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Key Points 
 Dissipating waves induce strong vertical transport of atmospheric species which has 

not been fully incorporated in global models 
 Wave-driven constituent transport can be predicted in terms of quantities that are 

readily derived from many wave parameterization schemes 
 Transport predictions compare favorably with observations of the mesopause region 

at mid-latitudes 
 

  



 

 
© 2019 American Geophysical Union. All rights reserved. 

Abstract 

Dissipating waves contribute to vertical mixing of the atmosphere, alter molecular and eddy 

diffusion, and induce chemical transport of reactive species. These processes induce strong 

vertical transport of atmospheric constituents in regions where wave dissipation is significant. 

The effective wave diffusivity is proportional to the Stokes drift velocity imparted by the 

spectrum of vertically propagating waves, which is related to the vertical heat and wave-

energy fluxes. Because the heat flux cannot be derived from wave parameterization 

schemes employed in most atmospheric models, wave-driven constituent transport has not 

been fully incorporated. However, we show in this paper that wave diffusivity can also be 

expressed in terms of the eddy diffusivity and variances of the temperature and lapse rate 

fluctuations, quantities that are readily derived from many wave parameterizations. The 

theory is in good agreement with lidar measurements of heat fluxes in the mesopause region. 

Total dynamical diffusivity associated with dissipating waves and turbulence can exceed 300 

m2s-1 near the mesopause.     

 

1. Introduction 

Gravity waves play important roles in the vertical transport of heat and atmospheric 

constituents, especially in the upper atmosphere where wave amplitudes are large and 

dissipation is significant (Walterscheid, 1981; Walterscheid & Schubert, 1989; Xu et al., 

2003; Liu & Gardner, 2004; Zhu et al., 2010; Gardner & Liu, 2010). For example, waves help 

transport atomic oxygen, the meteoric metals and nitric oxide from the upper atmosphere 

through the mesopause region into the lower atmosphere where these species, and the 

compounds they form, impact atmospheric chemistry and cloud formation (e.g. Ward, 1999; 

Shepherd et al., 2004; Smith et al., 2010; Plane, 2012; Plane et al., 2015; Crutzen, 1970; 

Lary, 1997). Most global atmospheric models cannot resolve the important smaller-scale 

waves, so wave transport processes are usually incorporated simply by considering the eddy 

diffusion generated when waves break (Garcia & Solomon, 1985; Garcia & Solomon, 1994; 
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Marsh et al., 2007; Garcia et al., 2014). However, wave-induced dynamical and chemical 

transport processes also play important roles so that this simplified approach is not entirely 

adequate, as has been shown when modeling the mesospheric Na and Fe layers (Feng et 

al., 2013; Marsh et al., 2013; Gardner et al., 2016; Carrillo-Sánchez et al., 2016). 

Dissipating waves induce strong vertical mixing, alter molecular and eddy diffusion, 

and induce chemical transport of reactive species. Several early attempts to account for 

enhanced wave transport in global models employed the concept of an effective wave 

diffusivity that is proportional to the eddy diffusivity (Winters & D’Asaro, 1996; Nakamura, 

2001; Grygalashvyly et al., 2012). In this formulation, the dissipating waves enhance the 

down gradient eddy mixing. Recently it was shown that the wave diffusivity is related to the 

vertical heat flux and is much larger than predicted by earlier studies (Gardner, 2018). 

Because waves induce pressure fluctuations, the diffusivity can also be expressed in terms 

of the vertical fluxes of wave energy and potential temperature. Unfortunately, existing wave 

parameterization schemes that are employed in most atmospheric models, cannot be used 

to compute the heat and potential temperature fluxes. Therefore, it has not been possible to 

adapt this theory to the models.  

Here, we extend our previous analyses by showing that the effective wave diffusivity 

is proportional to the Stokes drift velocity imparted by the vertically propagating waves, 

which can be expressed in terms of the eddy diffusivity and the variances of the wave-driven 

temperature and lapse rate fluctuations. These three parameters can be readily derived from 

most gravity wave parameterization schemes and so it should now be possible to fully 

account for wave-induced constituent transport (including chemical transport) in the global 

models. The theory is shown to be in sensible agreement with extensive mesopause region 

observations of winds and temperatures at the Starfire Optical Range, NM (SOR) and Cerro 

Pachón, Chile (CP), where the vertical heat fluxes were also measured (Gardner & Liu, 

2007; Guo et al., 2017).      
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2. G e n er ali z e d C o n stit u e nt Tr a n s p ort  

T h e eff e cti v e v erti c al tr a n s p ort v el o cit y of a s p e ci e s i s d efi n e d a s it s v erti c al fl u x 

di vi d e d b y it s m e a n d e n sit y. W h e n t h e c h e mi c al pr o d u cti o n of a s p e ci e s C i s sl o w c o m p ar e d 

t o t h e p eri o d s of t h e d o mi n a nt gr a vit y w a v e s, it s t ot al v erti c al tr a n s p ort v el o cit y ( w Tr a ns
 ), 

i n d u c e d b y m ol e c ul ar diff u si o n, e d d y mi xi n g a n d w a v e eff e ct s, i s gi v e n b y ( G ar d n er & Li u, 

