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 
Abstract— There is an increasing interest in wireless power 

transfer for medical implants, sensors networks and consumer 
electronics. A passive capacitive parametric ultrasonic transducer 
(CPUT) can be suitable for these application as it does not require 
a DC bias or permanent charge. In this paper, we present a 1-
dimensional lumped parameter model of the CPUT to study its 
operation and investigate relevant design parameters for power 
transfer applications. The CPUT is modeled as an ultrasound 
driven piston coupled to an RLC resonator resulting in a system 
of two coupled nonlinear ordinary differential equations. Simulink 
is used along with an analytical approximation of the system to 
obtain the voltage across the capacitor and displacement of the 
piston. Parametric resonance threshold and ultrasound to 
electrical conversion efficiency are evaluated and the dependence 
of these performance metrics on the load resistance, input 
ultrasound intensity, forcing frequency, electrode coverage area, 
gap height and the mechanical Q-factor are studied.  Based on this 
analysis, design guidelines are proposed for highly efficient power 
transfer. Guided by these results, practical device designs are 
obtained through COMSOL simulations. Finally, the feasibility of 
using the CPUT in air is predicted to set the foundation for further 
research in ultrasonic wireless power transfer, energy harvesting 
and sensing.  
 

Index Terms— Airborne ultrasound, capacitive parametric 
ultrasonic transducer (CPUT), non-linear acoustics, parametric 
resonance, ultrasound transducer, wireless power transfer 

I. INTRODUCTION 
Ultrasonic transducers have been in use for many years for 
various applications such as medical imaging, non-destructive 
testing, wireless power transfer, and as sensors. Almost all 
ultrasonic transducers can be classified as either piezoelectric 
transducers or capacitive transducers. Early ultrasound 
transducers consisted of either a  piezoelectric ceramic or a 
composite array consisting of a number of piezoelectric 
elements and was used for medical imaging, non-destructive 
testing (NDT) and as ultrasonic motors amongst many other 
applications [1]-[4] . With the emergence of micromachining 
technologies in the 90’s, capacitive micro-machined ultrasonic 
transducers or CMUTs gained increasing prominence for 
applications such as, intravascular ultrasound imaging (IVUS), 
tissue harmonic imaging and focused ultrasound [5]–[8]. More 
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recently, there is a strong focus on developing piezoelectric 
micro-machined ultrasound transducers or PMUTs for 
fingerprint detection and imaging [9]–[11]. Compared to 
traditional piezoelectric transducers, PMUTs and CMUTs have 
the advantage of a miniaturization, a larger bandwidth in 
immersion and easier electronics integration [12]. This makes 
them highly suitable for applications such as IVUS and 
fingerprint sensing, where a large number of elements are 
required in a small form factor. 

Wireless power transfer has recently gained renewed interest 
with the emergence of implantable medical devices, internet of 
things (IoT) and wearable technologies [13]–[16]. Despite the 
integration advantages of CMUTs, so far piezoelectric 
transducers are used almost exclusively as receivers for 
ultrasonic wireless power transfer [17]–[19]. This is because the 
piezoelectric transducer is a completely passive, self-generating 
device, whereas a DC bias or some permanent charge is 
required to operate capacitive transducers [20], [21]. This 
makes capacitive transducers less desirable for wireless power 
transfer and energy harvesting applications, where a passive 
system is preferred. Recently, we demonstrated the operation of 
a new type of parametric resonance based transducer called the 
capacitive parametric ultrasound transducer or CPUT to 
overcome these limitations [22]. Unlike direct resonance 
(where a system is forced at its natural frequency), an electrical 
or mechanical system can be driven into parametric resonance 
by varying an internal system parameter such as the reactance 
or resistance at approximately two times the natural frequency 
of the system to generate oscillations of large amplitude. This 
effect has been observed in simple contraptions such as the 
playground swing [23] as well as in complex vibration energy 
harvesters [24], [25]. The CPUT consists of a time-varying 
membrane-based capacitor which forms part of an RLC circuit. 
By exciting the membrane with ultrasound at two times the 
resonance frequency of the RLC circuit, we can drive the 
system into parametric resonance and convert the acoustic 
energy to electrical energy in a highly efficient manner. 
Depending on the application, the source of the ultrasound 
excitation could either be an ultrasound transducer (wireless 
power) or base excitations (energy harvesting). Unlike 
conventional capacitive transducers the CPUT can potentially 
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start with the help of thermal noise and can be operated without 
a pre-charged membrane or a DC bias. 

In our previous work, a simple model and a demonstration 
experiment was reported. Parametric resonance is a highly non-
linear phenomenon and hence a detailed analysis is required 
while designing the CPUT in order to achieve optimal operation 
and performance. In this paper, a 1-dimensional (1D) model of 
the CPUT is presented and its operational characteristics are 
explored using Simulink (The MathWorks, Inc., Natick, MA). 
An alternate, analytical approach to the CPUT problem is also 
presented, to obtain certain important parameters which provide 
further insight into CPUT operation. With the help of these two 
methods of solution, the performance of the CPUT is studied by 
varying different operational parameters and some practical 
designs for highly efficient operation in water are simulated in 
COMSOL. The feasibility of using the CPUT for in-air 
applications is also discussed in some detail followed by the 
concluding remarks. 

