1322

IEEE TRANSACTIONS ON PLASMA SCIENCE, VOL. 47, NO. 2, FEBRUARY 2019
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Abstract— A new time-domain impedance probe is presented
in this paper. The new instrument is able to make measure-
ments of absolute electron density and electron-neutral collision
frequency in the ionosphere at temporal and spatial resolutions
not previously attained. A single measurement is made in 100
pes, which yields an instantaneous spatial resolution of 0.1 m
for sounding rocket experiments. A prototype of this instrument
was integrated into the payload of a NASA Undergraduate
Student Instrument Program sounding rocket launched out of
‘Wallops Island on March 1, 2016. Here, we describe the instru-
ment, and present the data obtained from the sounding rocket
experiment. A 6-V amplitude Gaussian derivative excitation was
applied to a dipole probe structure, and the current through the
probe terminals measured with a balanced active bridge circuit.
The time-domain current response was sampled at 5 MS/s,
at 12-bit resolution. In the course of the flight, the instrument
measured a highly nonlinear response of the plasma because of
the large input voltage signal applied. The linear theory cannot
explain this response, which obscured interpretation of the data.
As a result, we used time- and frequency-domain trend analysis to
obtain the variation of electron density over the upleg and down-
leg of the rocket trajectory. The obtained time and fast Fourier
transform trends showed enhanced electron densities in the F
layer, which confirmed that the instrument was able to measure
the density variations during a significant portion of the flight.

Index Terms— Impedance, instrument, ionosphere, plasma,
probe.

I. INTRODUCTION

PLASMA impedance probe is an instrument that derives

the absolute electron density and other plasma parame-
ters by applying a known input voltage, usually sinusoid,
across the probe terminals, varying the input frequency, and
measuring the current through the probe at each frequency to
obtain the impedance of the plasma-probe configuration. The
excitation sinusoidal signals are usually kept as small as neces-
sary in amplitude to ensure a linear response while maintaining
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sufficient signal to noise ratio. The electric current through an
electrically short (L <« 4) antenna, when driven by a time
varying input voltage, depends on the electron density n.,
electron-neutral collision frequency vy, and the ambient mag-
netic field B. At electron scales where the applied excitation
frequency e is close to the electron plasma frequency wp,, cer-
tain resonances can be clearly observed which are proportional
to the electron cyclotron frequency Q.. and the upper hybrid
resonance (UHR) w,;,. These two frequencies are related to
the absolute electron density n, through the relations

wzh = mie + Qge (1)
where Q. = eBy/m, is the electron cyclotron frequency,
and wp, = neez,’mgnsg is the electron plasma frequency.
The electron charge, electron mass, and permittivity of free
space are e,m,, and €p, respectively. By sweeping through
a physically relevant range of frequencies for a particular
plasma, the impedance magnitude and phase characteristics
can be used to infer n, and other parameters such as the
electron-neutral collision frequency v.

Sweeping through frequencies is the most robust and accu-
rate method, because of its insensitivity to noise and other
interferences. It is commonly used in laboratory environ-
ments [1], [2], and this is the method employed on previ-
ous sounding rocket experiments [3], [4]. In these instances,
the probe is called a sweeping impedance probe (SIP). On the
other hand, for satellites flying in low earth orbits, the sweep-
ing method enforces a limit on the spatial resolution of the
measurements, because of the orbital velocity of the satellite.
Furthermore, as different frequencies are applied, in turn,
the sweeping method measures the plasma impedance per
sweep over an extended region of plasma, which reduces the
accuracy of each sweep.

With this limitation in mind, a different technique was
proposed. The impedance measurement could, in principle,
be performed using a short time Gaussian derivative voltage
excitation, and the current measured as a response to this time-
domain excitation. The frequency-domain impedance can then
be obtained using the Fourier transforms of the voltage and
current. Although this time-domain method would be faster,
and more localized, it was expected to be noisier, and capable
of triggering nonlinear plasma modes. A prototype of the new
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Fig. 1. NASA USIP sounding rocket payload. The TDIP is the visible top
board in the electronics stack. shown in the bottom canister. The probe arms
are shown extending out of the top canister in the picture.

instrument was, therefore, developed to be flown on a sounding
rocket before being adapted for operation on a satellite.