2 0 1 6 ; G ar d n er, 2 0 1 8) 

w Tr a ns =
¢w [ M ¢]
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[ C] i s t h e d e n sit y of C, [ M] i s t h e d e n sit y of t h e b a c k gr o u n d at m o s p h er e, w i s t h e v erti c al 

v el o cit y, T i s t h e t e m p er at ur e, p i s t h e pr e s s ur e , ¢w [ M ¢] / [M ] i s t h e St o k e s drift v el o cit y 

 

 of t h e at m o s p h er e a s s o ci at e d wit h v erti c all y pr o p a g ati n g w a v e s ( e. g. C o y et al., 1 9 8 6),  

¢w ¢T  i s t h e w a v e-i n d u c e d h e at fl u x, ¢w ¢p  i s t h e w a v e e n er g y fl u x,  a d = g/ C p  i s t h e a di a b ati c 

l a p s e r at e, g = 9. 5 m s- 1 i s t h e gr a vit ati o n al a c c el er ati o n, Cp = 1, 0 0 3 m 2 K - 1s - 2 i s t h e s p e cifi c h e at 

at c o n st a nt pr e s s ur e, N i s t h e b u o y a n c y fr e q u e n c y a n d K T ot , KM ol e , Kz z  a n d KW a v e ar e 

r e s p e cti v el y, t h e t ot al, m ol e c ul ar, e d d y, a n d w a v e diff u si viti e s. T h e o v er b ar d e n ot e s t h e 
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m e a n q u a ntit y a n d pri m e d e n ot e s t h e w a v e- p ert ur b e d q u a ntit y. T h e r e m ai ni n g p ar a m et er s i n 

( 4) ar e r el at e d t o s p e ci e s c h e mi str y a n d ar e d efi n e d i n G ar d n er ( 2 0 1 8). 

B e c a u s e t h e w a v e e n er g y fl u x i s p o siti v e a n d t h e h e at fl u x i s g e n er all y n e g ati v e f or 

di s si p ati n g, u p w ar dl y pr o p a g ati n g w a v e s, St o k e s drift i n d u c e d b y t h e w a v e s tr a n s p ort s t h e 

b a c k gr o u n d at m o s p h er e u p w ar d a s s h o w n b y ( 2). Of c o ur s e, t o m ai nt ai n c o nti n uit y, t h er e 

m u st b e d e s c e nt el s e w h er e ( C o y et al., 1 9 8 6). T h e w a v e- dri v e n c o n stit u e nt p ert ur b ati o n s 

e n h a n c e t h e m ol e c ul ar a n d e d d y diff u si viti e s b y a f a ct or t h at i s pr o p orti o n al t o t h e 

t e m p er at ur e l a p s e r at e v ari a n c e a s s h o w n i n ( 3), w hil e t h e r a n d o m v erti c al di s pl a c e m e nt 

fl u ct u ati o n s, i n d u c e d b y t h e f ull s p e ctr u m of w a v e s, c o ntri b ut e t o v erti c al mi xi n g of t h e 

at m o s p h er e si mil ar t o t ur b ul e n c e. A s will b e s h o w n b el o w, t h e eff e cti v e w a v e diff u si vit y i s 

pr o p orti o n al t o t h e v erti c al St o k e s drift v el o cit y. Fi n all y, c h e mi c al tr a n s p ort ari s e s w h e n 

p ert ur b ati o n s of t h e v erti c al wi n d s ar e c orr el at e d wit h t h e fl u ct u ati o n s i n C c a u s e d b y 

p ert ur b ati o n s i n t h e c h e mi str y of C. W a v e s p ert ur b c h e mi str y b y p ert ur bi n g t h e t e m p er at ur e 

d e p e n d e nt r e a cti o n r at e s a n d t h e d e n siti e s of all t h e s p e ci e s i n v ol v e d i n t h e r e a cti o n s. W h e n 

w a v e p ert ur b ati o n s ar e n e gl e ct e d, w hi c h i s e q ui v al e nt t o a s s u mi n g t h at T’, p’ a n d w’ ar e z er o, 

( 1) r e d u c e s t o t h e cl a s si c al f or m ul a w h er e K T ot = K M ol e + K z z . In t hi s s p e ci al c a s e, v erti c al 

tr a n s p ort i s d et er mi n e d s ol el y b y m ol e c ul ar diff u si o n a n d e d d y mi xi n g. 

  T h e eff e cti v e w a v e diff u si vit y i s gi v e n b y ( G ar d n er, 2 0 1 8) 

K W a v e = ¢w z                     ( 5) 

w h er e   i s r el at e d t o t h e v erti c al di s pl a c e m e nt i n d u c e d b y t h e s p e ctr u m of w a v e s a n d i s a 

s ol uti o n t o  

¶ z

¶ t
= ¢w - ¢V • Ñ z

 
.                 ( 6) 

¢V  i s t h e p ert ur b e d v el o cit y fi el d ( s e e b el o w). I n pr e vi o u s st u di e s, Li u & G ar d n er ( 2 0 0 4) a n d 

G ar d n er & Li u ( 2 0 1 0; 2 0 1 6) e m pl o y e d t h e fir st- or d er p ert ur b ati o n s ol uti o n t o ( 6) t o c al c ul at e 

  a n d ¢w z . H er e, w e t a k e a n alt er n ati v e a p pr o a c h b y u si n g a m o difi e d v er si o n of t h e e x a ct 
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s ol uti o n t o ( 6) f or a m o n o c hr o m ati c gr a vit y w a v e t h at w a s d eri v e d b y G ar d n er & S h elt o n 

( 1 9 8 5). 

