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Abstract—In this paper, a model reference control based inertia
emulation strategy is proposed. Desired inertia can be pre-
cisely emulated through this control strategy so that guaranteed
performance is ensured. A typical frequency response model
with parametrical inertia is set to be the reference model. A
measurement at a specific location delivers the information of
disturbance acting on the diesel-wind system to the reference
model. The objective is for the speed of the diesel-wind system
to track the reference model. Since active power variation is
dominantly governed by mechanical dynamics and modes, only
mechanical dynamics and states, i.e., a swing-engine-governor
system plus a reduced-order wind turbine generator, are involved
in the feedback control design. The controller is implemented
in a three-phase diesel-wind system feed microgrid. The results
show exact synthetic inertia is emulated, leading to guaranteed
performance and safety bounds.

Index Terms—Inertia emulation, microgrid, diesel-wind sys-
tem, model reference control, voltage-source converter.

I. INTRODUCTION

Lack of inertia has been a crucial issue for microgrids under

autonomous operation [1] because most distributed energy

resources (DER) are converter-interfaced and do not respond

to frequency variations in the grid due to their decoupled

control design. The solution is to implement supplementary

loops to couple the active power stored in converter-interfaced

DER with rate-of-change of frequency (RoCoF), however, it

is hard to assess how much synthetic inertia can be provided

through this loop under disturbance, let alone emulate exact

synthetic inertia. Under some specific control structures like

droop control or virtual synchronous generator, the synthetic

inertia can be estimated or controlled [2], but this requires

DER to operate as voltage sources and at the cost of de-loaded

operation. On the another hand, guaranteed performance be-

comes necessary due to the increasing renewable penetration
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[3]. According to [3], maintaining bounded frequency response

under disturbance is a challenging control task.

Motivated by these issues, a novel inertia emulation strategy

for converter-interfaced current-source DER is proposed. The

model reference control (MRC) concept is employed [4]

to provide capability of emulating exact inertia. A diesel-

wind system feed microgrid is used as a test system. A

frequency response model, which is generally like a swing-

prime-governor system, is defined as the reference model,

where the desired inertia is parametrical. A measurement at a

specific location delivers the information of disturbance acting

on the diesel-wind system to the reference model. Then a static

state feedback control law is designed to ensure the frequency

of the physical plant tracks the reference model so that the

desired inertia can be precisely emulated. Since active power

variation is dominantly governed by mechanical dynamics

and modes, only mechanical dynamics, i.e., the swing-engine-

governor system plus a reduced-order wind turbine, are used in

control design stage. Thus only mechanical states, which are

easier to measure, are used in the feedback loop. By using

this strategy exact synthetic inertia is emulated, leading to

guaranteed performance and safety bounds.

The rest of the paper is organized as follows. Section

II presents detailed model of the diesel-wind system. The

reduced-order model of wind turbine generator is derived

in Section III. The model reference control based inertia

emulation strategy is expressed in Section IV. Three-phase

nonlinear simulation is illustrated in Section V followed by

conclusion and future work in Section VI.

II. DIESEL-WIND SYSTEM MODELLING

A. Diesel Generator

The diesel generator model consists of diesel engine,

speed governor, exciter, voltage regulator and a two-axis syn-

chronous machine. The overall mathematical model is found

in [5]. The diesel generator frequency response is governed



by its mechanical dynamics and are expressed in Eq. (1):

MdΔω̇d = ΔPm −ΔPe,d

τdΔṖm = ΔPv −ΔPm

τsmΔṖv = −ΔPv − (1/Rd)Δωd

(1)

where wd, Pm, Pv are rotating speed, mechanical power

and valve position, respectively. All parameters are scaled to

microgrid level based on [6].

