o+ Y [ 6F - i | el om
QxR3 ' i IR Q '

S S —)

=0
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= 2/ (aia,-A—lb’;*‘)bi. (2.109)
Q
The second term in (2.107), for any 1 > 0 is bounded by

1
second term in (2.107) < TI||b||11§ + ™ X — P)f||%. (2.110)
n

The term (2.104) is bounded by
(2.104) S &2 Plloollb - Q.111)

Collecting the bounds (2.99), (2.105), (2.109), (2.110 ), (2.111), we have the fol-
lowing estimate for all 7, j:

‘/ 3,'8jA71b,'bi
o ;

S [+ IA =PI +10 =PSBy + 1B+ 1rB] G112

+ 4 [ @)IBI5 + o(WLIPF115 + 1A —P) £II7}.

Collecting the estimates (2.100), (2.106), (2.109), (2.110), (2.111), for ¢ sufficiently
small we obtain

/E)BA 1b5

+ Coap [ €72+ 2P A= PV FIE 4711 = P FB

< n(IBlg + P £1I)

2
3 1 3 _ _
= +|r|§] +1'(leZwrloo + €21 (V) " wglloo + & A = P) fll 2(0r3)°
2

(2.113)
To estimate 9;(9; A‘lbf_l)b,' fori # j, we choose a test function in (2.66) as

¥ = [olPvivi /el (), i # (2.114)

where <pb ¢ is given by (2.98). Clearly, the right hand side of (2.66) is again bounded
by (2.99) for k = 2 and and (2.100) for k = 6. We substitute again (2.82) and (2.81)
into the left hand side of (2.66). The P, f contribution and a, ¢ contributions vanish
again due to oddness. With this choice of ¥, we have

v* -3

/R%\/ﬁ|v|2vivj«/ﬁ(a+bov+c ):0, ifi # j.

The contribution from the field is

e’ 2://Q . 3j<ﬂ;i,,kq>€\/ﬁ[2wvivj + 0P idje + 1801 f
¢ KR
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1
< (2 ®@lloo + M) IIDIL +82||<1>||005||<I -P)f|Z

The contribution from the term containing A + &~ (1 —t)v is bounded again as (2.93).
The boundary terms is bounded by (2.106).
Finally, the bulk term becomes

_// |v|2vivjﬁ{z Wafj‘plia}f
QxR3 ¢

= —//Q - |v|2vl-2vJ2-pL [8,-j<p{7,kbj + 3jj(p;i7,k(x)b,':|
<R3

- //Q><R3 |v|2v,~vjvg\/ﬁ85jgz)l’;(x)[l - Plf. (2.115)

Note that the first term in (2.115) is evaluated as fQ{(aiajA’lbf_l)bj +
(9,0 A‘lbf_l)bi}, thus collecting the above bounds we get a bound for (9;9; A1
b¥~1b; which, combined with (2.112) for k = 2, and with (2.113) for k = 6, gives
(2.95) and (2.96).

Step 4. Estimate of a. We claim that, for ¢ sufficiently small,

o _ 8
lal3 S e 2 NA=P) FI3+ 10— P)fI3 . + I3+ 1—=I3
Jv

+ 2@ (IPLIZ+1 < £ > ). (2.116)
g S nClall§ + 1P FIE) + Coy (1A= P) flls + & 1A= P £l
Fe = ) o i+ 151

€ - r —

v)J 12+ 2 NG 2

’ 1 3 —1 6

1 <|82u)r|oo+82||(v) wg||oo> . (2.117)

We choose a test function

d
U =Yk = (WP = By Vegu /i = Y (01 = B)vidigas/it.  (2.118)

i=1

where

ok ok 0
—Ax@ai(x) = l(x)—][ak L a—nfpa,klasz =0, ][(pa,k =0.

For k = 2 it follows from the elliptic estimate that [|@, llz2 < |lé|l2. Since
ng(% — %)(vi)zu(v)dv # 0, we choose B, = 10 > 0 so that, for all 7,

2 3
/ (Iv* — Ba) (—'”' - —) (i)?u(v) = 0. (2.119)
R3 2 2
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Plugging , into (2.66), we bound its right hand side by
rh.s(2.66) < llalla{e " IA—=P) fll2 + lIgll2}. (2.120)
For k = 6 we have the bound
6
rhs.(2.66) < nllalé + ¢, (s_1||(I —P)fl, + ||g||2) ) (2.121)

By (2.82) and (2.81), since the ¢ contribution vanishes in (2.66) due to our choice of
Ba and the b contribution vanishes in (2.66) due to the oddness, the left hand side of
(2.66) takes the form of

d
> / (-}l = BV /IO ga k )Py f + (I = Py) f1y, 4711 (2.122)
i=1"Y

- //Q R3[(A + (1 —ve Wf(v)? - ﬂa)ﬂz Vi 0iPa k (2.123)
- Z // (v = Ba)vivediega k (x)a(x)pu(v) (2.124)
il=1

lv|*> -3
—e Z// o200 + ([0 = Ba)Sie] {a +c }uaigoa (2.125)
- QxR3 2

- Z // (|U| _,Ba)vlveall(ﬂa )T =P)f (2.126)
it=1 QxR3
We make an orthogonal decomposition at the boundary, v; = (v - n)n; + (v1); =

vun; + (v1);. The contribution of P, f =z, (x)/in (2.122) is

/(|v|2 — BV - Vi@akVntz, = /(|v|2 —ﬂa)vn K vz,
+/(|U| — By - Vxﬁoa,kvnﬂzy-
Y

The first term vanishes by the Neumann boundary condition, while the second term
also vanishes due to the oddness of (v );v, for all i. Therefore, for k = 2, (2.122)
and (2.126) are bounded by ||&||2{ A=P)fll2+ (1= Py)flo+ + |r|2}. The term
(2.123) is bounded, as before, by (2.93).

The term (2.124), for £ # i vanishes due to the oddness. Hence we only have the
£ = i contribution:

Z// |U| — Ba) (Ul) M(Bllwa)a
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d

> // (101> = Ba) W) 1t (Bii a2
i1 QxR3

= —5)jal3,

because [(Jv[* — 10)v7u # 0 and Y, [ dxdiiga2 = [,q a2 = 0. Finally, the
term (2.125) is bounded by

e ®llolllaliéllz + 1 < f > 1+ licl).

Using — A, ¢, = a, (2.67), and (2.68) we obtain
8

NG

lal3 < e 2IA=P)fIZ+ (L= P)f3, +Irl3+11—=II3

~

+ o(W{IPFI5+ 1A =P)fIT}.

Since ||Pf||% < ||Pf°||§ +| < f > |?, we conclude (2.116). Finally we conclude

(2.63). The case k = 6 is handled in a similar way using the same estimates as for b
and c. The only term we have to check is

d d
Z// (|U|2 — ﬂa)(vi)zu(aiiﬁaaﬁ)a = Z// (|U|2 o ﬁa)(vi)z,bb(ai,'goaﬁ)&
iz M QxR3 iz QxR
d
= 2_a i2 o5 °5°:_5°6’
0[] P = f %= s

where the first equality is due to again to Y_; [o dxd;i¢a6 = [;o dn¢a6 = 0 and the
second to f & = 0. Since

1A =P)FIIS < [e72I A= P) £FI31EX @A — P) FlI%] < Cye™ 1A = P) f112)°
e [wflloo)®, 2.127)
we obtain (2.65). O

Now we are ready to prove the main result of this section:

Proof of Proposition 2.9 Step 1. We claim that for any A > 0 and 0 < ¢ < 1, there
exists a (unique) solution to

1
,\fk+u-vxf*+s2q>-vvﬂ—Es%.vfus—lLfA:g in QxR, I, =Py

(2.128)
Moreover,

< fr>=0, IPFB+e AP A2+ - P) 3
1 _
SIv 2A=P)gl3 + 2 |Pgll3 + Irl3. (2.129)
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From (2.54), a solution to (2.128) is a fixed point of the map
A 27 e K + g (2.130)

Note that from Lemma 2.10, the operator . —1 is well-defined and bounded. Hence
for any f* € L? thereis h € L? such that f* = #~'h. Thus (2.130), the fixed point
problem for f*, is equivalent to the fixed point problem for /:

h— e 'KZ "h+g. (2.131)

In view of the application of the Schaefer’s fixed point Theorem ( [25], page 504),
to show the existence of the fixed point, we need to show that K.¥ -1 is compact,
which is proven in Lemma 2.11, and the following a priori uniform bound: if A®
solves

ht = e 'KZ 'ht + g, forsomer e [17,1], (2.132)

then ||4%||> is bounded uniformly in t. Since .Z~! is bounded, it suffices to show a
uniform bound of f¥ = Z~'h® solving (2.61) with f = fT.
By the Green’s identity,

A3 +ee A= P) 2 —o(DIP I3 + 11— P FEI3
_1 _
SoMfIE+elv 2A-Pglf +e Pl +Irl5 _ + [ Pllooll £EI12.

From || f*[ly S IPSf I +1A=P) ol S NfT N2+ IX=P) £, we have, for v ~ 1
and ¢ < 1,

AMFEZ +ee A =P N2+ 11— P f5 . —o(DIPFEII3

1 5 5 5 (2.133)
S elv2A=Pgls +e IPglly + Irl5 .
Therefore we obtain a uniform-in-t bound on | f¥||». Since ¥ = £~ 'A%, from
(2.132), we have
ht =rte 'Kft+g, (2.134)

s0, ||h%]2 is also bounded uniformly in t. Note that in this argument ¢ is fixed. There-
fore, by the Schaefer’s fixed point theorem there is a fixed point #* for (2.131) and in
consequence, a fixed point f* = #~!h* for (2.130). Thus, we conclude the existence
of a solution f* to (2.128).

Now we prove the first identity of (2.129). Estimating [ f* — £*] using the Green’s
identity,

M= fE15 + e IA =P = £+ 1= PO = fR15,
SO =0 HIF B3+ 12— A3+ 1A -P) ey
+IA=P)Lf* = A2} — 0, v1 L
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From the above estimate and (2.64), for fixed A > 0,

. . - g
|<fF>l=lim|<f > S lim—e {10+ Irh-) =0.

v

By Lemma 2.12 applied to (2.128) and from the first identity of (2.129),

£

NG

The second estimate of (2.129) is a direct consequence of (2.135) and (2.133) with
v 1.
Step 2. To show the existence of the solution to (2.22) we take the limit as A — 0 for
f7 solving (2.128). Using (2.64), the uniform-in-A estimate, we have f* — f weakly
in L? where f solves the linear problem (2.22) with the estimate (2.53).

Moreover, since < f * == 0, then also < f >= 0 and we conclude (2.23).

The difference [ f — f*] satisfies

IPFI3 S e A-P I3 +1A = PO, +lI—=13+Ir3_.  (2.135)

1
Mf= 140 Vilf = [11480 - Vlf = [ = S o)lf = f*]
+e ILLf = f1=0.
Lf = A, = PLf = 71
By the Green’s identity and Lemma 2.12,
If = 415 < /15
Therefore f* converges strongly to f. The uniqueness follows using the same argu-

ment with A = 0.
Step 3. By Lemma 2.3,

Py e S 1L Py g S L fI3 4 +10 =PI,

SUFB+e LA -P) fflh + ||%||% +I(1=P)FB,
SIPFI3 4+ aA—-P)£I2 + ||%||% +11=P)f3,.

For the incoming part, using the boundary condition,

1f5_ S 1Py flog +1r3_ SIPFIE+e  IA-P)fI3

2
§ 2 2
Sl o R 2V
Combing (2.129), (2.135), and the above estimates, we conclude (2.53). O
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Proof of Theorem 2.5 We only need to prove (2.24). Using (2.27) in Proposition 2.6
to bound 8% lwf |l in (2.53), we conclude, for ¢ sufficiently small,

- _1 g 3o
IPflle S e IA—=P)flly +¢ 2|(1_Py)f|2,++”ﬁ”2+”€2<v> "wg oo

FleZwrloe + IFl . (2.136)

From (2.27), (2.52), and (2.136) we conclude (2.24). O

2.4 Validity of the Steady Problem

The main purpose of this section is to prove Theorem 1.1. We need several estimates
before proving the main theorem.

Lemma 2.13 Recall the expression of P f in(1.19). Then, forw = eﬁ‘”z, 0<pBKl,

_1
v=2Te(fs )2,
S e P ugloce T VA= P12, ]
_ 1
+ 2w oo e~ 020 = Pigl 2 T}
+ 1P lg, IPgllL3,

(2.137)

Proof By the decomposition

1
v 3Ta(f )iz,
_1 _1
S ITIT(A=P)f1. gDl 2, + I 202 f1 1A= P)ghllz

1
+lv2CL(PfL PgDI2 - (2.138)

Note that terms like [v"2 T4 (P £, (I — P)g)ll 2, and v 2T (I—P), Pg)l 2, are

bound by 3T (11, 10— P)gDllz2  and v T (A-P) f], IgDIl 2, respectively.
The first two terms of the RHS of (2 138) are bounded by

elwgllize, v Tae A =P) £l w D2,
+ellwf g, v Ta(e™ 1A = P)glw Dl .

From [vf? + [ul> = [V + |u/|* and v™"2|(v — u) - w|/@w) < v V2] +
1 1
/@) S+ vl + ull2p@)2™,

/v—‘|ri(e—1|(I—P)f|,w—1>(v)|2dv
R3
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< / / / [+ [V + [/ []le7" A = P) f ) Pw(u') " *dwdudv
R3 ]R3 SZ

+/ / /[1+|v’|+|u/|1|e*1(1—P)f(u’)|2w(v/)*2dwdudv
R3 JR3 JS2

+/ / /[1+|v|+|u|]|e—1(1—P)f(v>|2w(u>—2dwdudv
R3 R3 S2

+/ / /[1—|—|v|—|—|u|]|8’1(I—P)f(u)|2w(v)*2da)dudv. (2.139)
R3 JR3 JS?

Now by the change of variables (v, u) <> (v/, u) for the first term, (v, u) < (&', v')
for the second term and (v, u) <> (u, v) for the last term, we bound all the above terms
as

/v—1|rﬂt<a-1|<I—P)f|,w—1)|2
]R3

5/ [// [1+|v|+|u|]w(u)*1dwdu]|e*1(1—P)f(v)|2du
R3 R3x§?

< / vie ™' I = P) £ (v)|*dv. (2.140)
R3
Similarly,
/ v ML A= P)gl, w H)*dv < / vle I = P)g(v)|*dv
]R3 ’ ~ R3 ’
(2.141)
Therefore, the first two terms of the RHS of (2.138) are bounded by
ellwglloclle ™ A=P) flly + elwf loclle™ A = P)gll,.

Due to the strong decay in v of P f, we have H H%JJPf(x, v)| ”Lgo < IPf e

forany 1 < p < 0o. Recall that %% stands ;% for some 0 < § <« 1. The last term of
(2.138) is bounded as, for fixed v, by [|[v=!/2T (10, u0+)||L% < 00,

_1 _
W72 TL®f P2, S v AT ™, 1)
SIPFlge IPglls -

IPFONLsIPeONLy |2

All together we prove (2.137). O
Lemma 2.14 Recall ry, fy,, Ag, 2 in (1.25), (1.11), (1.35), (1.27). We have

|rs|2,— + |wrs|oo,— § [Pwloos
||fw||L§L% +llwfwlloo S [Pwloos
X =P)Asll2xry) S Pwlwiepe) + 2 Dlloo|Pwl,
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IPAslI 2 @xrs) < €llPll2,
lwAsll o~ @xrd) S 1Pwlwre@a + & 1Pl Pulso + ellPlloo + [Ful5
12f 12— S IWwlzeea)[1+elldwllieo [ IVES12¢,),

w2 flloe < 1Pwloo[1+ &lPwloo | IVAS Il @xrs):

Proof From (1.25) and (1.23) we have the first estimate. From (1.11) and (1.10) we
have the second estimate. From the (1.35) we have the third, fourth, and fifth estimates.
Finally, from (1.13), (1.27) and (1.29) we have

2f(x,v) =2m (— —2)y/ 1)y (x) f @ 0y G {nx) - u)du

n(x)u>0

+e0 (19 () V() R(x, u)v/p(u){n(x) - ujdu,

n(x)-u>0
which leads the last two estimates. O
Now we are ready to prove the main theorem for the steady case:

Proof of Theorem 1.1 We prove Theorem 1.1 by considering a sequence f¢, for ¢ > 0,

vV f 40 v [ VR L = DG Y+ L A
I
f”lly, = nye+1 +e21" + ery, RO =0,
(2.142)
where L and A; are defined at (1.34) and (1.35), 2 at (1.27), and r, at (1.25). Note that
Theorem 2.5, with (1.37), (1.31), guarantees the solvability of such a linear problem

(2.142).
Step 1. We claim [[fl“]]2 < 1np. For 0 < ng <« 1, we assume that,

”79 ”Hl/z(aQ) + ”q)”Z + 8( ”ﬁwnwl 0 (5Q) + ||<D||§o) < cono, (2143)

for 0 < ¢p < 1, and the induction hypothesis

sup [£/]* < no, (2.144)
0<j=<¢t

where the norm [ - || is defined in (2.20).
We apply Theorem 2.5 for

F=r e=T(5S fO+FLIfAH Ay, r=e2f tery,

to achieve the same upper bound as in (2.144) for [ f¢*1]? in the next two steps.
We estimate the right hand side of (2.24) for our case. From (1.34), PL; f = 0 and

1Ly £ 0)] S 10w {IT ()2, PO + T ((0) /i, A= P) fHI}
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Then
W= 2@ =P)L1 £ 02 S 10w l31P £ lle + el Ouwlloole ™ A —P) £EYI,]. (2.145)

Using (2.145), (2.137), (1.34), (1.11) and Lemma 2.14, we obtain

A= Pl S [T + UOulls + ellOullo) [£]
+VeOullz + 21 @O, [l2 + [[1Ow]*l2,
e IPgll2 < l1@]l2.
211w wglloo S V2D + el Oulloo 1] + &2 1@l + 321 ViOu lloo
+"2 Do Oulloo + /21Oy 112

From Lemma 2.14

e 21y S 2190 loolF1] 4 €200 o
e wrloo < ¥ loof + 219w 00

Finally applying Theorem 2.5, we conclude that

LA A+ LT+ UOwls + elOwlloo)+ (&% + &) 9w 2} [£ D> + cono.
(2.146)
BY 10ull3 S 19ullmiey S 1wl 3 . < cono < 1 we prove that [f**1]* < no.