The prototype time-domain impedance probe (TDIP) was
integrated into a NASA Undergraduate Student Instrument
Program (USIP) sounding rocket payload scheduled for launch
out of Wallops Island, as part of a suite of plasma instruments.
This is shown in Fig. 1.

In the following, we first describe the instrument in
Section II, give a condensed analysis of the expected measure-
ment using the linear theory in Section III, present the results
from the USIP sounding rocket experiment and analyze these
results in Section IV, and draw some conclusions in Section V.
We also discuss future work under way for the next iteration
of the instrument.

II. INSTRUMENT DESCRIPTION

A SIP uses a frequency sweeping technique in which a
sinusoidal stimulus is applied to the probe. The frequency of
this sinusoid is then swept from low to high frequencies while
the magnitude and phase response are measured. This method
requires a sinusoidal generator that is extremely precise in
both magnitude and frequency. The new TDIP measures the
impedance of a dipole antenna immersed in a plasma by using
a shaped, short time pulsed input voltage signal and measuring
the current response. This wideband method captures the entire
frequency spectrum of interest in a single snapshot, and does
not require precise calibration of the pulse source because
the input pulse is sampled during each measurement. This
is especially useful in satellite missions where measurements
of the plasma environment are highly dynamic due to the
spacecraft velocity.

A simplified version of the TDIP schematic is shown
in Fig. 2. The input into the circuit is a Gaussian derivative
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Fig. 2. Analog front-end circuit configuration. The bridge circuit is designed
to produce zero output in the absence of a plasma. The impedance Z_Probe
shown is equivalent to Z4 in the text. Also, Zp in the text is related to
1/jewC_Balance.

pulse at terminal Vi,. This input is fed into two arms of a bal-
anced bridge, the top arm connects to the probe circuit, while
the bottom arm is connected to a balance circuit consisting
of an adjustable capacitor bank. When no plasma is present
the capacitance C_Balance is adjusted until zero output is
produced at terminal V,,, after a subtractor circuit [5]. When
a plasma is present, there will be a difference proportional
to the plasma ac current measured at V,,. In addition, our
circuit incorporated guard traces and a guard drive circuit to
reduce the shunt capacitance up to the antenna. Furthermore,
a triaxial cable was used to drive the antenna. The inner core
was driven in phase with a first outer shield. A second outer
shield was grounded.

The input Gaussian was synthesized from a table of val-
ues stored in the main processor, and then driven from a
12-bit digital to analog converter sampled at 10 MS/s. The
output difference signal voltage was read by a 12-bit analog
to digital converter (ADC) sampled at 5 MS/s. The instrument
was designed to launch in the night time when upper hybrid
frequencies were expected to not exceed 1.8-2 MHz between
80 and 150 km.

The difference signal can be used together with the input
voltage and circuit preflight calibration to yield the plasma
impedance curve as a function of frequency. When a fast
Fourier transform (FFT) of the time-domain error signal
between both arms e(w) from the instrument measurements
are taken, it will be related to the input voltage FFT through
the relation

i
] 2

e(jo)=V(jo)Zs(jo) I:ZAUC‘J) B Zp(jw)

where Zy is the matched feedback impedance in the each
of the bridge circuit’s noninverting amplifier, and Zp is the
impedance on the balance section of the bridge. Inverting this
expression gives

V(jo)Zp(jw)Zy
e(jo)Zp(jo)+V(jo)Zs(jo)
This expression is used later to analyze the sounding rocket

data. Zp is related to 1/jwC_Balance in the circuit of Fig. 2,
while Z4 is the same as Z_Probe in that figure.

Za(jo) =

3)



1324

II1. THEORY OF THE MEASUREMENT

In what follows, we give a brief explanation of the expected
performance of the instrument using the linear theory of
interaction between the plasma and the probe. The theoretical
expectation is based on previous success using the sweeping
method to perform the measurement of plasma impedance.
We discuss the expected resonances that should be observed
from the linear theory, and provide an expression for the com-
plete impedance of the plasma-probe configuration. We also
give a simple expression for the current waveform expected
to be observed in the time domain.

