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ABSTRACT  

Morphing structures have been a subject of much research recently because of their promising potentials in aerospace, 
wind turbine, and many other applications. There exists many different approaches to achieve shape morphing, among 
which the origami-inspired folding is particularly interesting in that folding is fundamentally three-dimensional, scalable, 
and customizable. However, activating and attaining large amplitude folding autonomously are challenging. Active 
materials, such as shape memory alloys, have been used to activate folding, but they are limited due to the power supply 
requirement to maintain the folded configurations. One possible solution is to embed bi-stability into the origami structure. 
Bi-stability can play two significant roles: First, it can significantly reduce the actuation requirement to induce shape 
morning; and second, it can maintain the shape change without demanding sustained energy supply. In this study, we 
demonstrate the feasibility of using dynamic excitation to induce shape morphing (or folding) between the two stable states 
of water-bomb base. For the first time, we derive the dynamic equation of motion for a water-bomb base origami and use 
it extensively to analyze its time responses under harmonic excitation. Via numerical simulations, we show that by 
harnessing the intra-well resonance of the water-bomb structure, we can achieve rapid bi-directional morphing using 
relatively low actuation magnitudes in comparison with quasi-static loading. 
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1. INTRODUCTION  
Morphing structures can undergo significant shape reconfigurations to achieve optimal performance according to different 
operating conditions1, endowing them with tremendous potentials in aerospace and many other applications2,3.  For 
example, many recent achievements and progresses in the aircraft industry have been inspired by the avian morphology 
observed in nature4.  That is, birds that can rapidly change the shape of their wings to transition from efficient cruise to 
aggressive maneuvering and precision descents2.  In addition, morphing structures have found useful applications in the 
wind turbine blade implementations because of their capabilities to increase aerodynamic efficiency and lower weight 
without incurring heavy penalties in construction complexity5. 

Among the various means of achieving shape morphing, origami-inspired folding is particularly advantageous.  This is 
because folding is a powerful approach to induce three-dimensional and sophisticated shape changes; in addition, the 
principle of folding is geometric and scale-independent.  These merits have turned origami folding techniques into a new 
paradigm for designing multi-functional architected materials and structures6 with lots of unique properties, e.g. auxetic 
properties7, tunable nonlinear stiffness8 and desired dynamic characteristics9,10.  However, attaining large amplitude and 
autonomous folding is still a challenge in origami engineering11. 

Recently, there have been several studies on using active materials to activate folding, such as dielectric elastomers (DE), 
magneto-active elastomers (MAE) and shape memory alloys (SMA)12,13. While promising, the use of these active materials 
is limited due to the constant energy supply that is required to keep the structure in the desired configuration.  One possible 
solution is to embed bi-stability into the structure.  Here, bi-stability can play two significant roles: first, it can significantly 
reduce the actuation requirement to induce shape morning; and second, it can maintain the shape change without 
demanding sustained energy supply11. 

                                                 
* Corresponding author: ssadegh@clemson.edu 

Behavior and Mechanics of Multifunctional Materials XIII, edited by Hani E. Naguib, Proc. of SPIE
Vol. 10968, 109680S · © 2019 SPIE · CCC code: 0277-786X/19/$18 · doi: 10.1117/12.2512301

Proc. of SPIE Vol. 10968  109680S-1
Downloaded From: https://www.spiedigitallibrary.org/conference-proceedings-of-spie on 11 May 2019
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use



 
 

 
 

Figure 1. A water-bomb base folding pattern (a), and its first and second stable states, respectively (b, c). The black dots 
show the location of center of mass (CM) of each facet. 

 

Water-bomb base is a well-known bi-stable origami pattern (Figure 1(a)).  Hanna et al. investigated the bi-stable behavior 
of the water-bomb base using potential energy analysis and experimental validations14. In another study, Bowen et al. 
developed an ADAMS model to capture the bi-stabile behaviors of water bomb base15, and examined the use of MAE 
actuators to achieve self-folding.  The results of these two studies indicate that, to achieve shape morphing via bi-stability, 
the actuator needs to force the water-bomb from one stable equilibrium to the critical unstable equilibrium to trigger a 
“snap-through” response14,15, but this process could require a relatively large actuation force when performed in a quasi-
static manner. 

Moreover, these studies were conducted under quasi-static conditions.  Bi-stable systems meanwhile can exhibit nonlinear 
dynamic behaviors like super-harmonic and chaotic responses. These non-linear dynamic characteristics can be exploited 
for shape morphing.  Several relevant studies on bi-stable composites have demonstrated the feasibility of harnessing these 
rich dynamic characteristics for enhancing actuation authority16,17. In particular, dynamically exciting the bi-stable 
composite can trigger an intra-well resonance, resulting in snap-through and hence rapid shape morphing16 with lower 
actuation levels compared to the quasi-static condition. 