B. Type-4 Wind Turbine Generator

In type-4 wind turbine generators (WTG), the permanent

magnet synchronous generator (PMSG) is driven by the wind

turbine and connected to a back-to-back voltage-source con-

verter (VSC). The machine side converter (MSC) is used to

regulate the speed of PMSG to achieve maximum power point

tracking (MPPT), while the grid side converter (GSC) delivers

the power in synchronous frequency. In this study, the averaged

model of the converter is employed. The converter regulation

is assumed to be infinitely fast so that:

uq,cmd = vq, ud,cmd = vd (2)

where vd and vq are the converter output voltage in the d-q

axis and the corresponding command values are denoted by

the subscript “cmd”.

1) Wind Turbine: The aerodynamic model can be repre-

sented as follows [7]:

Pt =
1

2
ρπR2

t v
3
windCp(λ, θt) (3)

where

λ =
ωtRt

vwind

, λi =

(
1

λ− 0.02θt
−

0.003

θ3t − 1

)
−1

(4)
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(
151
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)
e
−

18.4

λi (5)

and vwind, Rt, ρ, θt and ωt are the wind speed, blade radius,

air density, pitch angle of rotor blades and wind turbine speed,

respectively. In this study, the WTG is assumed to operate at

a partial loaded condition, so θt = 0 and pitch angle control

is omitted. In addition, mechanical drive train is simplified

using a constant gear ratio k. So the generator electric speed

ωr, mechanical speed ωm and the wind turbine speed ωt have

the following relationship ωr = pωm = pkωt, where p is the

pole pair number of the generator. The MPPT curve is given

below [7]:

PMPPT = Coptω
3
t (6)

2) Permanent Magnet Synchronous Generator and MSC

Control: The permanent magnet synchronous generator

(PMSG) dynamics in the d-q axis as well as swing dynamics

are given as follows [7]:

i̇sd = −
R
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Lq
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1
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Fig. 1. Rotor side converter control.

where isd, isq , vsd, vsq are the stator current and voltage of

PMSG. The electric torque is given as follows:

Te =
3

2
p [Ψisq + (Ld − Lq)isdisq] (8)

The speed of PMSG is regulated by the MSC. The control

diagram is shown in Fig. 1. The active power reference is

given based on the MPPT curve calculated in Eq. (6). uie

is the supplementary control signal for inertia emulation.

Defining the integrator outputs as three states x1, x2 and x3,

respectively, and substituting Eq. (2) yields the differential-

algebraic model as follows:

ẋ1 =Ki1(Pref + uie − Pe)

ẋ2 =Ki2 [Ki1(Pref + uie − Pe) + x1 − isq]

ẋ3 =−Ki3isd

0 =− vsd − Lqpωmisq + x3 −Kp3isd

0 =− vsq + Ldpωmisd + x2

+Kp2 [Kp1(Pref + uie − Pe) + x1 − isq]

0 =− Pe + 1.5(vsdisd + vsqisq)

(9)

3) Output L Filter Model and GSC Control: Under the

assumption of Eq. (2), the output filter model in the d-q axis

is represented as follows

i̇ld = −
rf
Lf

ild + ωilq −
1

Lf

vod +
1

Lf

vgd

i̇lq = −
rf
Lf

ilq + ωild −
1

Lf

voq +
1

Lf

vgq

(10)

where vgd,q is the GSC output voltage, ild,q is current on

the inductor and vod,q is the terminal voltage of converter

connected to grid and assumed to be fixed. The standard P

& Q control in [8] is implemented, where the DC link voltage

is regulated through active power control loop.

III. SELECTIVE MODAL ANALYSIS BASED WTG MODEL

REDUCTION

The selective modal analysis (SMA) based model reduction

has been proved to be successful in capturing active power



variation of WTG [9] and is chosen to achieve a reduced-

order model. In WTG control design, the time frame of DC

regulation is usually faster than MSC current loop for stability.

Thus the DC link, GSC and output filter are simplified as

a power flow-through and the corresponding dynamics are

omitted in the model reduction.

Consider a type-4 WTG connected to a reference bus.