Consider a cold, magnetized, and collisional plasma in the
fluid approximation, and further, that the frequency content &
of any excitation of the plasma is much higher than the
ion plasma frequency, wp;, such that ion dynamics can be
neglected. Also, since the electron thermal velocities are much
higher than the rocket velocity (no more than 6:1 between
100-200 km), we also neglect the spacecraft velocity U in
this formulation. The dynamical equations for electron motion
in the region around the probe are then given as

on, 4
= +V - (n.up) =0 “4)
o, > S, o
mene | =+ (ue - V)ue ) = —en.(E +u. x B)
_minevenie (5)
VxE i (6)
o
ot )
5 s 10E
VxB= Hode ZE (7)
oy P ®)
€0
B =0 9)
J, = —en.i, (10)

where the first two are the electron continuity and momentum
equations, and the remaining are the Maxwell equations.

By virtue of the electron continuity and momentum equa-
tions shown earlier, the interaction of the probe and plasma
is necessarily nonlinear. If a small amplitude signal is applied
to the probe, perturbation theory can be used to linearize the
electron equations of motion, and the first-order interaction
will produce linear resonances. However, in addition to the
amplitude of the perturbations being small, it is also necessary
that the spatial gradient of the perturbation signal be small.
This depends on the slew rate of the applied signal. The results
from the rocket measurements indicate that both requirements
may not have been met, the first because our applied signal
of 6-V p-p was large, and second that the slew rate of the
input Gaussian was perhaps too high. The reason we applied
a larger signal than usual is because we anticipated a low
signal to noise ratio. The slew rate was high partly because of
this. Second, by applying a single pulse containing the entire
spectrum of frequencies of interest, as opposed to applying
one sinusoid at a time, the total energy input into the plasma
was higher. This is a weakness in the time-domain method that
needs further investigation if the accuracy of measurements as
well as speed of acquisition is to be optimized.
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Another significant issue that must be considered in a
complete analysis is the fact that a plasma sheath is present
around the probe, which creates a static electron and ion
density profile extending up to several centimeters out from
the probe. In addition, there will be a constant flux of
electron or ion current, depending on the payload potential
with respect to the surrounding plasma as due to spacecraft
charging. These effects can only be understood with a fully
nonlinear analysis or simulation.

In any case, if we consider the linearized electron equations
of motion, we obtain, after Fourier transformation

% & en
TNy (11)
€0

ik-B=0 (12)
ik x E = ioB (13)
ik x B = poJ (14)
J = —enpd, (15)

for the Maxwell equations, and
—ion + no(ik - @,) =0 (16)
—iomnol, = —ngeE —nged, x By (17)

for the electron continuity and momentum equations. In this
development, the displacement current term in Maxwells
equations is neglected, which, therefore, neglects the electro-
magnetic light waves. Here, we also proceed to neglect the
electron-neutral collisions in order to more clearly emphasize
the linear resonances. The instrument measures impedance to
electron electrostatic modes (E I E), electron electromagnetic
modes (fc' E o= 0) as well as electron plasma modes
propagating at arbitrary angles [10]. The dispersion relations
governing each of these modes can be obtained through
algebraic manipulation of the fourier transformed relations.
We treat each case separately in the following.

The electrostatic resonance parallel to Eg, kIE)T.=0,
is given as

o =2, (18)

The electrostatic resonance perpendicular to 50 (E Il E), To=
0 is the UHR given as

2

2 2
w pre-i—-ch- (19)

These resonances are emphasized depending on probe orienta-
tion parallel or perpendicular to the ambient magnetic field By.
The electromagnetic resonance that is most clearly observ-
able in the impedance curves is the resonance due to the right-
hand circularly polarized wave propagating along Bo. Solving

for this particular mode gives
2.2 2
& ;;z _ Wpe 20)

W ®(Qee — @)
which yields a clearly observable resonance trough at @ =
Q... This is where energy is most effectively coupled into
the plasma.

Of the three linear resonances described, the UHR frequency
resonance and the cyclotron frequency resonance are the




SPENCER et al.: TDIP FOR FAST MEASUREMENTS OF ELECTRON PLASMA PARAMETERS IN THE IONOSPHERE

1.15
——SAL (at 82.37 Km Upleg)
A\, —PEFDTD(PF-2)
g 14
: N
1.05
\i s
E \Q&\"ﬁ-—_-_-l_
T
E - Plasma pasimeters:—
E 0.95) ERLE Py OO M
N 2, =1.258 MHz5,, = 407)
08 15 35