3. D eri vi n g K W a v e   

F or a m o n o c hr o m ati c gr a vit y w a v e t h e p ert ur b e d v el o cit y fi el d ¢V = ¢u x̂ + ¢w ẑ   i s a 

tr a v eli n g w a v e, w hi c h i s a f u n cti o n of j (w t - k • r ) , w h er e u’ a n d w’ ar e, r e s p e cti v el y, t h e 

h ori z o nt al a n d v erti c al wi n d p ert ur b ati o n s,   i s t h e i ntri n si c fr e q u e n c y of t h e w a v e, 

k = h x̂ + m ẑ   i s t h e w a v e n u m b er v e ct or, h i s t h e h ori z o nt al w a v e n u m b er, m i s t h e v erti c al 

w a v e n u m b er a n d r = x x̂ + zẑ   i s t h e p o siti o n v e ct or. B y a s s u mi n g t hi s s a m e f or m f or  , 

G ar d n er & S h elt o n ( 1 9 8 5) d eri v e d t h e f oll o wi n g cl o s e d-f or m s ol uti o n f or  , i n d u c e d b y a 

si n gl e gr a vit y w a v e,  
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.        ( 7) 

N ot e, t h e ri g ht- h a n d - si d e of ( 7) i s d eri v e d b y e x pr e s si n g [ M] i n t er m s of t h e p ot e nti al 

t e m p er at ur e (q = T p 0 / p( ) R /C p ) a n d at m o s p h eri c pr e s s ur e ( p), w h er e p 0 = 1 0 0 0 m b i s t h e 

st a n d ar d r ef er e n c e pr e s s ur e a n d R = 2 8 7 m 2 K - 1s - 2 i s t h e g a s c o n st a nt f or dr y air. W e a s s u m e 

t h at t h e gr a vit y w a v e p ert ur b ati o n s of p a n d   ar e s m all s o t h at ( 7) m a y b e li n e ari z e d 

 

.      ( 8) 

If t w o or m or e gr a vit y w a v e s ar e pr e s e nt, t h e n   will i n cl u d e t h e c o ntri b uti o n s of e a c h 

i n di vi d u al w a v e gi v e n b y ( 7), a s w ell a s c o ntri b uti o n s fr o m t h e n o nli n e ar i nt er a cti o n s a m o n g 

t h e w a v e s. T h e s e n o nli n e ar i nt er a cti o n s ar e s e c o n d- a n d hi g h er- or d er eff e ct s, w hi c h ar e 

pr o p orti o n al t o t h e pr o d u ct s of t h e w a v e a m plit u d e s. B e c a u s e w e h a v e a s s u m e d t h at t h e 

gr a vit y w a v e p ert ur b ati o n s ar e s m all e n o u g h t o n e gl e ct t h e n o nli n e ar c o ntri b uti o n s of  ’ a n d 

p’ t o ( 7) s o t h at   m a y b e a p pr o xi m at e d b y ( 8), w e m a y al s o a s s u m e t h at i n t h e pr e s e n c e of 

m ulti pl e w a v e s, t h e s e c o n d- a n d hi g h er- or d er n o nli n e ar i nt er a cti o n t er m s ar e al s o n e gli gi bl e. 
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T h er ef or e, t h e t ot al v erti c al di s pl a c e m e nt a s s o ci at e d wit h t h e f ull s p e ctr u m of w a v e s, i s 

a p pr o xi m at el y e q u al t o s u m of t h e di s pl a c e m e nt s a s s o ci at e d wit h e a c h i n di vi d u al w a v e, 

w hi c h ar e a p pr o xi m at el y li n e arl y r el at e d t o t h e s u m of t h e i n di vi d u al t e m p er at ur e, pr e s s ur e, 

a n d p ot e nti al t e m p er at ur e fl u ct u ati o n s a s s h o w n b y ( 8) . H e n c e, t h e eff e cti v e w a v e diff u si vit y 

i s gi v e n b y 

 

,            ( 9) 

w h er e 

K H = -
g

N 2

¢w ¢q

q  
,                   ( 1 0) 

K E =
g

N 2

R

C p

¢w ¢p

p
 

,                 ( 1 1) a n d  

 

K H - K E = -
g

N 2

¢w ¢T

T
=

- ¢w ¢T

G a d + ¶ T / ¶ z( )  

.           ( 1 2) 

 

N ot e, t o d eri v e t h e ri g ht- h a n d - si d e of ( 1 2) w e u s e d t h e d efi niti o n f or t h e s q u ar e of t h e 

b u o y a n c y fr e q u e n c y, vi z. N 2 = g G a d + ¶ T / ¶ z( ) / T . Fr o m ( 3), ( 9), a n d ( 1 2), w e s e e t h at t h e 

t ot al d y n a mi c al diff u si vit y KD y n , a s s o ci at e d wit h w a v e s a n d t ur b ul e n c e, i s gi v e n b y 

K D y n = 1 + x ins t( ) K zz + K W a v e = 1 + x ins t( ) K zz +
C p

R
K E -

¢w ¢T

G a d + ¶ T / ¶ z( )    
    ( 1 3) 

w h er e  

 

.            ( 1 4) 

T h e i m p ort a n c e of  i n st will b e c o m e a p p ar e nt i n t h e f oll o wi n g s e cti o n. T hi s p ar a m et er i s a 

m e a s ur e of t h e i n st a bilit y of t h e at m o s p h er e t hr o u g h w hi c h t h e w a v e s ar e pr o p a g ati n g. It i s 
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a p pr o xi m at el y e q u al t o t h e m e a n of t h e i n v er s e Ri c h ar d s o n n u m b er Ri. I n t h e m e s o p a u s e 

r e gi o n at S O R a n d C P,  i n st v ari e s b et w e e n a b o ut 0. 1 a n d 0. 6. 