Combining the equations from (3)–(9) and linearizing them

about the equilibrium points under vwind = 12(m/s) yields the

following state-space model:

ΔẋW = AsysWΔxW +BsysWΔuie (11a)

ΔPgen = CsysWΔxW +DsysWΔuie (11b)

where the state vector is defined as xW =
[isd, isq, ωm, x1, x2, x3]

T
and the subscript W denotes

the WTG. The WTG rotor speed Δωm dynamics is closely

related to its active power output, and the mode where Δωr

has the highest participation would capture the most relevant

active power dynamics. Therefore, Δωm is considered as the

most relevant state, and the other states denoted as z(t) are

less relevant. Eq. (11) can be rearranged as

[
Δ ˙ωm

ż

]
=

[
A11 A12

A21 A22

][
Δωm

z

]
+

[
Br

Bz

]
uie

ΔPgen = [Cr Cz]

[
Δωr

z

]
+DsysWuie

(12)

The less relevant dynamics are:

ż = A22z +A21Δωm +Bzuie (13)

And the most relevant dynamic is described by:

Δω̇m = A11Δωm +A12z +Bruie (14)

In (14), z can be represented by the following expression:

z(t) = eA22(t−t0)z(t0) +

∫ t

t0

eA22(t−τ)A21Δωm(τ)dτ

+

∫ t

t0

eA22(t−τ)Bzuie(τ)dτ

(15)

Using the most relevant mode, Δωm(τ) can be expressed as

[9]:

Δωm(τ) = crvre
λrτ (16)

where λr is the relevant eigenvalue, vr is the corresponding

eigenvector and cr is an arbitrary constant. The accuracy of

(16) is guaranteed by the dominant term of Δωm, which can be

used in solving the first integral in (15). Since A22 is Hurwitz

and its largest eigenvalue is much smaller than λr, the natural

response will decay faster and can be omitted. The essential

reason is that A22 represents electrical dynamics which are

faster than the electro-mechanical dynamic represented by

λr. Then the response without control input in (15) will be

approximately equal to the forced response represented as

follows:

eA22(t−t0)z(t0) +

∫ t

t0

eA22(t−τ)A21Δωm(τ)dτ (17)

≈ (λrI −A22)
−1A21Δωm (18)

The uie is assumed to be fixed during the time window of

interest, then the integral is calculated as

∫ t

t0

eA22(t−τ)Bzuie(τ)dτ ≈ (−A22)
−1Bzuie (19)

Finally, the reduced-order WTG model with control inputs is

Δω̇m = ArdWΔωm +BrdWuie

ΔPgen = CrdWΔωm +DrdWuie

(20)

where

ArdW = A11 +A12(λrI −A22)
−1A21

CrdW = Cr + Cz(λrI −A22)
−1A21

BrdW = Br +A12(−A22)
−1Bz

DrdW = DsysW + Cz(−A22)
−1Bz

(21)

IV. MODEL REFERENCE CONTROL BASED INERTIA

EMULATION STRATEGY

The typical MRC structure is shown in Fig. 2 [4]. The states

of reference model xr and physical plant xp are measured.

By closing the loop, the physical plant output yp will track

the output of the reference model yr. Fig. 3 illustrates the

MRC-based inertia emulation in our test system. The reference

model is given as a frequency response model similar to Eq.

(1) but with desired inertia Hr. The active power from the

physical plant to the load is measured and the deviation value

is sent to the reference model. It is worth mentioning that as

shown in many previous studies [9] [10] the mechanical states

and modes are enough to capture active power variations.

So only mechanical dynamics are considered in the control

design. It consists of the swing dynamics, diesel engine, speed

governor expressed in Eq. (1) and the reduced-order model of

wind turbine, which has been derived in the previous section.

Thus only these states are measured in the feedback loop. As

a result, the controller has been significantly simplified since

these states are easier to measure and a state estimator is not

necessary.

