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Abstract We investigate the asymptotic distributions of coordinates of regression
M-estimates in the moderate p/n regime, where the number of covariates p grows
proportionally with the sample size n. Under appropriate regularity conditions, we
establish the coordinate-wise asymptotic normality of regression M-estimates assum-
ing a fixed-design matrix. Our proof is based on the second-order Poincaré inequality
and leave-one-out analysis. Some relevant examples are indicated to show that our
regularity conditions are satisfied by a broad class of design matrices. We also show
a counterexample, namely an ANOVA-type design, to emphasize that the technical
assumptions are not just artifacts of the proof. Finally, numerical experiments confirm
and complement our theoretical results.
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1 Introduction

High-dimensional statistics has a long history [31,58,59] with considerable renewed
interest over the last two decades. In many applications, the researcher collects data
which can be represented as a matrix, called a design matrix and denoted by X € R"*?,
as well as a response vector y € R” and aims to study the connection between X and
y. The linear model is among the most popular models as a starting point of data
analysis in various fields. A linear model assumes that

y=XB"+e, (1

where 8* € R? is the coefficient vector which measures the marginal contribution of
each predictor and ¢ is a random vector which captures the unobserved errors.

The aim of this article is to provide valid inferential results for features of g*.
For example, a researcher might be interested in testing whether a given predictor
has a negligible effect on the response, or equivalently whether ,8;‘ = 0 for some ;.
Similarly, linear contrasts of 8* such as i — B might be of interest in the case of
the group comparison problem in which the first two predictors represent the same
feature but are collected from two different groups.

An M-estimator, defined as

B(p) = argmin }l ; p (i =7 B) )

BeRP

where p denotes a loss function, is among the most popular estimators used in practice
[31,47]. In particular, if p(x) = %xz, ,3 (p) is the famous Least Square Estimator
(LSE). We intend to explore the distribution of B (p), based on which we can achieve
the inferential goals mentioned above.

The most well-studied approach is the asymptotic analysis, which assumes that the
scale of the problem grows to infinity and use the limiting result as an approximation.
In regression problems, the scale parameter of a problem is the sample size n and the
number of predictors p. The classical approach is to fix p and let n grow to infinity. It
has been shown [30,31,47,61] that B (p) is consistent in terms of L, norm and asymp-
totically normal in this regime. The asymptotic variance can be then approximated by
the bootstrap [8]. Later on, the studies are extended to the regime in which both n and
p grow to infinity but p/n converges to 0 [39,42-45,62]. The consistency, in terms
of the Ly norm, the asymptotic normality and the validity of the bootstrap still hold
in this regime. Based on these results, we can construct a 95% confidence interval for

Bo; simply as Bj (p)£1.96,/ @(ﬁj (p)) where \//&(,BA]- (p)) is calculated by bootstrap.
Similarly we can calculate p-values for the hypothesis testing procedure.

We ask whether the inferential results developed under the low-dimensional
assumptions and the software built on top of them can be relied on for moderate
and high-dimensional analysis? Concretely, if in a study n = 50 and p = 40, can the
software built upon the assumption that p/n =~ 0 be relied on when p/n = .87 Results
in random matrix theory [40] already offer an answer in the negative side for many
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PCA-related questions in multivariate statistics. The case of regression is more subtle:
For instance for least-squares, standard degrees of freedom adjustments effectively
take care of many dimensionality-related problems. But this nice property does not
extend to more general regression M-estimates.

Once these questions are raised, it becomes very natural to analyze the behavior
and performance of statistical methods in the regime where p/n is fixed. Indeed, it
will help us to keep track of the inherent statistical difficulty of the problem when
assessing the variability of our estimates. In other words, we assume in the current
paper that p/n — k > 0 while let n grows to infinity. Due to identifiability issues, it is
impossible to make inference on 8* if p > n without further structural or distributional
assumptions. We discuss this point in details in Sect. 2.3. Thus we consider the regime
where p/n — « € (0, 1). We call it the moderate p/n regime. This regime is also
the natural regime in random matrix theory [2,33,40,59]. It has been shown that the
asymptotic results derived in this regime sometimes provide an extremely accurate
approximation to finite sample distributions of estimators at least in certain cases [33]
where n and p are both small.

1.1 Qualitatively different behavior of moderate p/n regime

First, ,é(p) is no longer consistent in terms of Ly norm and the risk E||,3(p) — B*|1?
tends to a non-vanishing quantity determined by «, the loss function p and the error
distribution through a complicated system of non-linear equations [5,20-22]. This L-
inconsistency prohibits the use of standard perturbation-analytic techniques to assess
the behavior of the estimator. It also leads to qualitatively different behaviors for the
residuals in moderate dimensions; in contrast to the low-dimensional case, they cannot
be relied on to give accurate information about the distribution of the errors. However,
this seemingly negative result does not exclude the possibility of inference since B(p)
is still consistent in terms of Ly, norms for any v > 0 and in particular in L, norm.
Thus, we can at least hope to perform inference on each coordinate.

Second, classical optimality results do not hold in this regime. In the regime p/n —
0, the maximum likelihood estimator is shown to be optimal [7,29,30]. In other words,
if the error distribution is known then the M-estimator associated with the loss p(-) =
—log f: () is asymptotically efficient, provided the design is of appropriate type, where
fe(+) is the density of entries of €. However, in the moderate p/n regime, it has been
shown that the optimal loss is no longer the log-likehood but an other function with
a complicated but explicit form [6], at least for certain designs. The suboptimality of
maximum likelihood estimators suggests that classical techniques fail to provide valid
intuition in the moderate p/n regime.

Third, the joint asymptotic normality of 3(,0), as a p-dimensional random vector,
may be violated for a fixed design matrix X. This has been proved for least-squares by
[31] in his pioneering work. For general M-estimators, this negative result is a simple
consequence of the results of [22]: They exhibit an ANOVA design (see below) where
even marginal fluctuations are not Gaussian. By contrast, for random design, they show
that B(,o) is jointly asymptotically normal when the design matrix is elliptical with
general covariance by using the non-asymptotic stochastic representation for B(p) as
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well as elementary properties of vectors uniformly distributed on the uniform sphere
in R”; See section 2.2.3 of [22] or the supplementary material of [6] for details. This
does not contradict [31]’s negative result in that it takes the randomness from both X
and ¢ into account while [31]’s result only takes the randomness from ¢ into account.
Later, [21] shows that each coordinate of B(p) is asymptotically normal for a broader
class of random designs. This is also an elementary consequence of the analysis in
[20]. However, to the best of our knowledge, beyond the ANOVA situation mentioned
above, there are no distributional results for fixed design matrices. This is the topic of
this article.

Last but not least, bootstrap inference fails in this moderate-dimensional regime.
This has been shown by [9] for least-squares and residual bootstrap in their influential
work. Recently, [24] studied the results to general M-estimators and showed that all
commonly used bootstrapping schemes, including pairs-bootstrap, residual bootstrap
and jackknife, fail to provide a consistent variance estimator and hence valid infer-
ential statements. These latter results even apply to the marginal distributions of the
coordinates of ,é(p). Moreover, there is no simple, design independent, modification
to achieve consistency [24].

1.2 Our contributions

In summary, the behavior of the estimators we consider in this paper is completely
different in the moderate p/n regime from its counterpart in the low-dimensional
regime. As discussed in the next section, moving one step further in the moderate
p/n regime is interesting from both the practical and theoretical perspectives. The
main contribution of this article is to establish coordinate-wise asymptotic normality
of ,3 (p) for certain fixed design matrices X in this regime under technical assumptions.
The following theorem informally states our main result.

Theorem 1.1 (Informal Version of Theorem 3.1 in Sect. 3) Under appropriate con-
ditions on the design matrix X, the distribution of ¢ and the loss function p, as
p/n — k € (0, 1), while n — 00,

max dry | &£ M
1<j<p Var(B;(p))

where dyv (-, -) is the total variation distance and £ (-) denotes the law.

SNQO, D) | =o(l)

It is worth mentioning that the above result can be extended to finite dimensional
linear contrasts of B . For instance, one might be interested in making inference on
Bi — B in the problems involving the group comparison. The above result can be
extended to give the asymptotic normality of Bi — Bo.

Besides the main result, we have several other contributions. First, we use a new
approach to establish asymptotic normality. Our main technique is based on the second-
order Poincaré inequality (SOPI), developed by [10] to derive, among many other
results, the fluctuation behavior of linear spectral statistics of random matrices. In
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contrast to classical approaches such as the Lindeberg—Feller central limit theorem,
the second-order Poincaré inequality is capable of dealing with nonlinear and poten-
tially implicit functions of independent random variables. Moreover, we use different
expansions for ,3(p) and residuals based on double leave-one-out ideas introduced
in [22], in contrast to the classical perturbation-analytic expansions. See aforemen-
tioned paper and follow-ups. An informal interpretation of the results of [10] is that
if the Hessian of the nonlinear function of random variables under consideration is
sufficiently small, this function acts almost linearly and hence a standard central limit
theorem holds.

Second, to the best of our knowledge this is the first inferential result for fixed (non
ANOVA-like) design in the moderate p/n regime. Fixed designs arise naturally from
an experimental design or a conditional inference perspective. That is, inference is
ideally carried out without assuming randomness in predictors; see Sect. 2.2 for more
details. We clarify the regularity conditions for coordinate-wise asymptotic normality
of B(p) explicitly, which are checkable for LSE and also checkable for general M-
estimators if the error distribution is known. We also prove that these conditions are
satisfied with by a broad class of designs.

The ANOVA-like design described in Sect. 3.3.4 exhibits a situation where the
distribution of ,3 i (p) is not going to be asymptotically normal. As such the results of
Theorem 3.1 below are somewhat surprising.

For complete inference, we need both the asymptotic normality and the asymptotic
bias and variance. Under suitable symmetry conditions on the loss function and the
error distribution, it can be shown that ,3(,0) is unbiased (see Sect. 3.2.1 for details) and
thus it is left to derive the asymptotic variance. As discussed at the end of Sect. 1.1,
classical approaches, e.g. bootstrap, fail in this regime. For least-squares, classical
results continue to hold and we discuss it in Sect. 5 for the sake of completeness.
However, for M-estimators, there is no closed-form result. We briefly touch upon the
variance estimation in Sect. 3.4.2. The derivation for general situations is beyond the
scope of this paper and left to the future research.

1.3 Outline of paper

The rest of the paper is organized as follows: In Sect. 2, we clarify details which are
mentioned in the current section. In Sect. 3, we state the main result (Theorem 3.1)
formally and explain the technical assumptions. Then we show several examples of
random designs which satisfy the assumptions with high probability. In Sect. 4, we
introduce our main technical tool, second-order Poincaré inequality [10], and apply it
on M-estimators as the first step to prove Theorem 3.1. Since the rest of the proof of
Theorem 3.1 is complicated and lengthy, we illustrate the main ideas in “Appendix A”.
The rigorous proof is left to “Appendix B”. In Sect. 5, we provide reminders about the
theory of least-squares estimation for the sake of completeness, by taking advantage
of its explicit form. In Sect. 6, we display the numerical results. The proof of other
results are stated in “Appendix C” and more numerical experiments are presented in
“Appendix D”.
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2 More details on background
2.1 Moderate p/n regime: a more informative type of asymptotics?

In Sect. 1, we mentioned that the ratio p/n measures the difficulty of statistical infer-
ence. The moderate p/n regime provides an approximation of finite sample properties
with the difficulties fixed at the same level as the original problem. Intuitively, this
regime should capture more variation in finite sample problems and provide a more
accurate approximation. We will illustrate this via simulation.

Consider a study involving 50 participants and 40 variables; we can either use the
asymptotics in which p is fixed to be 40, n grows to infinity or p/n is fixed to be 0.8,
and n grows to infinity to perform approximate inference. Current software rely on
low-dimensional asymptotics for inferential tasks, but there is no evidence that they
yield more accurate inferential statements than the ones we would have obtained using
moderate dimensional asymptotics. In fact, numerical evidence [6,23,33] show that
the reverse is true.

We exhibit a further numerical simulation showing that. Consider a case thatn = 50,
¢ has i.i.d. entries and X is one realization of a matrix generated with i.i.d. gaussian
(mean 0, variance 1) entries. For x € {0.1,0.2,...,0.9} and different error distri-
butions, we use the Kolmogorov—Smirnov (KS) statistics to quantify the distance
between the finite sample distribution and two types of asymptotic approximation of
the distribution of f; (p).

Specifically, we use the Huber loss function pHyper,x With default parameter k =
1.345[32], i.e.

2 x| <k

1
= §X
PHuber, k (X) {k (|x| ) x| > k

Specifically, we generate three design matrices X (@, X and X®: X© for small
sample case with a sample size n = 50 and a dimension p = nx; XV for low-
dimensional asymptotics (p fixed) with a sample size n = 1000 and a dimension
p = 50k; and X® for moderate-dimensional asymptotics (p/n fixed) with a sample
sizen = 1000 and adimension p = n«.Each of them is generated as one realization of
an i.i.d. standard gaussian design and then treated as fixed across K = 100 repetitions.
For each design matrix, vectors € of appropriate length are generated with i.i.d. entries.
The entry has either a standard normal distribution, or a #3-distribution, or a standard
Cauchy distribution, i.e. #;. Then we use ¢ as the response, or equivalently assume
B* = 0, and obtain the M-estimators @, 8D, 3@ Repeating this procedure for
K = 100 times results in K replications in three cases. Then we extract the first
coordinate of each estimator, denoted by {ﬂ(o)}k 1 {ﬁ(l)}k 1 {ﬂ(z)}k |- Then the
two-sample Kolmogorov—Smirnov statistics can be obtained by

p ) ,
KS; = \/;mfx ‘Fn(o)(x) ~ EP )],
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Fig.1 Approximation accuracy of p-fixed asymptotics and p/n-fixed asymptotics: each column represents
an error distribution; the x-axis represents the ratio « of the dimension and the sample size and the y-axis
represents the Kolmogorov—Smirnov statistic; the red solid line corresponds to p-fixed approximation and
the blue dashed line corresponds to p/n-fixed approximation (color figure online)

where £, ,fr) is the empirical distribution of { ﬁér} } ,le . We can then compare the accuracy
of two asymptotic regimes by comparing KS| and KS;. The smaller the value of KS;,
the better the approximation.

Figure 1 displays the results for these error distributions. We see that for gaus-
sian errors and even t3 errors, the p/n-fixed/moderate-dimensional approximation is
uniformly more accurate than the widely used p-fixed/low-dimensional approxima-
tion. For Cauchy errors, the low-dimensional approximation performs better than the
moderate-dimensional one when p/n is small but worsens when the ratio is large espe-
cially when p/n is close to 1. Moreover, when p/n grows, the two approximations
have qualitatively different behaviors: the p-fixed approximation becomes less and
less accurate while the p/n-fixed approximation does not suffer much deterioration
when p/n grows. The qualitative and quantitative differences of these two approxima-
tions reveal the practical importance of exploring the p/n-fixed asymptotic regime.
(See also [33]).

2.2 Random versus fixed design?

As discussed in Sect. 1.1, assuming a fixed design or a random design could lead to
qualitatively different inferential results.

In the random design setting, X is considered as being generated from a super
population. For example, the rows of X can be regarded as an i.i.d. sample from
a distribution known, or partially known, to the researcher. In situations where one
uses techniques such as cross-validation [54], pairs bootstrap in regression [17] or
sample splitting [60], the researcher effectively assumes exchangeability of the data
(x,.T, yi)!_;- Naturally, this is only compatible with an assumption of random design.
Given the extremely widespread use of these techniques in contemporary machine
learning and statistics, one could argue that the random design setting is the one under
which most of modern statistics is carried out, especially for prediction problems.
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990 L. Leietal.

Furthermore, working under a random design assumption forces the researcher to take
into account two sources of randomness as opposed to only one in the fixed design
case. Hence working under a random design assumption should yield conservative
confidence intervals for B%.

In other words, in settings where the researcher collects data without control over
the values of the predictors, the random design assumption is arguably the more natural
one of the two.

However, it has now been understood for almost a decade that common random
design assumptions in high-dimension (e.g. x; = X'/?z; where zj,j’s are i.i.d with
mean 0 and variance 1 and a few moments and X' “well behaved”) suffer from consid-
erable geometric limitations, which have substantial impacts on the performance of
the estimators considered in this paper [22]. As such, confidence statements derived
from that kind of analysis can be relied on only after performing a few graphical tests
on the data (see [19]). These geometric limitations are simple consequences of the
concentration of measure phenomenon [36].

On the other hand, in the fixed design setting, X is considered a fixed matrix. In this
case, the inference only takes the randomness of € into consideration. This perspective
is popular in several situations. The first one is the experimental design. The goal is
to study the effect of a set of factors, which can be controlled by the experimenter, on
the response. In contrast to the observational study, the experimenter can design the
experimental condition ahead of time based on the inference target. For instance, a
one-way ANOVA design encodes the covariates into binary variables (see Sect. 3.3.4
for details) and it is fixed prior to the experiment. Other examples include two-way
ANOVA designs, factorial designs, Latin-square designs, etc. [52].

Another situation which is concerned with fixed design is the survey sampling
where the inference is carried out conditioning on the data [13]. Generally, in order
to avoid unrealistic assumptions, making inference conditioning on the design matrix
X is necessary. Suppose the linear model (1) is true and identifiable (see Sect. 2.3
for details), then all information of 8* is contained in the conditional distribution
Z(y|X) and hence the information in the marginal distribution .Z’(X) is redundant.
The conditional inference framework is more robust to the data generating procedure
due to the irrelevance of .Z’(X).

Also, results based on fixed design assumptions may be preferable from a theoretical
point of view in the sense that they could potentially be used to establish corresponding
results for certain classes of random designs. Specifically, given a marginal distribution
Z£(X), one only has to prove that 2~ satisfies the assumptions for fixed design with
high probability.

In conclusion, fixed and random design assumptions play complementary roles in
moderate-dimensional settings. We focus on the least understood of the two, the fixed
design case, in this paper.
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2.3 Modeling and identification of parameters

The problem of identifiability is especially important in the fixed design case. Define
B*(p) in the population as

R

B"(p) = argmin — > "Ep (v — x/ ). 3)
perr Ty

One may ask whether 8*(p) = B* regardless of p in the fixed design case. We provide

an affirmative answer in the following proposition by assuming that &; has a symmetric

distribution around 0 and p is even.

Proposition 2.1 Suppose X has a full column rank and &; 4 —¢&; for all i. Further
assume p is an even convex function such that foranyi = 1,2, ... and o # 0,

1
5 Eplei — o)+ Eplei + o)) > Ep(e). “

Then B*(p) = B* regardless of the choice of p.

The proof is left to “Appendix C”. It is worth mentioning that Proposition 2.1 only
requires the marginals of ¢ to be symmetric but does not impose any constraint on the
dependence structure of . Further, if p is strongly convex, then for all o« # 0,

1
5 (px —a)+ p(x +a)) > p(x).

As a consequence, the condition (4) is satisfied provided that &; is non-zero with
positive probability.

If ¢ is asymmetric, we may still be able to identify 8* if ¢; are i.i.d. random variables.
In contrast to the last case, we should incorporate an intercept term as a shift towards
the centroid of p. More precisely, we define «*(p) and 8*(p) as

n

1
* , * — 3 _ E P — — iT .
(@™(p), B*(p)) aaerﬁlgrélﬂrg}p . ;=1 0 (y a—x ﬂ)

Proposition 2.2 Suppose (1, X) is of full column rank and €; are i.i.d. such that
Ep(e1 — a) as a function of a has a unique minimizer a(p). Then B*(p) is uniquely
defined with 8*(p) = B* and a*(p) = a(p).

The proof is left to “Appendix C”. For example, let p(z) = |z|. Then the minimizer
of Ep(e; — a) is a median of ¢, and is unique if ¢; has a positive density. It is
worth pointing out that incorporating an intercept term is essential for identifying
B*. For instance, in the least-square case, $*(p) no longer equals to 8* if Ee; # 0.
Proposition 2.2 entails that the intercept term guarantees 8*(p) = S*, although the
intercept term itself depends on the choice of p unless more conditions are imposed.
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992 L. Leietal.