II. MODELLING 

A. 1-dimensional (1D) model formulation 
Unlike many ultrasonic transducers which are typically 

operated in the linear regime, the CPUT is more complex due 
to the inherent non-linearities present in the system. 
Performance parameters such as the acousto-electrical 
conversion efficiency are strongly dependent on factors such as 
the medium in which the device is operated, level and frequency 
of forcing, receiver dynamics and load resistance. Hence it is 
necessary to carefully consider these factors while designing 
the CPUT for a particular application.  

The CPUT can be considered as a black-box composed of a 
mechanical domain and an electrical domain. The mechanical 
domain consists of a time-varying capacitor that is excited by 
an incident ultrasound field in a fluid. This capacitor is 
connected in series with an inductor and resistor to form a 
resonant RLC circuit in the electrical domain. When the 
capacitance is varied above a certain threshold at around two 
times the resonance frequency of the RLC circuit, the system is 
driven into parametric resonance. At this time, a growing 
current develops across the circuit until it is limited to a steady 
state value determined by the non-linearities and damping 
present in the system. Hence the incident acoustic power is 
converted by the CPUT into electrical power that is then 
harnessed across the load resistance. 

In order to understand its operation, the CPUT is modelled 
as a 1-dimensional (1D) lumped parameter system as shown in 
fig. 1. The capacitor is represented as a parallel plate piston with 
known mass m, stiffness k and damping b in the 1D model. The 
mass and stiffness values correspond to the equivalent mass and 
stiffness of a fluid loaded piston capacitor. The damping 
represents the radiation losses in the fluid and other mechanical 
damping in the system in this 1D setting. It is assumed here that 
the mechanical losses in the capacitor are negligible when 
compared to the fluid losses and is hence ignored. The radiation 
loss is represented by the real part of the radiation impedance 
of a circular baffled piston [26] i.e. b=real{Zfluid}=real{Rf+jXf}. 

The imaginary part of this radiation impedance (which 
manifests itself through an additional mass loading Xf=mf) can 
be lumped with the mass of the piston m0 to obtain the 
equivalent mass m i.e. m0+mf=m.  

 
Fig. 1. 1D lumped parameter representation of the CPUT. The mechanical 
piston consisting of a spring, mass and damper also behaves as a parallel plate 
capacitor to complete an RLC circuit in the electrical domain. 

The incident harmonic ultrasound forcing F0 at frequency us 
causes the piston to oscillate with a velocity v. In order to 
maximize the displacement x of the piston (x=v/j), the 
parameters k and m can be chosen such that the resonance 
frequency of the parallel plate piston is equal to the ultrasound 
forcing frequency. We shall henceforth call this the mechanical 
resonance frequency om, where 

 

                                         𝜔𝑜𝑚 = √
𝑘

𝑚
                                     (1) 

We also define the mechanical quality factor of the oscillating 
piston as 
 

           𝑄𝑚 =
𝜔𝑜𝑚𝑚

𝑏
                                     (2) 

 
The same parallel plate piston also acts as a time-varying 
capacitor having a capacitance  
 

             𝐶 =
𝜖0𝐴

𝑑0−𝑥
                                       (3) 

 
where d0 is the undisturbed gap between the two plates. This 
capacitor forms part of the electrical oscillator along with an 
inductance L and load resistance R. For efficient parametric 
excitation, the value of the inductor can be chosen such that the 
resonant frequency of the RLC circuit is approximately half of 
that of the ultrasound forcing ie.  us  2oel. Here, oel is the 
resonant frequency of the RLC circuit and is given by, 
 

              𝜔𝑜𝑒𝑙 = √
1

𝐿𝐶0
                                        (4) 

 
Where C0 is the undisturbed capacitance. Similar to eqn. 2, we 
can define the electrical quality factor of the RLC circuit, Qel 
as 

                                       𝑄𝑒𝑙 =
𝜔𝑜𝑒𝑙𝐿

𝑅
                                    (5) 
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B. Mathematical formulation 
The 1D lumped parameter system can also be expressed 

mathematically as a mechanical oscillator coupled to an 
electrical oscillator via a time-varying piston capacitor. This 
can be represented by two coupled non-linear ordinary 
differential equations: 

 

[
𝑑2

𝑑𝑡2
+

𝑅

𝐿

𝑑

𝑑𝑡
+

𝑑0 − 𝑥

𝐿𝐴𝜀0

] 𝑉 = 0                         (6) 

 