Step 2. We repeat Step I for £+ — £ to show that f¢ is Cauchy sequence in LN L?
for fixed . Now it is standard to conclude that the limiting /¢ — f solves the equation.
The uniqueness is standard. (See [17] for the details)

Step 3. To prove the weak convergence of f¢, we use the argument of [5] where it is
proved, in the unsteady case and without boundary, that, if f¢ converges weakly to a
limit, then the limit has to be in the null space of L and its components have to solve the
INSF system. Adding a force field is straightforward. The boundary condition issue
requires a little more care. Let g° = f,, + f. The equation for g° is

D -V, (gf 1
v(8° /1) Ly
Ji ‘
From the previous results we know that ||(I — P)g®||, — 0 as ¢ — 0. Moreover

Pg® is bounded in Lﬁ and hence weakly compact and (v) ~!T"(g%, g°) is bounded in
L? . Therefore

v Vegt +e? ¢ =T(g%, g°) +ed v /L. (2.147)

1
vVt )T+ 2w Vgt i) € L.

Passing to the (weak) limit as ¢ — 0, up to subsequences, g° — g weakly and
(sz(v)_1 u_% ® - V,(g°/1) — 01in the sense of distribution, so that, as distribution
1 _
v Vi@t ()T 4+ 87T IR V(g /i) — v Vilgi (v) 7.

@ Springer



1 Page 54 of 119 R. Esposito et al.

But v - V(g (v) ") + 62() '3 ® - V,(¢° /) has a weak limit in L2 . By the
uniqueness of the distribution limit, we deduce that the limit g; = Pg is such that

vV e LI, gl < L.

But g1 = {p+u-v+0(v?*— 3)/2} /1, and, from the linear independence of
%{1, vV, ® v, |v|2, v|v|2}f, we deduce that p, u, 0 € Hxl. The equation for the
hydrodynamic fields are deduced as in [5] as follows: we apply P to equation (2.147)
and take the weak limit to obtain that

P(v-V,g1) =0,

which is equivalent to
Vi(p+60)=0, V,-u=0.

Then we multiply equation (2.147) by 8‘1vf , integrate on velocity and take the
weak limit. We obtain

lim e 'V, - (v/;, v Vig®) 2 = .
e—0 v
To compute the above limit we write

2
eV, - (v @ vy/u, g2 = (L—l (v Qv — %H) , s—ng“> o+ V. pS,
Ll}

where p® = ¢~ !( % lv|? s 85) 12- In order to compute the limit of the first term, we
note that, from the equation, the weak limit

lim e~ 'Lg® =T (g1, g1) — v - Vigi.
e—>0

Hence we obtain
v|? i
=V, U®U_TH L (I'(g1, 81) —v - Vag)p2 + Vap,

where p = lim, p,. It is standard to compute that

2
v
Vi - (v ®v— %H), LN (I'(g1, ) —v- ng1> =uQ@u—vAu,
L2

v

and hence u is a weak solution to the incompressible Navier—Stokes equation (1.40);.
Similar arguments can be used to obtain (1.40),. The conditions Vy(p +6) and Vy - u
have been already obtained.

We only need to check the boundary conditions. We return to f§ = g° — f,,. By
the smoothness of f,,,
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v V(ST 4 2 0) T IRV (fEVR) = v V(i)Y € L2, weakly.

ByLemma?2.3, f¢ (v)~ " haslocal trace which weakly converges to (v)~! P, f1because
(1— P},)ff(v)_1 — 0. So f1 has alocal trace P, fj on y. But fj € H;C,‘}X’, so that,
for each v € R3 the components p — py,, u and 6 — ©,, of P f] have trace on the
boundary. Hence P fi; = Py, f1. Thus u = 0 and 0 = ¢, on Q2. Recall ||g1]|;6 < 1,
sois ||u]| e + 110116, hence all the weak limit points must coincide with the unique
solution to the steady Navier—Stokes—Fourier solution.

The positivity Fy > 0 is left for the unsteady case in Sect. 3.7. O

3 Unsteady Problems
3.1 Preliminary and the Linear Theorem
Definition 3.1 Assume ® = ®(x) € C!. Consider an unsteady linear transport equa-

tion
hf+v-Vif +60-V,f = g. (3.1)

The equations of the characteristics for (3.1) are
Y=ec"'W, W=2ed®(Y), Y(:t,x,v)=x, W(t:t,x,0)=0. (3.2)
By the uniqueness of ODE
[Y(s;t,x,0), W(s; 1, x,0)]
t—=s t—=s
= [X(t__;ta-xvv)vv(t__;tsxsv)} (3'3)
& &

[X (e 5;0,x,0), V(e 50, x,0)],

where (X, V) is defined in (2.7).
Define

Ih(x,v) := sup{t > 0:Y(—s;0,x,v) € Qforall0 < s <t}
t s N t
= esup{— >0:X(——;0,x,v) e Q forall0 < - < —} = etp(x,v),
& £ e ¢
fr(x,v) == sup{t>0:Y(s;0,x,v) € Qforall0 < s <t}

1t t
= ssup{— >0:X(£;O,x,v) € Q forall 0 < s < —} = ete(x, v).
I3 e ¢

&
3.4
Moreover

~ f 9
%uﬁozyemuﬁmoJﬂo=X<—b“”%axm>
£

= X (—tp(x,v); 0, x,v) = xp(x, v),
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)

By - 1t (x, v)
xe(x,v) = Y(—tr(x,v);0,x,0v) :X(— - '0,x,v)
= X(—ts(x,v); 0, x,v) = x¢(x, v),

~ i’ 9
Up(x,v) = W(=tp(x,v);0,x,0) =V (— b l));0,)6, v)
&

= V(=tp(x,v); 0, x,v) = vp(x, v),
~ ; 9
vp(x,v) = W(—tr(x,v);0,x,v) =V (— e v); 0, x, v)
&

= V(—t(x,v);0,x,v) = ve(x, v). 3.5

Lemma 3.2 For f € L'([0, T] x  x R3),

T
/ S | f(t, x,v)|dydt

0 At
T
<e¢ // | £(0, x, v)|dvdx + 8/ // | f(t, x, v)|dvdxds
QxR3 0 QxR3

T
+/ // ledi f +v - Vif +&*® -V, f1(t, x,v)|dvdxdr.  (3.6)
0 QxR3

Proof First we claim

T 0
/dedv|n(x)-v|/ dt/ ds
yﬁ 0 m

ax{—ety(x,v),—t}
x| f(t+s, X(sfls; 0, x,v), V(eils; 0, x,v))|

T
55/ // | (t, x, v)|dxdvdt. (3.7)
0 QxR3

By the Fubini theorem and the change of variables § = ¢!

s,
T 0
/ dSde|n(x)-v|/ dt/ ds---
Vi 0 max{—etp (x,v),—t}
0 T
:/ dS,dvin(x) - v| ds/ dr
)/i max{—ety(x,v),—T} —s

x| f(t+5, X s:0,x,0), V(e 50, x, v)]

0 T
ge/ dS,dvin(x) - v| d§/ dr
yS {—ty(x,v),—e~ 1T} 0

i max

x| f(t, X(5;0,x,v), V(5; 0, x,v))|

T
< 8// / f(t, x,v)dtdxdv,
QxR3 J0

where we have used Lemma 2.2 and #,(x, v) <;s 1 for (x, v) € y_‘i.
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Now we recall that

d
fG+s, X 50,00, Ve 550, x,0))]
S

SHorf +e7'V o Vef +e0X) - Vo f]t+5, XL s), Ve 5)

and

If (x| S IfE+s, X s), Ve s)l

t
+ / [0 f + &7V - Vi f +e@(X) - Vy £l + 7, X (e~ L), Ve~ L o))|de.

For (y, u) € y4+ and for s € [max{—ety(y, —u), —t}, 0]
min{gtb(ys _M), t} X |f(t7 yy M)|

0
=/ |f(t+5, X 550, y,u), V(e s;0,y,u))|ds

max{—ety(y,—u),—t}

+/0 /St|[8zf~l-s_lV~fo+8®~va]

max{—ety(y,—u),—t}

x(t + T, X(e_lr; 0,y,u), V(s_lr; 0,y, u))]dtds.

If (1, y,u) € [e81, T1 x y4\y2 then ty(y, —u) Zq |n(y) - ul/|ul* Z 8°. We use (3.7)
to bound

T
min{883,881}x/5 dedv|n(y)~u|/ de |f(t, v, u)
&8

Vi

T 0
5/ dS.dv|n(y) - ul dt/ [f(t+s, X s), Ve~ s))|ds
yji &8y max{—etp(y,—u),—t}

T 0
+/ dS,dv|n(y) - u| dt/ ds
y9 £81 max{—ety (y,—u),—t}

+

t
x / 8 f +e7 'V -Vef +e® -V, flt +1,X(e '), V(e ' 0))|dr

T
S 8/ // | f (¢, x, v)|dvdxds
0 QxR3

T
+/ // |[88f+U‘Vx+52<D'Vv]f(t,X,v)‘dvdxdt,
0 QxR3

where (X(e~'7), V(e7't)) = (X(e7'7;0,y,u), V(e '1;0, y,u)). We choose
g8 < €85 < e x innyr\yi tn(y, —u). Then em(y, —u) > t for all (z,y,u) €

~

[0, 61] x y+\yji so that the backward trajectory hits the initial plan first:
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Lf @,y )| < 1£0, X0, vie~l))

0
+/ B f + eV Vi f +eD(X) - Vo f10 +5, X 1s), Ve~ ).
—t

Then from (3.7) and the change of variables

£81
/ F(t o)
0 Y+

e8]
< / dz/ dSydv [n(y) - ul| £0, X (™10, y,u), V(e~"1; 0, y, u))|
0 Y+
81 0
+/ dt/ dSydv [n(y) - ul
0 Y+ —t
X[[0f +e7'V - Vif +e®(X) - Vo f1t +5, X(e's), V(e 5))|ds

§
= s/ ldf/ dSydv [n(y) - ul| £ 0. X (@), V(@) 't =1
0 Y+
T
+/ // [ed; +v- Vi + 2@ V1 f(t,x, v)|dvdxdt  (¢7's =75)
0 QxR3
5881// | fo(x, v)|dvdx
QxR3

T
+/ // [0 + v Vi + 8@ - V1 £ (7, x, v)|[dudxds.
0 Haxws

O

Lemma 3.3 Assume ® € C'. Assume that f(t,x,v), gt,x,v) € LZ(R+ X Q x
RHY, {8+ - Ve+ed -V} f, {8+ vV, +ed -V, }g € L2(Ry x Q x R?)
and fy,, gy € L>(Ry X y). Then

t
/ // Seditv - Vof + 2D -V, flg+{€d; +v-Vig+&>® - Vyg) f dvdxdr
K QxR-

= // f(s,x,v)g(s, x,v)dvdx — ¢ // f(, x,v)g(t, x, v)dvdx
QxR3 QxR3

t
+/ |: fgdy—/ fgdyi| dr.
s v+ Y-

Proof The proof is from Chapter 9 of [14] with the same modification as Lemma 2.4.
O

3.2 Gain of Integrability: L?L3 Estimate

The main goal of this section is the following:
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Proposition 3.4 Assume g € L>(Ry x Q@ x R, fo € L*(Q2 x R%), and f, €
LZ(RJr x y). Let f € L®(Ry; L2(Q2 x R3)) solve (3.1) in the sense of distribution
and satisfy f(t,x,v) = f,(t,x,v)on Ry x y and f(0, x,v) = fo(x,v) on Q x R3.
Recall P f in (1.19).

Then there exist Sy f (t, x), S f (¢, x), and S3 f (¢, x) satisfying

la(z, )| + b, x)| + |c(t, x)| = S1 f (1, x) +Sa2.f (1, x) +S3 f (1, x), (3-8)

where the precise form of S; f is defined in (3.40).
Moreover,

_1
ISt/ 20 +e 2182 /1 | 12
x L2Ly

Sliglz, +follzz, + - Ve + 2@ Vol follz, + 1 foll 2y G

+ ||f}/||L2(R+><y)a

and
1S3 £ 1,2, SNA=P)fll2 . (3.10)

We need several lemmas to prove Proposition 3.4. First we define fs which repre-
sents either the interior or the non-grazing parts of f near the boundary.

Definition 3.5 We define, for (¢, x, v) € R x Q x R3 and for0 < § <« 1,
f5(t, x,v)
n(x)-v £(x)
= [1 —x( )x(—)}x(ﬁlvl){lze[o,oo)f(t,x,v) (3.11)

1) 1)
+ Lie(—o00,01X () fo(x, v) }.

Here n(x) and x are defined in (2.5) and (2.4) respectively.

Here we extend f; to the negative time so that we are able to take the time-derivative.
Clearly,

I sl mxaxry) S 1 2@, xoxry) + 1 foll2@xrd)
I fsllL2rxy) S I fy 2@y xy) + NS0l L2

Note that, at the boundary (x, v) € y := Q2 X R3,

f5(t,x,v)|, =0, for [n(x)-v| <8 or |v] > (3.12)

[STRIE

Lemma 3.6 Assume the same hypothesis of Proposition 3.4. Then there exists
ft,x,v) € LZ(R x R3 x R3), an extension of fs in (3.11), such that

floxrs = fs and fly = fsl, and fli—o = fsli=o.
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Moreover; in the sense of distributions on R x R3 x R3,

(€0, +v- Vi +&>® - Vo) f =hi + hy + h3 + ha,

where
e = teen [1 - (n(xa) ' U) X(%)] X (610
* [Lre10,008 (1. X, v) + Lie(—oo.01x (e ((tl))

+v- Ve + 820 V) folx, v)],
hz(ta X, U) = l(x,v)eQxR3 [IIEIO,OO)f(t9 X, v) + IIE( o0 OIX(f)fO(x» U)]

xfo - Vet 20 V([ x () (P61,

hi(t,x,v) =1 —v -V E)y

1 &(x)
(e[ Qe \Q] xR Fga (C6 )
x [ f3(t — et (x, v), x5 (x, ), vh (x, )t (x,v)e00
+ f5(t + e (x, ), X (6, v), vF (8, V) Lt vy e
ha(t,x,v) =1 =, v)e[ 2, 4\§2]xR3f3(t — ety (x, v), xp(x, V), vy (x, V)
XX(SC(S))X (5 (x, V) L (x.0)cv

+1 R3f5(t+8tf*(x,v),xf*(x,v),vf(x,v))

(rov)e[2e5\2] x
XX(EC(S))X (tf (x, v)1x #(x,0)€0Q>

where ~
Qegi 1= {x e R?: £(x) < C8%),

and, for (x,v) € Q5 \Q, with Q@ = QU IS,

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

fi(x,v) = inf{s > 0:0 < £(X(s5;0, x,v)) < C8* forall 0 <t < s},

f(x,v) 1=t (x, —v),

(xp (x, v), vp(x, v)) = (X (—t5(x,v);0,x,v), V(—t5(x,v); 0, x, v)),

(x5 (x, v), v (x, v)) = (X(ff (x,v); 0, x, V), V(& (x,v); 0, x, v)).

Moreover,

11l 2 @xrixry) S 1812w, xxr?) + €l follL2@xr3)

+llv - Vi + 6@ - Vil foll 2 (@urs)»
Ih2ll 2 exrixry) So 1f 2@, xaxry) + 1L 0ll2@xr).
1731l 2R <3 xr3) + R4l 2@urixry) S8 1fy 2@, xp) + 10N L2
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Proof The proof of this lemma is given in Appendix A.1. O

The next step is to prove a version of the velocity averaging lemma in the pres-
ence of a small external force. The presence of the external force requires significant
modifications to the original argument in [23,50].

Lemma 3.7 Let f € L>(R x R? x R?) be a function solving the transport equation

edf+v-Vof +&2® -V, f + f=gq, (3.21)

%’x’v. Let r (v) be a smooth function, which
vanishes as e“""!|y (v)| — 0 as |v| = oo for some C > 0.