If &;’s are neither symmetric nor i.i.d., then 8* cannot be identified by the previous
criteria because *(p) depends on p. Nonetheless, from a modeling perspective, it is
popular and reasonable to assume that ¢;’s are symmetric or i.i.d. in many situations.
Therefore, Propositions 2.1 and 2.2 justify the use of M-estimators in those cases and
M-estimators derived from different loss functions can be compared because they are
estimating the same parameter.

3 Main results
3.1 Notation and assumptions

Let x/ € R'” denote the i-th row of X and X; € R"*! denote the j-th column
of X. Throughout the paper we will denote by X;; € R the (i, j)-th entry of X,
by X € R~ the design matrix X after removing the j-th column, and by
xf[ ] € RIX(=D the vector xl.T after removing j-th entry. The M-estimator ,é(p)

associated with the loss function p is defined as

n n

foy =argmin -3 p (v x[ B) = argmin 3" p (s~ x[ B~ ) O

BeRP T =i perr MG

We define ¥ = p’ to be the first derivative of p. We will write ;§ (p) simply ,é when
no confusion can arise.

When the original design matrix X does not contain an intercept term, we can
simply replace X by (1, X) and augment 8 into a (p+ 1)-dimensional vector (, B7)7.
Although being a special case, we will discuss the question of intercept in Sect. 3.2.2
due to its important role in practice.

Equivariance and reduction to the null case
Bi—EB,

Var(B;)
B* is identifiable as discussed in Sect. 2.3, we can assume S* = 0 without loss of
generality. In this case, we assume in particular that the design matrix X has full

column rank. Then y; = &; and

Notice that our target quantity is invariant to the choice of 8*, provided that

B:argminlip(sk—x,?ﬁ>.

gerr M7

Similarly we define the leave- j-th-predictor-out version as
1 n
Bij) = argmin — Z,o (ak —ka,[j],B> .

ﬂERI”l n k=1
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Based on these notations we define the full residuals Ry as
Ri = TR, k=
r=¢e—x B, k=12,...,n
and the leave- j-th-predictor-out residual as
T A .
Tk [j1 = Ek _xk,[j]:B[j]’ k= 1,2,...,11, ] = 1,...,p.

Three n x n diagonal matrices are defined as

D = diag(y/'(Re)){_,, D =diag(y"(R))j_;, Dyj) = diag(¥’ (re (i), -

(6)
We say a random variable Z is o >-sub-gaussian if for any A € R,
Aznz
Ee*? <e 2
In addition, we use J,, C {1, ..., p} to represent the indices of parameters which

are of interest. Intuitively, more entries in J,, would require more stringent conditions
for the asymptotic normality.

Finally, we adopt Landau’s notation (O(-), o(-), Op(-), 0p(-)). In addition, we say
ay = $2(by) if b, = O(ay) and similarly, we say a, = §2,(by) if b, = Op(ay). To
simplify the logarithm factors, we use the symbol polyLog(n) to denote any factor
that can be upper bounded by (logn)” for some y > 0. Similarly, we use m
to denote any factor that can be lower bounded by m for some ¥’ > 0.

3.2 Technical assumptions and main result

Before stating the assumptions, we need to define several quantities of interest. Let

xTx xTx
A4+ = Amax s A— = Amin
n n

. . xT .
be the largest (resp. smallest) eigenvalue of the matrix xn_x Let ¢; € R” be the i-th
canonical basis vector and

Rjo 2 WD, v,

-1
A T T
hjii = (1 — DijXij) (X[j]D[j]X[j]) Xm> -

Finally, let

T . T .
‘hj,oxf‘ ‘hj,l,ixf‘
Ac = max { max Err—

i€ Nhjola “isnjed |hjil2

Qj = COV(hj,o)
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Based on the quantities defined above, we state our technical assumptions on the

design matrix X followed by the main result. A detailed explanation of the assumptions

follows.

Al p(0) = ¥(0) = 0 and there exists positive numbers Ko = §2 (m),
K1, K2 = O (polyLog(n)), such that for any x € R,

Wl _
NN

A2 g = u;(W;) where (Wy, ..., W,) ~ N(0, I,,x,,) and u; are smooth functions
with ||} |lo < c1and |[u] |0 < ¢ forsomecy, c2 = O(polyLog(n)). Moreover,

d
Ko < ¥'(x) < Ky, ‘E(W(x))‘ = Ka;

assume min; Var(g;) = £2 (m).

A3 A4 = O(polyLog(n)) and A_ = £ (
. xT0;x; 1

A4 minjeJ, tJr(ij)J =8 (polyLog(n));

A5 EA% = O (polyLog(n)).

1 .
polyLog(n) ) ’

Theorem 3.1 Under assumptions AI-AS5, as p/n — « for some k € (0, 1), while
n — 09,

N
maxdry | 2 [ PZEB5 ) N1y | = o1,

e J Var(B))

where dry (P, Q) = supy |P(A) — Q(A)] is the total variation distance.

We provide several examples where our assumptions hold in Sect. 3.3. We also provide
an example where the asymptotic normality does not hold in Sect. 3.3.4. This shows
that our assumptions are not just artifacts of the proof technique we developed, but
that there are (probably many) situations where asymptotic normality will not hold,
even coordinate-wise.

3.2.1 Discussion of assumptions

Now we discuss assumptions A1-A5. Assumption Al implies the boundedness of
the first-order and the second-order derivatives of vr. The upper bounds are satisfied
by most loss functions including the L> loss, the smoothed L loss, the smoothed
Huber loss, etc. The non-zero lower bound K implies the strong convexity of p and is
required for technical reasons. It can be removed by considering first a ridge-penalized
M-estimator and taking appropriate limits as in [20,21]. In addition, in this paper we
consider the smooth loss functions and the results can be extended to non-smooth case
via approximation.

For unregularized M-estimators, the strong convexity is also assumed by other
works [15,20]. However, we believe that this assumption is unnecessary and can
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be removed at least for well-behaved design matrices. In fact, we can extend our
results to strictly convex loss functions, where ¢’ is always positive by imposing
slightly stronger assumptions on the designs. This includes the class of optimal loss
functions in the moderate p/n regime derived in [6]. However, the proofs are very
delicate and beyond the scope of this paper so we plan to leave it in our future
works.

Assumption A2 was proposed in [10] when deriving the second-order Poincaré
inequality discussed in Sect. 4.1. It means that the results apply to non-Gaussian dis-
tributions, such as the uniform distribution on [0, 1] by taking u; = @, the cumulative
distribution function of standard normal distribution. Through the gaussian concentra-
tion [36], we see that A2 implies that ¢; are c%—sub—gaussian. Thus A2 controls the tail
behavior of &;. The bounds on the infinity norm of u; and u/ are required only for the
direct application of Chatterjee’s results. In fact, a look at his proof suggests that one
can obtain a similar result to his Second-Order Poincaré inequality involving moment
bounds on u:(W;) and u} (W;). This would be a way to weaken our assumptions to per-
mit to have the heavy-tailed distributions expected in robustness studies. This requires
substantial work and an extension of the main results of [10]. Because the technical
part of the paper is already long, we leave this interesting statistical question to future
works.

On the other hand, since we are considering strongly convex loss-functions, it is
not completely unnatural to restrict our attention to light-tailed errors. Furthermore,
efficiency—and not only robustness—questions are one of the main reasons to consider
these estimators in the moderate-dimensional context. The potential gains in efficiency
obtained by considering regression M-estimates [6] apply in the light-tailed context,
which further justify our interest in this theoretical setup.

Assumption A3 is completely checkable since it only depends on X. It controls the
singularity of the design matrix. Under A1 and A3, it can be shown that the objective
function is strongly convex with curvature (the smallest eigenvalue of the Hessian
matrix) lower bounded by §2 (m

Assumption A4 is controlling the left tail of quadratic forms. It is fundamentally
connected to aspects of the concentration of measure phenomenon [36]. This condition
is proposed and emphasized under the random design setting by [23]. Essentially, it
means that for amatrix Q ; ,which does notdepend on X ;, the quadratic form X JT 0;iX;
should have the same order as tr(Q ;).

Assumption A5 is proposed by [20] under the random design settings. It is motivated
by leave-one-predictor-out analysis. Note that Ac is the maximum of linear contrasts
of X ;, whose coefficients do not depend on X ;. It is easily checked for design matrix
X which is a realization of a random matrix with i.i.d sub-gaussian entries for instance.

) everywhere.

Remark 3.1 In certain applications, it is reasonable to make the following additional
assumption:

A6 p is an even function and ¢;’s have symmetric distributions.

Although assumption A6 is not necessary to Theorem 3.1, it can simplify the result.

Under assumption A6, when X is full rank, we have, if 4 denotes equality in distri-

@ Springer



996 L. Leietal.

bution,
n n

1 1
= argmin — Z,o (s,- — x,-T'?) = argmin — Zp (—si —i—xiTn)

neRr i neRr iy

=
|
=
*

n

A

4 argminlz,o <8i +x,-TTI) =p*-B.

n
neRr iy

This implies that ,3 is an unbiased estimator, provided it has a mean, which is the case
here. Unbiasedness is useful in practice, since then Theorem 3.1 reads

Bj — B
maxdry | £ — )
J&n JVar(B))

For inference, we only need to estimate the asymptotic variance.

LNO, D | =o(1).

3.2.2 An important remark concerning Theorem 3.1

When J,, is asubset of {1, ..., p}, the coefficients in J become nuisance parameters.
Heuristically, in order for identifying ,Bjn, one only needs the subspaces span(X,)
and span(X je¢) to be distinguished and X ;, has a full column rank. Here X, denotes
the sub-matrix of X with columns in J,. Formally, let

~ 1 -
E«In = —X; (I — X e (X;CXJC) X}l) Xjn
n n n n n n
where A~ denotes the generalized inverse of A, and
5\+ = )\max (ZA‘J,,) s 5\7 = Amin (2Jn) .

Then 3, characterizes the behavior of X, after removing the effect of X Je- In
particular, we can modify the assumption A3 by
A3* X, = O(polyLog(n)) and A_ = 2 (é)

polyLog(n)

Then we are able to derive a stronger result in the case where |J,,| < p than Theorem
3.1 as follows.

Corollary 3.1 Under assumptions AI-2, A4-5 and A3* as p/n — «k for some
k€ (0, 1),

E
max dyy | & '8/ 'BJ

J€n Nar (3 B

LN@O, 1) | = o).
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It can be shown that )Lr < A4+ and o > A_ and hence the assumption A3* is
weaker than A3. It is worth pointing out that the assumption A3* even holds when
X does not have full column rank, in which case ] is still identifiable and B, is

still well-defined, although 8. and ;é Je are not; see “Appendix C-2” for details.

3.3 Examples

Throughout this subsection (except Sect. 3.3.4), we consider the case where X is a
realization of a random matrix, denoted by Z (to be distinguished from X). We will
verify that the assumptions A3—AS5 are satisfied with high probability under different
regularity conditions on the distribution of Z. This is a standard way to justify the
conditions for fixed design [42,43] in the literature on regression M-estimates.

3.3.1 Random design with independent entries

First we consider a random matrix Z with i.i.d. sub-gaussian entries.

Proposition 3.1 Suppose Z has i.i.d. mean-zero o’-sub-gaussian entries with

Var(Z;;) = 2 > 0 for some o = O (polyLog(n)) and T = £2 (m), then,
when X is a realization of Z, assumptions A3-AS for X are satisfied with high prob-

ability over Z for J, = {1, ..., p}.

Inpractice, the assumption of identical distribution might be invalid. In fact the assump-
tions A4, A5 and the first part of A3 (A4 = O (polyLog(n))) are still satisfied with
high probability if we only assume the independence between entries and boundedness
of certain moments. To control A_, we rely on [37] which assumes symmetry of each
entry. We obtain the following result based on it.

Proposition 3.2 Suppose Z has independent o*-sub-gaussian entries with

Zij 4 —Zij, Var(Z;j) > 72

for some o = O (polyLog(n)) and t = £2 (m), then, when X is a realization

of Z, assumptions A3-AS5 for X are satisfied with high probability over Z for J, =
{1,..., plL

Under the conditions of Proposition 3.2, we can add an intercept term into the design
matrix. Adding an intercept allows us to remove the mean-zero assumption for Z;;’s.
In fact, suppose Z;; is symmetric with respect to i ;, which is potentially non-zero, for
all i, then according to Sect. 3.2.2, we canreplace Z;; by Z;; — 1 and Proposition 3.3
can be then applied.

Proposition 3.3 Suppose Z = (1, Z) and Z € R"*P=V has independent o*-sub-
gaussian entries with

d ~ ~
Zij—wj = wj — Zij, Var(Zij) > 1°
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for some o = O (polyLog(n)), T = £2 (m) and arbitrary jvj. Then, when
X is a realization of Z, assumptions A3* A4 and A5 for X are satisfied with high
probability over Z for J, = {2, ..., p}.

3.3.2 Dependent gaussian design

To show that our assumptions handle a variety of situations, we now assume that the
observations, namely the rows of Z, are i.i.d. random vectors with a covariance matrix

Y. In particular we show that the Gaussian design, i.e. z; "N (0, X), satisfies the
assumptions with high probability.

jid.
Proposition 3.4 Suppose z; '~ N(0, X) with Amax(X) = O (polyLog(n)) and
Amin(X) = 2 <m), then, when X is a realization of Z, assumptions A3—AS5
for X are satisfied with high probability over Z for J, = {1, ..., p}.

This result extends to the matrix-normal design [41, Chapter 3], i.e. (Z;;)i<n,j<p is
one realization of a np-dimensional random variable Z with multivariate gaussian
distribution

vee(2) 2 (f. .2 ) ~ N0, A8 B,
and ® is the Kronecker product. It turns out that assumptions A3-AS5 are satisfied if
both A and ¥ are well-behaved.
Proposition 3.5 Suppose Z is matrix-normal with vec(Z) ~ N(0, A ® X) and
1
Amax(A), Amax(X) = O (polyLog(n)), Amin(A), Amin(X) = 2| ——— | .
polyLog(n)

Then, when X is a realization of Z,assumptions A3-A5 for X are satisfied with high
probability over Z for J, = {1, ..., p}.

In order to incorporate an intercept term, we need slightly more stringent condition on
A. Instead of assumption A3, we prove that assumption A3*—see Sect. 3.2.2—holds
with high probability.

Proposition 3.6 Suppose Z contains an intercept term, i.e. Z = (1, Z)and Z satisfies
the conditions of Proposition 3.5. Further assume that

max; [(A~21)]

: ; = O (polyLog(n)) . @)
min; [(A™21);]

Then, when X is a realization of Z, assumptions A3*, A4 and A5 for X are satisfied
with high probability over Z for J, = {2, ..., p}.
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When A = I, the condition (7) is satisfied. Another non-trivial example is the
exchangeable case where A;; are all equal for i # j. In this case, 1 is an eigen-

vector of A and hence it is also an eigenvector of A~7.Thus A7 1isa multiple of 1
and the condition (7) is satisfied.

3.3.3 Elliptical design

Furthermore, we can move from Gaussian-like structure to generalized elliptical
models where z; = §i21/2% where {¢;, % i = 1,...,n;j = 1,..., p} are
independent random variables, Z;; having for instance mean 0 and variance 1. The
elliptical family is quite flexible in modeling data. It represents a type of data formed
by a common driven factor and independent individual effects. It is widely used in
multivariate statistics [1,55] and various fields, including finance [12] and biology
[46]. In the context of high-dimensional statistics, this class of model was used to
refute universality claims in random matrix theory [18]. In robust regression, [22]
used elliptical models to show that the limit of || /§ ||% depends on the distribution of ¢;
and hence the geometry of the predictors. As such, studies limited to Gaussian-like
design were shown to be of very limited statistical interest. See also the deep classical
inadmissibility results [4,34]. However, as we will show in the next proposition, the
common factors ¢; do not distort the shape of the asymptotic distribution. A similar
phenomenon happens in the random design case—see [6,23].

Proposition 3.7 Suppose Z is generated from an elliptical model, i.e.
Zij = G Zij,

where ¢; are independent random variables taking values in [a, b] for some 0 <
a < b < oo and Z;; are independent random variables satisfying the conditions
of Propositions 3.1 or 3.2. Further assume that {¢; : i = 1,...,n} and {Z]; :
i =1,...,n;j = 1,..., p} are independent. Then, when X is a realization of
Z, assumptions A3-AS5 for X are satisfied with high probability over Z for J, =

{,...,ph

Thanks to the fact that ¢; is bounded away from 0 and oo, the proof of Proposition 3.7
is straightforward, as shown in “Appendix C”. However, by a more refined argument
and assuming identical distributions ¢;, we can relax this condition.

Proposition 3.8 Under the conditions of Proposition 3.7 (except the boundedness of
i) and assume ¢; are i.i.d. samples generated from some distribution F, independent
of n, with

P =1 <cre
forsomefixedcy, ¢, > 0and F~'(q) > Oforanyq < (0, 1) where F~ ! is the quan-

tile function of F and is continuous. Then, when X is a realization of Z, assumptions
A3-AS5 for X are satisfied with high probability over Z for J, = {1, ..., p}.
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3.3.4 A counterexample

Consider a one-way ANOVA situation. In other words, let the design matrix have
exactly 1 non-zero entry per row, whose valueis 1. Let {k; }7_, beintegersin {1, ..., p}.
And let X; ; = 1(j = k;). Furthermore, let us constrain n; = [{i : k; = j}| to be
such that 1 < n; < 2| p/n]. Taking for instance k; = (i mod p) is an easy way to
produce such a matrix. The associated statistical model is just y; = ¢; + ,B,j‘i .

It is easy to see that

p; = arg min Z p(yi — Bj) = argmin Z plei —(Bj — BY) -

BER =) R =)

This is of course a standard location problem. In the moderate-dimensional setting we
consider, n; remains finite as n — 00. So B ; is a non-linear function of finitely many
random variables and will in general not be normally distributed.

For concreteness, one can take p(x) = |x|, in which case B j is a median of
{i}i:;=j}- The cdf of /§ j is known exactly by elementary order statistics computations
(see [14]) and is not that of a Gaussian random variable in general. In fact, the ANOVA
design considered here violates the assumption A3 sinceA_ = min; n;/n = O (1/n).
Further, we can show that the assumption A5 is also violated, at least in the least-square
case; see Sect. 5.1 for details.

3.4 Comments and discussions
3.4.1 Asymptotic normality in high dimensions

In the p-fixed regime, the asymptotic distribution is easily defined as the limit of ¥ (;§ )
in terms of weak topology [56]. However, in regimes where the dimension p grows, the
notion of asymptotic distribution is more delicate. a conceptual question arises from
the fact that the dimension of the estimator B changes with n and thus there is no well-
defined distribution which can serve as the limit of . (,é), where £ (-) denotes the law.
One remedy is proposed by [38]. Under this framework, a triangular array {W,, ;, j =
1,2,..., pu}, withEW, ; =0, EWfﬁj = 1, is called jointly asymptotically normal if
for any deterministic sequence a, € R”" with |la,|2 = 1,

p)l
LD anjWaj| = NO.D.
j=1

When the zero mean and unit variance are not satisfied, it is easy to modify the
definition by normalizing random variables.
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Definition 3.1 (joint asymptotic normality)
{W, : W, € RP} is jointly asymptotically normal if and only if for any sequence
{a, : a, € RPr},

P ( al (W, — EW,)

—) — N(0,1).
val Cov(Wy)ay

The above definition of asymptotic normality is strong and appealing but was shown
not to hold for least-squares in the moderate p/n regime [31]. In fact, [31] shows that
BLS is jointly asymtotically normal only if

max(X (X7 X)"'x7);; — 0.
1
When p/n — « € (0, 1), provided X is full rank,
1
max(X (XTX)7'xT);; = —aex(xXTx)71x7) = L
1 n n

In other words, in moderate p/n regime, the asymptotic normality cannot hold for all
linear contrasts, even in the case of least-squares.