[
𝑑2

𝑑𝑡2
+

𝑏

𝑚

𝑑

𝑑𝑡
+

𝑘

𝑚
] 𝑥 =

𝐹0

𝑚
sin(𝜔𝑢𝑠𝑡) + 

𝜀0𝐴

2𝑚

𝑉2

(𝑑0 − 𝑥)2
             (7) 

 
where the voltage across the capacitor V and displacement of 
the piston x are the unknowns. The right-hand side of eqn. 7 
represents the force acting on the piston and it is the sum of the 
ultrasound forcing F0 and the electrostatic force due to the 
voltage across the capacitor. This system is more complex than 
the parametric resonance prototype of Mathieu’s equation1, as 
well as the energy harvesters described in [26], [27], in the 
sense that it is 4 dimensional ODE system instead of 2. The 
complexity arises from the fact that the two oscillators are 
nonlinearly coupled and the displacement of the piston is a 
function of both external forcing and the voltage generated due 
to this parametric excitation. The methods of solution for the 
two formulations are described in the following subsections. 

 
1 Note in Mathieu’s equation there is a possibility of losing energy while 

being parametrically excited (see e.g. [27]), but that will not happen in the 
system proposed here (see [28]). 

C. Simulink as a method of solution for the 1D model 
The transient response of the 1D lumped system is analyzed 

in Simulink by creating a best-form mathematical model of the 
RLC circuit. In this case, the time-varying capacitor is 
represented by a block containing a transfer function that takes 
the voltage across the capacitor and the ultrasound force as the 
input and provides the parallel piston displacement as the 
output. The displacement can then be used to determine the 
instantaneous capacitance, thereby forming a closed loop - this 
circuit implementation is shown in fig. 2. To provide the 
necessary initial condition for parametric resonance, an 
electrical excitation of frequency oel is produced in the RLC 
circuit by providing a short input voltage pulse. This is followed 
by applying a uniform ultrasound force on the face of the piston 
at us. If the level of forcing exceeds a required threshold, the 
CPUT is driven into parametric resonance and parameters such 
as the voltage, current and displacement can be recorded using 
the Simulink scope. It must be noted that a constant noise source 
can also be used in place of the voltage pulse to demonstrate 
that the CPUT can work with only thermo-mechanical noise 
present. 

D. Analytical solution to the mathematical formulation 
The transient Simulink simulations can be time consuming 

and non-intuitive when performing an extensive parametric 
analysis. Accurate analytical approximate solutions can be 
obtained by careful asymptotic analysis of the coupled non-
linear ODEs. These analytical solutions, when used in 
conjecture with Simulink, provide more insight into CPUT 
operation by providing expressions for steady state voltage and 

Fig. 2. Simulink block diagram of 1-D CPUT model. The voltage across the resistor and the piston displacement is recorded using a Simulink scope. Information 
regarding the mass, stiffness and the losses in the piston is included in the force to displacement transfer function block. A gain of 1 and a sampling time of 25 ns 
is used in the discrete time integrator block.  
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displacement amplitudes on the capacitor and the force 
threshold for parametric resonance. These expressions can 
provide guidelines on the operational limits of the CPUT 
without having to simulate a large number of cases using 
Simulink.   

In order to employ asymptotic analysis and simplify 
notations, the following normalized parameters are introduced: 

 

𝜖 =
𝜇3𝜀0𝐴

2𝑚ξ2  ,  𝛾 =
𝑅

𝐿ξ𝜖
 ,   𝛼 =

1

𝐿𝐴𝜀0ξ2𝜇𝜖
,  𝛽 =

𝑏

𝑚ξ𝜖
, 𝐹 =

𝜇0𝐹0

𝑚ξ2𝜖
, 

𝐷 = 𝜇𝑑0,  𝜔 =
𝜔0𝑒𝑙

ξ
 

 
where 𝝃=107 and µ=108 for experimental parameters considered 
in this article. As a result, 𝜖 ≪ 1 and then a nonstandard 
coordinate transformation is used to separate the timescales in 
the system to allow a more accurate approximation via the 
averaging theory [29]. The details of the method employed to 
obtain the approximate solutions is explained in [28]. At steady 
state, the voltage amplitude 𝑉 across the capacitor, oscillation 
amplitude of piston displacement r, and average piston 
displacement y are found to be: 

 

     𝑉 ≈ √
−8𝐷4𝛼𝛽𝛾𝜔4+2𝐷3𝜔√𝑁

𝐷2𝛼2𝜔2+16𝛾2𝜔4+4𝛼𝛽𝛾𝐷𝜖𝜔2+𝛼2𝛽2𝜖2𝐷2             (8) 

where, 
𝑁 = 𝐷2𝐹2𝛼4𝜔2 + 16𝐹2𝛼2𝛾2𝜔4 − 256𝛽2𝛾4𝜔8

+ 4𝛼𝛽𝛾𝐷𝜔2(𝛼2𝐹2 − 16𝛽2𝛾2𝜔4)𝜖
+ (𝐷2𝐹2𝛼4𝛽2 − 16𝐷2𝛼2𝛽4𝛾2𝜔4)𝜖2 

 