4. P ar a m et eri zi n g K W a v e  a n d KD y n  

T o i n c or p or at e w a v e tr a n s p ort i nt o a gl o b al cir c ul ati o n m o d el, it i s n e c e s s ar y t o 

c o m p ut e t h e k e y tr a n s p ort p ar a m et er s i n e q u ati o n s ( 1)-( 4) fr o m d at a pr o vi d e d b y t h e gr a vit y 

w a v e, t ur b ul e n c e, a n d m ol e c ul ar diff u si o n m o d ul e s i n c or p or at e d wit hi n t h e m o d el. F or 

e x a m pl e, t h e W h ol e At m o s p h er e C o m m u nit y Cli m at e M o d el ( W A C C M) e m pl o y s a w a v e 

p ar a m et eri z ati o n s c h e m e t h at i s b a s e d o n a s p e ctr al m o d el w hi c h i n cl u d e s w a v e s e x cit e d i n 

t h e at m o s p h er e w h e n st a bl y str atifi e d air fl o w s o v er a n irr e g ul ar b o u n d ar y, a n d al s o b y 

i nt er n al h e ati n g a n d s h e ar ( B er e s et al., 2 0 0 4 & 2 0 0 5: G ar ci a et al., 2 0 0 7; Ri c ht er et al., 

2 0 1 0). W A C C M c o m p ut e s t h e h ori z o nt al wi n d a m plit u d e s, p eri o d s a n d v erti c al w a v el e n gt h s 

of t h e g e n er at e d w a v e s a s a f u n cti o n of altit u d e, l atit u d e, l o n git u d e, ti m e- of - d a y a n d s e a s o n. 

A s t h e w a v e s pr o p a g at e u p w ar d, t h e i nt er v e ni n g wi n d a n d t e m p er at ur e fi el d s, a s s o ci at e d 

wit h t h e m e a n st at e of t h e at m o s p h er e, m o dif y t h e w a v e s. T h e m o difi c ati o n s i n cl u d e criti c al 

l a y er filt eri n g a n d w a v e br e a ki n g. Kz z  i s c o m p ut e d w h e n t h er e i s w a v e di s si p ati o n. T h u s, 

W A C C M c a n pr o vi d e t h e w a v e s p e ctr u m a n d K z z  at e a c h p oi nt i n t h e m o d el c o n si st e nt wit h 

it s r e s ol uti o n, a s w ell a s t h e m e a n at m o s p h eri c st at e (i. e. T  a n d N2 ). O b vi o u sl y, t h e r e q uir e d 

v ari a n c e s of t h e w a v e-i n d u c e d t e m p er at ur e a n d l a p s e r at e fl u ct u ati o n s c a n b e c o m p ut e d 

fr o m t h e w a v e s p e ctr u m a s c a n t h e w a v e e n er g y fl u x ¢w ¢p   a n d KE  ( Li u, 2 0 0 9; G ar d n er, 

2 0 1 8). T h e o nl y p ar a m et er s t h at c a n n ot b e c o m p ut e d fr o m gr a vit y w a v e d at a pr o vi d e d b y 

W A C C M a n d ot h er gl o b al cir c ul ati o n m o d el s t h at e m pl o y si mil ar w a v e p ar a m et eri z ati o n 

s c h e m e s, ar e t h e h e at fl u x ¢w ¢T   a n d KH , w hi c h i s pr o p orti o n al t o t h e v erti c al fl u x of p ot e nti al 

t e m p er at ur e ¢w ¢q  . 

K H  i s c al c ul at e d f oll o wi n g H- L. Li u ( 2 0 0 0), w h o c o n si d er e d t h e i m p a ct of l o c ali z e d 

t ur b ul e n c e o n a si n gl e gr a vit y w a v e. I n o ur c a s e, w e c o n si d er t h e c o m bi n e d eff e ct s of b ot h 

t ur b ul e n c e a n d t h e f ull s p e ctr u m of w a v e s a n d a s s u m e t h at t h e r e s ulti n g diff u si vit y ( KD y n ) i s 
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u nif or m. B e c a u s e p ot e nti al t e m p er at ur e i s a c o n s er v e d q u a ntit y, it s fl u ct u ati o n s i n d u c e d b y 

gr a vit y w a v e s a n d t ur b ul e n c e ar e d e s cri b e d b y t h e c o nti n uit y e q u ati o n. T h u s, t h e 

t h er m o d y n a mi c e q u ati o n f or h e at fl o w i n t h e pr e s e n c e of p ot e nti al t e m p er at ur e gr a di e nt s i n 

a n i n c o m pr e s si bl e fl o w c a n b e e x pr e s s e d a s 

¶ q

¶ t
+ Ñ • V q - K D y n Ñ q( ) = 0

 
.               ( 1 5) 