Then we can decompose f as

in the sense of distributions with q € L

f = fla + fsma (3.22)

H /R3 ¢fl“dv‘ L

forw = AP yith 0 < B < 1, and

such that

—1
L S gl (323)

5

X

1
| [ wtmto] e Sonore etioal, (3.24)

Proof We only prove the case 8 = 0, because the growing factor w can be absorbed
in ¢ by redefining fj,.
Step 1. We define a “large” part as

0
fia(t, x,v) == / e Tq(t —et,x — v, V)dT. (3.25)
0

Then, clearly fj, solves the transport equation without an external force, in the sense
of distributions,

80t fia +v - Vi fia + fia =q. (3.26)

Via the change of variables (f — e¢7,x — tv,v) — (¢, x,v) for fixed T and the
Minkowski inequality

o0
iz, = [ € llgt—er.x = rw )l dv
S 8

o0
=llglz / edr S lgll2 (327)
o Jo

Therefore, fi, is in L?. By the standard velocity averaging lemma [23,50],
1

Jg3 ¥ fiadv is in L?H? and satisfies the bound (3.23) by the Sobolev embedding

L2(R: H2 (R3)) C L2(R; L3(R3)).
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Step 2. Now we define a “small” part as

fsm(taxv U) = f(ta X, U) - fla(t’ X, U).

Clearly,
8atfsm + V- V_stm + fsm = _EZ(D . va.

We use the shorthand notation
¢ = —&2d f,

so that (3.29) becomes
€0 fom + v - Vi fsm + fom = V(.
By Fourier transforming,

Vil
it +v-&+1°

IVu<|

fsm = |f5m|rs

Recall x in (2.4). Then, for « > 0,

/ﬂ@fsmw=/Rzﬁmwx<”+a¢>+/ﬂ{3ﬁmw[l—x<—

= A + P.

et +v-&]+1°

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

)

Since in .77 we have only the contribution for |e7 4 & - v| < «, by integrating first on

the velocity vg1 orthogonal to & and then on the one dimensional variable vs = =

1€ vg

with the change of variables == we estimate,

1
o2 N
_l”fsm”L%
€12

|71 <

As for .75, we use (3.32) to obtain

B va _ et+&-v
‘%‘/ﬂ@d”i(zswws)ﬂw[l X( o ﬂ

» £ WG
_’/de”[i(sr+v‘5)+112w[l X( o >]

Sf (et +E v
+/de”a[i(er+v.g)+1]w< p

e et +&-v
+/de”i<ar+v-s>+1v”‘”[l_x( o )}

=0+ 00 + .
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We have

i - ?
<
A1) < |§|< H”Jrv $|+1]4) €122

I A

.
|£‘L’+§v\>¢x [Isr+v g|+1]4> 15122

N\

< B2 ||;||Lz,
o2
1
+
Wzlf%( ” - E)}) 1812
o
1
MW ) .
A < dy—21"v7 <
| 3|_</|”+5v>a A ||¢||Lg_m|€|%||;nu

Now we choose « such that

1
a2 a 512
?”fsm”L%I ;IIEIILz,
2

which means

1 A L N _1
o= 2 2 2.
E12 N8 M fomll >

With this choice, we have that,
_1oa N T
|71+ [ + |2 < 3IEI7# ¢} 2|Ifsm||Lz, [A5] < 1§ 4|I§||2%||fsm||2%

Therefore, from (3.30)

1 A1 ” 3 1 1 1 3
I y (%/ jff < 4 4 <e2|d 4 4 4
l1g1% 711 + 11+ 12D ] 2, < TGN a5l 2, < €2 N@INSIG W foml

3 O A § 3 3 3 1
2 < 7 Z 5 3 FS Z
llelZ 1710 2, < TENG 1 otz Dz, < 2 I@IGING N foml

p 2
We also note that || %3] .2, Sy Ighz2, | S el Plleoll fll2 -

)

Denote the inverse-Fourier transform by ﬁ; ; By the Sobolev embedding

H%(R% C L%(R3) and H3 C L*, we have
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LZ (T + 0+ A o S SIZ A+ A+

r t Hx

1 3
< 8§||f||22 ||fsm||42 ,
1,x,v

1
—1 —1 s
17 e A5l 208 S IIF %/3|| ah S 82||f||4 ”fsm”ztz

12
By an interpolation (L, C L2 NL})

2 1

1 -1 3 1 3 12

17340, g S IFLAN L 1 %||L2L4N ||f|| Wl
L rx tx,v

X

Clearly from (3.28) and B3.27), [l fomll 2 = I fllz  +lfiall2 S 1Al +
”q”L,2 . On the other hand, from (3.21), '

o0
f(t,x,v) = / e Tq(t—et,X(t —et;t,x,0), V(I —et;t, x,0)).
0

Following the argument to prove (3.27), we obtain || f|| 2, < gl 2, Therefore
we conclude h h

1
171+ + e+ A 8 Serflzz,, +llgllz, ).

and hence the estimate (3.24). O
Now we are ready to prove the main result of this section:

Proof of Proposition 3.4 Recall (1.19). We use temporary notations

2Ivl2

[Z0(v), £1(V), £2(v), £3(V), L4 (V)] = [ﬁ (NRVITIR VTR v3«/_, Jﬁ]

(3.33)
From (3.11),

/R ot x 05
== (Y E 51D (Lm0 £ 2 x. )
]R3 5 5
+Hy<0x (1) folx, v) )i (v)dv

=g [ 1= (e

4
<[ > aj 06w + AP £, x,0) g )dv

J=0
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0 /R - x(”(xg ' ”)><(¥)]><(3|v|>x<r>fo<x, 02 (v)dv

4
—Lizofa, )+ 0®) Y layr.01+ 051 [ 1A=P) (. x vlcwdv)
j=0 }

+1<ox () /R3 Jo(x, v)¢i(v)dv.

Therefore

4 4
> lzolaitt, 0l = Y| /R S, 0)6 )dv|
i=0 i=0 :

4
lzox@ [ 10l Y 6wl

i=0

4 4
+1i20{ 0©) Y laj 1, )] + O5(1) /R A=P)f(tx,0 Y [6@)ldv]
: i=0

Jj=0

Hence foralli =0, 1,2, 3, 4,

Iai(t,x)|§4/R3 | £3(t, x, v)|[(0)2y/ 1 (v)dv + 4x (1) 1<o /11@3 | fo(x, v)[(v)*y/ i (v)dv

-+-4/R3 |(I—P)f(t,)c,v)|(v)2 u(v)dv.

(3.34)
__ Now we focus on the part of fs in (3.34). From Lemma 3.6, there is an extension
fs defined by (A.1.12) such that

/]R s x, V() r@)dv < /]R B x, V) [{(v)2y/ 1 (v)dv,
and solves L L o L
i fs+v -Vifs +D-Vyfs+ fs=h+ fs, (3.35)

in the sense of distributions with 7 = Z?:l hi WhCE h; are defined E Lemma 3.6.
Now we apply Lemma 3.7 to (3.35) with f = f5; and ¢ = h + f5. Then we can
decompose

ﬁ = ﬁ,la + ﬁ,sm’ (3.36)
where ﬁm is defined, as (3.25),

foga(t.x,v) = / e " (h+ f5)(t —et, x — Tv, v)dT, (3.37)
0

and fs ; i= f5 — f3 14 as in (3.28).
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Using (3.23) and (3.24) with ¢ = ¢; in (3.33), we deduce that

_ . -
| [ a@Budr],,,, stz + 1o Bi,
B 1 B (3.38)
H /R LG Tt S et R 4w B ).
Note that from Lemma 3.6
lw™ Al A+l Flle
Sliglzz,, + 1 follz, + - Vi + 7@ Vol foll2 (3.39)
+ 1 foll2gy + 1y 2wy xy)-
Finally we set
1£(,) 1= | T 1alt0P Vol
S2f(t,x) = /R s anl0)*V@)dv, (3.40)
S3f(t,x) = 4/]1@ |(X—P) f(t, x, v)|(v)*/p(v)dv.
Then by (3.38) and (3.39) we conclude (3.9)—(3.10). O

3.3 Unsteady L?—Coercivity Estimate

The main purpose of this section is to prove the following:

Proposition 3.8 Suppose ® = ®(x) € C', g € LRy x QxR3), andr € L*(R4 x
y—) such that, for all t > 0,

// g, x,v)/udvdx =0 = / r(t, x,v)/udy. (3.41)
QxR3 y—
Then, for any sufficiently small €, there exists a unique solution to the problem
1
ehf +v Vof +—&@ - Vy(Juf)+e 'Lf = g, (3.42)
Ji
with fli=0 = foand f— = P, f +r on Ry X y_ such that
// [, x,v)/udxdv =0, forallt>0. (3.43)
QxR3
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Moreover, there is 0 < A < 1 such that for 0 < s <'t,

t t
lle* £ ()13 4 &2 / 1T (X~ P) £ (0)||2dT + / e*"P £ (z)|13de

t t
+a—1/ (1= PR+ /|e“f|%

S e )3 +e ! / 7|3 _ / v 2e* (1 — P)g|13
+s*2/ le*® Pgll3. (3.44)
5

In order to prove the proposition we need the following:

Lemma 3.9 Assume that g and r satisfy (3.41) and f satisfies (3.42), and (3.43).
Then there exists a function G(t) such that, for all 0 <s <t, G(s) < ||f(s)||% and

t t
/IIPf(r)II G(t)—G(S)+/ II&II2+| (f)l27+8_2/ Ia—P)f@I

+ / (1= PYfOR,.

Proof The key of the proof is to use the same choices of test functions (with extra
dependence on time) of (2.70), (2.97), (2.114) and (2.118) and estimate the new con-
tribution f; [Joxg3 0: ¥ f in the time dependent weak formulation

[ Lo oot [t ssamm v%}f
+e—1/s //SZXR3[—1pL(I—P)f+¢g]. (3.45)

We note that, with such choices G(1) = — [[q, g3 ¥/ (@), and |G(1)| < (FGIER
Without loss of generality we give the proof for s = 0.

Remark We note that (3.41), (3.42) and (3.43) are all invariant under a standard ¢
-mollification for all # > 0. The estimates in Step I to Step 3 below are obtained via a
t-mollification so that all the functions are smooth in ¢. For the notational simplicity
we do not write explicitly the parameter of the regularization.

Step 1. Estimate of VXA;,I d:a = V,0:¢,. In the weak formulation (with time inte-
gration over [, t + 8]), if we choose the test function ¥ = ¢, /i with ¢(x) dependent
only of x, then we get (note that Lf and g, integrated against ¢ (x) ./t are zero)

146 1438
8/[a<f+5>—a<t>l<ﬂ(x>=/ /(b-vx)so(x)+/ / roVi,
Q t Q t y—
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where we have used the splitting (2.82) and (2.81). Taking difference quotient, we

obtain for all ¢
8/Q<p8za=/g(b~vx)¢+/ XNITR

Notice that, for ¢ = 1, from (3.41), the right hand side of the above equation is zero.
Hence, for all t > 0, fQ 9;a(t)dx = 0. On the other hand, for all ¢(x) € H (),
we have, by the trace theorem |pl2 < |l¢llg41, € || fQ ¢(x)0;adx || < Irha—lel +

~

Iol2llell gt S (B2 + |72}l g1 Therefore we conclude that, for all 7 > 0,
ellda®ll gy S 1012+ Irl2,

where (HY)* = (H ! (€2))* is the dual space of H 1(©) with respect to the dual pair
(A, B) = [ A(x)B(x)dx, for A € H' and B € (H")*.

On the other hand, ¢, in (2.118) is the solution of —Ad;¢, = 0;a, %3,% =0at
02 with fQ d;a(t, x)dx = 0 for all + > 0. From the standard elliptic theory,

ellVidipalz = ell Ayt dra(®)ll g < ellora®ll gy S Ib@ N2 + |72
Therefore, we conclude, for almost all £ > 0,
IVedioa®ll2 < e HIB@) 12 + I7]2})- (3.46)

Step 2. Estimate of V. AT9bI = v, Btcplij. In (3.45), we choose a test function
. 2
¥ = @(x)v; /i Since [vijvju(v)dv = fvivj(% — %)u(v)dv = 8ij, we get

1+8 )
8/[bi(t+5)—bi(t)]<p= —/ /fwviﬁ+/ /3i</>[a+C]
Q t y t Q
148
—82/ /dDigoa
t Q

1+ d
+s—1/ // S vjui R0 o —P) f
t QxR3 =1

t+48
+ / // PUig/ I
t QxR3
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Taking difference quotient, we obtain
¢ / dibi(t)g = — / FOvio i+ / Bigplaln) + c(t)] — / ;0
Q y Q Q

d
v S wuvaea-pro+ | ongo i
QXR3j:1 QxR3

For fixed # > 0, we choose ¢ = 3¢} in (2.98) solving —Ad ¢} = 3,b;(t), d¢}lsa =
0. The boundary terms vanish because of the Dirichlet boundary condition on o; <pf7.
Then we have, fort > 0,

s/ |va—latb,-(r>|2:e/ |ant¢;;|2=—s/Aat¢;;at<p;;
Q Q

1
< anellIVedigy I3 + 10,0413} + — e [Ila(l)llz + eI+ |

v

+—||(I—P)f(t)||§+8—||<l>llz a2
4ne3 4n o

1
< 8nel| Vidrp I3 + [lla(t)llz + el + 1 e IX—P)f®)l3

41 fllz]

8
+|Iﬁ

2 ’ 2 2

+ ol llali,

12 n [Pll5llall
where we have used the Poincaré inequality. Hence, for all # > 0

IVedrghllo S e Hlla®lla + lle@ 2 + II%ID} +e A =P f(D)l2.  (3.47)

Step 3. Estimate of ViA™'9,c = V,3¢.. In the weak formulation, we choose a
test function go(x)(ﬂ - —)[ Since fu(v)(ﬁ - —) =0, f,u(v)v,vj(| 2 _3) =
5ij. [ ) — )7 £0,

;8/ ox)c(t+ 6, x)dx — %8/ @(x)c(t, x)dx

= e [T (5 5) e
+e—1/t+5//M3<I—P>f (ﬁ_§> NORAT,
A RIS N A e
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Taking difference quotient, we obtain

2 2 2 3
8/ @(x)0,c(t, x)dx = §/ b(t) - Vyp — 5/ (% - —) Jef (1)
Q Q v

2 o > 3
+§// (I—P)f(t)(———>«/_(v Vie
QxR3

> 3 2,
+¢g(t)<——§>ﬁ—§e /(pCD-b-
Q

Note that 9;¢. in (2.70) is the solution of —Ad;p. = 9;c(t), 9;¢c|aq = O.
The boundary terms vanish because of the Dirichlet boundary condition on 9;¢,.
We follow the same procedure of estimates V A~19,a and V, A~19,b to have

SIVe A B2 = ¢ /Q Va0 (0)Pdx = /Q Drpe (1) dhe(t, x)dx
1 1

< dnelllVedrgells + 19:ell3) + mnbmn% + - P)f (03

8

s

< 8ne| Vs at¢c||2+ ||b<r>||2+ 3||<I P)f()3+ 1=

3
205 12 1pI2
“2+4n” 511213

||2
NG
& 2 2
—||® b|5,
+477“ 15110115

where we have used the Poincaré inequality. Finally we have, for all 7 > 0,

IVeaA™ el S e~ {12 + II%IIz} +e 2 A=P) fOl2.  (348)

Step 4. Estimate of a, b, c contributions in (3.45). To estimate ¢ contribution in (3.45),
we plug (2.70) into (3.45) to have from (2.81)

t
/ // (1v)* = Bo)vi/id digpe f
0 QxR3
d t
= Z/ // (|v|2 — Bevivju(v)0; i pcb
j=1 0 QxR3
t
+/ // (10> = Bo)vi /8, i pe (1 — P) f.
0 QxR3
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The second line has non-zero contribution only for j = i which leads to zero by the
definition of S, in (2.83). We thus have from (3.48), for & small,

(|U| _IBC)UI\/_al i Qe f

QxR3

S s/o e [16l +1 Tl ] + e A= P s fia - )l

/ nIbI3 + e A= P)FI3 + 1 \/—||2

Combining with (2.68), we conclude, for 1 small,
t
/0 le)I2ds < Gt — G(O)
! 2 2 8§ 2 2
|1 ax-P — 1—- P
+ [ om0 - p s

H1rI3 + 115 + e @ oo a3 + 1513] s

To estimate b in (3.45), by (2.81), we plug (2.97) into (3.45) to get:

//(v — B 0] = ///(v — By ,wb{ﬁ—g}

+ (v? — ﬂb)ﬁazajwb I-P)f,

where we have used (2.108) to remove the a contribution. We thus have from (3.47),

7 — Bp)v/10;0 /waH

QxR3

/O {lallz + tetz + 0= P12+ 1 e el + 1T - )11
1

/O{II(I—P)f||2+|IC||2+||f||z+8||a||z}

Next we plug (2.114) into (3.45) and from (3.47),

t
RN ]wa—a// [o2vi0; /728,060 — P) £
0 JQxR3 QxR3

t
S [Wala+ el + 15 1)+ e A= P NA-PIl (49
0 Vv
s /t {e=tna—pri2+ 1= + afiald + 1]}
0 Na
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Combining this with (2.95), we conclude from (3.45) that

t
/0 16(s)12ds < G (1) — G(O)

'
- 8
+/0 {g NA-P)fOII3 + ”ﬁ”% +1(1— Py)f(s)|%’+ (3.50)

+ 1) + 21 Plloclal} + llel3) + nllal3 + Iel3( + ) Jds.