             𝑟 ≈ √(
2𝛾𝜔

𝛼
)

2

+ (
𝜖𝑉2

4𝐷2𝜔2)
2

                               (9) 

 

𝑦 ≈
𝜖𝑉2

8𝐷2𝜔2
                                        (10) 

 
Note if shorter expressions are preferred, 𝑉 can be further 
approximated by 
 

𝑉 ≈ √
−8𝐷4𝛼𝛽𝛾𝜔2+2𝐷3√𝐷2𝐹2𝛼4+16𝐹2𝛼2𝛾2𝜔2−256𝛽2𝛾4𝜔6

𝐷2𝛼2+16𝛾2𝜔2       (11) 

since 𝜖 ≪ 1. 
 
As mentioned earlier, due to the resistive losses in the 

system, in order to drive the electrical circuit into parametric 
resonance, the change in capacitance must exceed a certain 
minimum threshold value. The minimum force required to 
obtain a finite steady state voltage is  

 
  |𝐹| ≥

4𝜔2

𝛼
√𝛾2 + 4∆2𝜔2√𝛽2 + 16∆2𝜔2            (12) 

   in particular, if ∆=0, 𝐹0 ≥ 4𝜔𝑜𝑒𝑙
2𝑅𝑏𝐴𝜀0 

 
where ∆ is the measure of deviation of the forcing frequency 
from 2. It is assumed that the radiation impedance seen by the 
piston remains constant in this ∆ interval. From eqn. 12 it is 
observed that if ∆=0, F0 depends only on b, R, oel and A. In our 

1D model, b purely depends on the medium of operation – this 
implies that a lower minimum force is required to operate in a 
fluid having a lower acoustic impedance. Similarly, operating 
the CPUT at a lower frequency also reduces the forcing required 
for parametric excitation. The effect of reducing b and oel is 
studied in greater detail in section IV, where the feasibility of 
operating CPUT in air is explored.  The CPUT is also very 
sensitive to a small input force if the load resistance R and 
electrode area A is reduced. While this may not be practical for 
power transfer, where there is an optimum value of load 
resistance at which the impedance is matched, it may be more 
feasible in sensing applications, where impedance matching is 
not an issue and load resistance can be minimized to achieve 
high force sensitivity.    

III. RESULTS 
The above formulations allow one to investigate the 

performance of CPUTs for power transfer applications which 
depends on both electrical and mechanical parameters. For this 
purpose, in this section we define the relevant performance 
metrics and analyze the results for a specific CPUT operating 
around 2 MHz in immersion.  

A. Parametric study using an example CPUT 
As an example, a CPUT with parameters listed in table 1 is 

used to explore the device characteristics using the two models 
developed. Assuming that the CPUT is operated inside the 
human body for wireless powering of implantables, water is 

chosen as the medium of operation as it closely mimics the 
acoustic properties of human tissue. An ultrasound frequency 
of 2 MHz and a piston area of 1mm2 is chosen such that the 
device has a small footprint and can be operated at a reasonable 
depth inside water. The values of k and m are chosen such that 
the mechanical resonance frequency is always 2 MHz and the 
value of the inductance is chosen such that the electrical 
resonance frequency is always 1MHz. It must also be noted that 
although the input ultrasound intensity is varied between 
1mW/mm2 and 15 mW/mm2 for the sake of simulations, the 
maximum FDA permissible limit of diagnostic ultrasound is 
7.2mW/mm2 [30]. 

An important figure of merit to evaluate the transducer for 
power transfer applications is the efficiency of the CPUT. 
Using Simulink, the efficiency can be calculated as the ratio of 

TABLE I 
PARAMETERS USED FOR EXAMPLE CPUT 

Symbol Quantity Value 

A Piston area 1 mm2 
k 

m0 
Piston stiffness 

Piston mass 
1 × 108 N/m 

6.12 × 10-7 kg       
d0 Vacuum gap 120 nm 
us Ultrasound frequency 2 MHz 
oem Mechanical resonance frequency 2 MHz 
oel Electrical resonance frequency 1 MHz 
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the time averaged power dissipated across the resistor to the 
available acoustic power. 

 

𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑐𝑦 =  
1

𝑇
∫ 𝑖2𝑅 𝑑𝑡

𝐴𝑣𝑎𝑖𝑙𝑎𝑏𝑙𝑒 𝑝𝑜𝑤𝑒𝑟
× 100(%)                   (13) 

 
Here, i is the current in the circuit and R is the load resistance. 

The available power is given by (p.A)2/Rf, where p is the rms 
pressure on the face of the piston under perfectly matched 
impedance conditions, A is the area of the piston and Rf is the 
radiation resistance. To be consistent, we assume that this 
pressure is generated by an incident acoustic wave of intensity 
I=p2.A/Rf.  