25
Frequency (MHz)

Fig. 3. Data from the SAL sounding rocket using the frequency sweeping
technique. The cyclotron resonance f., can be seen at 1.26 MHz and
the UHR fy; can be seen at 1.32 MHz. The impedance from a linear
FDTD (PF -FDTD) simulation is fitted to the data.
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Fig. 4. Applied voltage input into the probe and the expected resultant
current at the probe terminals obtained from a full electromagnetic PF-FDTD
simulation. The new TDIP attempts to measure this predicted current directly.

most clearly observable. In most instances, identifying these
two resonances in the impedance curve gives an immediate
estimate of the plasma absolute electron density through (1).
In Fig. 3, we show how the cyclotron resonance and UHR
appear using the sweeping method to measure impedance on
the sudden atom layer (SAL) sounding rocket experiment.

To identify the resonances and determine the collision
frequencies accurately, Balmain [8] derived an expression for
the impedance of an electrically short dipole immersed in a
magnetized plasma. This expression was used in many works
devoted to sounding rocket experiments using impedance
probes. Ward ef al. [6] developed a full-wave time-domain
electromagnetic code called plasma fluid (PF)-finite difference
time domain (FDTD) that simulates the behavior of a short
dipole antenna in a magnetized plasma. The code incorporates
the linearized electron continuity and momentum equations to
model the plasma environment. Spencer et al. [7] used the
PF-FDTD simulation and the analytical expression in [9] to
obtain not only the absolute electron density but also the
electron-neutral collision frequencies at selected altitudes for
the SAL sounding rocket mission.

The PF-FDTD simulation used a Gaussian derivative pulse
excitation to stimulate the plasma resonances in the lin-
ear approximation. The input voltage and resulting current
response are shown in Fig. 4. This simulated behavior served
as the motivation for the time-domain method developed and
flown on the NASA USIP experiment that is presented here.

A simplified expression for the current can be obtained
through an approximate linear analysis of the plasma-probe
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interaction. Because the probe dimensions are much smaller
than the shortest wavelengths of interest, we can derive
the basic behavior by considering a parallel plate capacitive
structure immersed in a plasma. The analysis does not include
the self-consistent induction field from Faraday’s law, but it
illuminates the basic behavior. The derivation is given in the
Appendix. The current perpendicular to the magnetic field,
using Laplace transforms since we wish to show the time
domain behavior, is given as

2
a)pe(s +v)

Q, + (s +v) =

I1(s) = |:s - ] CoV (s).
This is the perpendicular orientation case, that is, when the
probe electric field is perpendicular to the ambient magnetic
field. If we now calculate the impedance, Z (s) = V(s)/1.(s)

given as

Q% + (s +v)?
sCol(s +v)? + (@2, + Q2)1 + Cove?,

Z) )= (22)
we note the appearance of the upper hybrid frequency, “’5}; =
wf,e + Qf.e, as a resonance in the impedance when v = 0.
The linear, or small signal, time-domain current response to
an arbitrary voltage input is given by the inverse Laplace
transform
dV(t)
dat =

The clearly observable response in the time-domain current
is the appearance of the oscillations corresponding to the
electron cyclotron resonance, as can be seen in Fig. 4, and
the expression above for the current in the time domain. The
solution is damped at a rate proportional to the electron-neutral
collision frequency, while the plasma frequency is proportional
to the square root of the amplitude of the output current. Note
that the UHR does not appear explicitly in the expression for
the time-domain current, its contribution is embedded in the
convolution operation.

i1(f) = @p,CoV (1) ¥ €™ cos(Qc.t) + Co

(23)

IV. REsuLTs FROM NASA USIP SOUNDING
ROCKET EXPERIMENT

The TDIP was integrated into a NASA sounding rocket
launched out of Wallops Island on March 1, 2016,
at 8.50 A.M., Eastern Standard Time. Because of the early
winter morning launch time, we anticipated some temperature
drift in measured values of the input reference Gaussian
derivative voltage between the laboratory and during the flight.
This did, in fact, appear to be the case. In Figs. 5 and 6, we see
the slight difference due to the drifts. In addition, the increased
ionization levels in the dawn were expected to yield higher
values of electron density compared to a predawn launch. The
flight time was approximately 1010 s, from launch to payload
impact on the ocean. The rocket reached an apogee of 185 km,
flying through the F-layer ionosphere enhanced densities on
both the upleg and downleg.