Finally in order to estimate a contribution in (3.45) we plug (2.118) into (3.45). We
estimate

t
s/ / (ol = Bu)vitdsdi gu f
0 QxR3

t
=s/ / (10I* = Ba) (vi)* 14, 8 @ubi
0 JOxR3

t
+a// (102 = Ba)vindsdiga (I — P) f
0 QxR3
t
< e/o s b la.a + M}l + 1@ = P)Fll2).

Combining this with (2.116), we conclude

t t
/O la(s)lI3ds 5G<r)—G(0)+/O {e21a=Pr @I +10 - PHFOB

g 9
OB+ 1B + 1615 + 219l 1P 13 ds.
(3.51)
From (3.49), (3.50) and (3.51), we prove the lemma for ¢ sufficiently small, by choosing
n small. O

Now we are ready to prove the main result of this section:

Proof of Proposition 3.8 Define the approximating sequence with f0 = fy, (with
i:v—%83<b‘v):

_ 1. 1 _
atf(+l+£ 1v_vxfl+1+8q).vvfﬁ+l+€_2vfl+l_5_2Kf( —s lg7 fe+1|t:O — va
(3.52)

and f5 = (1 - E)P, [l
Step 1. Fix j, f* — fJ as £ — oo. Notice that,

(KFE FDIS //R @0l LGk, 0] 217 ()| dvdu

S\//If‘(u)lz/Ik(v,u)l\//If"“(v)IZ/Ik(v,u)l S+

@ Springer




Stationary Solutions to the Boltzmann Equation in the... Page 73 of 119 1

where we used sup,, [ [k(v, )| + sup, [ [k(v,u)| < +o00.
Note that, since | . r/i =0, we have
2

& &
1-=)p,f* :'(1——)P ¢
‘( j) rf +r2,7 J v/

By Green’s identity (3.45) with £ in (3.52),

2

+ Ir13. (3.53)
2,—

t t
PO + e /0 A2 e /0 T

2 t t t
-1 € 002 —1 2 -2 2
<e¢ 1— - P, e r Ce max
st | (=5 | [imro et g ee [0 ma 1
t
8 2 2
+/ NPy
0 ﬁz :
1- e\ [ €32 e 2 ! )
<o (1——.) /|f B, +e / rE+ce [ max £
J 0 0 0!

<i<C+1
2 8 2 ) 2

+/ ==z + I foll5.

0o Vv z :

Setn = (1 — %)2 < 1. Now use this inequality to bound for el fot |f(|%,_ and
iterate:

t t
||f‘f+1(r)||%+e—2/0 ||f‘+1||5+e—1/0 L3,

1 ! —1,2 1 ! 2 2 ! in2
< - - - Cs™ !
<ofen [0 e [ ce [ ma 113

g 2 2
+ [ s +15013)

0 ﬁz 2
1 ! 2 2 ! i 12 g 2 2
- Ce™ ma ¢ =
+e /0|r|2+ e /olgsé‘ﬂ ||f|I2+/0 |Iﬁllu+||f0||2
t t t
=n28_1/ |f‘—1|§,++(1+n>{e—l/ 2+ ce™? [ max |3
0 0 0

I<i<t+1
t
g8 2 2}
+ [ 1==13+

-1 [T 00 (1—m! .1 "o 2 ! i 12
Snen / OB, 4+ e / rl+e7 [ max £
0 I—n 0 0

1<i<t+1
t
8 2 2
+ [ 1B+ nmiz).
o Vv
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We therefore have, from f0 = fp,

t 1 t

-1 2 -2 in2 2 2

| Mmax, ||f O3 Sn.j 8 / )3+ / max ||fl||2+/ lglly + 11foll3
0 0 l=i=t+1 0

+ e~ Lol + 11 ol }-

By Gronwall’s lemma, we have, for fixed r > 0,

t t
max ||f<r)||2Nne,,{/0 |r|%+/0 ||g(s>||5ds+||fo||%+t||fo||3+r|fo|%,+}.

1<

This in turns leads to

. t . t .
max {||f‘<r)||§+/ ||f’||3+/ Ifl|§,+}
<+1 0 0

t t
5,,,8,,»,,{/0 B+ | ||g||%+||fo||%+r||fo||%+r|fo|%,+}.
Upon taking the difference, we have

WL — O+ e o Vo[ f T — U+ ed - V[ = £
+e B — =K - N, (3.54)

with [fF1 = £90) = 0and /2 — 78 = (A = HPLFC = £,
Applying previous iteration to f¢+! — £¢ yields

t
L6 = frol+e2 /0 LA ) = £ [15ds
t
+e! / |FH ) = fAo)5 ds
0
t t
< e /0 1746) — FN R L ds + Ck /0 1756) — 71 ))12ds

t
Sn{s_l/o F@ = T OB ds + sup 1716 = T @13 (353)

0<s<T

for TCx < n < 1. This implies that £¢ is Cauchy with respect to the norm

e /0 FEOR s+ sup [LFC6)IE

0<s<T
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in [0, T']. Repeating the arguemnt for [0, T], [T, 2T1.... we deduce that for finite ¢,
there exists a (unique) limit function f¢ — f7/ such that

S e Vel + =0 V(IS +e LT =g, f10) = fo,
| . | Vi (3.56)
. = - ;)nyf +r.

Step 2. Let j — oo. Upon using Green’s identity and the boundary condition and
(3.53), we deduce

. ¢ ) t )
||f’(t)I|§+8’2/0 ||(I—P)f’|I§+8’1/O (1= P) 15,

_ t P _ t . t 1 _ t
e 1/ Irl3 +-¢ 1/ |nyf|%,++/ vz —P)gl3 +e 2/ I Pgl3
0 J 0 0 0
e [ i2 2
+§// DIl £ + 1l foll3-
0 JOxR3

By the trace theorem, Lemma 2.3,

t t 1
[rrBes [ s [a-psia,
0 0 0
t t
58I|f’(0)||§+8/||ff|I§+s/// 10 +&v-V,
0 0 QxR3

. . t .
+8<I>-VU]f’f’|+/0 RISy

t t . , .
Selr/om+e [ 1B+ [ [ SRRy
0 0 Maxrs 2

. t .
+|gff|+/O (1= P fI15 ..

From the boundary condition in (3.56), fot |fj|%‘7 < fot Iij%’Jr + f(; |r|%’+. Finally
from

//QR} B e ge ||<I>||oo||<I—P>ff||V+s||d>||oo/ IP£7(s)lI3ds,

/// |gff|5/ ||v—f<I—P>g||%+82/ IPgl3
0 QxR3 0 0

t . t .
+ o) /O 1P F (s)]2ds + &2 /O 1= P) £ (5)]2ds].
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1 Page 76 of 119 R. Esposito et al.

we get

||f~’<r)||%+s—2/ ||<I—P>f~’||%+/ Lf713
0 0 (3.57)

_ t t 1 _ t
<e 1/ |r|%+/ v 2@ —P)gl3 +e¢ 2/ IPgl3 + Il foll3-
0 0 0

Since ||P £/ (s) ||% <|f/ (s)||%, integrating (3.57) from O to ¢, we have

t t t
i — 8 2 2
P <, e 1/ |r|2+/ 15213 + 1 fol2.
/() 2 0 2 0 \/; 2 2

Thus, we conclude that, for j > 1 and 0 < ¢ K 1,

t t t t
: _ : : _ g
O +¢ 2/ ||ff(s>||%+/ I Ser e l/ |r|%+/ 15212 + 11 foll2
0 0 0 0 ﬁ
(3.58)

By taking a weak limit, we obtain a weak solution f to (3.42) with the same bound
(3.58). Taking difference, we have

Wf = f1+e v Vilf = f] +e%¢ VoL = 1)

+e?LLf = f1=0.
L — fl_ = P,Lf — f1+ ;nyf, [f7 — f1(0) =0.

Applying (3.58) with r = ?Py f7 we obtain

IIf’(t)—f(t)H%Jrs’l/O ||ff(s>—f<s>||3ds+/O 1f1(s) — f(s)3ds

1 ¢ .
5,—./ P, £I12 > 0.
J Jo

We thus construct f as a L? solution to (3.42).
Step 3. Final estimate. To conclude our proposition, let y(t) = e*' f(¢). We multiply
(3.42) by €™, so that y satisfies

_ 1 _
dy+e lv-ny+ﬁe¢-Vv(ﬂy)+8 2Ly =ay+eMg, yl, = P,ys+eMr
(3.59)
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By the Green’s identity,

1 t t
—||y<r)||§+s*2/ ||(I—P>y(s)||5+s*1/ I(1—P))y(s)l3

<A/ ||y<s>||2+||y<0>||2+s*‘/ e |ri3 +/ M1 - P)g|3

—/ gl + a// £ v] [y
QxR3

From (3.42) weknow that [, s v/ = [[q, g Gy+e*g) i =0, [, eMr/udy
= 0. Applying Lemma 3.9 to (3.59), we deduce

t t t
/0 IPy(s)lI2ds < G(1) — G(0) + &2 /0 (L —P)y(s)||2ds + /0 "l gl3ds

t t
+A/0 ||y||%ds+e*‘/0 (1= P)y)3 . +™Irl3}ds,

where G(1) < elly(@)ll3.
Using the trace theorem and the boundary condition, as Step 2, we obtain

/|Pyy|2+§||y(0>||2+ /||Py||2

+e—2/0 ||<1—P)y||5+/0 (1= Py)yl3 .
! 2 ! 2 ! A 2
/ |y|2,— S/ |y|2,++/ le Tr|2,+-
0 0 0

All together, for 0 < A < 1 and 0 < ¢ <« 1, we conclude (3.44). O

3.4 L*° Estimate

The main goal of this section is to prove the following:

Proposition 3.10 Ler f satisfies

[6d; +v - Vi + 820 -V, +e7 ' Co(w)]If] < e ' Kplf] + lgl,

(3.60)
|fl_| < PylfL+ 7L | flizo| < 1ol
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Then, for w(v) = PP with 0 < B < B,

1 1 1 3 _
le2wf@llos S lle?wholloo + sup lleZwr(s)lloo +&> sup [[(v) " wg(s)lloo

0<s<oo 0<s<oo
+ sup [Pf($)llzoy+e " sup [A=P)f()l2qurs) (3.61)
0<s<t O<s<t

and

1 1 1 3 _
le2wfOlloo S Ne2wfolloo + sup lle2wr(s)lloo +52 sup [[(v) " wg(s)lloo

0<s<o0 0<s<o0

sup [|f ()l L2 xr?)- (3.62)

0<s<t

+e7!

We define the stochastic cycles for the unsteady case. Note that from (3.5),
Xp(x, v) = xp(x, V).

Definition 3.11 Define, for free variables vx € R3, from (3.5)
fl =t —fp(x,v) =t —etp(x, v),
X1 =Yt x,v) = Xp(x, v) = xp(x, v) = x1,
h=1—1p(x,v) —Ip(x1,v1) =1 — em(x,v) — em(x1, v1),
Xy =Y (12 11, x1, v1) = Xp(x1, v1) = xp(x1, V1) = X2,

k1 =tk — (X, vg) = Ix — etp(Xg, V),
X1 = Y (Tig1s T, Xk, VK) = X (Xk, vk) = xp (X, Vk) = Xkf1-

and
t—1 =etp(x,v) =¢e(t — 1),
t— 1t = etp(x,v) + etp(x1,v1) = &(t — 1),
t—fy =e(t — ).
Set
YCI(S; t’ X, U) = Z l[fk+1,fk)(s)Y(S; ;kv Xk s Uk),
k
Wa(s; 1, x,v) = Z L1 i O W (s e, X, vk
k
Clearly

r— r—
[Ya(s; 1, x,v), Wa(s; 1, x,v)] = [Xcl (t - —S; t,x, v) , Va (t - —s; Lx,v)|.
&€ &
(3.63)
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The following lemma is a generalized version of Lemma 23 of [31].

Lemma 3.12 ([31]) Assume ® = ®(x) € C'. For sufficiently large Ty > 0, there

exist constant Cy, Co > 0, independent of Ty, such that for k = C TO5 / 4,

i e
sup o B =0T dor < {5] . (3.64)
(t,x,0)€[0,e Tyl x2xR3 Y [T,2) 7
Proof Since i (eTo, x, v, V1, V2, ..., Vk—1) = I (t, X, v, V1, V2, . .., Vk—1)+{eTo—1},

forO <t <eTy,

1 1 1

Bt x,0,01,02, 06 1)>0 = AR (6T0,x,0,01,02,.0,06-1)>0 = LeTo—it (6T0,x,0,01,02,000 04 1) <€Tp "

Note that, from Definition 3.11, for any 77, 7> > 0

{Ty = (T, x, v, 01,0, e | = By (x, v) 4 By (xn, v1) + - 4 (k-1 Vk—1)
= etp(x,v) + etp(x1, v1) + -
+ &tn (xk—1, Vk—1)

= 8{T2 - tk(T21x7 U, U1, V2, ..., vk—l)}'
Therefore, with T} = €Ty and T, = T,
eTy > eTy — tx(eTo, x, v, v1, V2, ..., Vi—1) = e{To — tx(To, X, v, V1, V2, ..., Vk—1)},
and
IEToffk(ST(),x,U‘m,v2,...,vk,1)<€T() = ITO*lk(TO,X,U,UIv02,~~.,vk—1)<70
= ltk(To.x,v,vl,v2.~~~,vk71)>0'
Hence,
su 1: *!do;
P i1 1 (£,X,0,01,02,...,05—1)>0" 1 j=1%%J
(t,x,0)€[0,eTH]| x QxR3 Hj:]df/j
< 1 n*~ldo;
= SUP - tx (To,x,v,v1,02,...,0—1)>0 j=1 0j.
(x,0)eQ2xR3 Hj:ly/_/'
This proves (3.64). O

Now we are ready to prove the main result of this section:

Proof of Proposition 3.10 Define, for w(v) and & as (2.32).
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Then, from (3.60),
[0 + &0 Vi +e® -V, + e 2Colv) +
<e2 | K, wleth)|du + 2 lwgl.
R3 p

We have the boundary condition as (2.34).
Step 1. We claim, for ¢t € [neTy, (n + 1)eTy] with all n € N and Ty in Lemma 3.12

le2h(t, x, v)|
5/2 _Co(tfnsT()) 1 1
< CT, 2 |le2h(neTp)|loo + Crpe? sup [lwr(s)|loo
0<s<t
52 3.
+Cn Ty %62 [ (v) " wg ()l
+c1)? sup P £ ()l o) (3.66)
neTo<s<(n+1)eTy
52
+CT, % sup 1A —=P)F©)ll 2 xr)
neTo<s<(n+1)eTy
sa( 161" 5/2 1
+[cT; { } +oMCTY®] sup lehs) oo
2 neTo<s<(n+1)eTy
and
le2h(t, x, V)|
5/2 _CO([*H{;‘TO) 1 1
< CTj 2 |leZh(neTp)lloo + €2 sup [Jwr(s)lloo
0<s<t
52 3.
+CT67 1 (0) " wg ()l 3.67)
sl
+cry/ sup 1f Ol 2@xr)
€ neTy<s<(n+1)eTy
s 1y on” 52 1
+[ery { } +oMCTY?] sup eth(s)lloo
2 neTy<s<(n+1)eTy
We first prove (3.66). From (3.65), for 71 (t, x,v) < s <t,
%[e*f"f?<v<’*’*r TR 5, Xa — 0, Val@ = 0]
e ’C0<v<z =T x))de
1 t—s , 1 t—s , ,
x—/ ki{Valt— ——:;t,x,v),v ) |e2h|s, Xalt— —:t,x,v],v ||dv
&2 Jgs B e e

1 C
te s FVe-Shinx)de e lw

t—s t—s
wg (s, Xa|lt——6,x,v), Valt——t,x,v .
& &
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Along the stochastic cycles, for k = C; TO5 / 4, we deduce the following estimate:

1
le2h T, x, v)|

1 CotVa (=155 4
- —Jo 2 T
=1 <ge ¢

g7 pt+! (o, Xa (r - 5) Va <t - 5))) (3.68)
& &

t e Js I8 o d(l_ipdf
+/ ds
max {0,71}

eel-52) )

X

x|e2h’(s. Xalr - —) )| (3.69)
; e_j' %d,
+/ ds 5
max {0,71} &
t — t—
xeze_% wg (s, Xea ( — —) Va ( S))’ (3.70)
€ &
_ff wdr 1 -
tlizge 1 &2 |lwr (@i (t, x, v))|
j’ wd,
+1 / H, (3.71)
" mzly)

(Xa(), Va()) = (Xa(; t, x,v), Va(;t,x,v)), and where ¥ is defined in (2.29).
And H is given by

k—1 ~ i
~ 1 » 7
5 152,01l 4800, Xali = ). va(i - 1)
I=1
X Hinizll U)(Um)~ le(O) (372)
w (Vc] (tm+1 m+l : Um))
k—1 7 ) fl B
+ drl; / K; (v (f _ ) )
;/rnax{o,f”l} =03 &2 Jrs g\ V|l - u
) |8%h(r’ Xali = = T)’ u)| x M2 N - w(UM); dudX(7)
s )
(3.73)
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k—1 7 -
+ / ) lfl>0Hl 1 w(vm)
=1 7 max{0.1141} (Vcl (tm-ﬁ-l m“ Um))
B -
xe72 lwe (T, Xa (fz . r) , Va (tl 4 T>> A% (r)dr (3.74)
£ &
k-1 1 o)
+ > e Zw() (@, xigr, v) T — A A% ()
I=1 w (Vcl (tm+1 — 2L vm))
(3.75)
W(Um)

1 - _ ~
+1; _ole2h(i, xk, vi—)ITIE 2 dS1@).  (3.76)

,'1) (Vcl (ferl thrl vm))

where (Xcl(') Lcl( )) = (Xcl( 5 fl X[, Ul) Lcl( ; fl X1, Ul)) and ‘I)(Lcl(fm—&-l ‘f o ) vm)) -
&
ﬁ)(Vcl(fm_,_l t’“ t L Xm, U)) and d Xy 1(tk) is evaluated at s = tk of

Jii Gl Vo= 5, ) 4y
d=(s) := ]_[ doj { 1e” 2 "W (v)doy
j=l+1
o it (3.77)
- fj Ve G- 552 Ay °i e
X do;
j=l1
We note that
~ fm+1 —Im - fm+1 tm 2
Hence for eTy < 1, we have
w(v
W) <. (3.78)

<Vcl <tm+1 mH ) tm’ Xm vm))

From our choice k = C; T05/4,

o
(3.68) + (3.72) < C1 T e 2 |e2 ho| oo
B +(3.75) < T e sup [le2wr(s)oo,

O<s<t
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and

(3.70) + (3.74)

t t=s. Co (Ve (t— 55 31,00
_1 (Valt — =551, x,0)) _ 0 QlVatiz—zitxrv) 4
<277 sup ”(v)wg(s)”Oo x {/ > e s e Tds
0 0 €

=<s=t

1=t .
) ”l'”1)>dr
2 dr}

t ot Co (Ve (t—=Zi1.x,0))
3 d _r QlVatz g itx)
§C1T5/482 sup ||(v)wg(s)||oo></ —e s &2 Tds
0<s<t o ds

i (Va(l — =0, x, o) i
+C1T05/4sup/ (Ve ‘;2 >e Js
1 Jo

saired swp [uwg),,
0<s<t

where we have used the fact that do; is a probability measure of 7;.