When the CPUT input impedance is well matched with the 
acoustic impedance of the fluid, most of the acoustic energy 
incident on the piston passes through with minimal reflection 
and is available across the load resistance as electrical power. 
Hence one way of achieving high efficiency is to minimize the 
power reflection coefficient |R|2 at the face of the piston[31], 
[32]. 

 

|𝑅|2 = |
𝑍𝑓𝑙𝑢𝑖𝑑−𝑍𝑖𝑛𝑝𝑢𝑡

∗

𝑍𝑓𝑙𝑢𝑖𝑑+𝑍𝑖𝑛𝑝𝑢𝑡
|

2

                             (14) 

 
Here Zfluid is the acoustic radiation impedance of the fluid and 

Zinput is the input impedance of the CPUT in the absence of 
radiation resistance which can be calculated by obtaining the 
ratio of the complex force amplitude on the piston to the 
complex velocity amplitude at the face of the piston ie. 

 
                                 𝑍𝑖𝑛𝑝𝑢𝑡 =

𝐹

𝑣̅
|

𝑝𝑖𝑠𝑡𝑜𝑛 𝑠𝑢𝑟𝑎𝑓𝑎𝑐𝑒
               (15) 

 
 Since Zfluid is fixed, CPUT parameters must be optimized to 

achieve low reflection coefficient in the bandwidth of 
operation. In the results that follow, Simulink is used to 
calculate efficiency and reflection coefficient of the example 
CPUT as a function of various parameters. The analytical 
solutions are used to complement these results by providing 
plate displacement, forcing threshold and operational frequency 
bandwidth data.  

 
Fig. 3. Power reflection coefficient vs load resistance for a fixed input intensity 
of 3.33 mW/mm2. The CPUT efficiency is maximized as the power reflection 
coefficient is reduced. 

 
Fig. 4. CPUT efficiency vs load resistance for different input levels of input 
intensities. A higher input intensity allows a greater critical load resistance ie. 
The resistance beyond which the system cannot be driven into parametric 
resonance. 

B. Effect of load resistance on efficiency and power reflection 
coefficient 

The input impedance of the CPUT is strongly dependent on 
the load at the termination. Assuming a purely real load, fig. 3 
shows the variation of power reflection coefficient and 
efficiency with load resistance for a fixed input ultrasound 
intensity of 3.33 mW/mm2 at 2MHz (translates to a force of 0.1 
N on a piston face having 1mm2 area) obtained using Simulink. 
It can be seen that the reflection coefficient which is large at 
low load resistances, reduces until it reaches a minimum around 
50 Ω 

 
Fig. 5. 2D color map plot of efficiency of the CPUT vs plane wave input 
intensity and forcing frequency. The solid red line (analytical solution) 
indicates the operational frequency bandwidth of the CPUT, ie. the region 
within which the system sustains parametric resonance. The dashed line 
represents the actual forcing frequency 2woel′ required to efficiently drive 
parametric resonance. 

and then increases again until it is maximum at 100 Ω. As 
expected, a maximum efficiency of over 90% is obtained when 
the reflection coefficient is minimum. Increasing the load 
resistance causes Zinput to change and the resistance at which 
maximum efficiency is obtained corresponds to the best 
impedance match between the CPUT and the fluid medium. At 
a load resistance of 100 Ω, it is seen that the efficiency drops to 
zero as the level of ultrasound forcing does not meet the 
required minimum threshold for parametric resonance as 
defined in eqn. 12. The upper limit of this critical load 
resistance can be increased further by increasing the level of 
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forcing. As shown in fig. 4, if the input intensity level is 
increased, the range of load resistance in which parametric 
resonance is obtained, is also increased. It is also observed that 
the resistance at which maximum efficiency is obtained is 
shifted to the right which implies that the input impedance of 
the CPUT depends on the level of forcing. 

The effect of a small shift in excitation frequency on the 
efficiency of the CPUT is studied by varying the input 
ultrasound intensity and the forcing frequency at a fixed 
resistance of 50 Ω. Using Simulink, the CPUT efficiency is 
obtained from input intensities ranging from 1 mW/mm2 to 15 
mW/mm2. The ultrasound forcing frequency us is also varied 
about its value of 2 MHz to determine the frequency bandwidth 
of operation. From the resulting 2D plot shown in fig. 5, it can 
be seen that the operational frequency bandwidth predicted by 
the analytical solution (solid red line) closely tracks the 
boundary beyond which parametric resonance is not sustained 
(indicated by areas of zero efficiency as calculated using 
Simulink). Interestingly, the maximum efficiency is seen at a 
frequency slightly lower than 2oel. This can be explained by 
the fact that the system is excited into parametric resonance 
most effectively when the forcing frequency is two times the 
resonant frequency of the RLC circuit. However, as the input 
intensity is increased, a larger voltage develops across the 
capacitor. This in turn leads to a larger average attractive 
electrostatic force on the piston, thereby increasing the mean 
displacement y defined in eqn. 10. This causes the capacitance 
of the capacitor to increase from C0 to C0′ thereby slightly 
decreasing the electrical resonance frequency to oel′. To 
efficiently excite the system, the ultrasound frequency should 
be equal to two times oel′. By calculating the change in 
capacitance using the displacement data from the analytical 
solution, the actual 2oel′ is plotted as a dashed line in fig. 5. It 
is observed that the regions of maximum efficiency on the color 
plot closely follow this line thereby validating this argument. 
Looking back at fig. 3 and 4, one can also conclude that a better 
impedance match and a higher efficiency, reaching closer to 
100%, could be obtained if the forcing frequency was oel′ 
instead of 2MHz. 