Therefore, the objective of this study is to demonstrate feasibility of using dynamic excitation to induce shape morphing 
(or folding) between the two stable states of water-bomb base shown in Figure 1(b-c).  Via numerical simulations, we 
show that by harnessing the intra-well resonance of the water-bomb base structure, one can achieve rapid bi-directional 
morphing using relatively low actuation magnitude.  The rest of this paper is organized as follows:  In section 2, we define 
the dynamic problem of the morphing water-bomb base structure and derive the governing equation of motion.  Section 3 
discusses the numerical simulation results, and section 4 concludes this paper with summary and discussion. 

 

2. DERIVING THE EQUATION OF MOTION 
In this section, we derive the governing equation of motion of the water bomb base, which consists of six isosceles 
triangular facets connected along three valley and three mountain creases.  We assume that the mechanism is symmetric 
and has one degree-of-freedom according to rigid-folding kinematics.  The central vertex of the water-bomb pattern can 
move vertically, and the valley vertices can slide freely on an imaginary horizontal plane.  Here, we choose the angle 
between vertical axis and valley creases (θ ) as the independent variable (Figure 2(a)), so that we can derive the angles 
between the vertical axis and the mountain creases ( γ  in Figure 2(a)) as follows: 

 

  1 2
cos cos= = arccos arccos ,

cos / 2 cos / 2d d
α θγ γ γ    + +      

 (1) 

 

where 3α π=  and d  can be derived from: 
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Figure 2. (a) Set-up of the dynamic analysis of water-bomb base mechanism. The three valley vertices are only allowed to slide 
freely on the horizontal plane. The yellow spirals show the torsional spring considered in the creases and the black dots demonstrate 
the centers of masses of each facet. (b) Reaction force-displacement curve of the water-bomb base mechanism due to the elastic 
deformation along the creases. 

 

  2 2= arccos[cos sin cos ],d θ θ β+   (2) 

 

where 2 2 3β α π= = . Furthermore, we can treat the central vertex of the water bomb base as a “moving origin”, and 
describe the positions of the center of mass (CM) for every facet with respect to this origin as follows: 

 

  2 (2 1)( cos / 2, , ), ( = 1,2,...,6),
3 2 2

ir iα θ γα − +  (3) 

 

2.1 Kinetic energy of the mechanism 

As the water bomb base folds, its facets exhibit both translational and rotational motions with respect to the central vertex, 
therefore we can derive the absolute velocity of the center of mass of each facet as follows: 

 

  /= .CM O CM OV V V+  (4) 

 

where, OV  represents the absolute velocity of the central vertex and /CM OV  is the relative velocity of the center of mass 
with respect to the central vertex (O). The position of the central vertex with respect to the imaginary horizontal plane can 
be described by = cos .h r θ Therefore, we can derive the velocity of the linear motion of the central vertex as follows: 

 

  = sin ,h rθ θ−   (5) 
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In addition, the center of mass of each facet will rotate around the central vertex with angular velocity ( ) 2θ γ+  . 
Consequently, the magnitude of the absolute velocity of each center of mass (CM) can be written as: 

 
 

2
2 2 2 2cos 2 cos cos .

3 2 2 3 2 2 2 2CMV h r h rα θ γ α θ γ π θ γ      + +  +  = + − −                     

 

 

   (6) 

 

Therefore, considering equation 5, the total kinetic energy of the system is: 

 

 
 2 2 2 2 2 2 21 26 3 sin 3 ( cos ) ( ) 4 sin cos sin( ).

2 3 2 2 2 2 2CMT m V mr m r mrα θ γ θ γ α θ λθ θ θ θ+ + + = = + − 
 

 

 

   (7) 

 

We can derive γ  in terms of θ  and .θ  To this end, we need to write the equation 1 as: 

 

  = arccos( ) arccos( ) =I IIγ +  

2 2 2 2

cos cosarccos[ ] arccos[ ].
1 1cos( arccos[ cos ]) cos( arccos[ cos ])cos sin cos sin2 2

α θ

θ θ β θ θ β
+

+ +
 (8) 

 

Now, we can write θ  as: 

  
2 2

= [ ] [ ].
1 1

I II
I II

γ − −
+

− −
  (9) 

 

We can derive I  as follows: 

 

  2

2

1 1 1= cos [cos( arccos[ ])] sin( arccos( )) ( 2 cos sin 2 cos sin cos ),
2 22 1

I α η η θ θ θ θ θ θ β
η

− −
− × × × × − +

−
   (10) 