In applications, however, it is usually not necessary to consider all linear contrasts
but instead a small subset of them, e.g. all coordinates or low dimensional linear
contrasts such as B — B5. We can naturally modify Definition 3.1 and adapt to our
needs by imposing constraints on a,. A popular concept, which we use in Sect. 1
informally, is called coordinate-wise asymptotic normality and defined by restricting
a, to be the canonical basis vectors, which have only one non-zero element. An
equivalent definition is stated as follows.

Definition 3.2 (coordinate-wise asymptotic normal) {W,, : W,, € RP} is coordinate-
wise asymptotically normal if and only if for any sequence {j, : j, € {1,..., pa}},

( Wn,j,, - EWn,j,,

v/ Var(W, ;)

A more convenient way to define the coordinate-wise asymptotic normality is to intro-
duce a metric d(-, -), e.g. Kolmogorov distance and total variation distance, which
induces the weak convergence topology. Then W, is coordinate-wise asymptotically
normal if and only if

W, i —EW, ;
dl e | 22 _—71J ,NO, D) =o(1).
mjax < < ) > ( )) o(1)

3.4.2 Variance and bias estimation

) — N(, 1).

To complete the inference, we need to compute the bias and variance. As discussed in
Remark 3.1, the M-estimator is unbiased if the loss function and the error distribution
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are symmetric. For the variance, it is easy to get a conservative estimate via resampling
methods such as Jackknife as a consequence of Efron—Stein’s inequality; see [20,24]
for details. Moreover, by the variance decomposition formula,

Var(f;) = E [Var(leX)] + Var [E(ﬁjp{)] >E [Var(,éjm] ,

the unconditional variance, when X is a random design matrix, is a conservative
estimate. The unconditional variance can be calculated by solving a non-linear system;
see [15,20].

However, estimating the exact variance is known to be hard. [24] show that the
existing resampling schemes, including jacknife, pairs-bootstrap, residual bootstrap,
etc., are either too conservative or too anti-conservative when p/n is large. The chal-
lenge, as mentioned in [20,24], is due to the fact that the residuals {R;} do not mimic
the behavior of {g;} and that the resampling methods effectively modifies the geom-
etry of the dataset from the point of view of the statistics of interest. We believe that
variance estimation in moderate p/n regime should rely on different methodologies
from the ones used in low-dimensional estimation.

4 Proof sketch

Since the proof of Theorem 3.1 is somewhat technical, we illustrate the main idea in
this section.

First notice that the M-estimator ,3 is an implicit function of independent random
variables €1, . .., &,, which is determined by

1 & .
=D xil(e = xif) =0. ®)
i=1

The Hessian matrix of the loss function in (5) is 1X DX > Doi_ I, under the
notation introduced in Sect. 3.1. The assumption A3 then implies that the loss function
is strongly convex, in which case B is unique. Then B can be seen as a non-linear
function of ¢;’s. A powerful central limit theorem for this type of statistics is the
second-order Poincaré inequality (SOPI), developed in [10] and used there to re-
prove central limit theorems for linear spectral statistics of large random matrices. We
recall one of the main results for the convenience of the reader.

Proposition 4.1 (SOPIL; [10]) Let # = (M1, ..., W) = (ui(Wy), ..., u,(Wy))

where W; Hd N(O, 1) and |[u}lloo < c1, U] |lco < c2. Take any g € C%(R") and let

Vig, Vg and V*g denote the i-th partial derivative, gradient and Hessian of g. Let
n 3

o = (EZ !v,»g(W)\“) . k= EIVEONIDI. 2= BV,

i=1
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and U = g(W). If U has finite fourth moment, then

U—-EU Zﬁ(clczxo + C%K]Kz)
oo (# (Gewan) vo0) =

From (8), it is not hard to compute the gradient and Hessian of B ; with respect to €.
Recalling the definitions in Eq. (6) on p. 9, we have

Lemma 4.1 Suppose ¢ € C2(R"), then

3B, _

38_; =e; (X"DX)"'X"D ©)
ﬂ — GT dlag (eT(XTDX)ileD) G (10)
dedel J

where e is the j-th cononical basis vectors in RP and
G=1-XX"pDx)"'xTD.

Recalling the definitions of K;’s in Assumption A1 on p. 10, we can bound g, 1 and
K as follows.

Lemma 4.2 Let kg, k1, k2j defined as in Proposition 4.1 by setting W = & and
gy = Bj. Let

Mj:EHeJT(XTDX)”XTD% . (11)
then
K? K? K? Ki\*
2 1 4 1 4 2 1
“oj = 3 My K= s T K2f§—3'<l<_> M-
(nKohr_)2 (nKor-) (nKohr_)2 0

As a consequence of the second-order Poincaré inequality, we can bound the total
variation distance between §; and a normal distribution by M; and Var(8;). More
precisely, we prove the following Lemma.

Lemma 4.3 Under Assumptions AI1-A3,

1
3. _EB; max j (nM?)§
maxdry | £ u ,NQO, D | =0, ]—]A - polyLog(n)
J /Var(,éj) n - min; Var(8;)

Lemma 4.3 is the key to prove Theorem 3.1. To obtain the coordinate-wise asymptotic
normality, it is left to establish an upper bound for M; and a lower bound for Var(8;).
In fact, we can prove that
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Lemma 4.4 Under assumptions AI1-AS5,

lyL
maxMj:O(Logw

J n

) , mjinVar(ﬁj) = (W) '

Then Lemmas 4.3 and 4.4 together imply that

max dry | & PizEBi | N =0(Eﬂ5§2>=wn.
J JVar(B;) ns

“Appendix A”, provides a roadmap of the proof of Lemma 4.4 under a special case
where the design matrix X is one realization of a random matrix with i.i.d. sub-gaussian
entries. It also serves as an outline of the rigorous proof in “Appendix B”.

4.1 Comment on the second-order Poincaré inequality

Notice that when g is a linear function such that g(z) = Y/, a;z;, then the Berry—
Esseen inequality [25] implies that

W —EW S lail?
dg [ £ | ——=).,N@©, 1) | < ==—"_,
K ( («/Var(W)> ( )) = >, a?)%

where

dg (F, G) =sup |F(x) — G(x)|.

On the other hand, the second-order Poincaré inequality implies that

W —EW W —EW
oo (# () o) = oo (# (s ) o)
(S o)
Yiia

This is slightly worse than the Berry—Esseen bound and requires stronger conditions
on the distributions of variates but provides bounds for TV metric instead of Kol-
mogorov metric. This comparison shows that second-order Poincaré inequality can be
regarded as a generalization of the Berry—Esseen bound for non-linear transformations
of independent random variables.

=

5 Least-squares estimator

The Least-Squares Estimator is a special case of an M-estimator with p(x) = %xz.

Because the estimator can then be written explicitly, the analysis of its properties

@ Springer



Asymptotics for high dimensional regression M -estimates. .. 1005

is extremely simple and it has been understood for several decades (see arguments
in e.g. [31, Lemma 2.1] and [32, Proposition 2.2]). In this case, the hat matrix
H = X(XTX)7'XT captures all the problems associated with dimensionality in
the problem. In particular, proving the asymptotic normality simply requires an appli-
cation of the Lindeberg—Feller theorem.

It is however somewhat helpful to compare the conditions required for asymptotic
normality in this simple case and the ones we required in the more general setup of
Theorem 3.1. We do so briefly in this section.

5.1 Coordinate-wise asymptotic normality of LSE
Under the linear model (1), when X is full rank,
lé\LS — ,3* + (XTX)_IXTE‘,

thus each coordinate of ﬁLS is a linear contrast of ¢ with zero mean. Instead of
assumption A2, which requires &; to be sub-gaussian, we only need to assume

max; E|g; |3 < 00, under which the Berry—Essen bound for non-i.i.d. data [25] implies
that

3. _ B* xTy\=1yT 3 (vTy\—-1vT
i | Bj — B N 1) lej (X" X7 X715 _ lle; (X" X)™ X" Jloo

= .
T e XTXOTIXTS T e (XTX)TIXT

J Var(8))

This motivates us to define a matrix specific quantity S; (X) such that

HeT(xTX)*leH
j o

T(xTx)-1xT
|ef cro-rar]

S;(X) = (12)

then the Berry—Esseen bound implies that max j¢j, S;(X) determines the coordinate-
wise asymptotic normality of BLS.

Theorem 5.1 I[fmax; E|¢;|> < oo, then

3w . . Ele: |3
maxdy | PEL =P N0 1) < A max lei] - max 5;(X),

) — E
JjeJIn /Var(ﬂLS,j) i (Eglz)z Jj€In

where A is an absolute constant and dk (-, -) is the Kolmogorov distance, defined as

dg (F, G) = sup |[F(x) = G(x)|.

It turns out that max ¢y, S;(X) plays in the least-squares setting the role of Ac in
assumption A5. Since it has been known that a condition like S; (X) — 01is necessary
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for asymptotic normality of least-square estimators [31, Proposition 2.2], this shows
in particular that our Assumption A5, or a variant, is also needed in the general case.
See “Appendix C-4.1” for details.

5.2 Discussion

Naturally, checking the conditions for asymptotic normality is much easier in the least-
squares case than in the general case under consideration in this paper. In particular:

1. Asymptotic normality conditions can be checked for a broader class of random
design matrices. See “Appendix C-4.2” for details.

11X lloo

IIXJ jH”Z ’
Hence, the condition S;(X) = o(1) is true if and only if no entry dominates the
j-th row of X.

3. The ANOVA-type counterexample we gave in Sect. 3.3.4 still provides a counter-
example. The reason now is different: namely the sum of finitely many independent
random variables is evidently in general non-Gaussian. In fact, in this case,

Si(X) = «/+T; is bounded away from 0.

Inferential questions are also extremely simple in this context and essentially again
dimension-independent for the reasons highlighted above. Theorem 5.1 naturally
reads,

2. For orthogonal design matrices, i.e X7 X = cId for some ¢ > 0, Si(X) =

,3]'—,3}‘

o /e]T(XTX)—le,

Estimating o is still simple under minimal conditions provided n — p — oo: see [9,
Theorem 1.3] or standard computations concerning the normalized residual sum-of-
squares (using variance computations for the latter may require up to 4 moments for
&;’s). Then we can replace o in (13) by & with

. 1 <
(72 = Z R,%
k=1

4 N, 1. (13)

n—p

where Ry = yr — ka ,3 and construct confidence intervals for ﬂ;‘ based on o. If
n — p does not tend to oo, the normalized residual sum of squares is evidently
not consistent even in the case of Gaussian errors, so this requirement may not be
dispensed of.

6 Numerical results

As seen in the previous sections and related papers, there are five important factors
that affect the distribution of B: the design matrix X, the error distribution .Z(¢),
the sample size n, the ratio «, and the loss function p. The aim of this section is
to assess the quality of the agreement between the asymptotic theoretical results of
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Theorem 3.1 and the empirical, finite-dimensional properties of ,3(,0). We also per-
form a few simulations where some of the assumptions of Theorem 3.1 are violated
to get an intuitive sense of whether those assumptions appear necessary or whether
they are simply technical artifacts associated with the method of proof we developed.
As such, the numerical experiments we report on in this section can be seen as a
complement to Theorem 3.1 rather than only a simple check of its practical rele-
vance.

The design matrices we consider are one realization of random design matrices of
the following three types:

(i..d. design) X;; " F;

. S S~ didd. ii.d. ..
(elliptical design) X;; = ¢; X;j, where X; "N (0, 1) and ¢; "F.In addition,
{¢;} is independent of {}?ij};
(partial Hadamard design) a matrix formed by a random set of p columns of a

n x n Hadamard matrix, i.e. a n X n matrix whose columns are orthogonal with
entries restricted to +1.

Here we consider two candidates for F' in i.i.d. design and elliptical design: standard
normal distribution N (0, 1) and t-distribution with two degrees of freedom (denoted
t»). For the error distribution, we assume that ¢ has i.i.d. entries with one of the above
two distributions, namely N (0, 1) and t;. The t-distribution violates our assumption
A2.

To evaluate the finite sample performance, we consider the sample sizes n €
{100, 200, 400, 800} and x € {0.5,0.8}. In this section we will consider a Huber
loss with k = 1.345 [32], i.e.

1.2

5X |x] <k
X) =
P kx — % x| >k

k = 1.345 is the default in R and yields 95% relative efficiency for Gaussian errors in
low-dimensional problems. We also carried out the numerical work for L-regression,
i.e. p(x) = |x|. See “Appendix D” for details.

6.1 Asymptotic normality of a single coordinate

First we simulate the finite sample distribution of ,31, the first coordinate of ,é . For
each combination of sample size n (100, 200, 400 and 800), type of design (i.i.d,
elliptical and Hadamard), entry distribution F' (normal and ty) and error distribution
£ (&) (normal and ty), we run 50 simulations with each consisting of the following
steps:

(Step 1) Generate one design matrix X;

(Step 2) Generate 300 error vectors ¢;

(Step 3) Regress each Y = ¢ on the design matrix X and end up with 300 random
samples of,él, denoted by ,3](1), e, ,31(300);

(Step 4) Estimate the standard deviation of Bi by the sample standard error sd;
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1008 L. Lei et al.

(Step 5) Construct a confidence interval .# ®) = [,3fk)—1.96 -sd, /§1(k)+1.96 . s?l] for
eachk =1, ...,300;

(Step 6) Calculate the empirical 95% coverage by the proportion of confidence inter-
vals which cover the true g1 = 0.

Finally, we display the boxplots of the empirical 95% coverages of p1 for each case
in Fig. 2. It is worth mentioning that our theories cover two cases: (1) i.i.d design with
normal entries and normal errors (orange bars in the first row and the first column), see
Proposition 3.1; (2) elliptical design with normal factors ¢; and normal errors (orange
bars in the second row and the first column), see Proposition 3.7.

We first discuss the case x = 0.5. In this case, there are only two samples per
parameter. Nonetheless, we observe that the coverage is quite close to 0.95, even with
a sample size as small as 100, in both cases that are covered by our theories. For other
cases, it is interesting to see that the coverage is valid and most stable in the partial
hadamard design case and is not sensitive to the distribution of multiplicative factor in
elliptical design case even when the error has a ty distribution. For i.i.d. designs, the
coverage is still valid and stable when the entry is normal. By contrast, when the entry
has a t, distribution, the coverage has a large variation in small samples. The average
coverage is still close to 0.95 in the i.i.d. normal design case but is slightly lower than
0.95 in the i.i.d. ty design case. In summary, the finite sample distribution of Bi is
more sensitive to the entry distribution than the error distribution. This indicates that

A A
Coverage of B4 (k=0.5) Coverage of B4 (k=0.8)
normal t(2) normal t(2)
1001 . R 1.00 . . .
0.95 . i i i . : X —_ 0.95 : : k ; —
R Ty T P 12 T THE
0.90 : 0.90 H L .
1.00 1.00
Q oo, T o R S IR
©095 4 —+4—+4 14 4o Boosi—d—d 4 S m——r
[ 2 = [ v H - A v 1 =
> oS > H H H ©
o o
0.9 Q0901 |1 i
1.00 1.00
T 0T T 3 3
T T
oos—4—+—+—4 3+ F+ 8 o+ F+F T3+ F8
3 3
) )
0.90 =1 0.90 =1
100 200 400 800 100 200 400 800 100 200 400 800 100 200 400 800
Sample Size Sample Size
Entry Dist. normal -+ - t(2) -=- hadamard Entry Dist. normal -+ - t(2) -=- hadamard

Fig. 2 Empirical 95% coverage of B1 with k = 0.5 (left) and x = 0.8 (right) using Huber| 345 loss. The
x-axis corresponds to the sample size, ranging from 100 to 800; the y-axis corresponds to the empirical
95% coverage. Each column represents an error distribution and each row represents a type of design. The
orange solid bar corresponds to the case * = Normal; the blue dotted bar corresponds to the case F' = ty;
the red dashed bar represents the Hadamard design (color figure online)
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the assumptions on the design matrix are not just artifacts of the proof but are quite
essential.

The same conclusion can be drawn from the case where x = 0.8 except that the
variation becomes larger in most cases when the sample size is small. However, it is
worth pointing out that even in this case where there is 1.25 samples per parameter,
the sample distribution of /§1 is well approximated by a normal distribution with a
moderate sample size (n > 400). This is in contrast to the classical rule of thumb
which suggests that 5-10 samples are needed per parameter.

6.2 Asymptotic normality for multiple marginals

Since our theory holds for general J,, it is worth checking the approximation for
multiple coordinates in finite samples. For illustration, we consider 10 coordinates,
namely ,3 1~ /§10, simultaneously and calculate the minimum empirical 95% coverage.
To avoid the finite sample dependence between coordinates involved in the simulation,
we estimate the empirical coverage independently for each coordinate. Specifically,
we run 50 simulations with each consisting of the following steps:

(Step 1) Generate one design matrix X;

(Step 2) Generate 3000 error vectors &;

(Step 3) Regress each Y = ¢ on the design matrix X and end up with 300 random
samples of ;‘3/ foreach j = 1, ..., 10 by using the (300(j — 1) + 1)-th to
300 -th response vector Y;

(Step 4) Estimate the standard deviation of /§ ; by the sample standard error sd j for
j=1,...,10;

(Step 5) Construct a confidence interval . j(k)z [ﬁ;k) ~1.96 - sd s f}j(.k)—i-l 96 - sd j]
foreach j =1,...,10and k =1, ..., 300;

(Step 6) Calculate the empirical 95% coverage by the proportion of confidence inter-
vals which cover the true 8; = 0, denoted by C;, foreach j =1, ..., 10,

(Step 7) Report the minimum coverage mini< ;<10 C;.

If the assumptions A1-AS5 are satisfied, min; < ;<10 C; should also be close to 0.95
as a result of Theorem 3.1. Thus, minj<;<1o C; is a measure for the approximation
accuracy for multiple marginals. Figure 3 displays the boxplots of this quantity under
the same scenarios as the last subsection. In two cases that our theories cover, the
minimum coverage is increasingly closer to the true level 0.95. Similar to the last
subsection, the approximation is accurate in the partial hadamard design case and is
insensitive to the distribution of multiplicative factors in the elliptical design case.
However, the approximation is very inaccurate in the i.i.d. t; design case. Again, this
shows the evidence that our technical assumptions are not artifacts of the proof.

On the other hand, the Fig. 3 suggests using a conservative variance estimator,
e.g. the Jackknife estimator, or corrections on the confidence level in order to make
simultaneous inference on multiple coordinates. Here we investigate the validity of
Bonferroni correction by modifying the step 5 and step 6. The confidence interval after
Bonferroni correction is obtained by
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. A A . A A
Min. coverage of B4 ~ B4 (k=0.5) Min. coverage of B4 ~ 1o (k=0.8)
normal t(2) normal t(2)
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Entry Dist. normal -+ - t(2) -= - hadamard Entry Dist. normal -+ - t(2) -=- hadamard

Fig. 3 Mininum empirical 95% coverage of ,31 ~ /§10 with « = 0.5 (left) and « = 0.8 (right) using
Huber 345 loss. The x-axis corresponds to the sample size, ranging from 100 to 800; the y-axis corresponds
to the minimum empirical 95% coverage. Each column represents an error distribution and each row
represents a type of design. The orange solid bar corresponds to the case F = Normal; the blue dotted bar
corresponds to the case F' = tp; the red dashed bar represents the Hadamard design (color figure online)

0 = [ = 21055 B + 21-ap20 58 a4

where @ = 0.05 and z,, is the y-th quantile of a standard normal distribution. The

proportion of k such that 0 € .# j(k) for all j < 10 should be at least 0.95 if the
marginals are all close to a normal distribution. We modify the confidence intervals
in step 5 by (14) and calculate the proportion of k such that 0 € . ].(k) for all j in
step 6. Figure 4 displays the boxplots of this coverage. It is clear that the Bonferroni
correction gives the valid coverage except when n = 100, k = 0.8 and the error has
a tp distribution.