 

 
Fig. 6(a). CPUT efficiency for 3 different electrode areas of 1mm2, 0.5mm2 and 
0.25mm2 (R=50  and I=3.33 mW/mm2) The corresponding inductance values 
used are 343 µH, 686 µH and 1372 µH respectively and the forcing frequency 
is 2 MHz.  

 
Fig. 6(b). Variation of power output for increasing gap height at different input 
intensities for R=50 . As the gap height is increased, the operational 
bandwidth becomes narrower, thus causing the efficiency to drop more rapidly 
with any variation from 2oel′ 
 

 
Fig. 6(c). Effect of CPUT gap height on operational frequency bandwidth for 
R=50 Ω and I=3.33 mW/mm2. Each solid line represents the frequency 
limits within which the CPUT sustains parametric resonance. It is seen that 
increasing the gap height causes narrowing of operational frequency bandwidth 
of the CPUT. 

Using eqn. 12, the minimum input intensity required for 
different US frequencies is also plotted as a solid line in fig. 5. 
Due to the resistive loss in the RLC circuit, the apex of the curve 
is centered at a non-zero input intensity at 2MHz and is 
symmetric on either side of the center frequency. It can be seen 
that increasing the input intensity causes the operational 
frequency bandwidth of the CPUT to broaden. The drop in 
efficiency when the forcing frequency is slightly different from 
2oel′ is also less drastic at higher levels of input intensity. Thus, 
in order to operate this example CPUT at the maximum possible 
efficiency, 3 factors must be considered – (i) the right load 
resistance for the operational input intensity must be chosen to 
minimize reflection at the face of the piston. (ii) The forcing 
frequency must be slightly detuned to 2oel′ to ensure that the 
CPUT is efficiently driven into parametric oscillation and (iii) 
a greater input intensity is required in order to operate the CPUT 
efficiently over a larger frequency bandwidth.  

C. Effect of electrode coverage and gap height on efficiency  
The effect of electrode coverage on the CPUT efficiency as 

obtained using Simulink is shown in fig. 6(a) for a receiver of 
area 1mm2 and input intensity of 3.33 mW/mm2 at 2 MHz. It is 
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observed that for the same piston area, reducing the area of the 
electrode has a negligible effect on the CPUT maximum 
efficiency. When the electrode area is reduced, the force 
required to sustain parametric resonance (as defined in eqn. 12) 
decreases. Thus, maintaining the same level of forcing causes 
the critical load resistance to increase and shifts the point of 
maximum efficiency to the right. In a real membrane/plate 
based CPUT, the average displacement is less than the 
displacement of an equivalent parallel plate piston as the center 
of the membrane undergoes larger range of motion whereas the 
regions near the clamped edges don’t move as much. By 
restricting the electrode coverage to the central high deflection 
zone, we can compensate for the lower average displacement 
and still obtain a high efficiency. Furthermore, reducing the 
electrode area for the same operating frequency also increases 
the range of load resistance and this provides us with more 
flexibility in terms of matching the CPUT to a wider range of 
resistive loads. 

 

 
Fig. 7: Change in efficiency as a function of load resistance for a fixed input 
forcing of 3.33 mW/mm2 at 2 MHz. The maximum achievable efficiency 
decreases at mechanical Q factor of the CPUT is reduced. 

The flexibility with choosing gap height also needs to be 
considered while fabricating the CPUT. The variation in output 
power with increasing gap height at a fixed load resistance of 
50 Ω and forcing of 3.33 mW/mm2 at 2MHz is shown in fig. 
6(b). It is observed that increasing the gap height causes the 
output power to gradually decrease for different input 
intensities. Unlike the previous case, where decreasing the 
electrode area increased the critical resistance, the gap height 
has no such effect. Instead increasing the gap causes the 
frequency bandwidth of operation to decrease (fig. 6c.). This 
means that any slight deviation from the actual forcing 
frequency 2oel′ causes the CPUT efficiency to drastically 
decrease. This narrowing of operational bandwidth due to 
increased gap, when coupled with reduced intensity (which 
causes further narrowing of operational bandwidth), resulted in 
an efficiency drop of nearly 50% when the forcing frequency is 
shifted from 1.995 MHz to 2 MHz in Simulink for a gap of 800 
nm and a forcing of 3.33 mW/mm2). Fortunately, it is possible 
to accurately control the ultrasound transmission frequency in a 
practical system. This enables design of CPUTs with different 
gap heights without compromising on the efficiency. 