After impact, the payload was successfully recovered and
returned in working condition. Some ocean water residue was
found on the bottom side of the main board, but this was
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Fig. 5. Measured raw input and output from the instrument after recovery

off the coast of Wallops Island. The instrument worked correctly, indicating
that there was no electronics malfunction or failure during the flight.
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Fig. 6. Sample measurement of output error from the TDIP during the USIP
flight. The output current appeared to be rectified or saturated when going
negative and was offset by about 0.5 V.

removed through a 90% alcohol bath process. We were able to
test the instrument in the laboratory postflight to ensure that it
operated correctly. The postflight tests showed the instrument
performance to be identical to preflight behavior. Thus, there
was no electronics malfunction or failure during the flight.

In Fig. 5, we show the input and error signals as measured
in laboratory conditions, with a slightly unbalanced bridge.
Because of the difference in capacitance between the probe
and balance sections, we see the differentiated input signal
appear as an error.

In Fig. 6, the measured response due to a Gaussian input
pulse is shown. The input pulses were triggered once every
100 us, as long as an enable signal was present from the main
payload processor to the TDIP. Through the flight, the TDIP
generated around 8500 pulses that were stored in 500 data
files, each file consisting of 17 pulses or equivalently, 1.7 ms
of data sampled at 5 MS/s. The changes in a single file of
data were found to be insignificant. Since the rocket moved at
a maximum of 1341.5 m/s during the instrument deployment
phase, each file contained data equivalent to 2.28-m spatial
resolution. This distance is short compared to the scale of
altitude dependent density irregularities in the E and F regions.
The first 35 files were corrupted and we obtained 475 files of
usable data.

In Figs. 7 and 8, we show the measured voltages at two
points during the flight. Each plot shows superposed mea-
surements resulting from 17 or 18 pulses. As can be seen,
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Fig. 7. Superposed output voltages from a single data file (file 150) during

the flight. 17 waveforms are superposed in this example. Only one waveform
was different from the others.
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Fig. 8. Superposed output voltages from a single data file (file 290) during
the flight. 17 waveforms are superposed in this example. The difference in
qualitative features and in the amplitude of the maximum in comparison to
the plot in Fig. 7 is clear.

the qualitative features of each set are quite different, between
points 5 and 20 on the x-axis. The samples are 0.2 us apart.
However, the measurements made over one file are roughly the
same, showing that the results were repeatable. The signal-to-
noise ratio as measured was about 50-dB worst case.

It is clear from Figs. 7 and 8 that the measured response
did not correspond to the expected response obtained from the
linear theory or the PF-FDTD simulations. First, there was
an offset due to spacecraft charging of roughly 0.5 V at the
ADC inputs. Second, the negative part of the signal appears
to saturate. This was across all files. This nonlinear response
may be due to a phenomenon called sheath rectification, and
can only be analyzed with a fully nonlinear simulation. In the
next iteration of the instrument, the size of the input signal
needs to be adjustable while in flight, and an offset added to
prevent saturation.

We performed a trend analysis of different points on each
sampled curve over the entire flight. In Fig. 9, the maximum
of each sampled curve is tracked across the 475 data files
corresponding to 200 s of measurement time. This maximum
occurs at the seventh point on each sampled curve, as can be
observed from Figs. 7 or 8. From (23), the initial amplitude
of the current is modulated by mf,e, this suggested that we
track the behavior of the first maximum. We observed that the
maximum increased in value during the flight on the upleg, and
then decreased on the downleg, with some exceptions. There is
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Fig. 9. Trend of point number 7, the first maximum of the output, over

the entire flight. 200 s of data consisting of 475 different files, each with

about 17 or 18 pulses, were analyzed to produce this trend. The altitude of

the rocket with time is also shown.

Normalized Magnitude

Fig. 10. FFT of the normalized impedance waveform obtained through (3),
for the 17 waveforms sampled in file 150. The two peaks at 900 kHz and
1.85 Mhz are used to perform a trend analysis across all 500 files.

a sharp dropout in the data occurring between 175 and 185 s
after launch. The reason for this dropout is unclear. There
is also a jump in the maximum at about 150 s into the
measurements, followed by a similar drop at about 273 s
into the measurements. This shows that the maximum became
prominent approximately when the payload entered a higher
density region in the ionosphere F layer. Below this density,
the instrument appeared to be less effective. The altitude with
respect to time of the rocket is also shown in this figure,
which shows that the sharp rise and fall in the amplitude of
the maximum point occurs around 165-170 km on both the
upleg and downleg of the flight.