T h e li n e ari z e d f or m of t hi s e q u ati o n, a s s u mi n g t h e di v er g e n c e of t h e m e a n wi n d fi el d i s z er o, 

i s gi v e n b y 

¶ ¢q

¶ t
+ u

¶ ¢q

¶ x
+ ¢w

¶ q

¶ z
=

¶ K D y n

¶ z

¶ ¢q

¶ z
+ K D y n

¶ 2 ¢q

¶ z 2
 
.          ( 1 6) 

N ot e, ( 1 6) i s i d e nti c al t o e q u ati o n ( 1) i n H- L. Li u ( 2 0 0 0) f or t h e s p e ci al c a s e of u nif or m K D y n . 

B y m ulti pl yi n g b ot h si d e s of ( 1 6) b y  ’, t a ki n g t h e a v er a g e a n d r e arr a n gi n g t er m s, w e o bt ai n 

 
.         ( 1 7) 

T h e ri g ht- h a n d - si d e of ( 1 7) i s o bt ai n e d b y n e gl e cti n g t h e s m all c o ntri b uti o n of t h e pr e s s ur e 

fl u ct u ati o n s t o ¶ ¢q / ¶ z( )2
 . B y c o m bi ni n g ( 1 2), ( 1 3) a n d ( 1 7) w e o bt ai n t h e s e fi n al r e s ult s 

 

          ( 1 8) 

 

          ( 1 9) 

a n d   

 

.      ( 2 0) 

T h e t ot al d y n a mi c al diff u si vit y a s s o ci at e d wit h w a v e s a n d t ur b ul e n c e, K D y n  gi v e n b y ( 1 9), c a n 

b e c o m p ut e d fr o m a n y gr a vit y w a v e p ar a m et eri z ati o n s c h e m e t h at pr o vi d e s K z z  a n d t he 

w a v e s p e ctr u m ( or w a v e- dri v e n T’ a n d l a p s e r at e v ari a n c e s), w hi c h ar e u s e d t o c o m p ut e  i n st 

gi v e n b y ( 1 4), K E  gi v e n b y ( 1 1) a n d ( 2 1)( s e e b el o w), a n d t h e c h e mi c al tr a n s p ort gi v e n b y ( 4). 
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K D y n  i s l ar g e st i n r e gi o n s w h er e t h e at m o s p h eri c i n st a bilit y p ar a m et er  i n st i s l ar g e st, w hi c h i s 

e x p e ct e d t o g e n er all y c oi n ci d e wit h r e gi o n s w h er e K z z  i s al s o l ar g e st. 

5. C o m p ari s o n wit h O b s er v ati o n s 

T h e effi c a c y of ( 1 8)-( 2 0) c a n b e a s s e s s e d b y c o m p ari n g t h e pr e di cti o n s wit h 

e xt e n si v e li d ar m e a s ur e m e nt s of wi n d, t e m p er at ur e, a n d h e at fl u x pr ofil e s m a d e i n t h e 

m e s o p a u s e r e gi o n at t h e St arfir e O pti c al R a n g e, N M ( S O R, 3 4. 9 6˚ N, 1 0 6. 4 6˚ W; G ar d n er & 

Li u, 2 0 0 7) a n d C err o P a c h ó n, C hil e ( C P, 3 0. 2 5˚ S, 7 0. 7 4˚ W; G u o et al., 2 0 1 7). W e f o c u s o n 

( 1 2) a n d ( 2 0), w hi c h e x pr e s s KH - KE  i n t er m s of t h e m e a s ure d  h e at fl u x or alt er n ati v el y, i n 

t er m s of Kz z , KE , a n d  i n st. T h e d at a at b ot h sit e s w er e a c q uir e d t hr o u g h o ut t h e y e ar ( 3 7 0 h at 

S O R, 1 5 0 h @ C P). T hi s c o m pli c at e s t h e c o m p ari s o n, b e c a u s e ( 2 0) i n v ol v e s a n o nli n e ar 

c o m bi n ati o n of t er m s. H o w e v er, w e e v al u at e e q u ati o n ( 2 0) u si n g t h e m e a n v al u e s of t h o s e 

t er m s, o st e n si bl y t o a c hi e v e gr e at er a c c ur a c y. F urt h er m or e, Kz z  w a s o nl y m e a s ur e d at C P s o 

a m o d el K z z  pr ofil e w a s u s e d f or t h e S O R c al c ul ati o n s. W e d o n ot b eli e v e t h e s e li mit ati o n s 

ar e s eri o u s, b e c a u s e o ur g o al i s t o c o nfir m ( 2 0) pr e di ct s v al u e s of K H - KE  t h at ar e i n 

r e a s o n a bl e a gr e e m e nt wit h t h e v al u e s d eri v e d fr o m t h e m e a s ur e d h e at fl u x u si n g ( 1 2). 