Now we focus on (3.69) and (3.73). For N > 1, we can choose m=m(N) > 1
and define k;,, (v, u) as (2.48). We splitk; (v, u) = [k (v, u) =k, (v, )]+ Kk, (v, u),
and the first difference would lead to a small contribution in (3.69) and (3.73) as, for
N >p 1,

5/4

£ le2h(s)| Ty le2h(s)|
— Su £ S = su £ ) .
N 05& > N 0531; =

We further split the time integrations in (3.69) and (3.73) as [f; — k&2, f;] and
[max{0, 141}, & — k&?]:

t tfl(sz t] K€
(3.69):/ +/ . (3.73) =1 / § :{ / / }
t—ke? max{0,7;} {6=04 1'[1‘.;11 K£2 max {0,741}
S — J

The first small-in-time contributions of both (3.69) and (3.73), underbraced terms, are
bounded by

1
K82—2$up/ K (v, V')AV sup £25(5)]loo
& v J|<N 0<s<t

1
<k sup ||82h(s)||oo,C1T05/ Ke —sup/ k., (v, v")dv" sup ||g%h(s)||oo
[V'I<N

0<s<t v 0<s<t

<O sup e2h() oo

0<s<t

which would be small contribution if ¥ <7, 1.
For (3.76), by Lemma 3.12,

(3.76) S sup lle2h(s)loo

0<s<t
S sup ~ /k—l ltk(t X,V,V1,V2,..., Vk— 1)>0H dGJ
(t,x,0)€[0,e Ty xQxR3 /1521 7
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Then, by Lemma 3.12,

4
(3.76) < {1+ 0T sup [e2h(5)]s0

O<s<t

k—1
X sup /71 LTy 0,010, vk71)>0nj:1d0j
(x,0)eQ2xR3 1_[_,'=17/j

5/4

44CoT,
SEH sw letho).
5 0<s<t

Overall, for (7, x, v) € [0, eTp] x § x R3,

C
2 —2(—s)

t—ke e

|8%h(t,x,v)| 5/ ds

max {0,7] (x,v)} &2

x/ dv"s%h(s,Xcl(t—t;s;t,x,v),v’)’
[v'|<m €

C z k— fr—
e sg’(t_[l) Vo pie—ke? 1
1 0 —————— / E / lf 0.2
(=0} w(v) r[];*%y/, =1 max{O,sz} ~ €

X / |8%h(t, Xcl(fg _k sty Xp, U@), UN)| dv”dE,(v)dt
[v"|<m

sl ~S9r 1 1
+CTy" e < e2]lholloo + €2 sup [lwr(s)lleo

0<s<t
1
+e72 sup (| ()wg(s)lloo)

0<s<t
5/4

5/4 1 4) 1 1
+oMCT" sup e3h@) oo+ {2] " sup lleth()lloc:
0<s<t 5 0<s<t
(3.79)

Note that the similar estimate holds for the underbraced terms in (3.79). We plug
these estimates into the underbraced terms of (3.79) to conclude

ezh (e x 0| <L + L + I,

Here, using w(u) <, 1 for |u| < m,

G Co(s—s")
r—ke? e_s%(t_s) s—rke? 6_085725
I Sm/ ds —2/ dv'/ ds/—z/ du
max {0,71} € [v'|<m max{0,7]} € lu|<m

X |e%h(s’, Xa(s — u

— / —
s, Xa(r — th; t,x,v),v),u
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I I ) / o =i
+/max {o,fl}ds &2 /Iv’fm Y w(v)
k—1 # —xe? . 1
i /n]/(=%4//// EZ=:1 /ax{o T 1) ;é,>08_2

fy—t

X |8%h(1’, Xa(fy — ——:1),x}p. vp), u)|dudZ (v)dr,

where

- ~ t—s ,
ty =tg |5, Xat — ——;1,x,v),0" |,
£

r—s r—s
xé/ =Xy (Xcl(t - T; t,x, U)’ v/) ’ UZ/ = vy <Xcl(t - T; t,x, U), l/) .

Moreover

e—f—g(z—ﬂ) k=1 fyyee? |
S dS(n)dr 1 _y— / dv”
W) /Hﬁ_i“f/j ; /max{o,fm} e Jwrizm

X /tmz ds” ei%(rﬂﬁ)
max {0,7]} &2

x/ du |82h( Xa(r — TS Xcl(fg—t/Z T;fg,xe,vg),v”),uﬂ
lu|<m & &

_% 7
2 (t—t1) k

e @ L nfp—ke? 1
4
+1{Z~IZO} lZ)(U) /l_[k ]1/ Z/ 5 dEﬁ(T)dT 1tg>0 2/ dv
J

(=1 ax{0,fp41} [v"|<m
C, ~
- —53 (r—1})

X H>0 = ///>0
w(v”) ’;;11 v max{0,7/, v

J é” =1 z”+1

x/ b, Xa(i - 2=,
lul<m

L Smlij 2o

Ty X vjn), u) |dud =7, (")dt”,

where

. - . fr—T -
fyr = tor <T, Xa (tz - 3 te, Xe, ve) , v”) ,
&
. fi—T .
Xpr = X (Xcl <te - s Lo, xg, ve) , v”) ,
&

_T,~ "
Jte, Xe, vg), V).

7
o= ver (XaG -
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Furthermore

L < cT52 -G 1 1 3
35 e 2 Jle2holloo +€2 sup flwr(s)lloo + €2 sup [[{(v)wg(s)loo

0
0<s<t O<s<t

5/2 1 5/4 1 C2T05/4 .
+oCT sup fleth@loo+ 155" sup lle2h(s)loc,

0<s<t 2 0<s<t

This bound of I3 is already included in the RHS of (3.66) and (3.67).
Now we focus on I and I. Consider the change of variables

0, -1
~ ’ ~
Ué/ = XCl té/ - ¢ c ) té/, xé/, vé/ .

FOI‘OffK/,ST—K&‘ZS‘L’SSTo,

té,—r

dX;(t, —

B ;;é’) fé,—‘f

;‘f/—e; ’ 2 "2 vy OXm (_y o
+/[~/ dr /t dt’e Zamob,- (X(r ;te,))a—v}(r s y)

~ ~ 3 .
-t -t I~
—_t - 8ij + 0| D12 ( £ - eCo—%

-1
__h . [51-,- + 0(1)||q>||C182T02eC<>T0],

and therefore

fy—1

det Vyy Xai(fy — -1y xp, vp)

—fy +7)\3 272 CoTi 33
_ (—) det (5,-]- + O()||®| 182 TEeCo 0) > 4363,
e
i n
. ) - a -
We have similar change of variables for vg/, — Xa(t), — 4 — té/,,, xé’,,, vg,,), VvV~

’ " ~
Xa(s — =5is, Xa(t — Z20,x,0),0), and v = Xa(t — =501, Xa(le —

Lt 7, xe, ve), V).
Hence,

sl
L+L <77 sup 1FOll2@xrs),

0<s<t
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1

where we applied the above change of variables as

_ T//
//
/ / VCl t@” - Z te//, XZ//, ve//) )
R3 J|u|<m

t _ .L.//
" ~
@—’ té///, .XZ//, UZH) )|dl/ldvzu

X |f(r”, Xal(iy, —

dud 1/2
- ‘1///” Y _ u UE//iI
{lu|<m}xR- ‘ cl(t(,// (//J‘//u ///)|_m

-7 b/ 172
/ / |f T Xcl(t — t@”’ .XZ//, Ue//) M)| dudve//:l
"

[//

[ 1 vf

where we have used 1 P <1
Va (7 12 P <m
Va(t Y A—— [K” X e//)‘_

1 2o,
= dudy] Sn I @xw),

Y |<2m and

EIZ// -1 2 |£é//
|Vcl(tg// - e tg//, xg//, UZ”)| + ¢ ”q)”OO

IA

| UZ// |

m+ &2 || ® || To < 2m.

IA

Moreover

1
L+ L 757 sup [PFO)lps@urs) + T sup (10— P)F(5)ll12 g,

0<s<t 0<s<t
where we have used the above change of variables for P f as

, t” _ _E// ”
/// / |Pf Xcl(t — T t@”’ xen, UZ//))w(M)|dudU[//

Z”

7 / -1’ 1% 172
< P Xa T = T ) v} |
//

(3”

o 1 6 1
Sm [/ Pr(<".y)] ﬁdY] Sm T IS1£ @)l z6qy)-
Q K- & g2

All together we prove our claims (3.66) and (3.67).
Step 2. Applying (3.66) successively,

1
lle2h(neTo)llco

< CT, sup D(s)

(n—1)eTy<s<neTy

CoTy
14 *“*] le2h((n = 2)eTp) 1o

[CT
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CoTo ]J

sup D(s)

1
+2[en
Z (n—2)eTo<s<neTy

Jj=

CoTy CoTo 1J
< [ergle ) ||szho||oo+Z[CT5/2 R s D),
=0 0<s=<neTy

where

5/2 5
D(s) := e wr(s)lloo + CTy 21 0) "2 wg() oo + CTy 2 IP£(9) o)
5 2
+CT) = A =P) F©)l 2

1 N

+ler 5} ety e o).

CoTo J

Clearly [C T,

Combining the above estimate with (3.66), fort € [neTy, (n+1)eTp], and absorbing
the last term,

< OQ.

—1 .
Co(t—neTy) n CoTo 1J
572 —<arelo) 52 _ ST
crle T E T Y [ery e
j=0

spafl o’ 5/4 1
[cT; {5} + o()CTY™] sup [le2h(s)]oo

0<s<t

5/2 5/4
T /4 1 G2 5/2 1
< tram [T 17 +omer]x sup ednol
1-— CT/ - 2 0<s<t

< o(1) x sup [le2h(s)]loos

0<s<t
where we used
5/2 5/4 o 52
2 [CT; Hz} +oCTY?] < 1,
to conclude (3.61). Similarly we can prove (3.62). O

3.5 L% Estimate

Proposition 3.13 Let [ satisfy the assumptions of Proposition 3.8. Then

- 1
sup |I€“Pf|IL6 Sl follz+ e A =P folly + &7 211 = Py) foll.y

0<s<t

1 1 3
+ DLF1O2 + A+ OELF1DT + e rll oo 2, + €7 (W) wr |l oo pooyy
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At —1
+lle" v 2gllper2

3 _ 3 _ 5 _
+e2)le () wgllix , + e e W) wf e 4+ e llet (v) T wd, £

e 9
1,x,v t,x,v

where &,[-] and 2, -] are defined in (1.53) and (1.54).

Proof By moving €9; f on the right hand side of (3.42), we can use (2.136) to obtain,
forany r > 0

_ _1
P flie, < e IA=P) fll +&72[eM (1 = P) fl2,)
1
+1eMrl 20 + o2 (V) T wr| Loy,
Ao —
+ v [Af + g — €0, f]ll2
3
+e2 e W) winf + g — £0; £1lloo- (3.80)

Since

sup & 2|1 —P)e™ f12
s€[0,1]

t
ss—2||(I—P>fo||3+zg—2/ dsl A= P)e™ [l IA—P)e™a, rl, OB
0
< e IA=P)foll§ + 2.,

and, similarly

sup e~ 'eM (1 - P f3,
s€[0,1]
—1 2
<& |(L=P)fl3,
t
+2¢7! /0 dsle™ (1= P,) floy | =P (1 — P, fla,,
<& (1= P)) foly + 2.(0),

the first two terms in the right hand side of (3.80) are bounded by
e NA=P) folly +e7 2L = Py) foloy + V2 (0).
The third and fourth terms in the right hand side of (3.80) are bounded by

At -1
(v) w}’|L;>OL00(y).

|e}"r| 00y 2 +8%€
LY L(y)
We have

_1 _1
e vT2Af + g — e f1I7 < Alfoll3+ (o)D) + e v 28l 2
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and

30y —1
e2le” (v) " wlrf + g — &d; f1ll L2

1x,v

3 _ 5 _ 3 _
< el W) wfllpe A+ e2lle ()T wd, fllpe  +e2lleM (v) Twglle

(R (AR txv’
Collecting the bounds we conclude the proof. O

Corollary 3.14 For A and ¢ sufficiently small we have

As < L
sup [le™Pfllpe S Allfoll2 + Aelle2wiolloo

0<s<t
+ &2 wd, fO) oo + £ IA=P) folly + 7 21(1 = P,) folo.y
VDL + O+ 2V ELF10) + 1€ rl o 12
|5%6M(U)wr|L,°°L°C(y)
M v gl ora |+ e3 e (0) M wgll e
+ sup lledwr(9)lloo + &2 1(0) " wer () oo

0<s<oo

Proof We use (3.61) to bound

3\ —1 2 1 1
rezlle™ (v) wfllpe < Aelle?wfolloo +2e sup [le2wr(s)]leo
" 0<s<o0

3
+aee? sup [[(v) ' we(s)lloo

0<s<oo
+2e sup [[Pf()llL6axr3)
O<s<t
+ree ! sup [|A=P)F)l2anry). (3.82)
0<s<t

and (3.81) to bound the last term with /%, (). Moreover, we use (3.62) written for
o f to bound

30 ot —1 2.1 2 1
2l () wdy fllge < 2lle2wd; f(O)lloo + % sup [le2wr(s)llzoo
0<s<00 -

3
+e%67 ]| (v) " wgr(9)lloo + elle* 3 fll ooz, (3.83)

and we bound the last term with ¢,/&5[ f](¢). Combining previous estimates we con-
clude the proof. O
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3.6 Estimates of the Collision Operators

Lemma 3.15 Given f and g in L?, assume that, fort > 0

la; ()] < S1ft,x)+Saf(t, x) +S3f(t, x),
la; (g)| < S1g(t, x) +Sag(t, x) +S38(¢, x),

where S; f, Sig > 0 and a; (f) are defined as [ay, a1, a2, a3, a4] = [a, by, ba, b3, c]
in (1.19).
Then

_1
VI (f )2

Setferlwgly [T IVIA=P)fll T+ €S flz, )

1/2 —
+1Pglerg ISt f 1203 + e *e"lglloc] 1P 26 [ 1/2||52f||L2 2]

rbx

+etetuws s Jle I E APyl ]

(3.84)
and
_1
2T (£ )z,
101 _ _ 1
Sexfelwglloo){[e7 1S3 N2 I+ [T VAP fll2 T}
+ 1Pl oops ISt £l 27 (3.85)
1/47.1/2) 0 /2 % 1/2 —1/2 >
S e ) i i 4 P e S211,, ]

_ 1 1/3r 1 2/3
+[e v A= Pogllger 1 e lwg IR A1,

and

_1
VI (f )l

101
Serfez|lwgllre

t,x,v

+e'/4 e wglloo]

W[ 2@ =Pysiz T+ ™S fll,z )

1/2 1/2 —1/2
IPgl s [ |I52f|ILt2LX1?2]

1/3
+{IPgl 1z + [ Nwglloc| [VZilg100) + &7 1A - Prglioll] )

X ”Slf”LtZL;-
(3.86)

Proof First we prove (3.84). We decompose

Lf@ x,v)| < |Pf, x,v)|+[A=P)f(, x,v)l, (3.87)
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and |g(¢, x, v)| in the same way. We use the same decomposition of (2.138) replacing

2 h 72
the L3 , norm with L7 |, norm.