 

 
Fig. 8. The parabolic lines indicate the bandwidth of the CPUT for different 
values of Qm. The corresponding values of 2oel′ are indicated by the dashed 
lines. The location of the two practical designs (design A and B) based on the 
simulated Q-factor is also marked in the figure. 

D. Effect of receiver design on efficiency  
The mechanical design of the CPUT receiver is another 

parameter that must be considered while optimizing CPUT for 
power transfer applications. The receiver can be made using 
different structures such as a membrane, stiff plate or 
interdigitated fingers and from various materials such as silicon, 
silicon nitride or aluminum. The mechanical Q-factor of the 
receiver will depend on the choice and shape of material and 
the fluid of operation. The effect of Qm on the efficiency of the 
CPUT driven at 2 MHz at an intensity of 3.33 mW/mm2 is seen 
in fig. 7. It is observed that the CPUT having the highest Qm of 
5.5 shows a maximum efficiency of 92%. The maximum 
achievable efficiency seems to decrease as the Q-factor of the 
receiver is reduced. This drop in efficiency with reduction of 
Q-factor is explained using the forcing frequency vs input 
intensity graph shown in fig. 8. Although the lowering of Q-
factor does not affect the operational bandwidth significantly 
(represented by the parabolic lines), the actual forcing 
frequency required for efficient parametric resonance 2oel′, 
shown by the dashed lines, shifts to a lower frequency as Q-
factor is reduced. As explained previously, this indicates that a 
CPUT with a low-Q factor membrane must be excited at a lower 
frequency in order to be operated efficiently. By operating at 
2MHz, the CPUT is being excited at a frequency that is 
considerably different from 2oel′ and hence we see a much 
lower achievable efficiency. Hence the operating point of the 
CPUT must be considered while designing the receiver and it 
may be beneficial to tune it such that the receiver resonance om 

is much closer to 2oel′ to obtain the best performance. This also 
provides us with more design flexibility as we can design 
receivers with different geometries and thicknesses without 
compromising on efficiency. 

IV. PRACTICAL CONSIDERATIONS FOR CPUT OPERATION IN 
WATER AND AIR 

A. Practical CPUT designs for operation in water 
To determine the feasibility of realizing a device with similar 

specifications as the example CPUT, two different receiver 
designs are simulated using COMSOL multiphysics (COMSOL 
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inc.) for operation in water. As the aim of the study is to 
determine if the specs of the example CPUT can be realized 
within practical dimensions, only the frequency response of the 
top plate in fluid is simulated. Design A consists of a 190 µm 
thick single crystal silicon circular plate having an area of cross 
section equal to 1mm2. The resonant frequency in water is 
found to be 2 MHz and the quality factor of the plate is 
measured to be approximately 3.4. An input forcing intensity of 
3.33 mW/mm2 is applied on the top plate and the peak 
displacement amplitude measured at the center of the plate is 
found to be 14.7 nm with an average displacement of 8 nm 
across the entire surface. For comparison, the displacement 
obtained by the parallel plate in the 1D model is 10.6 nm for the 
same input intensity level.  

Design B consists of a 260 µm thick single crystal silicon 
plate of radius 0.5 mm, mass loaded by a 50 µm thick plate of 
tungsten having radius 0.4 mm. Once again, the dimensions are 
selected such that the maximum displacement is obtained at 2 
MHz. However, the increased mass of the plate produces a 
sharper resonance peak with a Q-factor of 10.5. By assuming 
the input intensity to be 5 mW/mm2, we can compare these two 
designs with the example CPUT by noting their location in fig. 
9. Although both design A and B have a resonance frequency 
of 2 MHz, design A must be operated at a slightly lower 
frequency in order to excite parametric resonance most 
efficiently in the CPUT.  

 
Fig. 9. Normalized displacement as a function of excitation frequency for 
design A and B as calculated using COMSOL. The additional mass loading in 
design B leads to a narrower bandwidth and hence a higher Q-factor. 

To calculate the value of inductance required for the CPUT, 
we can assume that the top plate has 100% electrode coverage. 
Advances in wafer bonding technology [33] enable us to realize 
small vacuum gaps for large plate area and so we consider the 
same gap as used for the example CPUT (120 nm) in this 
realistic design. To obtain an electrical resonance frequency of 
1 MHz, a 343 µH inductor is required – this can be easily 
realized using off the shelf wire-wound inductors. Furthermore, 
if the electrode area is reduced, the increased inductance can be 
obtained by connecting the inductors in series. It must be noted 
that the internal resistance of the inductors add up in series 
thereby cause a drop in power available across the load 
resistance. However reducing the electrode area also requires a 
greater value of load resistance for optimum efficiency as show 
in fig 6(a), hence care must be taken to ensure that the value of 

load resistance is much greater than the internal resistance of 
the inductor in order to maximize output power. 
 