In Fig. 10, the fast fourier transform of the impedance Z(w)
derived from the error signals in file 150 using the expression
in (3) are shown. It is clear that the frequency content is
markedly different from those expected using the linear theory.
Two peaks appear at 900 kHz and 1.85 MHz. These peaks
and the shape of the curve do not correspond to the linear
behavior. As a result, we were unable to perform the usual
frequency-domain analysis of the waveforms over the flight to
infer the electron densities, using linear formulas or the linear
PF-FDTD simulations. Instead, we performed a trend analysis
by observing the movement of the two frequency peaks over
the course of the flight.

The results of the FFT trend analysis are shown in
Figs. 11 and 12. In Fig. 11, the trend shows the peak
moving upward and then downward in frequency between
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Fig. 11. FFT trend of the bottom peak at 900 kHz, over 500 files (200 s)

through the flight. The trend correlates with the trend of the maximum shown
in Fig. 9.
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Fig. 12. FFT trend of the top peak at 1.85 MHz, over 500 files (200 s)
through the flight. The trend is anticorrelated with the trend of the maximum
shown in Fig. 9.

150 and 273 s into the flight. This trend shows the same
behavior as the single point maximum trend shown earlier.
The same behavior is observed for the upper peak of Fig. 12,
except it is anticorrelated with the density increase, as opposed
to the earlier two trends.

Before 150 s, the rocket was below about 165 km, and after
273 s, the rocket was below 170 km. The measured results
at the altitudes below this level are rising with increasing
altitude corresponding to an expected increase of density on
the upleg, and falling with decreasing altitude corresponding
to an expected decrease of density on the downleg. However,
the profiles are qualitatively different between the upleg and
downleg portions. This is not surprising since there was a
23-km horizontal distance between the upleg and downleg at
the two points occurring at 150 and 273 s, the trajectory being
parabolic. We should expect differences in measurements that
are further apart horizontally. The correspondence between
upleg and downleg is closer as the rocket approaches its
apogee, which is also expected. On the other hand, the sudden
jump in the measurements occurring at 165 km is not clearly
understood.

The anomalies at the altitudes corresponding to 150, 180,
and 270 s appear to be connected to the payload related arcing,
or sudden changes in payload attitude or interference from
other instruments.

V. CONCLUSION

We have described a new impedance probe for space
plasmas that utilizes a time-domain method as opposed to
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frequency sweeping methods currently used. The time-domain
method appears to be favorable for making measurements with
fast moving small satellites in low earth orbit, and the method
is shown here to be essentially correct. However, significant
challenges remain in deciphering and interpreting the data.
This needs theoretical and simulation works that include the
nonlinear regime. However, we observed a clear trend in the
data which confirms that the instrument measured changes in
the ionospheric density with increasing and decreasing alti-
tude that corresponds qualitatively with expected ionospheric
density profiles. The observed trends were apparent in both
the time and frequency domains, first in the movement of
the maximum point in the time signal as the rocket traveled
up and then down through the F layer, and second through
two clearly observable peaks in the frequency domain that
displayed similar behavior. In the second case, the lower peak
in the FFT trend was positively correlated with the time-
domain trend, while the upper peak was anticorrelated with
the time-domain trend. However, the qualitative features were
similar above 165-km altitude, closer to where the rocket
approached its apogee at 185 km. This result also confirms
that the electronics of the new instrument worked correctly
throughout the flight, although the probe did not function in
the same way during the flight as it did in the laboratory.
The next iteration of this instrument is being developed for a
cubesat to perform the same measurements at 500-km altitude,
where the densities are high, and where the collisional effect
is low. The technique will be improved through ensuring that
an offset dc voltage can be applied to correct for sheath errors,
and the signal amplitude made adjustable to avoid triggering
nonlinear behavior.