7 Conclusion

We have proved coordinate-wise asymptotic normality for regression M-estimates in
the moderate-dimensional asymptotic regime p/n — k € (0, 1), for fixed design
matrices under appropriate technical assumptions. Our design assumptions are sat-
isfied with high probability for a broad class of random designs. The main novel
ingredient of the proof is the use of the second-order Poincaré inequality. Numerical
experiments confirm and complement our theoretical results.
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A A A A
Bonf. coverage of B4~ 1o (k=0.5) Bonf. coverage of B4~ 1o (k=0.8)
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Fig. 4 Empirical 95% coverage of ,3 1~ ,3 10 after Bonferroni correction with k = 0.5 (left) and x = 0.8
(right) using Huber 345 loss. The x-axis corresponds to the sample size, ranging from 100 to 800; the y-axis
corresponds to the empirical uniform 95% coverage after Bonferroni correction. Each column represents
an error distribution and each row represents a type of design. The orange solid bar corresponds to the
case F' = Normal; the blue dotted bar corresponds to the case F' = ty; the red dashed bar represents the
Hadamard design (color figure online)

Appendix
A Proof sketch of Lemma 4.4

In this Appendix, we provide a roadmap for proving Lemma 4.4 by considering a
special case where X is one realization of a random matrix Z with i.i.d. mean-zero
o 2-sub-gaussian entries. Random matrix theory [3,26,53] implies that A, = (1 +
Vi) +o,(1) = 0,(1)and A— = (1 —/k)?>+0,(1) = 22,(1). Thus, the assumption
A3 is satisfied with high probability. Thus, the Lemma 4.3 in p. 17 holds with high
probability. It remains to prove the following lemma to obtain Theorem 3.1.

Lemma A-1 Let Z be a random matrix with i.i.d. mean-zero o -sub-gaussian entries
and X be one realization of Z. Then under assumptions Al and A2,

max M; = 0,
I<j=p

(polyLOg(n) )

n

. 1
in Vi =8| ——= -
1211;21) ar(B;) P < n - polyLog(n) >

where M is defined in (11) in p. 17 and the randomness in 0,(-) and Op(-) comes
from Z.

Note that we prove in Proposition 3.1 that assumptions A4 and A5 are satisfied with
high probability in this case. However, we will not use them directly but prove Lemma
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A-1 from the scratch instead, in order to clarify why assump3tions in forms of A4 and
A5 are needed in the proof.

A-1 Upper bound of M ;
First by Proposition E.3,
Ay =0p,(), Ao =8,(1).

In the rest of the proof, the symbol E and Var denotes the expectation and the variance
conditional on Z. Let Z = D%Z, then M; = IE||eJT(ZTZ)_IZT lloo- Let H; =

1-Z1(Z [Tj] Zin~'z [Tj] ,then by block matrix inversion formula (see Proposition E.1),
which we state as Proposition E.1 in “Appendix E”.

o~ o~ o~ o~ —1 ~
e i VANARVAWAT Z
ZT7)~ 177 = 2120 217 £
Z[I;]Z1 Z[];]Z[l] Zin
_ 1 - (1 —ZITZ[U(Z[TI]Z“])_I) ( ?1 )
ZI(1 - H)Zy \ * * Zp
_ 1 (ZIT(I - ﬁl))'
Zl(1 - )z *
|21 -]
= ]:E.,—..,.,oo-
zl (- H)Z

This implies that

M, (A-1)

Since ZTDZ/n = Kok_I, we have

1 T 5T 5y\—1 T 5T —1

= = = = ¢ (Z Z) e =e (Z DZ) 4]

Zla-anz, ! :
1, (ZTDZ\"' 1

= —€ e; <

n n nKoh_

and we obtain a bound for M; as

EHZIT(I—I?I)H ]EHZ{D%(I—FIQH
M] < [e9] — o0
B nKoh_ nKoh_

Similarly,

s|ogota i)
Mj < =

- nKoi_
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1 1
FADR <1 -2zl (7,

-1
]E‘ [j]DZ[j]> Zijb )H
_ . (A-2)
nKoh_

The vector in the numerator is a linear contrast of Z; and Z; has mean-zero i.i.d. sub-
gaussian entries. For any fixed matrix A € R"*", denote Ay by its k-th column, then
AkT Zjis 02||Ak||%-sub-gaussian (see Section 5.2.3 of [57] for a detailed discussion)
and hence by definition of sub-Gaussianity,

t2
j2 ()A,{z,‘ > 0||Ak||2t> <2077,

Therefore, by a simple union bound, we conclude that

2
PUIAT Zjlloo = o max [|Agll2t) < 2ne”™ 7.

Lett = 2./logn,

2
P(IATZjlloo > 20 max | Akll2y/logn) < = =o(1).

This entails that
IAT Zjlloe = O, <ml§x | All2 - polyLOg(n)> = 0, (IlAllop - polyLog(n)) . (A-3)

with high probability. In M ;, the coefficient matrix (/ — H j)D% depends on Z through
D and hence we cannot use (A-3) directly. However, the dependence can be removed
by replacing D by Dy;) since r; ;) does not depend on Z;.

Since Z has i.i.d. sub-gaussian entries, no column is highly influential. In other
words, the estimator will not change drastically after removing j-th column. This
would suggest R; ~ r; ;). It is proved by [20] that

(polyLOg(n) )
— )

S}lp|Ri — ri,[j]l = Op
L]

It can be rigorously proved that

- polyLog(n)
1Z] DU — H)lleo = 1Z] Diji(I — H)lloo| = O, (T :

1 1
where Hj = I — D[?,:]Z.[j](Z[Tj]D[j]Z[j])*l Z[;\D(yy; see “Appendix A-17 for details.
Since Dyjj(I — Hj) is independent of Z; and

D1 — Hp)llop < IDyj1llop < K1 = O (polyLog(n)),
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it follows from (A-2) and (A-3) that

T polyLog(n)
e )
In summary,
lyL
M, = o, (RRWLOE™) (Ad)
n
A-2 Lower bound of Var(ﬁ i)
A-2.1 Approximating Var(ﬁj) by Var(b;)
It is shown by [20]' that
py~b, o N (A-5)
J = £

where

] n
Nj = T ,Ezl Zij ¥ (ri(j)s
~—lZT Dii— DiinZiin (X DXy _IZTD~ Zi
Ej—n i L1 U2 \ X1 P& 1001 ) 4

It has been shown by [20] that

polyLog(n) )
(=)

mjax|,éj —bj| =0,

Thus, Var(,é 1) ~ Var(b;) and a more refined calculation in “Appendix A-2.1" shows
that

A olyLog(n)
| Var(8;) — Var(bj)| = O, (%) .
n2
It is left to show that .
Var(b;) =2, —— ). A-6
b =2 (n-polyLOg(n)> (A-0)

1 [20] considers aridge regularized M estimator, which is different from our setting. However, this argument
still holds in our case and proved in “Appendix B”.
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A-2.2 Bounding Var(b;) via Var(N;)
By definition of b,

Var(b;) = 2, (M)

Nj
<= Var <§—> = £, (polyLog(n)) .
J

As will be shown in “Appendix B-6.4”,
olyLog(n)
Var(§;) = O, (%) .

As aresult, §; ~ E&; and

Var (&> ~ Var <&> = Var(sz-).
£; E&; (E&j)

As in the previous paper [20], we rewrite §; as

1 ;) 3 T
£ = ;Zj D[zl.] <I - D[zj]Z[j] (X[j]D[j]X[j]>

AT
Z[j]D[j]) D2
The middle matrix is idempotent and hence positive semi-definite. Thus,
17
£ < ;Zj Dij1Z; < Kihy = Op (polyLog(n)) .

Then we obtain that

Var(N;) _ o < Var(N;) )
p )

(B2 polyLog(n)
and it is left to show that
Var(N;) = 2 ! (A-7)
ar(N;) = _). -
J P polyLog(n)

A-2.3 Bounding Var(N;) via tr(Q ;)
Recall the definition of N; (A-5), and that of Q; (see Sect. 3.1 in p. 8), we have
17
Var(N;) = ;Zj 0;Z;

Notice that Z; is independent of r; ;) and hence the conditional distribution of Z;
given Q ; remains the same as the marginal distribution of Z;. Since Z; has i.i.d. sub-
gaussian entries, the Hanson-Wright inequality ([27,51]; see Proposition E.2), shown
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in Proposition E.2, implies that any quadratic form of Z;, denoted by Z]T Q;Z;is
concentrated on its mean, i.e.

710;2; ~By,.2] 0,2 = (EZ}) - w(Q,).

As a consequence, it is left to show that

n
=2 (Gt ) o

A-2.4 Lower bound of tr(Q )

By definition of O,

tr(Q,) =Y Var(y(rijp).

i=1

To lower bounded the variance of ¥ (; [ j1), recall that for any random variable W,
1 N2
Var(W) = EE(W — WH-. (A-9)

where W’ is an independent copy of W. Suppose g : R — R is a function such that
|g’(x)| > c for all x, then (A-9) implies that

2
Var(g(W)) = %H«:(g(vm —g(W)? > %JE(W — W2 = Var(W).  (A-10)

In other words, (A-10) entails that Var (W) is a lower bound for Var(g(W)) provided
that the derivative of g is bounded away from 0. As an application, we see that

Var (¢ (ri,1;1) = K§ Var(ri 1)

and hence
n
w(Q)) = K5 Y Var(ri[j)).
i=1

By the variance decomposition formula,
Var(rigjn) = B (Var (rijife)) + Var (E (rijle)) = E (Var (rijien)
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where ;) includes all but i-th entry of . Given &;), ;[ is a function of ¢;. Using
(A-10), we have

2
- Var(g;).

o ori[j]
Var(r; ri1l€¢y) > inf : .
(ri,ij1lea)) = g de; )

- Var(g;le;)) > inf
&i

This implies that

2
ri ()]

Var(ri (1) = E (Var (i1 |en)) = it &i
14

- min Var(g;).
1
Summing Var(r; ;1) overi = 1, ..., n, we obtain that

or;, o1

r(Q;) = ZVar(r, ) = E (Z inf

) - min Var(g;).
1

&
It will be shown in “Appendix B-6.3” that under assumptions A1-A3,

3}’, [/] n
EZ P <p01yL0g(n)) ' (A1

This proves (A-8) and as a result,

. 1
inVar(B;) = 2, | —————— .
rnjln ar(,B.,) P <n . polyLog(Il)>

B Proof of Theorem 3.1
B-1 Notation

To be self-contained, we summarize our notations in this subsection. The model we
considered here is

y=XB"+e

where X € R"™*” be the design matrix and ¢ is a random vector with independent

~EB;
Var(ﬂ]
without loss of generality provided that X has full column rank; see Sect. 3.1 for details.

Let xI € R'7 denote the i-th row of X and X; € R"*! denote the j-th column
of X. Throughout the paper we will denote by X;; € R the (i, j)-th entry of X, by
X (i) € R"=DXP the design matrix X after removing the i-th row, by X|;; € R (P~
the design matrix X after removing the j-th column, by X ;) (] € RU=Dx(p=1 the
design matrix after removing both i-th row and j-th column, and by x; ;] € RI>(P=D

entries. Notice that the target quantlty

is shift invariant, we can assume 8* = 0

@ Springer



1018 L. Leietal.

the vector x; after removing j-th entry. The M-estimator ,3 associated with the loss
function p is defined as

n

ﬁ:argmianp(ek—ka,B). (B-12)

perr M
Similarly we define the leave- j-th-predictor-out version as
. 1 r
B = a;g&;m;ép(sk —xk’[j]ﬁ>. (B-13)
Based on these notation we define the full residual R, as
Re=er—x B, k=1,2,....n (B-14)
the leave- j-th-predictor-out residual as
n = ek — X P k=1.2.....n. jel,. (B-15)

Four diagonal matrices are defined as

D = diag(y/(Ry)), D = diag(y" (Ry)), (B-16)
Dyj) = diag(y/(re1j1),  Dyj) = diag(¥” (rie.1j1)- (B-17)

Further we define G and G; as
T —1yT T tor
G=I1-X(X"DX) " 'X' D, Gij=1-Xp (X[j]D[j]X[j]) X[j]D[J']. (B-18)

Let J,, denote the indices of coefficients of interest. We say a €]ay, as[ if and only
if a € [min{ay, a>}, max{a;, az}]. Regarding the technical assumptions, we need the
following quantities

xTx xTx
)LJr = Amax n s A~ = Amin n (B-19)

. .oxT ;
be the largest (resp. smallest) eigenvalue of the matrix Xn—x Let e; € R" be the i-th
canonical basis vector and

hjo= @i, Ve’ hji=Glje:. (B-20)
Finally, let
T
‘hj,oxj‘ ‘hjr,l,ixj‘
Ac = max { max ———, max ———— ¢, (B-21)

i€ Nhjol “isnjed hjail
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Q; = Cov(hjo). (B-22)

We adopt Landau’s notation (O (+), o(-), Op(-), 0p(-)). Inaddition, we say a,, = §2(by,)
if b, = O(a,) and similarly, we say a, = $2,(b,) if b, = Op(ay). To simplify the
logarithm factors, we use the symbol polyLog(n) to denote any factor that can be

upper bounded by (log n)” for some y > 0. Similarly, we use m to denote any
factor that can be lower bounded by m for some y’ > 0.

Finally we restate all the technical assumptions:

AL p(©) = ¥(©0) = 0 and there exists Ko = 2 (gyiagm ) K1 K2 =
O (polyLog(n)), such that for any x € R,

d "
Ko < ¥/'(x) < K, ‘E(W(x»‘ = % < Ka;

A2 & = u;(W;) where (Wy, ..., W,) ~ N(O, I,,x,) and u; are smooth functions
with [|u]]loo < c1and [|u]||oo < c2 forsomecy, ¢ = O(polyLog(n)). Moreover,

assume min; Var(g;) = £2 (m).

A3 Ay = O(polyLog(n)) and A_ = £2 (polyLlog(H));
) XT0;X; 1
A4 mmjejn tjl‘(T]) = (polyLOg(n));

A5 EAY = O (polyLog(n)).

B-2 Deterministic approximation results

In “Appendix A”, we use several approximations under random designs, e.g. R; ~
ri,1j1- To prove them, we follow the strategy of [20] which establishes the deterministic
results and then apply the concentration inequalities to obtain high probability bounds.
Note that /§ is the solution of

1 n
0= 23 v (s 7).
=
we need the following key lemma to bound ||8; — B21l2 by || f(B1) — f(B2)]l2, which

can be calculated explicily.

Lemma B-1 [20, Proposition 2.1] For any 1 and B2,

1
181 = Ball2 < If (B = f(Bl> -

— KoA—

Proof By the mean value theorem, there exists v; €]e; — xiT Bi,ei — xiT B[ such that
v (i =l B1) = (e = B2) = v/ 0) 2] (B2 = Bo).

@ Springer



1020 L. Leietal.

Then

1 n
ILf(B1) = F(BDIl2 = H; Y v wxix! (B —B)
i=1

2

1 n
> Amin <,—l ; W(vi)xz'xiT) 181 = Bz2lln
> KoA_ 1B1 — B2ll5 -

O

Based on Lemma B-1, we can derive the deterministic results informally stated in
“Appendix A”. Such results are shown by [20] for ridge-penalized M-estimates and
here we derive a refined version for unpenalized M-estimates. Throughout this sub-
section, we only assume assumption Al. This implies the following lemma,

Lemma B-2 Under assumption A1, for any x and y,

()] < Kilxl, W¥ () =V 0] < Kalx — yl,
W' (x) — ' ()| < 2/ K1 Kalx — y| 2 K3lx — y].

To state the result, we define the following quantities.

1 1 &
T = = max {miax I 2 max 11X ||2} L == Ep(e», (B-23)

1 n
U= H = xi(Y(e) —Ey () (B-24)

i=1

1 n
, Up= H;;xiﬂfw(e»
1=

2 2

The following proposition summarizes all deterministic results which we need in the
proof.

Proposition B.1 Under Assumption A1,
(i) The norm of M estimator is bounded by

312 < U + Up);
1Bll2 < = (U +Uo)
(ii) Define b; as
1 N;
bj=——
NIRRT

where
1 n
N; = ﬁ ;Xijlﬂ(ri,[j]),
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= Ixt (b= Diaxiy (XE DX ) XTDi ) X
5/—11 j [j1 /1401 114 ] 111 J»

Then
1 V2K
bil < —- Ac-VE,
maxlbil < 7% gon A€

(iii) The difference between B i and bj is bounded by

. 1 2K2K3a.T
max|/3j—bj|§—'l—37+'A3c‘g~

eJ, 5
JE€In K(‘)‘)\‘i

S

(iv) The difference between the full and the leave-one-predictor-out residual is
bounded by

1 [ 2K?K31.T? 2K
m%xmalei—Vi,[j]IST 1—37+-A3C-£’+_“/: LAk V&
JE€JIn 1 n 445 3

KgaZ K§h_

Proof (i) By Lemma B-1,

3 1 5 _ 1 O@l2
1Bl2 < Kor_ If(B) = fO)l2 = Ko

3

since ,é is a zero of f(B). By definition,
1 ¢ 1 ¢ 1 ¢
FO) ==~ xipr(e) = = xi(Wle) —E )+~ 6By (er).
i=1 i=1 i=1

This implies that
£ Ol = U + U

(i1) First we prove that
& > Koh_. (B-25)

Since all diagonal entries of Dy;; is lower bounded by K¢, we conclude that

X" DX
Amin | ———— | = KoA—.
n
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Tp, .
Note that &; is the Schur’s complement ([28], chapter 0.8) of w, we have

-1
XTDrinX 1
-1 _ T [j1 )
= ( n ) = Kon

which implies (B-25). As for N;, we have

_ Xjhio _ |kl Xhio

M= T Tl

(B-26)

The the second term is bounded by A¢ by definition, see (B-21). For the first
term, the assumption A1 that ¢/ (x) < K| implies that

v'(y)
1

p<x>=p<x>—p<0>=/ wy)dyz/ .
0 0

1
Y (ydy = 2—Klw2<x).

Here we use the fact that sign(y/ (y)) = sign(y). Recall the definition of 4 o, we
obtain that

Ihjol, X0 w@ig? > iz i)
N . < V2K, - | =

Since 3[j] is the minimizer of the loss function >/, p(&; — xiT[j],B[j]), it holds
that

1 ¢ 1 &
- ZP(Vi,[j]) <= Zp(ei) =&,
i=1 i=1
Putting together the pieces, we conclude that

INj| < V2K1 - AcVé. (B-27)

By definition of b,

1 V2K
LACVE.

hi| < — . ——
|-’|—ﬁ Koh_

(iif) The proof of this result is almost the same as [20]. We state it here for the sake
of completeness. Let bj € R?” with

~ ~ ~ -1
(bj)j = bj. by =Prj1—b; (X[T,-]D[j]X[j]) X[ DX (B-28)

@ Springer



Asymptotics for high dimensional regression M-estimates. .. 1023

where the subscript j denotes the j-th entry and the subscript [j] denotes the
sub-vector formed by all but j-th entry. Furthermore, define y; with

1
pj=-L Wy = (X[Tj]D[j]X[j]) X[ DijiX;. (B-29)

Then we can rewrite f)j as
(by)j = —b; (i bpijy = Bijt = b -
By definition of BU]’ we have [f(,é[j])][j] = 0 and hence
Lf (b = [Lf Bl — L Bl
- _nlei,[,-] [wtei = xIbp = wiei —xTphun ] B30
i=

By mean value theorem, there exists v; ; €]e; — xl.Tf)j, & — xg[ il ,3[ j1L such that
& T 2 T 2 TT
14 (81' - x,'Tbj) v (81‘ - xi,[./].B[j]) = W/(Vi,j) (x,',[j]ﬁ[jl — X b.i)
T 2 T
=¥ (vi)) (xi,[j]:B[j] EEANIC) ik Xiﬂ?j)

T T
=y (vi,j) - bj- [xi,[j] (X[j]D[j]X[j]>

Lo
X[j]D[j]Xj — Xij
Let

dij =v'(vi,j)— ¥ '(ri) (B-31)
and plug the above result into (B-30), we obtain that