Combining Eq. (1) and Eq. (20) yields the reduced-order

model of the physical plant. The power flow is expressed as

ΔPl = ΔPe,d + ΔPgen. The states, disturbance, input and

output are defined as follows:

xp = [Δωd,ΔPm,ΔPv,Δωm]
T

wp = ΔPl, up = uie, yp = Δωd

(24)

Similarly, the reference model is defined as:

xp =
[
ω̂, P̂m, P̂v

]T

wr = P̃l, yr = ω̂
(25)
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Fig. 3. Diagram of model reference control based inertia emulation.

where ΔPl = P̃l and the corresponding equations are given in

Fig. 3. Based on [4] a state-feedback controller law is designed

using linear matrix inequalities (LMI) which guarantee that

the output of the closed-loop plant tracks the output of the

reference model well in the H∞ sense. As illustrated both xr

and xp are measured and the controller admits the following

form

uie = Kpxp +Krxr (26)

Then the augmented closed-loop system is obtained as follow:

ẋov(t) = Āxov(t) + B̄xov(t− ν(t)) + Ēwov(t)

e(t) = C̄xov(t) + D̄xov(t− ν(t))
(27)

where

xov(t) = [xp(t), xr(t)]
T , wov(t) = [wp(t), wr(t)]

T

e(t) = yp(t)− yr(t), C̄ = [Cp,−Cr], D̄ = [DpKp, DpKr]

Ā =

[
Ap 0

0 Ar

]
, Ē =

[
Ep 0

0 Er

]

B̄ =

[
BpKp BpKr

0 0

]

Note that in Eq. (27), a time delay with the bound ηm ≤

ν(t) ≤ κ is considered. Now we are in the position to

introduce the controller design theorem.

Theorem 4.1: Consider the system in (27). If there exists

P̄ > 0, Q̄ > 0, M̄i > 0 ,Ūi ,V̄i ,i = 1, 2, and K̄ such that

LMI in (22) (at the bottom of the page) holds, where

B̃ = [BT
p , 0]

T

Θ11 = ĀP̄ + P̄ ĀT + Q̄+ Ū1
T
+ Ū1

Θ22 = −Q̄− V̄1
T
− V̄1 + Ū2

T
+ Ū2

Υi = M̄i − 2P̄ , i = 1, 2

(28)

Then the state-feedback controller given in (29) can guarantee

that the system in (27) will attain output tracking performance

γ in H∞ sense:

[Kp,Kr] = K̄P̄−1 (29)

V. RESULTS AND DISCUSSION

The wind turbine and PMSG parameters chosen can be

found in [7]. Other parameters are given as follows:

Md = 4,Mr = 6, Rd = Rr = 0.03, Dr = 0

τd = τd,r = 0.5, τsm = τsm,r = 0.1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Θ11 −Ū1 + V̄ T
1 B̃K̄ Ū1 0 Ē P̄ C̄T P̄ ĀT P̄ ĀT

∗ Θ22 −Ū2 + V̄ T
2 V̄1 Ū2 0 0 0 0

∗ ∗ −V̄ T
2 − V̄2 0 V̄2 0 K̄DT

p K̄B̃T K̄B̃T

∗ ∗ ∗ −η−1
m Υ1 0 0 0 0 0

∗ ∗ ∗ ∗ −κ−1Υ2 0 0 0 0

∗ ∗ ∗ ∗ ∗ −γ2I 0 ĒT ĒT

∗ ∗ ∗ ∗ ∗ ∗ −I 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ −η−1
m M̄1 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −κ−1M̄2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0 (22)

Kmrc =
[
−15.22 3.90 3.89 9.21 13.85 −7.90 −3.37

]
(23)



Kp1 = 2−6,Ki1 = 10−6

Kp2 = Kp3 = 0.8,Ki2 = Ki3 = 0.5

The feedback control gain is presented in Eq. (23). The

disturbance is considered as a step load change of 30 kW.