W e f oll o w t h e a p pr o a c h s u g g e st e d b y Li u ( 2 0 0 9) t o c o m p ut e K E  u si n g a m o d el f or t h e 

j oi nt v erti c al w a v e n u m b er a n d t e m p or al fr e q u e n c y s p e ctr u m of t h e w a v e-i n d u c e d 

t e m p er at ur e fl u ct u ati o n s, w hi c h yi el d s ( G ar d n er, 2 0 1 8)

 . ( 2 1) 

  i s a di m e n si o nl e s s p ar a m et er t h at d e p e n d s o n t h e s h a p e of t h e t e m p er at ur e s p e ctr u m a n d 

d at a a c q ui siti o n/ pr o c e s si n g p ar a m et er s,  d w n  i s t h e fr a cti o n of w a v e e n er g y pr o p a g ati n g 

d o w n w ar d ( a s s u m e d t o b e 0. 1 5), a n d  i i s t h e i n erti al p eri o d. l z
*  i s t h e c h ar a ct eri sti c v erti c al 

w a v e n u m b er w hi c h i s c o m p ut e d fr o m t h e r ati o of t h e t e m p er at ur e a n d l a p s e r at e v ari a n c e s 

u si n g a s uit a bl e m o d el f or t h e v erti c al w a v e n u m b er s p e ctr u m of t h e t e m p er at ur e fl u ct u ati o n s. 

M o st t h e ori e s f or t h e gr a vit y w a v e v erti c al w a v e n u m b er ( m) s p e ctr u m pr e di ct a p o w er-l a w 
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d e p e n d e n c e pr o p orti o n al t o  ms  f or 0 £ m £ m *
 a n d m- p f or m * £ m , w h er e s ~ 1 a n d p ~ 3 

( G ar d n er, 1 9 9 6). l z
*  w a s d eri v e d u si n g t hi s s p e ctr al m o d el wit h s = 1 a n d p = 3 al o n g wit h t h e 

m e a s ur e d t e m p er at ur e a n d l a p s e r at e v ari a n c e s. W h er e a p pr o pri at e, c ert ai n p ar a m et er s 

v al u e s w er e a v er a g e d o v er 8 5- 1 0 0 k m at e a c h sit e a n d ar e t a b ul at e d i n T a bl e 1. N oti c e t h at 

K E  gi v e n b y ( 2 1) a n d w C h e m
  gi v e n b y ( 4) ar e b ot h pr o p orti o n al t o ¢T( )2

/ G a d + ¶ T / ¶ z( )
2
 . 

T hi s p ar a m et er i s a p pr o xi m at el y e q u al t o z 2 , t h e m e a n s q u ar e di s pl a c e m e nt of t h e 

at m o s p h er e i n d u c e d b y t h e f ull s p e ctr u m of w a v e s. I n t h e m e s o p a u s e r e gi o n at S O R a n d C P, 

t h e di s pl a c e m e nt p ar a m et er v ari e s b et w e e n a b o ut 0. 6 a n d 1 k m2 . 

  T h e KH - KE  pr ofil e s w er e d eri v e d at b ot h sit e s fr o m t h e m e a s ur e d h e at fl u x a c c or din g 

t o ( 1 2) a n d al s o c al c ul at e d u si n g ( 2 0). T h e r e s ult s f or S O R a n d C P ar e pl ott e d i n Fi g ur e s 1 a 

a n d 1 b, r e s p e cti v el y. T h e p ar a m et er s K z z , KE , a n d  i n st ar e pl ott e d i n Fi g ur e 2 f or b ot h sit e s. 

T h e K z z  m o d el pr ofil e f or S O R i s a si m pl e G a u s si a n di stri b uti o n wit h a m a xi m u m v al u e of 7 5 

m 2 / s at 8 8 k m, w h er e t h e m e a s ur e d h e at fl u x p e a k s, a n d a n r m s wi dt h of 5 k m.  T h e 

u n c ert ai nt y i s c o n s er v ati v el y e sti m at e d t o b e  2 0 m 2 s - 1. B e c a u s e of t h e s h ort er o b s er v ati o n 

p eri o d at C P, t o r e d u c e t h e u n c ert ai nti e s, t h e C P d at a w er e s m o ot h e d u si n g a r u n ni n g 

a v er a g e of 3 k m f ull wi dt h. 
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T a bl e 1. M e a n At m o s p h eri c P ar a m et er s ( 8 5- 1 0 0 k m) at S O R a n d C P 

P ar a m et er  S O R ( 3 4. 9 6˚ N, 1 0 6. 4 6˚ W  C P ( 3 0. 2 5˚ S, 7 0. 7 4˚ W)  

  4. 5 6  4. 8 7  

¶ T / ¶ z   
-0. 4 8 8 K/ k m  -0. 9 2 9 K/ k m  

T   1 9 2. 7 K  1 8 8. 4 K  

G a d + ¶ T / ¶ z( )
2

 
 

8 0. 7 K 2 / k m2  7 3. 0 K 2 / k m2  

l z
*

 
 1 6. 5 k m  1 7. 6 k m  

t i = 1 2 h / si nf L at   
2 0. 9 h  2 3. 9 h  

 

 

Fi g ur e 1. Pr ofil e s of K H - KE  pl ott e d b et w e e n 8 5 a n d 1 0 0 k m t h at w er e d eri v e d fr o m t h e 

m e a s ur e d h e at fl u x pr ofil e u si n g e q. ( 1 2) ( s oli d c ur v e) a n d t h at w er e pr e di ct e d b y e q. ( 2 0) 

( d a s h e d c ur v e): a) St arfir e O pti c al R a n g e, N M ( 3 4. 9 6˚ N) a n d b) C err o P a c h ó n, C hil e 

( 3 0. 2 5˚ S).  
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Figure 2. Profiles of the parameters: a) eddy diffusivity Kzz, b) diffusivity associated with 

wave energy flux KE, and c) instability parameter inst, all plotted between 85 and 100 km at 

the Starfire Optical Range, NM (34.96˚N) (solid curve) and Cerro Pachón, Chile (30.25˚S) 

(dashed curve). The model Kzz profile at SOR is a Gaussian distribution with a maximum of 

75 m2s-1 at 88 km and an rms width of 5 km. The measured Kzz profile at CP is adapted from 

Guo et al. (2017).  