- v T T “lor
[ﬂbj)}[j] =~ 2 it (W O +dig) - bj- |:xi,[j] (X[j]D[j]X[j]) X[\ PjiXj — Xij
i=1
b Ly T (xT ppaxin) XTDyiX; — Xi;
= ,/';ZW(H',U])X:‘,U] xi,[j]( (1P [j]) NPNXj = Xij
i=1
1 v T T “lor
+bj Y di i () (leJD[j]X[.i]) X(jPijnXj — Xij
i=1
L7 T “lor T
=bj- - [X[”Dmxm (X[j]D[j]X[./]) XinPurXj — X(nPijnXj
1 n
T
b D i) Y

i=1

[ T
=bj- ~ (Zdi,w,mxi ) vj-
i=1
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Now we calculate [ f (Bj)] j» the j-th entry of f (f)j). Note that
1 1
[f(bj)]j = ZXUW (8,' —X,-Tbj) = in,/"ﬂ(ri,[j])
i=1 i=1
1 n
+b;- - X;Xij(‘/f,(ri,[j]) +d; ;)
i=
[l poXn ™ X0y - 3]
1 n
= > Xijvr (i) + b
i=1

1 n
T T —1yT
SO ARG [xi,[jJ(X[j]Dme) XijDipX; — Xij]

i=1
1 & 1
T
+bj . <; X]:di,jxijxi ) Vi = ﬁNj +bj
=
1 1 o
T T —1yT 2
. (;X,- DijXipXipnPipXpp) X PipnXj — - Zlﬁ'(ri,[j])xij)
i=1
1 o 1
T
+bj- (; ;di»jxijxi ) vji= ENJ' —bj-§;
1 o 1 ¢
+b;- <; Zdi,injxiT) vj=0bj- (; Zd,',injxiT> Vi
i=1 i=1
where the second last line uses the definition of b;. Putting the results together,
we obtain that
- 1 & -
f(bj) =b; - (; ;di,jxixi ) Y.
1=
This entails that

1f (b ll2 < 1,1 -max |di j| - Ay - Nyl (B-32)

Now we derive a bound for max; |d;, ;|, where d; ; is defined in (B-36). By Lemma
B-2,

i, jl = 1% (vi,j) — ¥ (rijiD| < K3

T 23 T
vi.j = rijil = Kslxg 1B — x; bj’ .
By definition of bj and /1 1 ;,
T 2 T T T —1yvT
i 1By — X Bl = 1bj1 - |x (X Dyt XD ™ X (5 Dujn X — X
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= |b;] -

T T —1yT
ej (I = X1 (X DrjnXpjn) X[j]D[j])Xj‘

(B-33)

J. 1 ”2’

= |bj] - ‘hT» Xl < ij‘ “Ac ||
where the last inequality is derived by definition of Ac, see (B-21). Since & 1 ;
is the i-th column of matrix [ — D[j]X[j](X[Tj]D[j]X[j])_lX[Tj], its Ly norm is
upper bounded by the operator norm of this matrix. Notice that

T ! T
I = DijiXij (X[j]D[j]X[j]> X
1

1 1 1 1
N2 niv. (v Py T n32 -3
= Dy (1 D Xij) (X[j]DUlXUl) X[J’]D[j]> Dy -

The middle matrix in RHS of the displayed atom is an orthogonal projection
matrix and hence

T e 3 -5 Ki :
I—Dlejl(X[,/]D[jlxljl) Xijillop = WDGy | 1Py | =\ %) -
op op 0
(B-34)
Therefore,
1
il < max |1 = Dy X (X7 DX )’le < (K1)?
max || max ||/ — Dyj1X[; 2D X1 ; — .
a jili 2_jejn 1A 1)] Fikd VARV [/ Op_ Ko
(B-35)

and thus

K
max |d; ;| < K3, | — - |bj] - Ac. (B-36)
i Ko
As for y;, we have

XDy X
Koi—lly;I3 < v! (ﬁ) Vi
n
XT'D;X; XL Dij1 Xy
1P L1
= (Vj)% T e oip | ———— " i

T
X Dj)Xij

+ 2y iin

Recall the definition of y; in (B-37), we have
r [ X[PuiXu (- . -1,
i\ =, ) v = X DiinXi (X[,-]D[.HX[./]) X1 P X
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and

X7 Diji X)) 1 “tor
vi—— = =X DijiX() (x{DuiXen) - X{(00X;.

As a result,

1

1 1 -1
2 T T
Kor-llyjls = ~X; D[z]] <I = DXy (X[j]DUJXUl> X J]D[J]) DpjX;

1 2
DR X,
%, 1 r lor 3
<2 HI = DEyxu) (X[PuXe)  XGDg
op
D?X i
1% Ki|1X 13
< 25 1” j||2 §T2K1,
n n

where T is defined in (B-23). Therefore we have

lyil, < [t (B-37)
KoA_

Putting (B-32), (B-36), (B-37) and part (ii) together, we obtain that

b2 < A K / A bj | K1
Il £ (bj)ll2 + - 3 clbjl - KA
2K, 5
<Ay —— L A2E K / A
= n(KA (Koh_)? 3 ¢ Ko)\_

1 2K7K3A T A3

= Ay &
n
Kjr2

By Lemma B-1,

BB < LB =SBl _ 7Bl
il2 = = <

1 2K?K3a T,
Koh— Koh_ n

A6
Kir2

Since Bj — bj is the j-th entry ofB - f)j, we have

. PO 1 2K?Kza, T
IBj —bjl <lIB—Djlla < - —1—"— . A} . &.
n K4)\7
O —
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(iv) Similar to part (iii), this result has been shown by [20]. Here we state a refined
version for the sake of completeness. Let b; be defined as in (B-28), then

T AH T A T A " Tw T &
|Ri —rigpl=|x; B _xi,[j]ﬁ[j]) - )xi (B = bj) +x; bj = x; ;1))
< Wxilla 18 = byl + |« By — x|

Note that ||x;|, < «/nT, by part (iii), we have

1 2K7K3A T? 4
Ixillz - 118 — bJ||z<ﬁ7 AL - 6. (B-38)
K{r?
O —

On the other hand, similar to (B-36), by (B-33),

% A K 1 \/EK]
xinj—xiT[j]ﬂ[j]‘ =\Vx, Pl de= 1 AL -NVE. (B-39)
K;

A
Therefore,
1 [2K?K30,T? 2K
|Ri_ri,[j]|§7 %Aég—#@A%@
" Kir2 K¢

B-3 Summary of approximation results

Under our technical assumptions, we can derive the rate for approximations via Propo-
sition B.1. This justifies all approximations in “Appendix A”.

Theorem B.1 Under the assumptions AI-AS5,

)
T < Ay = O (polyLog(n));
(ii)
max 1Bil < 1Bll2 = 04 (polyLog(n)) ;
(iii)
max lbjl = Oy2 <%\/%g(n)> ;

@ Springer



1028 L. Leietal.

(iv)
A polyLog(n)
i —bjl=0p | ————);
max ;= bjl = O ( "
™)
polyLog(n)
maxmax |R; —r; | = O — .
Jed, X IRi =il = Or2 ( Jn
Proof (i) Notice that X; = Xe;, where ¢; is the j-th canonical basis vector in R”,
we have
X;|I? xTx
I _ XX,

n Jon

Similarly, consider the X T instead of X, we conclude that

EAR xxT
—— = Amax = At
n n

Recall the definition of T in (B-23), we conclude that
T < /Xy = O (polyLog(n)) .

(i) Since &; = u; (W;) with ||u; lloo < c1, the gaussian concentration property ([36],
chapter 1.3) implies that ¢; is c%-sub—gaussian and hence E|g; |k =0 (c']‘) for any

finite k > 0. By Lemma B-2, |/ (&;)| < K{]g;| and hence for any finite %,

Elg el < KBl = 0 (cf).

. .. . . 4 +b 4
B4y pfrt (i) of Proposition B.1, using the convexity of x* and hence (“42)" <
a’+b

[l

EIAIS < ———B(U + Up)* < EU* + U3
27 (Koho)? - e

(Koh_)* (

Recall (B-24) that U = |1 37 x; (W (&) — Evr (1))

2°

2

n

1
Ut = U = — | D2 o xiren) — By ) (¥ (er) — B (e1r)

i,i'=1

1 n
=3 (Z 113 (e7) — By (1)

i=1
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2
+ 3 I x| (o) — B o) (¥ (er) — Emei/)))
ii!

1 n
= n—4{ Z] ki 3 (e1) — Epr (e’
+ 3 @Il i B 13 (0 e) — By ()2 (0 (eir) — B (611))?
i’
+ Z e xir| - ocd xpel - (W (&) — B (en) (¥ ()

others

— Ey(ein) (¥ (ex) — EY (i) (Y (ex) — EW(é‘k/))}
Since ¥ (g;) — Er(e;) has a zero mean, we have

E( (ei) — Ey (e)) (Y (eir) — By (i) (W (ex)
—Ey () (Y (ex) — Ey(er)) =0

for any (i,i") # (k, k') or (k’, k) and i # i’. As a consequence,

1 n
Ut = nq(; Ixi ISE(W (i) — B (e))*
+ @I xi 3+ X 13X IDEW (&)
i’
— Eyr ()’ E(W (g;1) — Ewmo)z)
1
<= (Z 1x I3E Y (61) — B (e))*

i=1

+3 > lxil3lx 3R (&) — By (e)*E( (eir) — By (e ))2)
ii’

. . . 4 4
For any i, using the convexity of x*, hence (#)4 < %, we have

E(y(e) —Ey ()" < 8E (¥(e)* + Ev (e)*) < 16Ey (e)*
< 16 max By (e1)*.

By Cauchy—Schwartz inequality,

E(y (e — By (e0))* < Ey(en)? < By (e)* < \/m,ax Ey (e:)".
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Recall (B-23) that ||x;||3 < nT? and thus,

I
EU* < — (16n nPT4 + 302 -n2T4) - max By (e1)*
1

n4

1
< — - (16n° +3nHT* max B (1) = O (polyLog(n)) .
n i

On the other hand, let u = (Ey(e1), ..., E¥(e,)), then ||u||% = O -
polyLog(n)) and hence by definition of Uy in (B-24),

TX 1 2
vo= X2 _ 1 forexr < JIHE 6 (polyLogmy) |
n n n

In summary,

E|AlI3 = O (polyLog(n)) .

(iii)) By mean-value theorem, there exists a, € (0, x) such that
x2 ,
p(x) =p0)+xy(0) + 7W (ax).

By assumption Al and Lemma B-2, we have

K3x2
2 b

.X2 , X2 ,
px) = —¥(ar) = ¥l =

where K3 is defined in Lemma B-2. As a result,
K3 8
Ep(e)® < <7> Ee/® =0 <016)~
Recall the definition of & in (B-23) and the convexity of x8, we have

&S < 2 3 Eo(en® = 0(cl®) = 0 (polyLog)) . (B-40)
n

i=1

Under assumption A5, by Cauchy—Schwartz inequality,
E(AcvVE)? = EALE < \[EAL -VEE? = O (polyLog(n)) .

Under assumptions A1 and A3,

V2K
——— = O (polyLog(n)) .
Koi_
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Putting all the pieces together, we obtain that

IyL
max b | = O, (M)
J€Jn

Jn

(iv) Similarly, by Holder’s inequality,

w

1

E (Agg)z =EA8£? < (IEASC) . (IE@?’S)% — 0 (polyLog(n)) ,

and under assumptions Al and A3,

2K?K3A. T
1 - O (polyLog(n)) .
Kgr2

Therefore,

~ polyLog(n)
ax|B; — b;| = 0,2 (y—g .
ey n

J

(v) It follows from the previous part that
IE(AZC . @)2 = O (polyLog(n)) .

Under assumptions A1 and A3, the multiplicative factors are also O (polyLog(n)),

ie.
2K?K3n, T? VK,
447 3
KgrZ Kya_
Therefore,
olyLog(n
maxmax |R; —rij)l = Op2 (M) :
je‘])l i ﬁ

B-4 Controlling gradient and Hessian

Proof (Proof of Lemma 4.1) Recall that /§ is the solution of the following equation
n
1 T2\
;Zx,-w (g,- —x] ,8) —0. (B-41)
i=1

@ Springer



1032 L. Leietal.

Taking derivative of (B-41), we have
ap EY:
xTp(1-x28) = 0= 9 _ x™px)"'x"p.
aeT oeT

This establishes (9). To establishes (10), note that (9) can be rewritten as

25
(XTDX)BS—’BT =x"D. (B-42)
Fix k € {1, ..., n}. Note that

R,  ds Y
ot e _xlT_ﬂ = 1=k —x ' x"DX)"'x"D.
&k &y &k

Recall that G = I — X (X" DX)"'XT D, we have

IR, T
— =¢; Gey, (B-43)
o0&k

where e; is the i-th canonical basis of R”. As a result,

oD <
— = Ddiag(Gey). (B-44)
ek
Taking derivative of (B-42), we have
aD _ B aB aD
x' —x_—— +(x"bx =xT =
der 0el +( )88k88T dex
3B oD
b _ xTpxy-1xr 2P (1 — X(XTDX)—IXTD>
deoeT ek
2B T “1yT A 3
= (X' DX)" " X' Ddiag(Gex)G,
deroeT

where G = I — X(XTDX)"'XT D is defined in (B-18) in p. 31. Then for each
jel{l,...,plandk € {1,...,n},

3p; - )
OBi T (xT DXy XT D diag(Gen)G = €] G diag (eT(xTDX)—leD) G
deroel J J

where we use the fact that a” diag(b) = b” diag(a) for any vectors a, b. This implies
that

3B,

dedeT

— G7 diag (e]T(xTDX)—IXTE) G

@ Springer



Asymptotics for high dimensional regression M-estimates. .. 1033

Proof (Proof of Lemma 4.2) Throughout the proof we are using the simple fact that
llalloo < llall,. Based on it, we found that

He]T(xTDX)—leD%

< He]T(XTDX)—leD%
00 2

_ \/eJT(XTDX)—lXTDX(XTDX)—lej

1
= ‘/eJT(XTDX)—lej <—. (B-45)

(nKor-)2

>
o

Thus for any m > 1, recall that M; = E eJT(XTDX)_lXTD%

m
]EHef(xTDX)—IXTD%
o0
m—1
SEHeJT(xTDX)—‘XTD% .He{(XTDX)—IXTD% i
o I
M.
<—2 (B-46)
(nKoA—) 2
We should emphasize that we cannot use the naive bound that
T yT —1yT i ™ T yT —1yT 3™ 1
Elefx"px)"'x"D2| <E|fxX"DX)"'X"D2| <—0w .
o 2 (nKor-)?
lyL
— |’ x"Dx)'xT D3| = 0pm (Log(n)) (B-47)
o] ﬁ

since it fails to guarantee the convergence of TV distance. We will address this issue
after deriving Lemma 4.3.
By contrast, as proved below,

HeJT(XTDX)*IXTD%

IyL 1
—0,M) =0, (poy Og(n)> -
o0

n JnKoh_'
(B-48)

Thus (B-46) produces a slightly tighter bound

IyL
HeJT(xTDX)*‘XTD% — O <—p°y Og(n)).
o

m+1
n 2m

It turns out that the above bound suffices to prove the convergence. Although (B-48)

. . e _mtl
implies the possibility to sharpen the bound from n~ 2n ton™!

we do not explore this to avoid extra conditions and notation.

using refined analysis,

e Bound for «;
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First we derive a bound for ;. By definition,

4 2 2

B, 3B; 3B;
2 _ J J J
O =Elger| =E\er| |aeT
4 00 2
By Lemma 4.1 and (B-46) with m = 2,
A 12
3B, 2 KiM;
E i; <E Hef(XTDX)—IXTD% K= M
9| o (nKor_)?

On the other hand, it follows from (B-45) that

2

AB; 2 2 K
9Bi | _ ”e-T(XTDX)_lXTDH <k |eTxTpx)y 'xTp3| < 2L
oeT ) J 2 J 27 nKoh_
(B-49)
Putting the above two bounds together we have
2
2o KL, (B-50)
0j = 3 J:
(nKoh_)2
e Bound for «y;
As a by-product of (B-49), we obtain that
ag; | K?
i =E| | £—71—. (B-51)
de 5 (nKor_)

e Bound for «;
Finally, we derive a bound for 2 ;. By Lemma 4.1, k> ; involves the operator norm
of a symmetric matrix with form G7 MG where M is a diagonal matrix. Then by
the triangle inequality,

HGTMG

< IMlop- [G7G| = IMllop-IGI2, -
op op

Note that

GD™ > =1-D*XxX"DX)"' X" D2

=

D

is a projection matrix, which is idempotent. This implies that

HD%GD*%

= A (D%GD’%) <1
op
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Write G as D_%(D%GD_%)D%, then we have

K

1
Gl = |0 5
1Gllop = o Ko

: ”D%GDT

. ”D%
op

<
Returning to x7;, we obtain that

;czj —IEHGT diag(e] (X" DX)~ XTD)G

op

IA

]E( T (X7 DX)~ leDH STetls )

4 Ki\*
]E( eJT(XTDX)—leDH )(-‘)
o0 Ko

T, vT 1vT 14 K !
=]E< T (XTDX) "X DED_TDH ><—>
00 Ko

IA

Assumption A1 implies that

1" (R)|
" VR T

< K, & hence| D™ 2D||0p K;.
Therefore,

4
/(X" Dx)"'x7 D1

o]

-4
e}r(XTDX)—IXTD%D—%DH < K.
o0

By (B-46) with m = 4,

K3 K
K < —2 < 1> - M;. (B-52)
K

(nA7)2 0

Proof (Proof of Lemma 4.3) By Theorem B.1, for any j,
EB} <E|BII3 < oo.

Then using the second-order Poincaré inequality (Proposition 4.1),

E
max dTV A 'Bj /3]

s v Var(B))

,N(@©,1) :0(

Cc102K0; + C%Kljlczj
Var(8;)
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1 1

A/I/2 IWJ'ZI 1 1
= + T (nM?)% + (nM3)5
=0 | —=— -polyLogln) | = O = - polyLog(n)
Var(B;) n Var(8;)

It follows from (B-45) that nsz = O (polyLog(n)) and the above bound can be
simplified as

1
5. _TRA. (nM?)s
maxdry | & P —Eb; NO, D | =0 J

) , = ————— - polyLog(n)
jedn /Var(,éj) nVar(ﬂ )

O

Remark B.1 If we use the naive bound (B-47), by repeating the above derivation, we
obtain a worse bound for kg j = O (M) andkr = O (pOIL\/%g(n)), in which case,

B —Ep; (polyLog(n))
maxdry | £ CNO D | =0 ——].
J€Jn v ’Var(ﬂj) n Var(g;)

However, we can only prove that Var(,é i) = .Q(%). Without the numerator (n sz.) %,

which will be shown tobe O (n™ 8 polyLog(n)) in the next subsection, the convergence
cannot be proved.

B-5 Upper bound of M

As mentioned in “Appendix A”, we should approximate D by Dy to remove the
functional dependence on X ;. To achieve this, we introduce two terms, MJ(.I) and

Mj(.z), defined as
n _ ?2)
) = ).
o0

- ( )

We will first prove that both [M; — M|{"| and |M{" — M?| are negligible and then

1
eJT(XTDX)*‘XTD[Zj

T yT —1yT
ej (X D[j]X) X D[ZI]

derive an upper bound for Mj(.z).
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B-5.1 Controlling |M; — M§1)|

By Lemma B-2,
1
HDi - Dyl =K2 max [R; — i) 2 Ko %),
o0
and by Theorem B.1,
ER — O polyLog(n)
J ﬁ ’

Then we can bound |M M( ) | via the fact that ||a||o, < ||a||, and algebra as follows.

xTpx)~'xT <D2—D2 )H )
xTpx)~'xT <D2 —Déj]> )
2
2
( )

1
el (XTDX)~1XT (Di — D2 )
1 2
= T (XTDX)~IXT <D2 —D[zj]) X(XTDX) e ).

M — M“)| < E(

(5l

IA

[J]

/

By Lemma B-2,

‘\/ Y (R;) — \/W(Vi,[j])‘ < Ka|R; —rijl < K2Z%;,

thus

This entails that

_1
|M; — M| < KoK, 2\/15 (42 - T (XTDX)1XT DX(XT DX)e;)

_ KZKOZ\/IE (%]2 : eJT(xTDX)—leJ-)

\/_Ig)\/_ <%2> <M> _
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B-5.2 Bound of IM\" — M|

First we prove a useful lemma.