 

where, 2 2= cos sin cos .η θ θ β+ We can also describe II  as follows: 

 

  1 2

2

1 1 1 1= sin [cos( arccos[ ])] cos [cos( arccos[ ])] sin( arccos )
2 2 2 2 1

II θ θ η θ η η
η

− − −
− × − × × ×

−
  

( 2 cos sin 2 cos sin cos ).θ θ θ θ θ θ β× − +   
(11) 

 

Therefore, we can describe equation 10 in terms of θ  and θ . Hence, the relationship for the total kinetic energy can be 
fully described as a function θ  and :θ  ( , ).T θ θ  
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2.2 Potential energies of the mechanism 

Now we can focus on the potential energies of the water bomb base.  We start with the gravitational potential energy. 
Considering the imaginary horizontal plane as the reference plane, we can write the vertical position of the centers of 
masses as: 

 

  2= cos cos cos .
3 2 2CMZ r r α θ γθ +

−  (12) 

 

Therefore, one can derive the gravitational potential energy of the system ( GV ) as follows: 

 

  2= 6 = 6 [ cos cos cos ].
3 2 2G CMV mgZ mg r r α θ γθ +

−  (13) 

 

Again, we can describe γ  in terms of θ  (equation 1) and consequently we can derive the gravitational potential energy 
as a function of :θ ( )GV θ  . Now consider the elastic potential energy of the water bomb.  Here we assume the isosceles 
triangular facets are rigid and the mountain and valley creases behave like spring hinges18,19, so the spring energy stored 
along the creases can be calculated as: 

 

  2 2

0 0

3= [ ( ) ( ) ],
2E m m v vm v

V k kγ γγ γ γ γ− + −  (14) 

 

where 
m

kγ and 
v

kγ  are the effective torsional stiffness coefficients of the mountain and valley creases, respectively. mγ  
and vγ  are the dihedral folding angles of the mountain and valley creases, respectively. In addition, 

0mγ and 
0vγ  are the 

initial stress-free dihedral angles of the mountain and valley creases, respectively.  

Using spherical trigonometry, one can derive the dihedral angles, i.e. mγ and vγ , in terms of θ , as follows20: 

 

 
 

2 2

2

cos sin cos 1= arccos 1 ,
sinm

θ θ βγ π
α

 + −
− + + 

 
 (15) 

 

 

1 12arccos cot tan( arccos ) 2arccos cot tan( arccos ) , ( )
2 2 2

= .
( 1)cot 12arccos 2arccos cot tan( arccos ) , ( > )

sin(arccos ) 2 2

v

ππ α η θ η θ
γ

η θ ππ α η θ
η

    − + + ≤       


 −   − + +      

 (16) 

 

Therefore, the elastic potential energy can be described as a function of :θ  ( ).EV θ  

Measuring θ  in a dynamic test can be a cumbersome task; therefore, we change the independent variable to the vertical 
displacement of the central vertex with respect to the horizontal plane h based on the following relation: cosh r θ= (Figure 
2(a)). Consequently, we can write the energies in terms of h  and h , using the following equations:  
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  = arccos ,h
r

θ  (17) 

 
 

2

= .
1 ( )

h
hr
r

θ −

−



  

 

(18) 

2.3 Lagrange equation 

The Lagrangian of the system can be written as: 

 

  = ( , ) ( ) ( ),G EL T h h V h V h− −  (19) 

 

and can be used to derive the equation of motion as follows: 

 

  = 2 .d L L dhc Fcos t
dt h dth

πω∂ ∂
− +
∂∂ 

 (20) 

 

where F  and ω  are the amplitude and the frequency of vertical excitations at the central vertex, respectively and c is 
the linear damping coefficient of the system.  

Using some mathematical manipulations, we can describe the equation of motion as: 

 

 
 ( )

22

2

( )( )1 cos 2 2 ,
2

GE d Vd Vd h dM dh dM dh dhF t c
M dt dt dh dt dh dh dtdt

πω
             = − + − − −                         

 (21) 

 

where: 

  

(22) 

 

 

 

 
 

2
102

34 1

53 1
6

hdM mr
dh r

σσ
σσ σ

  
= + + ×     

 (23) 