 

At both sites the measured and predicted KH-KE profiles are in reasonable agreement 

as the general shapes and values of the profiles are comparable. The profiles exhibit 

maximum values between 88 and 90 km of between 100 and 200 m2s-1. This corresponds to 

the altitude region where the instability parameter inst also reaches its maximum value. The 

KH-KE profiles then decrease with increasing altitude with the smallest values occurring 

between 97 and 99 km. Here, the measured profiles at both sites become negative with 

values varying between -10 to -30 m2s-1. However, only the predicted profile at SOR 

becomes negative. According to (20) negative values can only occur in regions of high 

atmospheric stability where inst<R/Cp=0.286 and KE is large compared to Kzz. In fact, in 

regions of very high atmospheric stability (inst~0), wave dissipation is negligible so that KH=0. 

In this limiting case both (12) and (20) are equal to -KE.  
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The uncertainty in the predicted KH-KE profile given by (20) is dominated by 

uncertaintities in inst and Kzz at SOR and by uncertainties in inst at CP.  The predicted profile 

at CP does not become negative at these higher altitudes because the atmosphere is 

apparently too unstable as characterized by inst. This region is at the edge of the 

thermosphere and so its possible we may have overestimated the value of inst by employing 

the mean environmental lapse rate from 85-100 km listed in Table 1, which is negative. For 

example, if the environmental lapse rate is actually zero in this region rather than the 85-100 

km mean (-0.929 K/km), then inst would decrease by about 20% and the predicted KH-KE 

profile would be in better agreement with the measurements. This could also explain the 

discrepancy between the measured and predicted KH-KE profiles at SOR at the lowest 

altitudes between 85 and 88 km. This region is just below the mesopause where 

observations and models predict negative lapse rates as high -1.5 to -2.0 K/km depending 

on the time of year. If the mean environmental lapse rate is -1.5 K/km in this region instead 

of -0.488 K/km that we computed for the 85-100 km mean, then inst would increase by about 

27% and the predicted KH-KE profile would also be in better agreement with the 

measurements. To improve accuracy when employing (19) and (20) in global models to 

estimate KDyn and KH-KE, the parameters inst, Kzz, and KE, should be derived over short time 

intervals of about one month or less, instead using the annual mean values as we have done 

here.  

 Finally, the total dynamical diffusivity (KDyn) profiles were calculated using (13) and 

the measured heat flux profiles and predicted by (19) using inst, Kzz, and KE. The results are 

plotted for comparison in Figure 3a for SOR and Figure 3b for CP. The predicted KDyn 

profiles are in good agreement with the profiles computed from the measured heat flux, 

which means that (19) can be used to estimate the total dynamical diffusivity. Thus, existing 

global atmospheric models can now be modified to fully account for wave-induced 

constituent transport by replacing Kzz with KDyn calculated according to (19) and including the 

chemical transport described by (4). Notice that KDyn at both sites is many times larger than 
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Kzz plotted in Figure 2a. The impact of the larger KDyn is expected to be significant, at least in 

the mesopause region, where measurements have shown that the modeled transport of 

meteoric Na and Fe is much weaker than observations and insufficient to accommodate the 

estimated meteoric influxes of these metals (Feng et al., 2013; Marsh et al., 2013; Gardner 

et al., 2016; Carrillo-Sánchez et al., 2016). Notice also that when there is no wave 

dissipation KH, Kzz, and inst are zero so that (9), (13), and (19) reduce to KWave=KDyn=(Cp/R-

1)KE. In this limiting case, the random vertical displacements imparted by the full spectrum of 

non-dissipating waves, still contribute to mixing of the atmosphere, which is characterized by 

a baseline diffusivity that is proportional to the wave energy flux, although it is small for most 

Boussinesq waves.   