Lemma B-3 For any symmetric matrix N with || Nllop < 1,

2
I—(U+N)H2<—
F= 0+ N = TN

Proof First, notice that
I-I+N)'=U+N-DU+N)"'=NT+N)",
and therefore
(I—(+N)"H2=NU+N)2N.
Since ||Nlop < 1, I + N is positive semi-definite and

1

-2
TN = TN
Therefore,
) 2
NUH NN = TN o

]

We now back to bounding |M;1) - MJ(.2)|. Let Aj = X" DX, Bj = XT(D —
Dpj1)X. By Lemma B-2,

ID — Dijillec < K3 miaX|R,’ —ril = K3t@j
and hence
”Bj”op = K3%/ ~nigl = nn;.

where 1; = K314 - #;. Then by Theorem B.1.(v),

E() = 0 (—p(’lyL,q"g(“)) |

Using the fact that ||a|| 5, < ||@|l,, We obtain that

1 1
T a—1yT 2 T 4. N—lyT 2
ejAj X D[j]—ej(Aj—l-Bj) X'D

e
Mj~— M, ‘ = E( (/1

y
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1 1
—1 5 _ =
5\/1@ (||ejTAj XTD[ZJ.]—eJT(Aj—l—Bj) IXTD@]H%)

=\/E[eJT(A]1 (A + B~ HXT DX (A7 = (A + B)) e |

= \/E [e]T(A;‘ —(Aj+B)™HA;AT — (A + Bj)fl)e,»]
The inner matrix can be rewritten as

(7" = A+ By A (47" =4y + B

1 1\ ! 1 1
-2 2 -2 T2 A A2
_Aj (I—<I+A BA ) )Aj AJA]. 1

1 1 1
T2 ATy 1) 472
—(I+A;°BjA;*) )Aj

2
1 1 1\ 1 |
A 2 _ T2p. A 2 —2 _
— A (1 <I+Aj BjA, ) ) A2 (B-53)

1

_1 _1
Let N; =AszjAj2,then

”Nj”op = HA

1 _1
2 2

A

J

. ||Bj||0p' HA

< (nKoL)_% -nnj - (nKoL)_%
op op
nj

Kor_~

On the event {n; < 2Kok LN llop < % By Lemma B-3,
(I—(+Nj~H? <4N7.
This together with (B-53) entails that
T (A7 = A+ B ) A (A7 = s+ BT e
= eTAf%(I -+ N~)—1)2AT%

<4eTATIN2A Pey = T ATIB AT B AT e < ;= |A7' AT By AT

op

Since Aj > nKoA_1I, and || Bjllop < nn;, we have

1

1
Ay 4l s—1 - 2o
HAJ BjA; BjA, Hopf HAJ H 1Bl < (Kor_)?

2
U
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Thus,

Ko
]E[efr <A;1_(A"+Bf)_l)Af (Afl—(AjJrBj)_l)ef'I(mS 02 )]

- - B 1 polyLog(n)
T 1 1 1 2 _ /e 7
s E["./ A BjA; BjA; ef] =0 Koy = 0( n? '

On the event {; > SKoA_}, since nKor_I < A; < nKiAyl and A; + Bj >
nKor_1I,

e (47" = s+ Bp7Y) a4y (47 = a5+ B! e

T —1 -1 2
<K -[ef (47" = a5+ BT ) e

< nKing - (2]el 472 +2 [l (a; + B¢ )
< 4}1K1)\+ 1 4K1)\+

= (nKoa_)2  n (Ko )?

This together with Markov inequality implies htat

Koh_
e (47" w8 ) 4y (47— a8 ey (3 = K25

1 4Kx Koi_
S —_ # . P nj > 0
n (Koh_)? 2
< l . 4Ky Ay . 4 . Enz
n (Kor-)? (Koro)> 7/
—0 (polngg(n)> '
n

Putting pieces together, we conclude that

3 — | < \/E[EJT (47" =g+ Bp=) s (471 = 4 + B! o)
< \/IE [e_/T (A;‘ —(4; +B,»)“)A,- (A}‘ — (4 +Bj)‘l)ef = (’7./' - %)]

_ _ _ _ Kox—
+\/E[e]T(Ajl—(Aj+Bj) I)Aj(Aj‘—(Aj+Bj) l)ej-I(njg . )]

-0 <p01yL0g(n)>.

n
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B-5.3 Bound of M](-z)

Similar to (A-1), by block matrix inversion formula (See Proposition E.1),

1
XTD?. | = H-)

ef X" D)~ x"' D}

T2
X] D1 = H)D} X,
3 T 1yT
where Hj = ij]X[j](X[j]D[j]X[j])* X[I]D[Z/] Recall that ‘i:j > KoAi— by (B-25),

so we have
1
X Dz]([ Hj)D[zj]ijnSj > na_.
As for the numerator, recalling the definition of 4 1 ;, we obtain that

1 _ 1
15 D 1 = Hplleo = H_X]T(I_D[Ai]X[j](X[Tj]D[j]X[j]) X)) - DY

e¢]

<JVK H X7 (I = Dij X (X[ Dij X~ 1X[J'J)H
o0

=K, max I, X < VK Ac max A1 2.

As proved in (B-35),

[ I < N
max il .
; J.Lill2 = KO

This entails that

K
< ——= Ac = Oy (polyLog(n)).

1
XTDE (1 <
H 7ol w VKo

Putting the pieces together we conclude that

1
Tn2
E H XTDp

Mj(z) < % _ o (POlyLOg(n)).

ni_ n
B-5.4 Summary

Based on results from Sections B.5.1-B.5.3, we have

M =0 (polyLOg(n)> '

n
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1042 L. Leietal.

Note that the bounds we obtained do not depend on j, so we conclude that

J€JIn

maxM =0 (M) .
n

B-6 Lower Bound of Var(,é i)
B-6.1 Approximating Var(B;) by Var(b,)

By Theorem B.1,

5 lyL. vl
maxE(B; —bj)> = O <L§’g(n)) . maxEb? = 0 (PO y Og(n)).
J n J n

Using the fact that

32 2 2 2 2 2 2 2

B; —bj=(Bj—bj+bj)”—bj=(Bj —bj)"+2(B; —bj)bj,
we can bound the difference between Eﬁjz and Eb? by

|E/§,2~ —Ebﬂ =EB; — bj)*> +2IEB; — bj)bj| <E(B; —b;)*
N TN L))

Similarly, since |a®> — b%| = |a — b| - |a + b| < |a — b|(Ja — b| + 2|b|),

0 (polyL;)g(n)) '

n2

|(BB))* — (Bby* < EIB; — byl - (EIB; — bl +2Elb;|) =
Putting the above two results together, we conclude that

(B-54)

| Var(B;) — Var(b;)| = O (pong)g(n)) .

nz2

Then it is left to show that

1
Var(hj) =2 ——— ).
arei) <n : polyLOg(n))
B-6.2 Controlling Var(b;) by Var(N )

Recall that
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where
Lo
Nj = T ;Xijl/f("i,[j])’ §j
= Ly (Dm = DijiXij) (X[Tj]DU]XU])_I X[T”D“]> b
n
Then

) N 2 L ) . N 2
nVar(bﬂ:]E(ﬂ—Eﬂ) :E<N] EN,+EN] —]E&) '
& £ & §j &

Using the fact that (a + b)? — (%a2 -} = %(a +2b)2 > 0, we have

1_(N;j—EN;\? EN, _Nj\*> .1
nVar(b;) > -E <¥> —E (—f - E—J) L2, —L. (B-59
2 3 §j £ 2
B-6.3 Controlling I

The Assumption A4 implies that

n - polyLog(n)

It is left to show that tr(Cov(hj0))/n = §2 (m
used later in “Appendix C”, we state it in the following the lemma.

). Since this result will also be

Lemma B-4 Under assumptions Al - A3,

. 4 _ 2
w(CovW o)) K—g : (—” P+ 1) - min Var(g;) = 2 <—1 >
n K} n i polyLog(n)

Proof The (A-10) implies that
Var (¢ (r1.1;1) > K§ Var(ri 7). (B-56)

Note that r; [ is a function of &, we can apply (A-10) again to obtain a lower bound
for Var(r; [ j1). In fact, by variance decomposition formula, using the independence of
e's

1 b

Var(ri (1) = E (Var (ri.1jilew)) + Var (E (ri|e)) = E (Var (rigile))) »
where ¢(;) includes all but the i-th entry of . Apply A-10 again,

2

ari i
UL Var(ey),

i

Var (ri (j1|ew) = inf
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1044 L. Leietal.

and hence
3 2
. T[]
Var(r,-,lj]) > [E Var (r,',[j] |8(,‘)) > Ell:élf ' . Var(si). (B—57)
Now we compute . Similar to (B-43) in p. 40, we have
org.ri
T[” = ¢! Gijjex (B-58)

where G is defined in (B-18) in p. 31. When k =i,

or[j
at;:[.J =g G[J]ez =e¢ D[/] D G[j]D[J] D 16 =€ D G[]]D ei. (B-59)
1
By definition of G{jj,

1 1 1 —1 1
2~ DT 7 DI Y. T . v, T 2
D GunDyy = I = DXy (X[j]D[J]X[J]> X Py
Let X[ D[J]X and Hj = X[j](X[Tj]X[j])il)?[Tj]. Denote by X(i)’[/’] the matrix
X[y after removing i-th row, then by block matrix inversion formula (See Proposi-
tion E.1),
-1
T =T 5T % ~ =T ~
e Hjei = Xj ) (Xu),[j]X(i),[j] +xi,[j]xi,[j]> Xi, (]
st | (xr o ow )
= Yi[j] (), 114 O]

—1 —1
oT % = =T (3T %
(X(i),[j]X(i),[j]) AV (X(i),[j]X(i),[j])

T (o7 < - X[
T+ %50 (X(i),[j]Xa),[j]) Xi[j]
~T -1 ~
i) (X(z) X, 11> i)
— - _
~T ~T nd ~
T+ % 5 (X(,->,[,-]X(i),[j1) Xi[j]
This implies that
7 T 1
€ D 10L1Dj e = e (I — Hj)ej = —
~T ~T nd ~
T+ (X(i),[j]X(i),[j]) X[/

1

T T -
1+e DmX (Xm,mDw»[/]Xw,UO XmD
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1

=

1T T Lor 3
L+ Ky e DpjXij) (X(ix[j]xﬁhlfl) XinPipei
1

1
—1 T T T
I+ Ky (Dpjpii - e Xij) (X(i),[j]X(i),[j]) X{jei
1

v

—1
-1 T T T
I+ K, Kie; X[ <X(l~)’[j]X(i),[j]) X[j]ei
. Ko 1
=K

1 (B-60)
T T X X7
1+ el Xij1 (X(l.),[j] (i),m) 1

Apply the above argument that replaces H; by X;1(X[; X DX (j}» we have

1 T T “Lor
- = =e¢ (I—X[jl (X[j]X[f]) Xij ) ei-
i X[/] (X(i),[j]X(i),[j]) Xijei

Thus, by (B-56) and (B-57),

1+e

Ké T T Lor ?
Var(p (i) = - - e (1= X (mem) Xijp)ei| -
1
Summing i over 1, ..., n, we obtain that
tr(Cov(hj0) _ Ki 1<=[ 7 ’ S 2
— > F;Z e; | I —Xij (X[j]X[j]> Xijr)ei -ml_anar(sl-)
i=1
1 -1 2
T T .
K2 . (— tr <I—X[j] (X[j]X[j]> le])) - min Var(g;)
1 n i

Kg n—p+1
n

v
|

2
) - min Var(e;)
1

Since min; Var(g;) = §2 (m) by assumption A2, we conclude that

tr(Cov(hjo)) o ( 1 )
n N polyLog(n) /

In summary,

1
Var(vy) = 2 (polyLOg(n)> '
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1046 L. Leiet al.

Recall that

= Yxt (b= Diaxi (XE DX ) XTDi ) X
Ej—n i L1 X \ X 1 PoinXin 1201 ) &

IA

1
;X]TDU]XI' < K1T2,

we conclude that

- Var(N) _Q( 1 ) (B-61)
"= (K T2)? polyLog(n) /- ’

B-6.4 Controlling I,

By definition,

1 2
L =E(EN; E— ) +EN; EL_E
? ( (s, s,) 3 a)
(557) + (mmmg —232)
= Var + EN E— —E—L
Ej g] é:J
s 1 1\?
= (EN;) Var<s>+COV( jé_)
J J
< (EN;)? - Var <; ) + Var(N;) Var (; )
J J
= EN} - Var <l> . (B-62)
£

By (B-27) in the proof of Theorem B.1,

EN? < 2K|E (5 . A%) < 2K1,/E&E? - EAY = O (polyLog(n)),

where the last equality uses the fact that & = Oj2 (polyLog(n)) as proved in (B-40).
On the other hand, let £; be an independent copy of &, then

2 2
()=t (1 1) tstebr
£ 2 \§ g 2 5252

Since §; > KoA_ as shown in (B-25), we have

1 1 ) 1 |
Var(é,)_m & —§) = = Ko )t Var(§;). (B-63)

To bound Var(§;), we propose to using the standard Poincaré inequality [11], which
is stated as follows.
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Proposition B.2 Let W = (Wy, ..., W,) ~ N(O, I,,x,) and f be a twice differen-
tiable function, then

Var(f(W)) <E ”—W )

In our case, &; = u; (W;), and hence for any twice differentiable function g,

3 2 3 de |? 3 2
Var(g(e)) < E | 281 8@ e 17 o Juf] %, - E| 269
8W 2 88 8W 2 1 88 2
Applying it to &, we have
A |1
Var(£;) < ¢} -E H %; ) (B-64)
de |,

For givenk € {1, ..., n}, using the chain rule and the fact that dB~ ' = —B 1dBB!
for any square matrix B, we obtain that

0 T T

95 (Dm = D)Xy (X[j]D[j]X[j]) XmD[j])

D) 9Dy tor

= e oy X[J]<X[]]D/]X[j]> XD
-1 . 3Dy;

T (/]

I . 3Dy;

r 9Dy

Dijy X)) ( D[/]X) X[j] !

r 9D
38k

— DX

-1
T T
22 Xij (X[j]D[j]X[j]) X1 D

=G Gij)

where G(j) =1 — X[.,'](X[TJ]DU]XU])_IX[T].]D[./] as defined in last subsection. This
implies that

0&; 1 dDy;
9 = —XTG[T»]JG[j]Xj.
der,  n 7 Y Qe

Then (B-64) entails that

1 — aDy; 2
Var(§)) < — ) B (X]TG[TJ.] ag[kj] G[,-]Xj> (B-65)
k=1
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First we com 8Di)
pute 5
in (B-17) and that of G|} in (B-18) in p. 31, we have

aDy;
88[1{“ ) diag(Gyjyex) diag(Dy j1Gjiex)

Let Z; = G[;1X; and %;j = Xj o 2 where o denotes Hadamard product. Then

9D aDy;
X767 meX i T Aoy = 27 diag(Dy1Gyjjen) 2

.
= 2} Dij)Gyjex

Here we use the fact that for any vectors x, a € R"

n
xT diag(a)x = Zaixiz =(xo x)Ta.

i=1

This together with (B-65) imply that

1 « - S| o 2
Var(§)) < —5 ZE (%TD[j]G[j]ek) = E H «%TDU]GU]H

——E(% Di;1G1j1Gy; D[;ﬂ”)

Note that G < IGy; ||2 1, and D [j1 = K31 by Lemma B-2 in p. 32. Therefore
we obtain that

1 2
Var) < B ([Gunl?, - 77 5% %) < 2B (Jounl?, - 1913)

K2

K2
SE(Jouls, - 12:15) = 2E(l6uls, - 1251%)

As shown in (B-34),

K1\ ?
1
Ginllop < (=2) .
|| [j]”op_(Ko)

On the other hand, notice that the i-th row of G;;is & 1,; (see (B-20) for definition),
by definition of A¢ we have

12llo0 = 1G1j1X oo = max [B] X | < Ac - max 1.1l
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By (B-35) and assumption AS,

K 2
1200 < Ac - (ﬁ) = 0,4 (polyLog(n)).

This entails that

olyLog(n)
Var(gj) = 0 <%> .

Combining with (B-62) and (B-63), we obtain that

L=o0 <p01yL0g(n)> .
n

B-6.5 Summary

Putting (B-55), (B-61) and (B-62) together, we conclude that

1 1
nVar(b;) = 2 (m) -0 (m)
; 1

Combining with (B-54),

. 1
Var(8;) = 2 (m) '

C Proof of other results
C-1 Proofs of propositions in Section 2.3

Proof (Proof of Proposition 2.1) Let H;(«) = Ep(e; — o). First we prove that the
conditions imply that O is the unique minimizer of H;(«) for all i. In fact, since

d
& = —¢&j,
1
Hi(a) =Ep(ei —a) = 3 Epei —a) + p(—&i —a)).
Using the fact that p is even, we have
1
Hi(a) =Ep(e; —a) = 3 Ep(ei —a) + p(ei + ).
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By (4), for any o # 0, H; () > H;(0). As a result, O is the unique minimizer of H;.
Then for any g € R?

1 n

T
=Y Ep (v —/B)
ni:l

- ng CEEACEY:D)

IS m (F6-89) = LS mo
n i=1 n i=1

The equality holds iff xl-T (B — B*) = 0O forall i since 0 is the unique minimizer of H;.
This implies that

X(B*(p) — p*) = 0.
Since X has full column rank, we conclude that

B*(p) = B*.

Proof (Proof of Proposition 2.2) For any « € R and 8 € R”, let

1 n

Ga:p)=—> Ep(vi—a—x'p).

n i=1

Since a, minimizes Ep(g; — o), it holds that
. 1 $ T * 1 - *
G p) = ;21&9 (s —a—x/B-p") = ;XI:EP(&' —ap) = Gla,. ).
1= 1=

Note that o), is the unique minimizer of Ep(&; — @), the above equality holds if and
only if

a+xl(B—pH=a,=( X)(Z:;ﬁ) =0.

Since (1 X) has full column rank, it must hold that « = «, and = B*. O
C-2 Proofs of Corollary 3.1
Proposition C.1 Suppose that €; are i.i.d. such that Ep(e; — «) as a function of «

has a unique minimizer o ,. Further assume that X je contains an intercept term, X j,
has full column rank and

span({X : j € J,}) Nspan ({X; : j € J¢}) = {0} (C-66)
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Let

B1,(p) = argmin {min Ly (v =7 ) } .
i=1

:BJn ﬂjrg n | —

Then B, (p) = B3,

Proof let
1 n
Gp) = 2B (v =x78).

For any minimizer B(p) of G, which might not be unique, we prove that 8;, (0) = ,BZ .
It follows by the same argument as in Proposition 2.2 that

xI(B(p) — B*)

a0 = X(B(p) — B) = aol = Xy, (B4, (p)
X5 (Bo)s; = B;) +aol.

Since X e contains the intercept term, we have

X, (B1,(p) — B3) € span ({X; : j € IS}).

It then follows from (C-68) that

Xy, (Bs,(p) = B},) = 0.

Since X ;, has full column rank, we conclude that

B1,(p) = B, .
o

The Proposition C.1 implies that ,Bjn is identifiable even when X is not of full

column rank. A similar conclusion holds for the estimator ﬁ J, and the residuals R;.
The following two propositions show that under certain assumptions, 8, and R; are
invariant to the choice of 8 in the presense of multiple minimizers.

Proposition C.2 Suppose that p is convex and twice differentiable with p” (x) > ¢ >
0 for all x € R. Let B be any minimizer, which might not be unique, of

F(p) 2 S0 (i —75)

i=1

Then R; = y; — xi,é is independent of the choice ofﬁfor anyi.
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Proof The conclusion is obvious if F () has a unique minimizer. Otherwise, let
,3(1) and ,3(2) be two different minimizers of F denote by n their difference, i.e.
n= ;§<2) - 3(1). Since F is convex, é(l) + vn is a minimizer of F for all v € [0, 1].
By Taylor expansion,

2
F(B(l) +n) = F(Ié(l)) + UVF(B(]))W + U?nTVZF(B(l))U + 0(U2)-

Since both B + vy and B are minimizers of F, we have F(81) +vy) = F(BD)
and VF(B1) = 0. By letting v tend to 0, we conclude that

n"V2F (B =o0.