B. Feasibility check for CPUT in air 
Technological advances in consumer electronics, wearables 

and internet-of-things (IoT) have made wireless powering of 
devices through air a topic of great interest. Recently, Rekhi 
et.al proposed using pre-charged CMUTs as receivers for 
wireless powering of nodes using airborne ultrasound [15]. 
However, pre-charged capacitive receivers may suffer from 
long-term reliability issues, thus making the CPUT an option 
for such applications. In this subsection, we evaluate the 
feasibility of operating the CPUT in air. Using [15] as a basis, 
the operating ultrasound frequency is selected to be 50 kHz. 
Since the operation of the CPUT is primarily dependent on 
driving the system into parametric resonance, it is necessary to 
ensure that the incident acoustic forcing satisfies the required 
conditions set by eqn. 12. As per OSHA guidelines [34], the 
maximum permissible ultrasound intensity in air is limited to 
115 dB SPL. This translates to an incident pressure of roughly 
16 Pa, which is approximately 4 orders of magnitude lower than 
that used in the water simulations. However, due to the small 
acoustic impedance of air as compared to water (Zair ≈ 415 
MRayl) and lower operating frequency, evaluating eqn. 12 
reveals that the forcing at 115 dB SPL satisfies the inequality 
thus indicating that the CPUT works within the specified limits 
in air.  

 
Fig. 10. Efficiency vs load resistance for a CPUT operated in air. The input 
ultrasound forcing is at 115 dB SPL and 50 kHz. 

In order to confirm that the CPUT can indeed be operated in 
air, COMSOL is first used to design a receiver of area 1.21 cm2 
that resonates at a frequency of 50 kHz. It is found that a 
receiver consisting of a silicon plate of thickness 1500 µm 
resonates at 50 kHz with a peak amplitude of 590 nm when 
subjected to an incident acoustic field of 115 dB SPL. The 
receiver is also subjected to an average static deflection of 
approximately 150 nm due to atmospheric pressure. Using the 
values obtained from COMSOL as a design guideline, an 
example CPUT with comparable mass and stiffness and a gap 
of 1.85 µm is simulated using the Simulink model. The vacuum 
gap is increased to account for both the static deflection due to 
atmospheric pressure as well as the greater dynamic deflection 
due to the incident ultrasound field. The efficiency obtained as 
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a function of load resistance is plotted in fig. 10. The input 
forcing of 115 dB SPL is clearly sufficient to drive the CPUT 
into parametric resonance. Moreover, a maximum efficiency of 
95% is obtained which is comparable to that achieved by the 
CPUT in water. Due to the larger gap and lower operating 
frequency, an inductance of 22.3 mH is required, which is larger 
than that used for the CPUT in water. Similar to the 
optimization performed for operation in water, the CPUT can 
be tailored to operate efficiently in air as a sensor or a power 
receiver.  

V. CONCLUSION 
We have presented a 1D lumped parameter model to represent 
the operation of the CPUT in different media. The operational 
characteristics of the CPUT were examined by solving the 1D 
model using Simulink and with the help of analytical solution 
obtained by solving the coupled non-linear ODEs. Using a set 
of example parameters, the efficiency of the CPUT was 
evaluated for different operating parameters such as the load 
resistance, the frequency of operation, level of input forcing, 
area of the electrodes and the gap height. It was found that in 
order to achieve optimum efficiency, the two most important 
factors to consider are i) to ensure that the impedance of the 
CPUT is matched as closely to the medium as possible and ii) 
to drive the CPUT as a frequency slightly lower than 2oel′ to 
ensure the most efficient parametric excitation. Two different 
top plate designs were simulated in COMSOL to confirm that 
the parameters suggested in the Simulink simulations are 
practically achievable. Finally, we discussed the feasibility of 
operating the CPUT in air and showed that although the 
maximum allowable intensity is many orders of magnitude 
lower when compared to water, it is still sufficient to induce 
parametric resonance.  
Although the 1D model and analytical expressions presented in 
this paper is sufficient to explore the basic operating 
characteristics of a piston-based CPUT, a more involved model 
similar to that used by Satir et. al [35] will be required to 
accurately predict system behavior for more complicated cases 
such as a multi-membrane CPUT. Similarly, the coupling of the 
CPUT with power recovery circuits needs to be considered. 
Furthermore, miniaturization of the device is not feasible with 
the current coil-wound inductors. Employing piezoelectric 
resonators as inductors [36] is solution worth exploring hence 
setting a strong platform for further research into air and water 
power transfer applications using the CPUT. 
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