The first two terms of the RHS of (2.138) is bounded by

ellwgllLys

1,x,0

+ellwfleg, v 2Tee 1A =Pglw Dl
_ 1
e 2 a=pfig, ]

e~ v —Pyglz, -

= 2re e A =P fLow Dl

101
Serezflwgllro

tx,v

11
+ezfeXlwfllry

1,x,v

To bound the last term of (2.138) we note that

3
PrIS v Y osif] (3.88)

i=1

From [[v—1/21 (107, “O+)”L’U’ < oo, we get, forany 1 < p < oo

v 2T (S £V Vi gD | S [ISifIPellze] 2 -

We estimate |S; f[[Pgll,»

12 fori =1,2,3:

IS171Pgl gl 2, < NIStAILzIPgILs 2 S IS1F 1223 1Pgll e -
IS2£1Pglls

<
3, SIS2f0 g WPeliprl iz < 121, g IPelier e

1 1
_ 0 |
SIS:Sl, e 4\/||Pg||L,ooLg,vsz||g||L;>_<;.,v,

IS5/ 1IPgll oo Hﬁﬁ SIS SN2 llglleo-

By collecting the estimates we obtain the estimate (3.84).
Now we prove (3.85). All the estimates are same as (3.84) except

[ ¥O FANTOES STIT PR (3.89)

By Holder inequality,

1
(3.89) S IPfll 23, V2 A= Pogllpeps,

1 2/3r — 1 1/3
SUIPFl2ss [e2lghoo] [e v A= Phgllyeer2 17,
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The proof of (3.86) is same as the proof of (3.84) except (3.89). By (3.88),

1 _1 1
(3.89) SIS1f 223V ™2 A= P)glipoeps, +[e2 IISzflleLg][t*32 lwglloo ]
t

X

+e2[e 13S0z, JleR Mgl
SISz [e™ 10T A= Prglizerz ] (67 glloo]

21821, e et hwgloc] +e2[e7 1831z, J[e? gl

Using (3.81), we deduce
e v A= Pogll s, S e v A= Phgollzz, +/Zolg](00).
By collecting the terms we prove (3.86). O
In order to estimate ' ( f, d;g) we will need the following commutation property:
Lemma 3.16 Fort > 0,
9 (S1f) =810 /), 9(S2f) = 82(8: f). (3.90)

Proof From the definition of S1 f (¢, x) in (3.8),

[S1f(t,0)] = 2/% sgn( f5(t, x, V)3 f5(t, x, V)vE/p(v)dv.
R.
From the definition of fgin (3.11), forz >0

0 fs(t, x, V)]0
=|1-x <n(x8¢) X(g(a—X)) X S1vD{1ie0,00 0 f (7, x, V)
+ Lie(—o0,0X () for, ]2

=|1-x <M> X(E(_X)) X SlvD1se[0,00)0: f (2, x, V)

8 8

—[1-4 (”(xa) ' ”) x(%) X 31D Lrego.00 30 £ (1, x. v)

+ Lie(—o0,01X (D3 folx, )},
= [atf]é(t’ X, v)leO‘
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Therefore, for ¢t > 0,

HS1f(t,x)] <2 /R o fs e x, v Y/ p@)de <2 /R e f1s2, x, V)i r)dv
=810, f(t, x).

Similarly we show the second inequality. O

3.7 Global-in-Time Validity

Proof of Theorem 1.3 For the construction of the solution and the energy estimate, we
consider f’Z (t, x, v) solving, for £ € N,

at[e)»lf£+l] + 8711) . Vx[e)»lf(‘l’l] + ed - Vv[e)»lf@‘l’l] + 872L[e)»tfz+1]
— )\’[e)ulf:e-‘rl] + E_Iwa+fS[€Mfe] + e—)»lg—ll—w(e)ulff’ e)nlff)

+ 8_(1)2. Sl e,

e)\lf@‘l’l |y_ — Pye)nlfe+] + 8ekt,@f£, e)nffl+1 |t=0 — fhb (39])

Here we set fo(tl x,v):=0.
Clearly e’ 9, f* solves

at[e)»tatf@+l] + 8711) . Vx[e)\,fatfz‘l’l] + ed - Vv[ektalf€+]] + 872L[eklat‘f~e+l]
— )\[e)\fatf(-‘rl] + E_Iwa-i—jA [e)ulatf"Z]

- - ~ - [N ~
+eTMeT T (M [, M Y + T (e [ Mo fOl + e——Le™a, [,

Mo e x vy = Py O et 20, 5, Mo f T =0 = 8 fo.
(3.92)

As in the steady case, from (1.51) and fn-vzo Myln-vldv=1= fn-vzo 2 pn -
v|dv,

P(e 'Ly f+e'T(f, ) =0, / 2f{n-vidv = 0.

R3 Jn-v<0

Note that Proposition 3.8 guarantees the solvability of such linear problems (3.91) and
(3.92).
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Now define the quantity that we want to bound in the iteration scheme of (3.91):

74T =y SL71100) +y ZLF100) + 63116 oo + &3 1628, oo
+ 1P s,

+ 181 7 lp2p3 + 119, f* l2ps +& 2|I52f£||L2L
t X

(3.93)

+ e 21820,/ || 125

5
1 X

where S1 ¢ and Sz £ are defined in (3.40). For the sake of simplicity temporally we
denote éaf = &.[f%1(c0) and @f = 2, f*1(c0).
For 0 < np <« 1and 0 < ¢p < 1, we assume (induction hypothesis) that

sup [IL//0 < no. ||f0||L2 + Il follzes, + ”ath“Lz + 110: follLs, < cono,
O=j=t (3.94)

IPfille + T IIA—P) fillz2 1 < mo-

The condition for the steady solution f; can be achieved by choosing further smaller

||l9w|| }om + | ® |l 1 () in Theorem 1.2.

In order to show that (3.94) holds for all ¢, it suffices to show that (3.94) holds for
Jj = £ + 1. Throughout Step I to Step 4 we claim

M7 < (0074 + oI + o (D). (3.95)

This clearly proves (3.94) for all £.
Step 1. We prove the crucial estimates involving operator I'. We apply (3.94) repeatedly.
Applying (3.84) with f = & ft = g,

e N R B P R (3.96)

Again applying (3.86) with f = * f¢, g = €9, ¢,
”U—%e—)utr(e)»t‘ff e)»ta ff)“Ltz.X’L

Serfe?fleMw i ]

,x,v
<Ale” v 2 A=Al T+ e 1Az, )

1/2

R Gl o i P R ) A

x[e"2lwe* Flloolle™"21e¥S2d, £11 | 1]
L2LY

rbx

A 14 A 5 oL
HeMP oo €¥S18 £ 213

) - 1/3
He Pl PP [ 2217100 +e7 A= Pl
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X ||eMS1étf€||L,2L§
< (L + DA + conolll 4TI (3.97)
Recall (1.51). Applying (3.85) with g = (fi,+f;) and f = e* f*,
L g Pl S (1 ed +ed) molll 74T
S.z 6% [6% ”wg”OO] {[87] ”ektSSfHLtz,x,v] + [87] ”(I o P)f”l‘tzxu]}

+ Pl ors IS1F N2, (3.98)

1/2 _
R C P S R ) X Pl Far A A IS
t Lxpv er x5

1
+ [ A= P)gl o2 112 lwglZE WP £l 20
Again applying (3.85) with f = (f+f;) and g = 9, ¢,
1 ~ 1 1 ~
W72 L g pe 0 foll e S (et +eDnolll/ - (3.99)
Step 2. From (3.44), (1.28), (3.96), (3.98), (3.97), and (3.99)
- 1 ! - 1 1 -
I @13 + - /0 90— P fB 4 /O 1 (1= ) 2
t
+/ ”e)LSPfE"rl”%
0
t t
~ ~ 1 ~ ~
SN O 467! /0 le™e2f %+ /0 e v £ e 913
t
1 L~
[ L 3
< (cono)? + el 0wl o LA + LA I* + 3l F A1,
and
At 41 2 1 ! AS Fl+12 1 ! AS Fl+12
1o f I+ 2 [ 1R A= P S 4 e = Pyan f
t
+ / 1% Pa, 7|3
0
t
S8 O3+ et / ™20, f15 _
0

! t
+ [ et e POl [ LB
0 0

< (c0m0)? + 0w lloo LA + MLAAT* + n3llFem®.
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Therefore we conclude
&4 2 S IR + oI + 0D (o) ) (3.100)

Step 3. We apply Proposition 3.4 to (3.91): Set
[ =M it
g= _87]L[ekt‘f~€+l] + 8)L[ektfé+l] + wa—i-fx [e)ulfﬁ] + e*)\tr(e)\lfe’ e)\l‘f@)

D - -
4 g2 : U[emful]'
Then, from (3.96) and (3.98),

Yras| -1 M F+1
ISie f°F 23+ 2[S2e PN
X L2Ly

< ”w—l[ _ s_lL[erE-H] + a/\[e“f“l] +Lpis [g,\zfz]

reMrE ot 2 St e,
i ||6MJ;£+1”L,2,A..U + ||€M];€+1||L,2L§ + 1 foll2,
- Vi + 2@ - Vol foll2, + 1 foll 2

S (Lt en+ 2 @loo) & + (cono + [T LT + coro-

From (3.100)

~ 1 ~ ~
IS1e* FH 2y + 720826 FN 2 SUFWP +o(Dno. (3.101)

L2
Similarly, we apply Proposition 3.4 to (3.92): Set
£ =My, fH!
g = _E—IL[e)ulatfz-‘rl] + Ek[ellatfl%-l] + wa-l—jé[e)\tatfe]
3 - - - ~ d v ~
+e )»l[r(e)»tatfe’ e)\lf@) + F(ektfz, e)»latfe)] + 82 5 [e)ufatf€+l].
Then
~ 1 ~ ~
1S1e™ 0 f* M 205 + 7218260, 7 23 ST +0(Dmo. (3.102)
Step 4. We apply Proposition 3.10 to (3.91): Set f = & f+1 Note e~ Le* f¢+!

e~lv@)e FH — 7! [k, wet f wydu with v(v) ~ (v) and [k(v, w)| <
kg (v, u). Moreover,

v
el —er—e > e7lC) —ex —g|| Plloolv] = 7 1Co(v).
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Therefore (3.60), the condition of Proposition 3.10, is satisfied with the following
setting

g — LfA [e)»lfﬁ] +€7Atr(e)\tf£, e)\ff@)’ r = ge)\.l‘gf:e fO — f()-
By Proposition 3.10, from (3.61),

Lo, 7o+l
e2feMw fH Lo

1,x,v

1 ~ 1 ~ ~
Se|wf N 0) oo + 62 max sup elleMw oo +& sup eFeM w2 o
0<j=to<r<oco 0<t<oo

tedsup v Ll A+ TE Y]

0<t<o0

~ 1 ~
+ PP F O ers, + 1€ A=P) F T Oz,
Using [wl+(w™ ", w™h| < (v) < v, we obtain

8% sup ”wvflefxrr(extfe, exrfe)”w
0<t<oo

2

1 ~

<e] sup flezweM oo | T wl(w ™ wh)
0<t<oo

<2 sup fle2we Flool? < &L

0<t<oo0
3w Ly g (@ FOI S 82 lwv™ ' Ta(e? (fut f3), e O]
< o2 we? (futfo)lloolwe™ 82 Flloolv ™ wTa(w ™", w™h)]
S e flwe? (fut follsollwe? fllo
< e Paolll F410

Using Corollary 3.14 with f =™ 1, g=[e™MT (e f*, ¥ fO)+e L 1M, f*],
ro= Me2f and dg = e MT(M [l MO fY) + e MM et O
+ e_MLfSe“{?tfé, 9,r = eMe 20, f¢, we have
P~Z+l At <A -1 I-P 7% 1—P
1P M | ope < Al follz + e 1A= P) folly + 20 = Py) folay
1 1 ~
+ 27 (12 + 0+ 2008 07 + M ee 21 112,
é _ ~
+ |€2€M<U> lwse)»tgfﬂLtOOLoc(y)
J = = _ b
+ ”g)»lv 2[@ )L[F(e)»tff’ e}»tff) + e )»thw+fS€)»t E]”L;X’L%,U
3 _ _ ~ ~ _ ~
_i_gj”ekt(v) 1w[e )\tl—w(e)»tff’ e)\tff) Le )»therfse)\tff]”Ltoftvu

5 ~
+87|e“(v)’1w8,@f€|L;>oy
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_I_g% ”(v)w[e—)»tr(e)»tff’ e)»tatfﬁ) + e—)»tr(e)»tatfﬁ’ e)ntfﬁ)
+e MLy, 0 f ]l

tx,v°

By (3.96)—(3.99), and (3.100),

2w e 4+ IPFM 2 o <ML + o(Dno. (3.103)

t,x,v L?OLE

Now we consider 9, FEL Apply Proposition 3.10 to (3.92): Set f = e*'d; Fen
Note e 'Le*d, f*4! = e7lv()ed, f1! — 7! [os k(v, w)e™d, f (u)du with
v(v) ~ (v) and |k(v, u)| < kg(v, u). For Proposition 3.10 we set

g = wa+fx[e)»tatff] _'_e—)»ll—v(e)nlatff’ektf"f) +e—)»tgl/zl—ﬂ(e)»tf"f’e}»tatff)’
r=eeM8,20,f fo = dfo.

From (3.62),

1 ~
e2leMwd, f oo

tx,v

1 ~ 1 ~ 1 -
S e wd, f ) oo + e7e|lwe 20, fll 1, + ;|e“atf‘“(r>|L,ooL;u

s sup [wv™! [waﬂcx [0, fE1+ e M (M0, ¢, M Y

0<t<oo

+e’“F(ere, e“ff)]

”oo'
From [wl+(w™ ! w™h] < (v) <,

e sup Jwv~le T (e, fC. e fO
0<t<oo

—i—e% sup va_le_)‘tr‘(e)‘tfg, exzatfz)”m
0<t<oo

1 ~ 3 ~

S e [letwe™ o | [l we™ oo | b~ wr @™t w )|
1 ~ 1 ~

S e [lletwet oo [lle3 we ff e |

3 -1 At 7 i A Lo 7
le2wv™ Ly, e 71 S e lw(fwt fo)loollwe™ e 28, £ loc.
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Altogether

30 FO+1 3 FO+1 3 a7
e2le™wd; f T e S e2lwds £ 0)[loo + E2[[Dw ool w £ oo

tx,v

My pl+1
1M B ez

3 1 X 1 = 1. =
o7 [lletwe oo ] [le2 wedr oo+ fut ) loolwe™ 30 e |

and therefore

e2 M wa f e < ISP + o(Dymo. (3.104)

Collecting (3.100), (3.101), (3.102), (3.103), and (3.104), we prove the claim (3.95).
Step 5. We repeat Stepl ~ Step4 for RY1 — R? to show that R’ is Cauchy sequence
in L N L? for fixed . Now we pass a limit £ — oo in L™ N L? to conclude the
existence. The proof of uniqueness is standard. (See [17] for details)

Step 6. The proof that the components of the limit f] satisfy the unsteady INSF
system 1.49 is achieved similarly to the steady case and will not be repeated here. O

3.8 Positivity of Solutions

In this section, we prove the non-negativity of Fy in the main theorem. The proof is

based on the asymptotical stability of Fy (Proposition 3.4) and the non-negativity of

unsteady solution.

Proof of the non-negativity of F(t, x, v) in Theorem 1.3 and F(x, v) in Theorem 1.1
We use the positivity-preserving sequence as in [17,31]. Set FO(r,x,v) =

Fo(x,v) >0andforf >0

1 1 1
F 4 v Vi FH 4 6. v, FH 4 8—2v(F‘3)F“1 = 8—2Q+(F@, FY,

F* 0, = My, F G, w){n(x) - uldu,

n(x)u>0

x FL (1, x, v)]i=0 = Fo(x, v),

where v(F)(v) = [ps du [ doB(v — u, w)F (vy).

Note that F¢*! > 0 for all £ by proof of Theorem 4 in page 807 of [31].
Step 1. We set F¢ = ,u+sfﬂ/ﬁ and let FO(z, x, v) := Fy(x, v). We claim that, there
exists 0 < T = T(||8wf€(t())||oo) < land C; = C((T) > 1 for any #p > 0 such
that

sup  Jlewf T (Ol < Cr{llewf ™ (t0) o
to<t<to+&2T
2
+( sup flewf Dllso)” + OED Al ) (3.105)
to<t<ty+e&2T

It suffices to show (3.105) for ty = 0. Clearly (3.105) holds for £ = 0. Now we assume
(3.105) for0 <1 < L.