2
2

2
3 22

3 3 1 2

2 2
2 2

3 1 22 2 2
33

31
2 53 13 ,

12 14 11 1 4

h
r r hmrM m

h h rr
r r

δ
δ δ δ δ

δ δ
δδ

 
 +

   = + + +      −− −
  
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3 3

4 1
2

3 3 2 1 4

2 2
6 2

3 22 2 2
3 3

cos( )arccos( ) arccos( ) arccos( )
( ) 16 2 cos( )sin

3 2 2

1
2 cos( )1 1

2 1 cos ( )2 1 4 1

G

h h
d V r r

mg r
dh

h
r r

rh
r

α
λ λα

λ λ
λ λ λ λ λ α

λ αλ λ
σ λ

   + +   
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   
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 (25) 

 

 

And finally, 
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3. NUMERICAL SIMULATIONS 
Now that we have the equation of motion of the water-bomb base system (equation 21), we solve it numerically using 
MATLAB ODE45 and perform a stroboscopic sampling to determine the intra-well resonance frequencies of the 
mechanism near its two stable equilibria. The results are presented in Figure 3(a, b) and the values of physical parameters 
considered for the numerical simulations are listed in Table 1. 

Figure 2(b) demonstrates the reaction force-displacement curve of the mechanism with its stable and unstable equilibria. 
One can clearly notice that the water-bomb base possesses an inherently asymmetric force-displacement curve, so that its 
tangent stiffness are notably different near the two stable equilibria. This explains the difference between the intra-well 
resonance frequencies of the water bomb base at the first and second stable states (Figure 3(a, b)).  

 

Figure 3. Stroboscopic sampling results for intra-well oscillations near the (a) 1st stable state and (b) 2nd stable state. (c) The idea 
of triggering the intra-well resonance frequencies for the (c) 1st stable state and (d) 2nd stable state. F=2N in (c) and (d). The blue 
and red curves show the response of the water-bomb mechanism when excited at non-resonance and resonance frequencies, 
respectively. 
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Table 1. Physical parameters considered for the stroboscopic sampling. 

θ0 F r (crease length) m (each facet) km = kv g 

π/4 1N 5cm 0.03kg 0.05 Nm/rad 9.8 m/s2 

Now that we know the resonance frequencies of the structure at both stable states, we can investigate the effect of targeting 
at those frequencies. Figure 3(c) shows the numerical simulation results based on the parameters of Table 1 except for F, 
which is set to 2N.  If the water bomb base is settled at its first stable state initially, one can excite it using the corresponding 
intra-well resonance frequency at 2.9Hz and trigger a rapid “jump” (or snap-through) to the second stable state. Moreover, 
once the jump occurs, the water bomb will remain oscillating near the second state with a small amplitude.  The opposite 
jump from the second to first stable state is also feasible if the excitation frequency is changed to the second intra-well 
resonance frequency at 16Hz  (Figure 3(d)). 

In Figure 3(c), we can observe that to reach the second stable state, it is only sufficient to pass the unstable equilibrium. 
This is achieved by exciting the mechanism with a relatively small force at the resonance frequency ( 2F N=  compared 
to 6F N=  for the quasi-static loading (Figure 2(b))). Such an advantage in small excitation magnitude is even more 
significant in the reverse jump form the second stable state to the first one (Figure 3(d)), where the dynamic excitation 
amplitude ( 2F N= ) is much smaller than the quasi-static force needed ( 24F N= ) observed in Figure 2(b).  

These results discussed in this study are just for a specific case study, however, the same principle holds true for any other 
water-bomb base designs. In addition, one can tailor the number of creases or change the creases stiffness to acquire a 
desired difference in the resonance frequencies, or tune the energy bandgaps21 to achieve a specific dynamic morphing 
behavior. 

4. DISCUSSION AND CONCLUSION
In this study, we introduce the idea of utilizing intra-well oscillations of a bi-stable water-bomb base origami to achieve 
bi-directional and rapid shape morphing.  For the first time, we derive the dynamic equation of motion and solve it 
numerically to obtain the different intra-well resonance frequencies of the origami structure at its first and second stable 
states.  We observe that such a difference in resonance frequencies stems from an inherent asymmetry of the structure with 
respect to its unstable (flat-state) equilibrium, and it can be harnessed for an advantageous and efficient morphing.  It is 
shown that utilizing the resonance frequencies for dynamic snap-through can increase the external actuation authority, and 
enables us to achieve shape morphing via folding with relatively low excitation levels.  Furthermore, the inherent bi-
stability of the mechanism provides a powerful foundation for stabilizing and maintaining the structure at a desired 
configuration without the need for constant external power supply. 

It is also worth noting that although this study assumed on an external actuation, the underlying principles are still valid if 
the actuators are embedded and internal.  Therefore, the outcome of this research may lead to the emergence of a novel 
category of origami-based morphing and smart structures with desired dynamic characteristics. 
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