The hessian of F' can be written as

. 1 , . cXxTx
V2F(B") = ~x" diag (0" i = x] 1)) X = .

Thus, n satisfies that
reX'x

This implies that
y—XpW =y - xp?

and hence R; is the same for all i in both cases. m]

Proposition C.3 Suppose that p is convex and twice differentiable with p" (x) > ¢ >
0 for all x € R. Further assume that X j, has full column rank and

span({X; : j € J,}) N span ({XJ 1j € J,f}) = {0} (C-68)

Let ,3 be any minimizer, which might not be unique, of

n

FB) 223 p (v~ 8)

i=1

Then ,3 J, is independent of the choice of ,3

Proof As in the proof of Proposition C.2, we conclude that for any minimizers B M
and B2, Xn = 0 where n = @ — (U, Decompose the term into two parts, we
have

Koy, = —XS,mc < span (X, - j € Jg])

It then follows from (C-68) that X n; = 0. Since X, has full column rank, we

conclude that ;, = 0 and hence 35}1) = B&f) m|
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Proof (Proof of Corollary 3.1) Under assumption A3*, X; must have full column
rank. Otherwise there exists « € R/l such that X, «, in which case ozTX;n -

Hjc)X j,o = 0. This violates the assumption that A_ > 0. On the other hand, it also
guarantees that

span({X; : j € J,}) Nspan ({X; : j € J<}) = {0}.

This together with assumption A1 and Proposition C.3 implies that B J, 1s independent
of the choice of B .

Let By € RVilxllnl B, e RValxI/il and assume that Bj is invertible. Let X € R"*P
such that

Xy, =Xy, — XyeB1, Xye=XyeBo.
Then rank(X) = rank(f( ) and model (1) can be rewritten as
y= Xp*+¢
where

5 5 -1
Bj, = B3,» B =By Bjc+ BB,

Let ,3 be an M-estimator, which might not be unique, based on X.Then Proposition C.3

shows that 8 J, 18 independent of the choice of B, and an invariance argument shows
that

ﬁ-’n = ﬂ-’n'

In the rest of proof, we use ~ to denote the quantity obtained based on X. First we show
that the assumption A4 is not affected by this transformation. In fact, for any j € J,,
by definition we have

span(f([j]) = span(X|;})
and hence the leave- j-th-predictor-out residuals are not changed by Proposition C.2.
This implies that 20 = hjo and Q; = Q;. Recall the definition of %} ¢, the first-

order condition of A entails that XThjo = 0. In particular, X;L.hj,o = 0 and this
implies that for any o € R",

0 = Cov (X;nchj,Os aThj,()) =Xy Qja.
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Thus,

o T
RT0,%; (X = X5,B1;) Q5 (X = X5 (B)))  xTQ;x,

(0;) r(Q;) T (@)

Then we prove that the assumption A5 is also not affected by the transformation. The
above argument has shown that

s ,
hioXi  hjoX;
1ol )0l

On the other hand, let B = < Ilgl Ig > then B is non-singular and X = XB. Let
—D]1 D2

B(jy,1j1 denote the matrix B after removing j-th row and j-th column. Then By [
is also non-singular and )?[j] = X(j1B(j),[j1- Recall the definition of /1 ;, we have

~ ~ o~ N\l -
1= DX (X730 X ) X[Tj]>e,-

-1
T T T
<I DrjiX1j1Bj).[; (B(,/),[,/]X[j]D[j]XjB(j),[j]> B(j),[j]X[./])ei
<1 DX X[]D X,») X[j]>e,

hjll

On the other hand, by definition,
-1
T T T T
X{jhjri = X{j) <’ = DijXij) (XmDme) X[j]) ¢i = 0.

Thus,

T T T
hj,l,in = hj,l,i (Xj - Xsn(Bl)j) = hj,l,in-

In summary, for any j € J, andi < n,

T T .
hjllX _ hj,l,iXJ
il IRl

Putting the pieces together we have
A~C = Ac.
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By Theorem 3.1,

max dTV R4 '3] '3]

e \/ Var(B))

provided that X satisfies the assumption A3.

LNO, 1) | = o).

Now let U AV be the singular value decomposition of X jc, where U € R™P A €
RPXP vV e RP*P with UTU = VTV = I, and A = diag(vy, ..., v,) being the
diagonal matrix formed by singular values of X jc. First we consider the case where
X ¢ has full column rank, then v; > O forall j < p. Let B = (XzXJn)’Xz Xy,

and By = 1/n/|J,f|VTA_1. Then

~ —1
XTX 1 (x? <I—XJ,§- (x5 %) XJ;) X, 0

n n 0 nl

This implies that

xTx - xXTx (-
Amax = max [Amax, 1} . Amin = min [Amin, 1} .
n n

The assumption A3* implies that

xXTx xXTx 1
Amax = O(polyLog(n)), Amin =2 —=)-
n n polyLog(n)

By Theorem 3.1, we conclude that

Next we consider the case where X does not have full column rank. We first remove
the redundant columns from X 3 ,i.e. replace X j¢ by the matrix formed by its maximum
linear 1ndependent subset. Denote by X this matrix. Then span(X) = span(X) and
span({X; : j ¢ J,}) = span({X; : j ¢ J,}). As a consequence of Propositions C.1
and C.3, neither ﬂjn nor ,3 J, 18 affected. Thus, the same reasoning as above applies to
this case. m|

C-3 Proofs of results in Section 3.3

First we prove two lemmas regarding the behavior of Q ;. These lemmas are needed
for justifying Assumption A4 in the examples.
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Lemma C-1 Under assumptions Al and A2,

K2K1 K2K1
1Qllop < T ——, 11Q}llF < V/nc?—2
Ko Ko

where Q j = Cov(hj o) as defined in section B-1.
Proof (Proof of Lemma C-1) By definition,

T
[Qjlop = sup o' Qja
aGS”_'

where S"~! is the n-dimensional unit sphere. For given « € "7,
aTQja =al Cov(hjopa = Var(aThj,o)

It has been shown in (B-59) in “Appendix B-6.3” that

where Gij) =1 — X[j](X[Tj]D[j]X[j])_lX[Tj]DU]. This yields that
' (5 - i)
96T (; O‘“/f("i»[./])) = ;aiw/(m,m) v

n
T T R
=D (rigj) - ¢f Gijy = o’ DijyGy.
i=1

By standard Poincaré inequality (see Proposition B.2), since ¢; = u; (W;),
n a n
Var (Z aiw(ri,[j])> < max ||u;(||go : IE” 3T (Z Olﬂﬁ(’”i,[j]))
i=1 i=1
2 T A T 7 21T T 72
=c-E (a D[j]G[j]G[j]D[j]a> = iEIID GG Dijilia
< GEID;lIg, I Grjill5y-

We conclude from Lemma B-2 and (B-34) in “Appendix B-2” that
Buitlop < K3, G112 < 20
Dijillop = K3, 11Gjllgp = Ko’

Therefore,

n 2
K5 Ky
1Qjllop = sup Var (Zwmn) <} ;<0

-1 .
aeS" i=1
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and hence
2 K%Kl
10lF < VnlQjllop < v/n - i Ko
O

Lemma C-2 Under assumptions Al - A3,

tr(Q;) = K*n = £2(n - polyLog(n)),

* Ké n—p+1 2 .

where K* = X (T) - min; Var(g;).
Proof This is a direct consequence of Lemma B-4 in p. 49. O

Throughout the following proofs, we will use several results from the random
matrix theory to bound the largest and smallest singular values of Z. The results
are shown in “Appendix E”. Furthermore, in contrast to other sections, the notation
P(-), E(-), Var(-) denotes the probability, the expectation and the variance with respect
to both ¢ and Z in this section.

Proof (Proof of Proposition 3.1) By Proposition E.3,
A= (1 4+ Vi)? +op(1) =0,(1), A_=(- Vi) — op(1) = £2,(1)

and thus the assumption A3 holds with high probability. By Hanson-Wright inequality
([27,51]; see Proposition E.2), for any given deterministic matrix A,

2

t t
P()ZTAZ»—JEZTAZ-‘zz)gzexp —cmin ,
e e a4 AlIZ" o2l Allop

for some universal constant c. Let A = Q ; and conditioning on Zj;}, then by Lemma
C-1, we know that

2 K3K|

2
3
. <c

1Qjllop < €i Ko

K3K,
Ko

2
. 1QjlF < /e

Z[j])
<2 i - ! (C-69)
exp | —c¢ min s . -

= oo ot nclK3K}/K§ o2ciK3K1/Ko

Note that

and hence

T T
P (Zj Q;Zj —E(Zj Q;Zi|Zj) = ~t

E (Z}r Qij|Z[j]) —r (E [zjz]ﬂz[j]] Q.,') = EZ},1r(Q)) = 12 r(Q)).
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770,2; ,
, ET 2tz
ZW) =r ( wo) 7w Z“])

2 t
< 2exp | —cmin , . C-70
= [ {04 nctK$K} /K3 202c1K3K1 /Ko ” (70

By Lemma C-2, we conclude that

zTo.z;
P & <T2__
tr(Q;) nK*

Letr = %ran * and take expectation of both sides over Z}, we obtain that

270,z 12 K¢t K*z2
Pl— < — ) <2exp|—cnmin i oo )
tr(Q;) 2 404c1K3K7 /K5 20%ciK5K1/Ko
and hence
z'0;z;, 12
Jj€n tr(Qj)

2
K*2T4 K*TZ
< 2nexp | —cnmin , =o(1).
- P 4o4ctKIK? /K2 202c1K3K /Ko M

(C-71)

This entails that
VAROVA 1
min ]—]] — Q[’ <—> .
jedn w(Qj) polyLog(n)

Thus, assumption A4 is also satisfied with high probability. On the other hand, since Z
has i.i.d. mean-zero o 2-sub-gaussian entries, for any deterministic unit vector « € R”,
alz jis o 2-sub-gaussian and mean-zero, and hence

2
P(la"Zj| > 1) <2¢ 27,

Let oji = hj,l‘i/”hj,l,i ||2 and ajo = hjy()/”hjy()”z. Since hj,l,,' and hj,o are inde-
pendent of Z;, a union bound then gives

_ t2+4o2 logn 2

P(AC zt—i—Zm/logn) < 2n-e 22 =2¢ 27,
By Fubini’s formula ([16], Lemma 2.2.8.),

20 \/logn

o0 o
EA, =/ 8t'P(Ac > t)dt < / 8t dr +/ 8t'P(Ac > t)dt
0 0 20 4/logn
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o0
= (2(7‘/10gn)8 +/ 8(t +20,/10gn)7P(Ac >t +20+/logn)dt
0
2

o
(20/logn)® +/ 64817 + 12807 (logn)3) - 2¢ 27 dt
0

= 0((78 - polyLog(n)) = O (polyLog(n)) . (C-72)

IA

This, together with Markov inequality, guarantees that assumption A5 is also satisfied
with high probability. O

Proof (Proof of Proposition 3.2) It is left to prove that assumption A3 holds with high
probability. The proof of assumption A4 and AS is exactly the same as the proof of
Proposition 3.2. By Proposition E.4,

Ay = 0p(D).

On the other hand, by Proposition E.7 [37],

VAN
P (Amin < ) < cl) <e ",
n

and thus O

A= 2,(1).

Proof (Proof of Proposition 3.3) Since J, excludes the intercept term, the proof of
assumption A4 and A5 is still the same as Proposition 3.2. It is left to prove assumption
A3.LetRy, ..., R, beii.d. Rademacher random variables,i.e. P(R; = 1) = P(R; =
—1) =1, and

Z* = diag(By, ..., B))Z.

Then (Z2*)T 2* = ZT Z. It is left to show that the assumption A3 holds for Z* with
high probability. Note that

zHT = (Bi, B,-)z,.T) .

For any r € {1, —1} and borel sets By, ..., B, C R,

P(Bi =r,BiZi1 € By, ..., BiZi(p—1) € Bp_1)
= P(Bi=r,Zi €rBi,..., Zi(p—1) €rBp_1)
= P(Bi =r)P(Zi1 €rBy)... P(Zi(p—1) € rBp_1)
= P(Bi =r)P(Zi1 € B)) ... P(Zi(p—1) € Bp_1)

= P(B; = r)P(B,‘Zil €By)... P(Bl»Z,-(p,l) € By-1)
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where the last two lines uses the symmetry of Z; j. Then we conclude that Z! has
independent entries. Since the rows of Z* are independent, Z* has independent entries.

. . . . . . =5 d 5 .
Since B; are symmetric and sub-gaussian with unit variance and B; Z;; = Z;;, which
is also symmetric and sub-gaussian with variance bounded from below, Z* satisfies
the conditions of Propsition 3.2 and hence the assumption A3 is satisfied with high

probability.

[}

Proof (Proof of Proposition 3.5 (with Proposition 3.4 being a special case)) Let

Zy = A_%ZE_%, then Z, has i.i.d. standard gaussian entries. By Proposition 3.3,

Z, satisfies assumption A3 with high probability. Thus,

n

2177 AZ, 51 Z;
)L+ = )\max | = }\max(z) ' )Lmax (A) . Amax

= O)(polyLog(n)),
and

1 1
Y27I'AZ, 22
A— = Amin —

1
P (polyLOg(n)> '

) (#
> kmin(z) ' )\min(A) * Amin

As for assumption A4, the first step is to calculate IE(ZjT Q;Zj|Zj)). Let Z=A"2 Z,

then vec(Z) ~ N, ® X). As a consequence,
Zj\Zijy~ N (ﬁjw 0,21)

where

- 5 ~1
mj=ZijX 5 n2g =4 2Z[/]E[]] 121

[J1.Lj]

Thus,
Zj|Zij ~ N (Mj,a]?A)
where u; = Zj; Z‘ml []]Z‘ j- Itis easy to see that

A_ < min szma

2
T J]

< Ajt.

It has been shown that Q ju; = 0 and hence

Z10;Z;=(Zj—up" Qj(Zj — u)).
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Let 2 = A™3(Z; — uj) and O = A2 Q; A3, then Z; ~ N(0,671) and
T T A
z70;2; =27 0,7,
By Lemma C-1,

K32K1

1Qllop < lAllop - 1Q;llop < Amax(A) - ¢ Ko

and hence

K3K;

10llF < V/nAmax(A) - cf

By Hanson-Wright inequality ([27,51]; see Proposition E.2), we obtain a similar
inequality to (C-69) as follows:
")

2
t t
< 2exp| —cmin
B p|: {U;}’nkmax(/‘)z K4K2/K ‘7] max(A)ClK2K1/KO}]

On the other hand,

<|ZTQ, —B(Z] Q;Z;|Zij)| = 1|2

E (Z]TQJ'ZHZU]) =E (fijQja@pﬂZ[j]) = sz tl"(Qj).
By definition,
~ 1 1
() = r(ATQ;A%) =u(XQ)) =tr (Q}AQ}-) > hanin (A) Q).
By Lemma C-2,
(Q) = Amin(4) - nK*.

Similar to (C-70), we obtain that

VARV A P
J =17 2
P<—> |21

t

o
r(Q;) — 7 nK*
<?2 i !
< 2exp| —cmin
o} nAmax (D)2TKFKT/KG 07 hmax (A1 K5 K1/ Ko

2

@ Springer



1062 L. Leietal.

Lett = %ajznl(*, we have

(B2
tr(Q;) — 2

K*Z K*
< 2exp| —cnmin ,
Dmax (AN 2TKFKE/KE 2hmax (AT K3 K1 /Ko

()

and a union bound together with (C-73) yields that

. Z]0;Z; - 1 1
min ———— = £, mino; - —————— =2, ————.
jel, tr(Qj) j polyLog(n) polyLog(n)
As for assumption AS, let

1 1
o Afhj,() o Afhj’l,,'
JO= e e =
2j0ll2 2j1ill2

then fori =0, 1, ..., p,

”aj,i 2 < +v/Amax(A).

Note that
T . T .
hioZi 4 hiiZi o
:aj’ozj, —:a],lZ]
177,002 17,1, ll2

using the same argument as in (C-72), we obtain that

EA = (Amax(/l)4 -max of 'polyLOg(n)> = O (polyLog(n)) ,
and by Markov inequality and (C-73),

E (A§|Z) =0, (EASC) = 0, (polyLog(n)).
O

Proof (Proof of Proposition 3.6) The proof that assumptions A4 and A5 hold with
high probability is exactly the same as the proof of Proposition 3.5. It is left to prove
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assumption A3*; see Corollary 3.1. Let ¢ = (min; [(A™ 21) D™l and Z = (c1 7).
Recall the the definition of A+ and A_, we have

A = Amax (2, A= = Amin(Z(1)),

where

1~p 1’
Xy = —Z I——Z.
n

T
1 17\ - 17\ -
1"\ -
span (| I — — ) Z | C span(Z).
n
- 7'z - VAW /

)\+ =< )\max , A= = Amin .

n n

It remains to prove that

— =0 po Log(n 5 Ami 2 .
max p yLog min p vl ( )

Rewrite (1 as

It is obvious that

As a consequence

To prove this, we let

where v =cA™ 21andZ =A" ZZE 2. Then

T 1 _r 1
7'7 DIEVAW. VD%
)\max T Z)Lmax T

and

7’7 52177 AZ, 51 77z,
Amin T =Amin | ———— | = )\min(z) : )\min(A) * Amin n .

IA

zr'z,
}Lmax(z) : )Lmax(A) : )Lmax )

n
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It is left to show that

A Zi 2 0,(polyLog(n)), A Zi 2 Q :
= olyLog(n)), i = ).
max n p(POYLOE i n p polyLog(n)

By definition, min; |v;| = 1 and max; |v;| = O (polyLog(n)), then

zrz zrz. wTl VAW ]2
kmax( : *)Z)\max< x + — S)Lmax x +—2.
n n n n n

Since Z* has i.i.d. standard gaussian entries, by Proposition E.3,
VAW
)\max < *}’l *> = 017(1)

Moreover, ||v||% < nmax; |v;|> = O(n - polyLog(n)) and thus,

zrz,
Amax . = Op(polyLog(n)).
On the other hand, similar to Proposition 3.3,
Z, = diag(By, ..., By)Z,

where By, ..., B, are i.i.d. Rademacher random variables. The same argument in the
proof of Proposition 3.3 implies that Z, has independent entries with sub-gaussian
norm bounded by || v||go Vv 1 and variance lower bounded by 1. By Proposition E.7,
Z, satisfies assumption A3 with high probability. Therefore, A3* holds with high
probability. O

Proof (Proof of Proposition 3.7) Let A = (A1, ..., A;) and Z be the matrix with
entries Z;;, then by Proposition 3.1 or Proposition 3.2, Z; satisfies assumption A3
with high probability. Notice that

TN 5 2T
At = Amax T < Amax(A)7 - Amax = Op(polyLog(n)),
and
T A2y ) Ty 1
A—=Amin | ———— | = Amin(A)” - Amin = -Qp R B
n n polyLog(n)

Thus Z satisfies assumption A3 with high probability.

Conditioning on any realization of A, the law of 2;; does not change due to the
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independence between A and 2. Repeating the arguments in the proof of Proposition
3.1 and Proposition 3.2, ow that

270;% < 1 )
= L -, (———), and
tr(Q;) polyLog(n)

8
i=0,. p‘&jT,iQ‘”j‘ = Op(polyLog(n)), (C-74)

where

Q'—AQ'A G0 = Ahjy() Gy 1y = Ahj,l,i
! PP T ARG ol T T ARl

Then

2]0iz; 2] 0% wagu _ , 2707 <;>
w(Q,) tr(Q;) r(Q;) tr(Q;) ~ 7P\ polyLog(n) /’
(C-75)
and

8
- Ahjol2 Ahj1ill2
EAY =E max a?, 2;|® - max { max 145 o , max 145 ).1:0
i=0,...,n;j=1,....,p ’ J j,0ll2 2% . Lill2
0 ! / 7.0l 17l

<BhE [ max |&jT’i§f,~|8i|
p

i=0,...,n;j=1,...,
= Op(polyLog(n)). (C-76)
By Markov inequality, the assumption A5 is satisfied with high probability. O

Proof (Proof of Proposition 3.8) The concentration inequality of ¢; plus a union bound
imply that

P (miax & > (logn)§> < ncle—cz(logn)2 =o(1).