 

 

Figure 3. Profiles of KDyn plotted between 85 and 100 km that were derived from the 

measured heat flux profile using eq. (13) (solid curve) and that were predicted by eq. (19) 

(dashed curve): a) Starfire Optical Range, NM (34.96˚N) and b) Cerro Pachón, Chile 

(30.25˚S). The mean and root-mean-square differences between the profiles (measured-

predicted) are, respectfully, 13 and 50 m2/s at SOR and -5.4 and 37 m2/s at CP.  
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6 . C o n cl u si o n s 

  W e h a v e pr e s e nt e d a s ol uti o n f or t h e eff e cti v e w a v e diff u si vit y K W a v e , w hi c h a c c o u nt s 

f or t h e w a v e- dri v e n v erti c al c o n stit u e nt tr a n s p ort t h at i s c urr e ntl y mi s si n g i n t h e gr a vit y w a v e 

p ar a m et eri z ati o n s e m pl o y e d i n m o st g e n er al cir c ul ati o n m o d el s.   T h e s ol uti o n d e p e n d s o nl y 

o n t h e e d d y diff u si o n c o effi ci e nt a n d v ari a n c e s of t h e t e m p er at ur e a n d l a p s e r at e fl u ct u ati o n s , 

w hi c h ar e r e a dil y a v ail a bl e fr o m c o nt e m p or ar y w a v e p ar a m et eri z ati o n s c h e m e s.   T h er ef or e, 

it i s n o w f e a si bl e t o i n cl u d e a p h y si c all y c o n si st e nt r e pr e s e nt ati o n of c o n stit u e nt tr a n s p ort 

eff e ct s i n gl o b al cir c ul ati o n m o d el s.  H o w e v er, if i m pl e m e nt e d, it i s li k el y t h e alt er e d m o d el 

si m ul ati o n s will d e vi at e fr o m t h eir c urr e nt ‘ c orr e ct’ st at e, w hi c h will h a v e t o b e c o m p e n s at e d 

b y t u ni n g ot h er p ar a m et er s.  T h u s, t hi s i m pr o v e d r e pr e s e nt ati o n of gr a vit y w a v e tr a n s p ort will 

al s o h el p c o n str ai n t h e t u ni n g of k e y m o d el p ar a m et er s.  

T h e s ol uti o n f or K W a v e  d eri v e d h er e i s b a s e d u p o n a n e x a ct s ol uti o n t o ( 6) f or 

m o n o c hr o m ati c gr a vit y w a v e s ( G ar d n er & S h elt o n, 1 9 8 5). K W a v e  i s ( Cp / R) KE ~ 1 0 0 m 2 / s l ar g er 

t h a n t h e s ol uti o n d eri v e d b y G ar d n er ( 2 0 1 8), w h o u s e d t h e fir st or d er p ert ur b ati o n s ol uti o n t o 

( 6). It i s n ot diffi c ult t o s h o w, t h at if t h e p ert ur b ati o n s ol uti o n i s e m pl o y e d i n t h e S e cti o n 4 

a n al y si s, t h e n t h e pr e di ct e d K H - KE  pr ofil e s ar e i n v er y p o or a gr e e m e nt wit h t h o s e c o m p ut e d 

fr o m t h e m e a s ur e d h e at fl u x e s at b ot h S O R a n d C P. B e c a u s e c h e mi str y i s i nfl u e n c e d 

pri m aril y b y t e m p er at ur e fl u ct u ati o n s, t hi s n e w s ol uti o n t o ( 6) a n d f or K W a v e  h a s o nl y a mi n or 

i m p a ct o n c h e mi c al tr a n s p ort. I n f a ct, w h e n t h e pr o d u cti o n of t h e s p e ci e s i s sl o w c o m p ar e d 

t o t h e p eri o d s of t h e d o mi n a nt gr a vit y w a v e s, t h e c h e mi c al tr a n s p ort of C i s i d e nti c al t o t h at 

d eri v e d b y G ar d n er ( 2 0 1 8) a n d gi v e n b y ( 4).  

Alt h o u g h t h e c o m p ari s o n of t h e or y wit h o b s er v ati o n s w a s f o c u s e d o n t h e m e s o p a u s e 

r e gi o n, t h e a n al y si s i s g e n er al a n d c a n b e u s e d t o e sti m at e w a v e tr a n s p ort at a n y altit u d e. 

All t h at i s r e q uir e d i s k n o wl e d g e of t h e m e a n t h er m al st at e of t h e b a c k gr o u n d at m o s p h er e 

( T  ), t h e t e m p er at ur e a n d l a p s e r at e fl u ct u ati o n v ari a n c e s i n d u c e d b y gr a vit y w a v e s ( ¢T( )2
 

a n d  ¶ ¢T / ¶ z( )2
 ), a n d t h e e d d y diff u si vit y ( Kz z ). T h e r e m ai ni n g p ar a m et er s r e q uir e d t o 
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compute KWave, KDyn, and wChem
 can be calculated from these four quantities. Thus, the 

results derived in this paper can also be used to assess the significance of wave-driven 

constituent transport throughout the atmosphere. For example, in the lower thermosphere, 

the atmosphere is inherently more stable because the environmental lapse rate is large and 

positive, but extensive rocket and lidar measurements have shown that wave amplitudes 

and wind shears are exceptionally large in the 100-110 km altitude range (Larson, 2002; Yue 

et al., 2010). So even though turbulence is negligible in this region, the wave energy flux 

(and KE) and the instability parameter inst can be large so that KDyn could become 

comparable to or even greater than the molecular diffusivity. Similarly, in the middle and 

lower mesosphere the mean lapse rate is negative so the atmosphere is less stable. When 

wave amplitudes become large enough to generate turbulence in this region through wave 

breaking, inst, Kzz, and KE could also be large enough to induce significant enhancements in 

KDyn. Balloon, lidar, and radar observations of temperatures, winds, and turbulence, made 

throughout the atmosphere, in combination with the expressions derived here, can now be 

used to assess the significance of wave transport at all altitudes and to model its effects.  
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