@ Springer



Stationary Solutions to the Boltzmann Equation in the... Page 101 of 119 1

Clearly, ! solves

b .
alf€+1 + 8711) . vxff+1 Led- val+l +e 5 Ufl+1 4 872vfl+1 _ Siszl

= e e Y T + A,

o = fo.
(3.106)
where A = 2® - v, /. The boundary condition is given by

Y, =p et (3.107)

Define ht(z, x, v) := w()~' f(z, x, v). Note that

[Plloofv]
2

V) |
2 ~Y

V() :=v(v) — ¢ ev(Vmllwf e, = (v).
We define Kk such that [g: k(v, u)%fz(u)du = Kf' + ev(fymlful i —
elTy(fu, FOH+TL(fE, fu)l. Then R(v, u) S kg(v, u), where kg (v, u) is defined in
(2.26).

Then, forf; <s <t

d oy .
d_[|€h4+1(s, Ya(s; 1, x, v), Wa(s; 1, x, v)|e™ Js € P Watmtrmde]
S
S {8_2/ kg (Wa (s 2, x,v), u)|eh’ (s, Ya(s; ¢, x, v), u)|du
R3

+ e A (Wasi 1, x, ) ek’ ()%, + |Al}em e Walriaonis

S {1+ (Wals; 1, x, ) 1eh’ (5) lloo 167 (5) [l ops™2e™ Js €7 P Wa(zt.x.0de

+ ||A||o<,szs_2€_ IN s_zﬁ(Wcl(r;t,x,v))dr7

< 1 and wl(E2, () <

~ w ow

where we used the fact [p3 kg(Wa(s; 7, x, v), u)du
(v)leh* %
Then, for ¢ € [0, 82T],

leh (2, x, v)|
S ge” T leh ™ 0) 1o

ot (Ve (1= 55 11.x,0)

t e_ js e
+ / ds 3
max {0,7] (x,v)} 2

(1 (Va (e = =20 0))) e ) ool ) oo + €211 Allo

dr
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1 I7(Vc1(1—t_Tr;l,x‘v))

- d o1
+1i750)€ s e FO(e)u(@y)?

&

+1;; — / H,
20} w(vy) 1y,

where H is given by

br—1=T. )
e*f,'tl (1 52,1.x,1)dr

k—1

> 15, <o leh Ol T, -

peri "B (Vet (1 — )

STk - Co2 o o2
[ gofa at = I len 01 + A1
=1 max{0,41} &

W (V)

d%;(0)

I () 4% (v)dt

ot g Im1 .
w(Va(tm+1 — ;l 3 Um))

k—1 ~
1 w(vy) -
+ > 1500 @) I, — A% (f41)
~ m+1 .
=1 w(Ver(tm+1 — s Um))
w (V)

~ g Imt1 .
w(Va(tmt1 — ;1 5 Um))

+1; olleh ™ @) oo 115 2 AT 1 (B),

and dX;_1(fy) is evaluated at s = #; of

. e
7 a1z 2D g

ds(s) == {n’;*‘ doj} !e_ N Y )day

=Il+1

iji—t
i o i J -7 )

- ,f;glwd,
+ ‘

xIT, 2 ye ™Y do;

Recall (3.78). With the choice of k = C,T;'* (clearly 0 < t < 62T < &Tp), for
t 0,671,

len 1t x, v)|
5/4| —
S AT eI O) oo + T sup fleh ()l + % Allso + O(e?)

0<s<t

! lj(vcl(t - t;bv ta X, U)) _ [t 71?(Vd(t—t_7r;t,x,u))d
+ / e e s . Tds X sup ||shf(s)||§o}
0

&2 0<s<t

<1

1 Gri
5] s eh @)oo

2 0<s<t

ForTp > 1, 0 < T « 1,and 0 < ¢ < 1, we then established (3.105).
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Using (3.105) with a small initial datum and an induction in £, we deduce

sup  [leh ™ (D lloe < lleholloo + &2 Alloo + O(e?),

0<t<e?T

for C; > IOCTO.

Step 2. From Step 2, wf’ — wf weak-sin L®([0, £2T] x 2 x R?) up to subsequence.
Clearly f satisfies the bound (3.105). On the other hand, applyig the argument of pre-
vious step to £ — £, from (3.105) we can prove that wf* is a Cauchy sequence
in L°([0, 2T x Q x R3). It is standard to show that f solves (3.106) and (3.107)
with (¢! = f = f¢ Therefore F = p+ £@. /1 solves the Boltzmann equation with
diffuse BC. Since the unique solution f has a uniform-in-time bound from Proposi-
tion 1.3, we can continue the Step 2 for [€2T, 2627, [2¢2T, 3¢2T], - - -, to conclude
wr® — wrin LRy x Q x R3). Therefore F* — F > 0 a.e.

Step 3. Let, for sufficiently large m,

Fox,v) = pu + Jie(fw + fo + FO) + 12 Lo 1oge.

Clearly, by the L™ estimate of f; we have Fy > 0 [30]. Moreover, Fj satisfies the
assumptions of Theorem 1.3. By Theorem 1.3, we have || F () — Fll;2 < e ™ Then,
as t — oo, for any non negative test function v (x, v),

// Fi(x, v)¥(x, v)dxdv
QxR3

= // F(t, x,v)Y¥(x, v)dxdv
QxR3

+0(1)// |Fy(x,v) — F(t, x,v)|Y¥(x, v)dxdv
QxR3

> 0= O0M|F(@) — FsllL2xr3)

> 0.

This proves F(x, v) > 0 a.e. |

3.9 Local-in-Time Validity

Proof of Theorem 1.6 We fix a time interval [0, T'] and a L;’OC)%’U solution to the

INSF system in this interval with Dirichlet boundary conditions on 9€2. Under the
assumptions of Theorem 1.6, are well defined the functions

2-3
f1=«/ﬁ|:,0+u-v+9|v|2 :|,
1 3 3
fr=3 D il +0uis]+ ) %00 — LT (fi, fi)]
i,j=l1 i=1
vI* -3

T

IR (3.108)
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with 6, = p — f p — 6p. We write the solution to the Boltzmann equation as

1
F=p+e/ulfi+e fr+e2R],
so that R satisfies the equation

%R+e "W -ViR+e®-V,R+e °LR
v (3.109)

= ¢ 'Lytep,R+e7°T(R,R) +¢ R+¢e7 1774,

where

A=—A=P)v-Vi(fr+ )] =20 (f1, f2)

3.110
—8{3tf2+<1>~%Vv[«/ﬁ(fl-h?fz))]—r(fz, )}, ( )

and the boundary condition

Rl, = P,R+e2R+¢'?r, (3.111)

whete r = &2 P [+ (e fi + &2 f2) Il — [+ e fi +62 f2) A} = O(D).
We use the iteration scheme

8;R£+1 + S_IU . VXRZ+1 + ed - VURZ-'r] + 8—2LR€+1

(O3
= e 'Ly ep, R + 6 2(RY RY) + eT”R‘“ L 124, (3.112)

R, =P, R + 2R  + ', R"'|,_g = Ry.
Here we set RO(z, x, v) := Ro(x, v).
Clearly R := 9, R* solves
HR e VR 4 ed - VR 4 g2 LRI
=& 'Lpepn R + 67 Lo, figen n R + 67 2ID(R], R + T(RY, RD)]
D-v
R

+ST f+1+s—1/2a,A,

RN, x,v)l,. = PR + 6 2R 4+ 6'20,r, R0 = 8 Ro.
(3.113)
We use
I <v>_1/2Lf1 +efs R ”L,z([O,t])L)Z( ) Sllwlfi + 3f2]||L,°fj(’v ”Re ”er([Ov’DLf ;
1)L e RE 202, S TwLfi + a2l IR 20.mz,

1) ™2 La, fi+ea s RV 20,2, S IIwlde fi + ede folllgs IR N 20,22, -
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In all the estimates the time interval is restricted to [0, T']. Let

A =max{l|lwlfi +efolllie . lwld; fi +ed; falllLge )

1,x,v t.x,v

which is finite by the properties of .27 and % provide in [13]. We use Corollary 3.14
and Lemma 3.15 and repeat the Step 1 in Sect. 3.7. Step 2 is replaced by the inequality

1
£+1 2 -1 £+1)2 -2 0412
IR D12, +e7 10 = PORFIL, L, +e /O |- PR

1
SIRolG; +AURTHT, +e2 DR ROIZ,

1
+e2 Al F Il (3.114)

Using Gronwall’s inequality, we thus obtain for # € [0, T,

~

0+1 2 L 0 ply2
IR N3, < Te e TR RN o
X,v t X,V

1
e Tl IAI s + 17 ]+ IROIE, }B1115)

A similar estimate holds for R;. Steps 3 and 4 are the same as in Sect. 3.7, but for
the fact that the non linear term is multiplied by an extra factor £7. We conclude that,

for any fixed T there is an €(7") such that TeX Tex <« 1 and the inductive hypothesis
holds for R“*! for any ¢ < &(T).

We repeat this process with R! — R to show that R’ is a Cauchy sequence in
L? N L. Then it is standard to conclude the existence and uniqueness. O
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Appendix A: Extensions and Compactness
A.1 Extension

Proof of Lemma 3.6 Step 1. In the sense of distributions on [0, 00) x € x R3,

edfs+v-Vifs + 820V, fs

= [1 — X <”(x§ : ”) X (5(;))} x(@lvD)

x' (@)
x (1)

X |:1te[0,oo)g + Lie(—o0,01X (1) {8 +v-V, 620 Vu} folx, v)}
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+[1reg0,00 f + Lie(—o0,01x () folx, V) [{v - Vi + 7P - V, }

x ([1—)((”()2'1}))( (ég))}x(ﬁl |>) (AL

Note that,

X(n(x(s) . v) (f;‘(x)

1
= ‘ — g{v SVen(x) v+ 20 - n(x)}x’(n(x) v)X(S(x)) (8]v])

)
1
— vV (ng))x(”(x) %) ¢ 5Jo])

el L Glu[1 - ("0 ()

4 2 2 Ca 2
= (Il 2 + &7l Plloo)x (BlvD) + —=1vlx (B[v]) + 78] Plloo iy <25-1
S 8_31|U|528*1~ (AIZ)

({v.vx+szq>-vv}[1— xSl |)‘

This proves the second line of (3.20). Since [1 — x (“&%) x (52 ]x 8] < 1,
we prove the first line of (3.20) directly.
Step 2. We claim that if 0 < £(x) < C8*, |n(x) - v| > § and |v| < § then either
£(Fp(x, v)) = C8* or E(Fp(x, v)) = C8%.

To show this, if v - n(x) > §, we take s > 0, while if v - n(x) < —4§ then we take
s < 0. From (2.8),

E(X(s;0,x,v)) =&x) + /s V(t;0,x,v) - Vi&(X(7; 0, x,v))dr
0

=&(x) +/0 v+ 0 [@lloot} - {VLE®) + O[]l c2 (0] + [ PllooT)T)

=&£(0) + v ViE@)s + ODIE N2 {Iv]*s? + [ D|loos?
+&7|®oolvls’ + e[| @)1%s ).

From &(x) > 0,

E(X(s;0,x,v)) > 3|S|{] _ ||§Js|c2

(102151 + 2 Pllocls| + £ @loolvlls]?

4 2 3
+et ol ls |}

> s1st{1 = 0T ) 4 21l + 21 @loog 5P
+e4||d>||§o|s|3]}
i [L 20181 S50
168 P12 8ls
n 24 ||oo]} o Olsl (A.13)
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53
for0 < |s| < ITFTETD) and 0 < ¢ <« 1. Therefore

E(Y(s;0,x,v) =& (X (2, 0.x. v)) - 8%

53 . . . 53
forall 0 < |s| < 4(1+£HT62) with 0 < ¢ « 1. Especially with es, = +4(1+8H—$HC2) for
3
n(x)-v > 4dandes, = —m forn(x) -v < 8,
E(Y (540, x,v)) > C8*,
Therefore, by the intermediate value theorem, we prove our claim.
Step 3. We define fg(z, x, v) for (x, v) € [R3\Q] x R3:
§(x) X
fe(t, x,0) = f5(t — ety (x,v), xp(x, ), vp(x, v))x(ca4)x(tb(x, v))
if xp(x,v) €99,
(A.1.4)

= f5(t + etf (x, ), xf (x, v), vf (x, v))X(éc(a)) (tf*(x,v))

if xg f(x,v) €09,
=0 if xp(x,v) ¢ 92 and x{ (x, v) ¢ 0Q2.

We check that fg is well-defined. It suffices to prove the following:

If xp(x,v) € 92 and x{ (x, v) € IQ

(x)
then fg(t—stb(x v), xb(x v), vb(x U))X(EC;) 0
—fg(t—i—stf (x,v), xf(x v), vf(x v))x(g( ))

Ccs*

If [n(xp(x,v)) - vp(x,v)] < & or |vg(x,v)| > % then fs(t — ety (x,v), xp(x, v),
vp(x, v)) = 0 due to (3.12). If n(xp(x, v)) - vy (x,v) > & and vy (x, V)| < % then,
due to Step 2, £ (x{ (x, v)) = &(xf (xp (x, v), vy (x, ) = C84 so that xf(x,v) ¢ 0.
On the other hand, if |n(x{ (x, v)) - vf(x, v)| < & or |vf(x,v)| = % then fs(t +
etf (x, v), x{ (x, v), vf (x, v)) = 0 due to (3.12). If n(xf (x, v)) - vf(x,v) < —8 and
lug(x, v)| <  then, due to Step 2, £(x;i(x, v)) = &(x; (xf (x, v), vj (x, ) = Cs*
so that xp (x, v) ¢ 0.
Note that
fe(t,x,v) = fs(t,x,v) forall x € 9. (A.1.5)

If x € 3 and n(x) - v > § then (x;(x, v), vy (x,v)) = (x, v). From the definition
(A.1.4), for those (x, v), we have fr(t, x,v) = fs(t,x,v). If x € 0Q and n(x) - v <
—§ then (xgk (x,v), v;" (x.v)) = (x, v). From the definition (A.1.4), we conclude (A.1.5)
again. Otherwise, if —§ < n(x) - v < 8 then felse =0 = fslsq-
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Step 4. We claim that fz(x, v) € L2([R3\2] x R?).
From the definition of (A.1.4), we have fgr(x,v) = 0if x;(x,v) ¢ 9Q and
x{(x,v) ¢ 0Q. Therefore, from (A.1.4),

o
/ // | fE(t, x, v)|*dxdvdr

—o0 JJ[RO\QIxR?
o

=/ // L, weaal fEI* —i—/ // 1x§"eBQ|fE|
—oo JJ[R3I\Q]xR3 [R3\ Q] xR
o0

=/ // L (e venal f(t — ety xp, v
—o0 JJ[R3\QIxR3

x }X(E( ))| X (652 dxdvds (A.1.6)
+/ // Lirrvyeoal f(t + et xf, v

[R3\Q]xR3
x Ix(gc( ))I 1 (1) > dxdvds, (A.1.7)

where (#5, x5, vyy) and (¢, x¢', vf) are evaluated at (x, v).
By (2.11),

00 min{zg(x,v),1}
(A.1.6) < / dt/ /( 0/ dScdvds{|n(x) - v| + O(e)(1 + |v])s}
—o0 nx)v>

x| fs(t — es, xp(X (510, x,v), V(s 0, x,)),
XVE(X (53 0, x, ), V(s; 0, x, v)) |

00 1
s/ dt/ / / ot . 020 () - o] + O(e)(1 + [vs)dsdvds,
—00 Q2 Jn(x)v>0J0

00
2
5 / dt/ / |f5(lv-xa U)| |n(x) : U|dUde ,—S ”fB”iz(]RXSQXR3)’
-0 0Q Jn(x)v>0

where we have used the fact, from (3.11), O(e)(1 + |v])|s| < O(e)(1 + %) <8<
[n(x) - v| for (x, v) € supp(fs),and, forn(x) -v > 0,x € 92,and 0 < s < tf*(x, v),

(p (X (550, x,0), V(s:0,x,0)), vp(X(s; 0, x,v), V(s: 0, x, v)))

= (xp (x, v), vp(x, V) = (x, v),

and tb(X(s 0,x,v), V(s;0,x,v)) = s and the change of variables ¢t — s > f.
Similarly we can show (A.1.7) < || fs ||L2(R><BQ><R3)

Step 5. We claim that, in the sense of distributions on R x (26 54\5_2] x R3,

ed fE+v-Vifg +20 -V, fr
1 (x)
=z ik (X (‘28 )[fa(t—stb(x v), X5 (x, v), v (x, V) X (@ (x, )
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X Ly (x,v)e00

+ fs(t + ety (x, v), x¢ (x, v), vf (x, V) x (ff (x, U))le*(x,v)eaﬂ:l

+ f5(t — ety (x, v), x5 (x, V), Vi (x, v))x(gc(é)) "ty (x, V) L (x vy eog
— fs(t +etf (x, v), X, (x, v), VR (x, U))X(gc(é)) "t (x, V) Ly (x vy o

(A.1.8)
Note that

[60; + v Vi + 2D -Vl f( — ety (x,v), xp(x, V), v (x, V)
=[ed +v- Vi 42D V,](t — e (x, v))