Thus, with high probability,

T A2y 4 Ty
Amax = Amax <T) < (ogn)« - Amax < n ) = Op(P01yLOg(H))-

Letn’ = [ (1 —8)n] for some § € (0, 1 —«). Then for any subset I of {1, ..., n} with
size n’, by Proposition E.6 (Proposition E.7), under the conditions of Proposition 3.1
(Proposition 3.2), there exists constants c3 and ¢4, which only depend on «, such that

P | Amin <c3] <e ™
n
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where 27 represents the sub-matrix of 2 formed by {%; : i € I}, where Z; is the
i-th row of 2. Then by a union bound,

T % )
P(min Amin< L 1) <C3> 5(”,)@‘4".
|I|=n’ n n

By Stirling’s formula, there exists a constant ¢5 > 0 such that

(”/) " exp {(—Slogé — (1= log(l — S))n}
n n'l(n —n')!

where § = n’/n. For sufficiently small § and sufficiently large 7,

—SlogS— (1 —S)log(l —S) < c4

. 2T 2 _
P | min Ay <c3 ) < cse " (C-77)
/ n

[=n

and hence

for some cg > 0. By Borel-Cantelli Lemma,

. . ! %
liminf min  Apjp >c3 a.s..
n—o00 |I|=(1-8)n] n

On the other hand, since F~! is continuous at §, then
{(L(lf(;)nj) a_s) F_I(B) > 0.

where {() is the k-th largest of {¢; : i = 1,...,n}. Let I* be the set of indices
corresponding to the largest [ (1 — 8)n] ¢/s. Then with probability 1,

. 7Tz . ZT Nz
liminf Apin | —— ) = liminf A | —————
n

n—00 n— 00 n

n

. . ZLAL 2
> liminf & (1-syn)) - liminf Apip | ————
n—00 n—>00

n—00 |I|=[(1-8)n] n

- - . 27 7
> lim inf Sqa=sn)) - lim inf min Amin
n—00

> c3F71(8)? > 0.

To prove assumption A4, similar to (C-75) in the proof of Proposition 3.7, it is left to
show that

tr(AQ; A) ( 1 )
mn— =2, ——— .
i w(Qj) polyLog(n)
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Furthermore, by Lemma C-2, it remains to prove that

. n

Recalling the Eq. (B-60) in the proof of Lemma B-4, we have

Ky 1

el Qjei > — - . (C-78)

—1
T T T
1+ e; Z[j] (Z(j),[j]z(i),[j]) Zijei

By Proposition E.5,

2T
Amax ( . ’) >3C; | <2e7",
n
On the other hand, apply (C-77) to Z;),[;], we have

G T G
P( min /\min(( ). ( <z>,[j])1><c3><656_%n_

[1=1(1=8)n] n

A union bound indicates that with probability (csnp 4 2p)e™ Min{C2.c6ln — (1),

T o
max Amax (—["] m)
J

n

§9C%, min  min
i,j =L(1-8)n]

. <(3Ti>,[jl)1T(a@?i>,[jJ)l> =

min
n

This implies that for any j,

Z{1Zi) 2042
- (L [ 2D 2 g2

n n

and for any i and j,

T T 2 .
Zo), 1201 Ziy 11 2.1
Amin | ——————— ) = Apin | ——

n n

H=LA—=8)n]

> min{Z(1-sn))s Sa-snp + 117+ min kmm< ;

> c3min{((1-)n))> L((1—sy ) + 1}2 > 0.

(ﬁp(ix[j])zTi(%)(ﬁp(i),[j])l)
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Moreover, as discussed above,

2 _
¢y < (ogn)e, min{¢(((1—sym s C((1=sym)) + 1} = F7'(8)

almost surely. Thus, it follows from (C-78) that with high probability,

Ko 1
e,'TQjei = 71 : 7
L+el Z[, (ZZ;),[j]Z(i),[j]) Zjiei
- Ky 1
=K 77 7
Koy o i g, ey(po16))2

Ky 1+ (logn)a -9C7 - 3 (F-1(8)2

The above bound holds for all diagonal elements of Q ; uniformly with high probability.
Therefore,

Ko 1
tr(AQ;A) > & _sap - L(L—=8)n] - — -
J (L(1=d)n]) Ky 1+ (lOgﬂ)g X 9C12 . C3(F7](5))2

)
polyLog(n)

As a result, the assumption A4 is satisfied with high probability. Finally, by (C-76),
we obtain that

8

EAS <E a7 148

Cc = i—0 ma.xl aj,i J [ Hop .
i=0,..., n;j=l1,..., 4

By Cauchy’s inequality,

EA% < \/E - max |5‘£iff]‘|16 ) \/Emax ¢ts.
i=0,...,n;j=1,..., P i
Similar to (C-72), we conclude that
EASC = O (polyLog(n))

and by Markov inequality, the assumption A5 is satisfied with high probability. O

C-4 More results of least-squares (Section 5)
C-4.1 The relation between S;(X) and Ac

In Sect. 5, we give a sufficient and almost necessary condition for the coordinate-
wise asymptotic normality of the least-square estimator 375; see Theorem 5.1. In this
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subsubsection, we show that Ac¢ is a generalization of max ey, S;(X) for general
M-estimators.

Consider the matrix (X7 DX)~' X, where D is obtain by using general loss func-
tions, then by block matrix inversion formula (see Proposition E.1),

X"DX, XTDXyp\ " X7

T,vT —1vT T 1 1 1 [1]

Jd XDy ' xt =e

i ( ) 1<X[T1]DX1 X[TI]DXU]) (XT)
X[ )

T T B
b'e (D — DXy (X[”DXU xh, )

x7 (1 ~ DXy (x[1 DX))

XlT ([ — DX (X DX 1]) X[Tl])

- -1
xT (D — DXy (X[TI]DX[”) X[TI]D> X

where we use the approximation D ~ Dyyj. The same result holds for all j € J,, then

-1
T T T
le? (X7 DX) "' X7 | HX1 (1—0[1]X[1] (XmD[l]X[l]) Xm)”

— &
(XTDX)~'X
lle; ( ) ll2 ‘ XlT (1 — DX (X[TI]D X[1] 1]> H

Recall that hJT,I,i is i-th row of 1 — D[l]X[l](X[Tl]D[l]X[l])_lX[Tl], we have

‘hjfl ixl‘ HeJT(XTDX)—le H
T ~ o0
max

i gl HeJT(XTDX)—lXTH
2

The right-handed side equals to S;(X) in the least-square case. Therefore, although
of complicated form, assumption A5 is not an artifact of the proof but is essential for
the asymptotic normality.

C-4.2 Additional examples

Benefit from the analytical form of the least-square estimator, we can depart from sub-
gaussinity of the entries. The following proposition shows that a random design matrix
Z with i.i.d. entries under appropriate moment conditions satisfies max je;, S;(Z) =
o(1) with high probability. This implies that, when X is one realization of Z, the
conditions Theorem 5.1 are satisfied for X with high probability over Z.

Proposition C.4 If{(Z;; :i <n, j € J,} are independent random variables with

1
1. max;<p, jey, (E|Z;;[3°)55 < M for some 8, M > 0;
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2. min; <y, jey, Var(Z;;) > 72 for some T > 0
3. P(Z has full column rank) =1 — o(1);
4. EZ; e span{Z; : j € J;} almost surely for all j € J,;

where Zj is the j-th column of Z. Then

max S;(Z) = O, (il) =o0,(1).
n

jej)l 4

A typical practically interesting example is that Z contains an intercept term, which
is not in Jy,, and Z; has i.i.d. entries for j € J, with continuous distribution and
sufficiently many moments, in which case the first three conditions are easily checked
and EZ; is a multiple of (1, ..., 1), which belongs to span{Z; : j € J:}.

In fact, the condition 4 allows Proposition C.4 to cover more general cases than the
above one. For example, in a census study, a state-specific fix effect might be added
into the model, i.e.

yi = a5 +z] B* +e

where s; represents the state of subject i. In this case, Z contains a sub-block formed
by z; and a sub-block with ANOVA forms as mentioned in Example 1. The latter
is usually incorporated only for adjusting group bias and not the target of inference.
Then condition 4 is satisfied if only Z;; has same mean in each group for each j, i.e.
EZij = pg.j-

Proof (Proof of Proposition C.4) By Sherman—Morison—Woodbury formula,

z' - H))
VAN A A T] J
! Z;(I—-HjZ;

where H; = Z[j](Z[Tj]ZU])_lZ[Tj] is the projection matrix generated by Z ;. Then

O N T

T7T 17T [T N7,
[Tz z)-12 H2 /271 - H))z;

Similar to the proofs of other examples, the strategy is to show that the numerator,
as a linear contrast of Z;, and the denominator, as a quadratic form of Z;, are both
concentrated around their means. Specifically, we will show that there exists some
constants C; and C; such that

max  sup [P <||Azj||Oo > Cln%) P (ZJ.TAZ]- < an)} —o (l> .
J€n AER"X”,AzzA, n
tr(A)=n—p+1
(C-80)
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If (C-80) holds, since H; is independent of Z; by assumptions, we have

1Z7 (= Hpl
P(Sj(Z)Z&-n )z / e, S,
VG T -Hpz; V&

1
<p (||(1 —H)Zjlloo > Can) P (z{a —H)Z; < an)

FS

1
1

1
) [P (||(1 — H)Zjlloo > clrﬂ) ‘Z[j]}

+E [P (Z]-T(I —H)Z; < Czn) ZU]} (C-81)
< sup P <||AZj||OO > cln%) iy (Z]-TAZJ- < C2n>
AGR"X",A2=A,tr(A)=n7p+1
< max sup P <||AZ~,~||00 > Clni)
Je€In | AeRm* 1 A2=A tr(A)y=n—p+1
]
+P (2]42; < Con)| =0 (-) . (C-82)
n

Thus with probability 1 — o(|J,|/n) =1 — o(1),

1
-n 4

C
max S;(Z) <

J€JIn A/ C2

and hence

max S;(Z) = 0, <i1) .
n

J€Jn 7

Now we prove (C-80). The proof, although looks messy, is essentially the same as the
proof for other examples. Instead of relying on the exponential concentration given
by the sub-gaussianity, we show the concentration in terms of higher-order moments.
In fact, for any idempotent A, the sum square of each row is bounded by 1 since

DAY = (A% < dmax(A) = 1.
i

By Jensen’s inequality,

2
EZ}; < (BIZ;;|*T) 5.
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For any j, by Rosenthal’s inequality [48], there exists some universal constant C such

that

8+5 n n 4+5/2

. e b3 (ZA%jEz%j)
i=1

i=1

n
2 AijZij
i=1

n n 4+8/2
2 8+6 2 2
< C 1Y 1A PEIZ PP + (ZAU]EZU)
i=1

i=1

n n 4+5/2
<CM¥P N AT + (Z A,%-) <20M3,
i=1

i=1

LetC; = (2CM 8*‘3)@, then for given i, by Markov inequality,

n
P ( > Aijzi)

i=1
and a union bound implies that

1 1
> Cl”“) =

1 1 1
P (142l > Ct) = i =o 7). 83

Now we derive a bound for Zl.TAZj. Since p/n — k € (0, 1), there exists k €
(0,1 — k) such thatn — p > kn. Then

n
EzTAZ; =) AEZ}, > T r(A) = *(n — p+ 1) > k’n. (C-84)
i=1
To bound the tail probability, we need the following result: O

Lemma C-3 [2, Lemma 6.2] Let B be an n x n nonrandom matrix and W =
Wi, ..., W)T be a random vector of independent entries. Assume that EW; = 0,
IEWI.2 = 1 and E|W;|* < v. Then, for any q > 1,

EWTBW —w(B)|? < C, ((v4tr(BBT))% + g tr(BBT)%) ,

where Cy is a constant depending on q only.

It is easy to extend Lemma C-3 to non-isotropic case by rescaling. In fact, denote 01.2
by the variance of W;, and let ¥ = diag(oy,...,0,), Y = (Wi/o1, ..., Wy/oy).
Then

wTBW =y $1B51Y,
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with Cov(Y) = I. Let B = X2 BX7, then
BBT = »2BxBTx? <, x1BBT 31,
This entails that
w(BBT) < nuy tr (E%BBTE%) = tr(XBBT) <2 u(BBT).

On the other hand,

q

~ ~ ~ ~ q
tr(BBT)T < niman (BBT)E = nv} Amax (Z%BBTE%)Z < ¥ dm (BBT) 1.

Thus we obtain the following result

Lemma C-4 Let B be an n x n nonrandom matrix and W = (Wy, ..., W)T be a
random vector of independent mean-zero entries. Suppose E|W; |k < vy, then for any
qg=1

EWTBW —EWTBW|4 < C vl ((m tr(BBT))? + vy, tr(BBT)%) ,
where Cy is a constant depending on q only.
Apply Lemma C-4 with W = Z;, B = A and ¢ = 4 + §/2, we obtain that
4+8/2
E|zTAz; ~EZTAZ, < M6+ ((tr(AAT))2+5/4 + tr(AAT)2+5/4>

for some constant C. Since A is idempotent, all eigenvalues of A is either 1 or 0 and
thus AAT < I. This implies that

tr(AAT) <n, w(AAT)?T4 <y
and hence
E ‘Z]-TAZJ- — ]EZ]-TAZ]-‘4+8/2 < 20 M16+28,2+5/4

for some constant C1, which only depends on M. By Markov inequality,

c.2

4+8/2
T 4 Tz KT 16425 2 1
P(|ZjAZj—EZjAZ‘/|ET>§2CM <m> A

Combining with (C-84), we conclude that

; 1 1
P(2fAz; <) =0 =) =e(~ (C-85)
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A A
Coverage of B4 (x=0.5) Coverage of B4 (k=0.8)
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1.001 . 1001 1 v . . H
MR SR I A A A O FI I I
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1.00 1001 o
9 H . . . . . . . g H H v . v . ' '
8 09— e Roes A d Lo b 1L 1l e
g : ! : E % f : : =
O 0.90 O 0.90 :
1.00 1.00
T 3 T g
T T
oost——F—— 41§38 ot 3 FFFF¢g
S =Sl
[ QO
0.90 a 0.90 3
100 200 400 800 100 200 400 800 100 200 400 800 100 200 400 800
Sample Size Sample Size
Entry Dist. normal -+ - t(2) -= - hadamard Entry Dist. normal -+ - t(2) -=- hadamard

Fig. 5 Empirical 95% coverage of B1 with « = 0.5 (left) and ¥ = 0.8 (right) using L7 loss. The x-
axis corresponds to the sample size, ranging from 100 to 800; the y-axis corresponds to the empirical 95%
coverage. Each column represents an error distribution and each row represents a type of design. The orange
solid bar corresponds to the case ' = Normal; the blue dotted bar corresponds to the case F' = ty; the red
dashed bar represents the Hadamard design (color figure online)

[

KT

. Notice that both (C-83) and (C-85) do not depend on j and A.
) is proved and hence the Proposition.

where C, =
Therefore, (C-8

o“|

D Additional numerical experiments

In this section, we repeat the experiments in Sect. 6 by using L loss, i.e. p(x) = |x].
L1-loss is not smooth and does not satisfy our technical conditions. The results are
displayed below. It is seen that the performance is quite similar to that with the huber
loss (Figs. 5, 6, 7).

E Miscellaneous

In this appendix we state several technical results for the sake of completeness.

Proposition E.1 ([28], formula (0.8.5.6)) Let A € R”*? be an invertible matrix and

write A as a block matrix
A A
A=
( Az A )
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A A A A
Min. coverage of 81~ B1o (k=0.5) Min. coverage of 81~ P10 (k=0.8)
normal t(2) normal t(2)
0.95 0.95
0.90 R 3 - H 3 ' H 0.90 H ' . '
H ' Iy H i i = . H + + 1 i i =
P4 O = T 4 B
oo i 1 ¢ H 0s0f & ! L
0.95 I n 0.95
= . I i = 1 i N 1 . i 1
S 090 : 4 0t 18 D S o090 H 4 H R
ol 4 H o O ! 4 i ]
[ 1 = o H 1 + =
> o > + ' o
) Q H
O o080 O o080 :
0.95 0.95
E T I I i ¥ O 3 | i I I 3 i § ¥ i |
0.90 2 0.90 2
Q Q
3 3
2 2
0.80 a 0.80 a
100 200 400 800 100 200 400 800 100 200 400 800 100 200 400 800
Sample Size Sample Size
Entry Dist. normal -+ - t(2) -= - hadamard Entry Dist. normal -+ - t(2) -= - hadamard

Fig. 6 Mininum empirical 95% coverage of Bl ~ ,310 with « = 0.5 (left) and « = 0.8 (right) using L1
loss. The x-axis corresponds to the sample size, ranging from 100 to 800; the y-axis corresponds to the
minimum empirical 95% coverage. Each column represents an error distribution and each row represents a
type of design. The orange solid bar corresponds to the case F = Normal; the blue dotted bar corresponds
to the case F' = tp; the red dashed bar represents the Hadamard design (color figure online)

with A11 € RPIXPL Ay € RP=PUX(P=PV peing invertible matrices. Then

4o (A + A ARS T Ay AL AT AT
—S7 1Ay ALl s

where S = Ay — A21A1_11A12 is the Schur’s complement.

Proposition E.2 ([51]; improved version of the original form by [27]) Let X =
(X1, ..., Xn) € R* be a random vector with independent mean-zero oz-sub-gaussian
components X;. Then, for every t,

12 t

P(|XTAX—IEXTAX|>t)§2exp —c min 7 )
A% o2l Allop

Proposition E.3 [3]1If{Z;; :i=1,...,n,j=1,..., p}arei.id randomvariables
with zero mean, unit variance and finite fourth moment and p/n — k, then

T

T
Amax <¥> a_.s). (1+ \/E)zy Amin (Zn_z> a_'i. (1- \/E)Z
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A A A A
Bonf. coverage of B4 ~ 1o (k=0.5) Bonf. coverage of B4~ B1g (k=0.8)
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Fig. 7 Empirical 95% coverage of ,3 1~ ,3 10 after Bonferroni correction with k = 0.5 (left) and x = 0.8
(right) using L loss. The x-axis corresponds to the sample size, ranging from 100 to 800; the y-axis
corresponds to the empirical uniform 95% coverage after Bonferroni correction. Each column represents
an error distribution and each row represents a type of design. The orange solid bar corresponds to the
case F' = Normal; the blue dotted bar corresponds to the case F' = t; the red dashed bar represents the
Hadamard design (color figure online)

Proposition E.4 [35] Suppose (Z;; : i =1,...,n,j =1,..., p} are independent
mean-zero random variables with finite fourth moment, then

Ey/Amax (Z7Z) < C | max
L

for some universal constant C. In particular, if EZI-A'J- are uniformly bounded, then

Amax (Z’:Z) ~ o0, (1 +\/§>

Proposition E.5 [50] Suppose {Z;; : i = 1,...,n,j = 1,..., p} are independent
mean-zero o*-sub-gaussian random variables. Then there exists a universal constant
Cy, Cy > 0 such that

yANA
P Amax < ) > Co <1 + P + t) < 26~ Cont?
n V n

2 4
i+ ) EZ
i
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Proposition E.6 [49] Suppose {(Z;; :i =1,...,n,j =1,..., p}areiid. o2-sub-
gaussian random variables with zero mean and unit variance, then for ¢ > 0

[p—1
Amin < ) <e(l - r—2 )| < (C8)n7p+l +e "
n

for some universal constants C and c.

VANA

Proposition E.7 [37] Suppose {Z;; : i = 1,...,n,j = 1,..., p} are independent
o 2-sub-gaussian random variables such that

Z,’j é —Z,'j, Var(Zl-j) > ‘[2

for some 0,7 > 0, and p/n — « € (0, 1), then there exists constants c1,cr > 0,
which only depends on o and t, such that

zTz
P ()\min <—> < C]) < e ",
n
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