The diesel generator speed is represented in Fig. 4. The actual

speed (blue curve) tracks the virtual speed (red dash curve)

generated by the reference model, where the desired inertia

constant is set to be three seconds. By using the model

reference control, one second synthetic inertia constant is

precisely emulated. By having the guaranteed performance,

safety bounds can be easily derived under the worst-case

scenario. The PMSG speed and WTG active power variation

are shown in Fig. 5 and 6, respectively.

Fig. 4. Diesel generator speed under MRC-based and conventional inertia
emulation.

Fig. 5. Wind turbine speed under MRC-based and conventional inertia
emulation.

The response under conventional inertia emulation realized

by a washout filter Kws/(0.005s+ 1) with different gains is

shown in Fig. 4 as well. As seen, when Kw = 0.2 the response

is close to the one from reference model. However, a trial and

error procedure is needed to reach desired performance, and

will be sensitive to model uncertainty.

VI. CONCLUSION AND FUTURE WORK

In this paper, a novel model reference control based syn-

thetic inertia emulation strategy is proposed. The reference

×

Fig. 6. Wind turbine active power output under MRC-based and conventional
inertia emulation.

model is designed to have a similar structure to the frequency

response model with desired inertia. Through an active power

measurement and state feedback, the wind turbine generator

generates additional active power to guarantee that the diesel

generator speed follow the frequency from the reference

model. This novel control strategy ensures precise emulated

inertia by the wind turbine generator as opposed to the trial

and error procedure of conventional methods. By having guar-

anteed performance, safety bounds can be easily derived under

the worst-case scenario. In addition, simultaneous emulation

of inertia and damping coefficient can be realized. Moreover,

inertia coordination of multiple renewable sources is capable

via this control strategy as well.
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R. Iravani, M. Kazerani, A. H. Hajimiragha, O. Gomis-Bellmunt,
M. Saeedifard, R. Palma-Behnke et al., “Trends in microgrid control,”
IEEE Trans. Smart Grid, vol. 5, no. 4, pp. 1905–1919, 2014.

[2] S. D’Arco and J. A. Suul, “Equivalence of virtual synchronous machines
and frequency-droops for converter-based microgrids,” IEEE Trans.

Smart Grid, vol. 5, no. 1, pp. 394–395, Jan 2014.
[3] F. M. Uriarte, C. Smith, S. VanBroekhoven, and R. E. Hebner, “Micro-

grid ramp rates and the inertial stability margin,” IEEE Trans. Power

Syst., vol. 30, no. 6, pp. 3209–3216, Nov 2015.
[4] H. Gao and T. Chen, “Network-based h-infinity output tracking control,”

IEEE Trans. Autom. Control, vol. 53, no. 3, pp. 655–667, 2008.
[5] P. W. Sauer and M. Pai, Power system dynamics and stability. New

Jersey, USA: Prentice Hall, 1997.
[6] G. Kariniotakis and G. Stavrakakis, “A general simulation algorithm

for the accurate assessment of isolated diesel-wind turbines systems
interaction. part ii: Implementation of the algorithm and case-studies
with induction generators,” IEEE Trans. Energy Convers., vol. 10, no. 3,
pp. 584–590, 1995.

[7] Y. Ma, L. Yang, J. Wang, F. Wang, and L. M. Tolbert, “Emulating full-
converter wind turbine by a single converter in a multiple converter based
emulation system,” in Proc. IEEE Applied Power Electronics Conference

and Exposition (APEC), 2014, pp. 3042–3047.
[8] J. Rocabert, A. Luna, F. Blaabjerg, and P. Rodriguez, “Control of power

converters in ac microgrids,” IEEE Trans. Power Electron., vol. 27,
no. 11, pp. 4734–4749, 2012.

[9] H. A. Pulgar-Painemal, “Wind farm model for power system stability
analysis,” Ph.D. dissertation, Univ. of Illinois at Urbana-Champaign,
Champaign, IL, 2010.

[10] P. M. Anderson and M. Mirheydar, “A low-order system frequency
response model,” IEEE Trans. Power Syst., vol. 5, no. 3, pp. 720–729,
1990.