X 0 f(t — ety (x, v), xp(x, V), vy (x, V)
+ v Vi 48P V11 (s, x5 (6, v), v (6, V) |smi—er (.0
[60; + v Vi + 62D - V1 f( + etg (x,v), xf (x, v), vf (x, v))
=[ed +v- Vi 42D - V,](t + e (x, v))

x O f(t + et (x, v), xf (x, V), vf (x, V))
v Vo4 &7® - Vo1 (s, X7 (6, 0), 0F 06, V) =ty (v.0)-

The underbraced terms vanish because [v'Vx+82d>~Vv](t—stl’: (x.v)) = jy O(I—
55
ety (X(s;0,x,0), V(s:0,x,0)) = ds ) = —e and [v - Vi + e’ P -
Vol(t + et (x.v)) = % 0(t+8tf*(X(s, O,x, v), V(s;0,x,v))) = dd—s O(t —es+
§= s=

etf (x,v)) = —e. Moreover, in the sense of distributions on [R5 \Q] x R?,

v-Vefp+e® Vo fp
= o V@K (o) [ e 0. v X G ) g e
Cst cs b b b plewe

5 (), 0F G )X G ) L eyt |

+ f3(xp(x, v), vy (x, U))X(Ec(a))

— f3(xf (x, v), vf (x, v))x(éc(a))

X'ty (6, V) L (. vyenn

X' (tf (x, V) Lt (x.ycag- (A.1.9)

For ¢ € Cé?o([82584\§2] x R3), we choose small 7 > 0 such that X(s; 0, x, v) €
9654\5_2 for all |s|] < ¢ and all (x,v) € supp(¢). Then, from (A.1.4), for
(X(s), V(s)) = (X(5;0,x,0), V(s; 0, x,v)),
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d
d—fE(X(S), V(s))
N

d
= Z[fa(xiﬁ(X(S), V(5)), vp (X (5), V() x (5 (X (), VO Lz (x(5), v (s))€09

+ fs(xp (X (), V(5)), v (X (5), V() x (5 (X (s), V(S)))lx;(X(s),V(s)>eaQ]
E(X(s))
d Cs4 )
+ [fa(xﬁ(X(S), V(5)), vp (X (8), V(D)) x (1 (X (5), V(ON L (x(5). v (s))€09

+ fs(xf (X (), V(5)), vf (X (5), V()N x (5 (X (s), V(S)))lx;*(X(s),V(s))eZ)Q]
o 4 (EEO)
ds X\ st )

From (x5 (X (s: 0, x, v), V(55 0, x,v)), vy (X (s: 0, x, v), V(55 0, x,v))) = (xp(x, v),
vp(x,v)) and (x{(X(s;0,x,v), V(s;0,x,0)), vf (X(s5:0,x,v), V(s;0,x,0v))) =
(xf (x,v), o5 (x,v)) and £ (X (s;0,x,0), V(s;0,x,v)) = £ (x,v) — s and t;
(X(5;0,x,v), V(s; 0, x,v) =t (x,v) +,

d
T FE(X(5). V(s)
N
= [ 5000 0, v X G (X9, VD L pene
X
— 50 (0. 3 G X G X VO amesa |1 (5 1)
[ 05060, v XX @, VO L mese

+ f5 (xf (x, v), vf (x, V) x (1 (X (s), V(S)))lx;(x,v)easz]

E(X(s)) )
cst

1 /
X §V(s) -V E(X(s))x ( (A.1.10)

By the change of variables (x, v) — (X(s; 0, x, v), V(s; 0, x, v)), for sufficiently
small s,

- // ) e, V){v - Ve 4+ &2® -V} (x, v)dxdv
[Q54\Q1xR3
=- // ) FE(X($), VS){V(s) - Vx + 2D - Vy}pp(X (), V(s))dxdv
[Q¢54\QIxR?
d
= —//  JE(X©), V)= (X(5), V(s)dxdv. (A.1.11)
[Qg54 \QIXR3 s

Since the change of variables (x, v) — (X (s; 0, x, v), V(s; 0, x, v)) has unit Jaco-
bian, it follows that, for s sufficiently small,
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// ) JEUX (), V() (X (s), V(s))) —// fE(x,v)¢>(x,v),
[Qp54 \QIXR3 Qegt \ Q2] x

and hence

d
- // _ JEWX (), V(s)p(X(s), V(s)) =0.
o5t \QIxR3
Therefore we can move the s-derivative on fg: By (A.1.10),

(A.1.11)
:// —fE(X(S) V(s)g(X(s), V(s))dxdv

st \ QIR dS

= // A v o) X6, VO L nenn
e54 \QIXR?
— o (5F (0, 9 G, )X (6 (X ), VD L e
X
«x (FEE) (S)))¢<X() V(s))
+ // A v, s X G, VED g nen
34 \ QIR

50 (e V). v Cr D)X (X ), VO L e
EX ()
cs*

1
X C—V(S) VeEX () x'( )o (X (5), V(s)).

From the change of variable (X (s; 0, x, v), V(s; 0, x, v)) — (x, v),

(A.1.11) = // i [ f3 (g (x, ), v (e, v) X (15 (%, V)L (x,v)ese
4\ QxR

—f5(rf (x,v), vf O, )X (1 (e ) g, v)eag]x(i(aj )¢ (x. v)

+ // _ I:fB(-x;(-xv U), v;)k(-x’ U))X(t{:(.x, v))lxl*;(x,v)GBQ
54 \QIXR3

5 (xF (6, v), v (D)X G (x, v))lx;<x,v>eag]

1 §(x)
C3 Vi§(x) x ( )¢
Hence (A.1.8) is proved.
On the other hand, following the bounds of (A.1.6) and (A.1.7) in Step 4 we prove
the third line of (3.20).
Step 6. We define f (¢, x, v) for (¢, x,v) € R x R3 x R3:

F@,x,0) = f5(t, 0,01 peqers + FEG XD epigers: (AL12)
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For ¢ € C®(R x R? x R?), by Lemma 3.3,

—/Oo dt// Ft,x, 0){ed +v- Ve + 2P - V)¢ (1, x, v)dxdv
—00 R3xR3
= — /oo dt// . fst,x,v){eds +v -V, + PRL Vilo(t, x, v)dxdv
—00 QxR-
— /oo dr // e, x, V){ed + v Ve + 2D - V1 (1, x, v)dxdv
—0 [R3I\Q]xR3
= / dt/ fs(t, x, 0)p(t, x, v){n(x) - v}dS dv
oo Sy
—i—/oo dt/ fe(t, x, ), x,v){—n(x) - v}dS,dv
ooy

o0
+/ dt// (€0, + v Vi + 2D - V) f5(t, x, ) (1, x, v)dxdv
—00 QxR3

o0
+/ dr // (60, + v Vy 4+ 2D - V) f£(x, v)d (x, v)dxdv,
—c0 [2p54 \QIXR3

where the contributions of {t = oo} and {t = —oo} vanish since ¢ () € C°(R).
From (A.1.5), the boundary contributions are cancelled:

/Oo/f(;(t,x, v)d)(t,x,v)dydt—/oo/fE(t,x,v)qb(t,x,v)dydt:O.
—ooJy —ooJy

Further from (A.1.1) and (A.1.8), we prove that f solves (3.13) in the sense of
distributions on R x R3 x R3. O

A.2 Compactness of K. ~!
Proof of Lemma 2.11 From Proposition2.10, K7 maps L?to L2 sothat sup,, | "Il 12
< +00.

Step 1. We approximate K by a compactly supported smooth K.
For any N > 1, by the Holder inequality,

||K(l{\u|>N or |[v|>N or |v—u\<%}f)”2

= H ~/]R3 k(v’ u)1{|u|>N or [v|>N or \v—u|<%}f(u)du HZ

< Sup\// Ik(v, u)|du x Sup‘// [k(v, w)|dv x || fll2
v lu|>N u R3
+Sup,// |k (v, u)|du x sup \// [k(v, w)|dv x || fll2
v R3 u [v|>N
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e—0lv— u|2
+sup |k(v u)|du xsup /R3 T 1, u|<LdU

xIIfll2 S 0(1)||f||2,

where we have used the fact [pak(v,u)du < 1, [pak(v,u)dv < 1, and
—Blv2
Jes S ol 1\v|<1 = o(D).
Note that
k(v,u) =ki(v,u) —ko(v,u), with ki,ky >0,
and therefore k; (v, ”)1{|u\5N & Po|<N & j—ulz 1) > dfor0<d 1.
We now define Ky f := [ky f with

ky(v,u) = ki n(v,u) — ko N(v, 1)
= ki (v, u)l{\u|<N&|v|<N&\v u|> *¢ (v)¢ ()

—R @ 0 <y & =N & p-uiz g * %(”)%(”)

_ ’ o / o
- /Rad”‘p%(” “)/Rgdvd’%(” ”)k‘(”’“)1{|u|szv&|v\sN&\v—u|s%}

/ / / /
_/]RS du (t)%(u —u)/R3dU q)%(v — v)kZ(v’u)lllulfN&|U|§N&|U—M|Sﬁ}’
(A.2.1)

where ¢ il is the standard mollifiers. In particular, fori = 1, 2,

sup /R3 i, v (1) = ki (0, )Ly g o< & o u<d Ly|du = o(1),
sup/ |k,',N(v, u) —k; (v, ”)1{|u\5N & [v|<N & |v—u|5l}|dv =o(1).
u JR3 N

Consequently, [|[Ky f — Kfl2 S oD fll2.
We denote

ky (v, u) ;== ki y(v,u) + ko n(v,u), Kyf(v):= /R} ky (v, u) f (u)du.

Note that ki n, ko 5y > 0 and hence ky > 0and ky > Kyl
Step 2.
We fix § < 1. Given f", we define f§' as

n(x)-v
)

£ 0w = 1= x( )x (S(x))] @) . v), (A2.2)

and extend it to the whole space R? x R3. We follow the process in the proof of
Lemma 3.6 and we only pinpoint the difference.
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Sirpilarly to Step 3 of the proof of Lemma 3.6, we define f7(x, v) for (x,v) €
[R3\Q] x R?

fE(x,v)
4y P [ MOV L 20 (x (0)-v () ]ar

(E( ))

x f (xb(x v), vb(x V)X Y X(tb(x v)) for xf;(x,v) € 092,

A [PV 1200 (0))v () Jar
(x)
x fH(xf (x, v), vf (x, v))X(ECS Y x (1 (x,v))  for x{(x,v) € I,
=0 for xﬁ(x, v) ¢ 02 and x;¢ £(x,v) ¢ %2, (A.2.3)
where (X (1), V(1)) = (X(7;0, x,v), V(r;0, x,v)).

Then
fr(x,v) = fi'(x,v) forallx € 922, (A2.4)

because, if x € 3Q and n(x) - v > §, then £y (x,v) = 0. If x € 9Q and n(x) - v < §
then # (x, v) = 0.
We define f"(x, v) as
@) = fs(n, 01 equrs + fEG, V1 ) craqyxrs- (A2.5)

Note that f" solves

- -1 - -1 -
Af”+v-fo”+gvf"+82<D-va"—Eszcb-vf” = h" = W} RS+ RS+ hL,
where

00 = Leaness [ 1= 2 (") o (552) 0 (5572 | worone

Ry (x,v) = 1y pyeqwrs S {V - Vi + 20 -V, )

([ " S ()i,

5(x)
5

1
h3(x,0) =1 yyejap, QIR Zal V&) x (

_ 1 (x.0) MX@LV@) |2
<[ G v, g e e FOEVOL L s

. iFED) T @ v 1,2 i
O (e ), 0 O V) L ey eage™ 0T e V(”]df],
hﬁ(xa v) =1 (x7v)€[QC~84\Q]XR3f(sn(xl;k(xs v), U;(-xv v))

g fy PO AL 120 x(0)) v () |de (5( ))

xe Xty (x, V) L yean
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1 vyerapaixes /i (& (8, ), v (x, )

aaf ooy O [HEOVED L2 (x(2))-v () ]de (5(")

/% .
xe ot )x/ (¢ (x, V)Lt (x,v) €02

and

||h’11||L2(R3><R3) S ”gn”LZ(Qx]R3)a ||hg||L2(R3><R3) 58 ||f”||L2(Q><R3)»
||h’3l||L2(R3xR3)+”hZHLZ(R3xR3) s ||fan||L2(y)-

Step 3. For (x,v) € supp(f), we can choose a fixed 7 > 0 such that
X(T;0,x,v) ¢ supp(f) and X(T;0, x,v) ¢ supp(h), (A.2.6)

so that B
f(X(T;0,x,v), V(T;0,x,v)) =0.

Directly,
IX(T50,x,0) = x| = 0T + O [l T?| = 6T = 0| T
We choose T = % for large but fixed C > 1 such that | X(T;0,x,v) — x| >

C— 0(;—;) > % >> 1. This proves our claim (A.2.6).
With this choice T,

T
f(x,v) = —/ R"(X (550, x,v), V(s; 0, x, v))
0

AN [7”(‘/(“&9""”))—%szd)(X(r;O,x,v))]drds'
By the averaging lemma [23], for any given v,
/kN(v, w) 1 (x, u)du € HY*(RY).

Since f"’s support is bounded uniformly, by a diaganolization argument, it follows
that there exists a weak limit f € L? of f" such that for any rational point v

/kN(v, w) £ (x, u)du — /kN(v, u) f (x, u)du strongly in Li. (A.2.7)

Since ky (v, u) is smooth in v with compact support, we deduce (A.2.7) forallv € R3.
Step 4. Finally,

Kf"=Knf"+(Kf" —Knf")=Knfy + Kn(f" = f§)+ (Kf" = Knf").
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From Step 3,
Knf'=Knf"la — Knfla stronglyin L2,

Note that

n) - v, E(x)
1- [1 - X(—)X(_)]X(3|U|) S st F Ly el dine09) <3 Ino-vl <6

) )
(A.2.8)
Hence, from (A.2.1),
KN = 2, S = e, S 16 |1 e, S 06),
K" = Knf"lizz, S oIz, S o).
We conclude the proof by choosing § < 1, 1 <« N then letting n — oo. O
Appendix B: List of symbols
I-1p the LP (€ x R?) norm
- lep the L? () norm
Il - ”L{,’ the LP ({y € Y}) norm
(-, ~)' L2(§_2 X ]R3) inner product or Lz(R3) inner product
Q QUIQ
I Il w!/2 I
wk.p Sobolev space
Hk a Sobolev space W7 with p =2
I lirra anorm of [ - | pzay which equals [l - Iz, »
dy [n(x) - v|dS(x)dv with dS(x) the surface measure of 92
LP(3Q x R3) LP-norm on 9Q x R3 with a measure dy
Lf15 fy If (x, v)[Pdy or [0 1f(0)|PdS(x)
fys [+ atrace of f on y, atrace of f on y+
|f|p,:|: ‘flyi|p
X<aY X < CqY where Cy only depends a parameter «
X<LqY X < CuY where C,4 > 0 is sufficiently small
0+ Some positive number § > 0 without specifying the size
G A force field (1.1)
[0} A force field (1.9)
My, A wall Maxwellian (1.3)
ﬂ;}’ The diffuse reflection boundary operator (1.5)
n The global Maxwellian (1.8)
Tw A wall temperature (1.9)
Yw An g-order variation of the wall temperature around 1 (1.9)
Oy An extension of ¥, in (1.10)
Pw A function defined in (1.11) (1.11)
Jw A correction term at the boundary (1.11)
P A L%-projection on the null space of L
a,b,c, Coefficients of P (1.19)
I-P A-P)f:=f—Pf
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m Mach number
Qe A correction on the boundary (1.22)
r uw V2P0 (Jlipe) — e (1.25)
Py f V2D [y im0 L OV () - u)du (126)
9 e u 122V (Juf) - Py f] (1.27)
fs An g-order correction of steady solutions substracted fy, (1.32)
Ly, Ag Terms defined in (1.34), (1.35)
Lt L~!is an inverse with PL=1 =0
w(v) PP with0 < B < 1 Theorem 1.1
21,82 Defined in (1.41)
f An unsteady perturbation around steady solutions (1.48)
Lg Ly :==—[T'(o.¥) + T (¥, 9)]
& L-1@) An energy term in L? energy estimate (1.53)
D) A dissipation term in L2 energy estimate (1.54)
& A function defined in (2.3) 2.3)
n(x) The outward normal at x € 92 (2.5)
Iy, Xp A backward exit time, a backward exit point (2.9)
tg, X¢ A forward exit time, a forward exit point (2.10)
ti(t,...,vi—1) i-th backward exit time Definition 2.7
Xels Va A stochastic trajectory Definition 2.7
yi Non-grazing phase boundary (2.15)
Il A closing norm for the steady case (2.20)
kg A function defined in (2.26) (2.26)
Kg Kgg = [pakpg(v,u)g(u)du
B Anumber0 < g/ <« B Proposition 2.6
Y (x), 7 velocity sections of y4 (2.28), (2.29)
do, do; Measures defined on the velocity sections of ¥ (x), 7 (2.28)
W w12 (2.35)
dx; a stochastic measure (2.46)
Y, w Scaled trajectory for the dynamic problem 3.2)
Ty, Xp Scaled backward exit time and position 3.4
ig, X¢ Scaled forward exit time and position 3.4)
fs An interior and non-grazing parts of f (3.1
Jias fsm Functions defined in (3.22)
Si f Functions defined in (3.40) and (3.40)
-1 A closing norm for the unsteady case (3.93)
fs Defined in (A.1.12)
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