APPENDIX
LINEAR TIME-DOMAIN EXPRESSION FOR
CURRENT IN THE PROBE

We start with the linearized continuity and momentum
equations, and take Laplace transforms in time, with zero
initial conditions to obtain a relationship between the electron
velocity u, and the electric field E, and replace the expression
for u, into the expression for J,, to obtain

2
0w
=i (24)
D(s)
where K is a tensor given as
a?+Q? —aQ,+Q,0, aQ,+Q.Q,
K=| aQ,+0Q,Q, a’+Q? —aQ,+Q,Q,
—aQ,+Q.Q, aQ,+Q,Q, a’+Q?
(25)
and @ = a(s) = s + v. The function D(s) is given by

D(s) = a(a® + Qge). In the above-mentioned matrix, we use
abbreviated notations for the component specific cyclotron
frequency, that is, Q, = eB./m.,Q, = eB./m,, and
Q. = eB,;/m,. The electron charge is e = 1.6 x 10~1?
and the electron mass is m, = 9.11 x 1031, The electron
cyclotron frequency is given by Q.. = eB,/m, where B? =
B2+ B2+ B2. In the above-mentioned relationship, the earth’s
magnetic field is used, B,=B..%+ B.yy + B.;Z.
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A. Parallel Plate Probe With Zero Ambient
Magnetic Field

In the case of zero ambient magnetic field, the tensor K

reduces to a scalar, and the electron current density J, becomes
2

= EQ —

Jol) = —=

(26)

We use this relation as follows. For a capacitive parallel
plate probe with plasma confined between the plates, we can
use the standard approach of finding a relative permittivity
for the plasma between the plates. To get the equivalent
capacitance using two capacitor plates and plasma between
plates, we restrict the electric field lines to exist only between
the plates. We further assume that the electric field is normal
to the surface of the plates. The current into the plates J;, will
equal the plasma electron current added to the displacement
current between the plates, Jyire = Je + Jp, where J, is
the electron current due to charge motion, while Jp is the
displacement current, or capacitive effect. Implicitly, we are
making the following approximation that the electric field is
only due to the imposed excitation and that we can neglect
the contribution from the changing magnetic field between
the plates, effectively neglecting the inductive effect from
Faradays law. This results in

2
w
Jn=¢€ |:] - L] SE.

s(s +v) 29

Integrating over the capacitor plate surface A and letting E =
V/d, we obtain

2

Iy(s) = [1 e

s(s+v) (28)

]SC(}V(S)

where Cyp = €9 A/d is the effectie free space capacitance of
the probe structure. The impedance is then given as

s+v
Zj(s) = ’
1) Co(s% +vs +@2,)

(29)

In the frequency domain (when s = jw), the impedance will
exhibit a resonance at @ = wp,. The time-domain current
response to an arbitrary voltage input with o(f = 0) = 0 will
be

(N =Co (30)

av(r) _
o + b, Coe™ % V().

B. Parallel Plate Probe With Ambient Magnetic Field

In this case, we let Ee = B{]ZZ). If the plates surfaces are
perpendicular to the z-axis and the electric field is taken to be
parallel to B,, then the resulting expressions degenerate to the
case with no magnetic field. The diametrically opposite case
is with the plate surfaces parallel to the z-axis and the electric
field perpendicular to the plates, and confined to the plasma
volume between the plates. In this case, we can reorient the
axes to get only E,, and the tensor K reduces to

a? —af). 0
aQ, a? 0
0 0 a>+Q?

K= @31)
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With this simplification, we obtain the current through the
probe in a manner similar to the procedure above, and obtain

wf, L5 +v)
Q2 + (s +v)?
This is the perpendicular orientation case, that is, where the
probe electric field is perpendicular to the ambient magnetic
field. We note the appearance of the upper hybrid frequency,
wﬁh = mf,e + Q.Ee, as a resonance in the impedance when
v =0, where Z (5) is given as
Q2 + (s +v)?
sCo[(s +v)? + (@2, + Q%) ] + Coved,

The time-domain current response to an arbitrary voltage input
is

Li(s)=|s+ CoV (s). (32)

Z,(5)= (33)

d
iL(t) = wh,CoV (f) % €™ cos(Qc.t) + Co (34)

V()

_—

We do not present an expression for the impedance or the
current for an arbitrary magnetic field orientation with respect
to the plates. It turns out to be more beneficial to obtain a
general formula for the impedance of a probe structure pos-
sessing any dipolar field structure, as long as inductive effects
are neglected and no radiation is present. It should be noted
that in the current approximation, the derived expressions are
obtained from consideration of the component of the current
density parallel to the electric field.
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