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In this work, we study in detail the deconfinement phase transition that takes place in hot/dense
nuclear matter in the context of neutron stars and proto-neutron stars (in which lepton fraction is
fixed). The possibility of different mixtures of phases with different locally and globally conserved
quantities is considered in each case. For this purpose, the Chiral Mean Field (CMF) model, an
effective relativistic model that includes self-consistent chiral symmetry restoration and deconfine-
ment to quark matter, is employed. Finally, we compare our results with blue results provided by
PQCD for different temperatures and conditions.

I. INTRODUCTION

The core of a neutron star can roughly be described
as a sea of infinite nuclear matter – protons and neu-
trons strongly interacting at low temperature (relatively
speaking, in the MeV scale) and high density. As we dive
deeper towards the inner core, hyperons should appear
and, eventually, hadrons become packed so tightly that
they can “dissolve” and quark deconfinement occurs (i.e.,
the baryons no longer act like clusters of quarks and in-
stead behave like a sea of disassociated quarks). Thus,
neutron-star matter can either exist in the hadronic
phase, the quark phase, or in a state consisting of a mix-
ture of these two phases, in which quantities of interest
can be conserved globally amongst the two phases instead
of simply locally within each phase (see Refs. [1–3] and
Ref. [4] with references therein for details).

Throughout their lives, a large part of the cooling ex-
perienced by neutron stars takes the form of neutrino
emission. But, early on, just after its progenitor super-
nova event, the hot, dense medium of young neutron stars
(or "proto-neutron stars") causes the mean free path of
the neutrinos to drop dramatically (i.e., less than the
radius of the star) [5–8]. Thus, the primary difference
between the description of neutron-star (NS) matter and
proto-neuron-star (PNS) matter lies in fact that, in the
latter case, lepton fraction must be fixed. In order to
ensure stability in each system (i.e., to keep matter grav-
itationally bound), it is also necessary for our description
to conserve electric charge (more specifically, to keep the
system electrically neutral) in both neutron and proto-
neutron stars. Ref. [9] presents in Fig. 1 a sketch of the
path of neutron stars throughout their temporal evolu-
tion in the QCD phase diagram. For a review of the
thermal properties of bulk hadronic matter, see for ex-
ample Refs. [10, 11]. For dynamical simulations includ-
ing hadron-quark phase transitions, see for example the
recent Refs. [12–17], for studies of phase transitions in
proto-neutron star matter, see for example Refs. [18–21],
and for studies on quark-pasta structures, see for exam-
ple Refs. [22, 23].

For the purposes of this paper, electric charge (Q) and
lepton fraction (Yl) will serve as our conserved quanti-
ties of interest (in addition to baryon number conserva-

tion). These quantities can either be strictly conserved
locally within each phase (which leads to a "congruent"
phase transition, where there is no phase coexistence and
the phases are distinctly separated) or globally amongst
a mixture of phases (which leads to a "non-congruent"
phase transition, where there is a phase coexistence of
two or more macroscopic phases with different chemical
compositions) [24–29]. Therefore, the following scenarios
are considered: neutron-star matter in the case of locally
conserved electric charge (NS LCN), neutron-star mat-
ter in the case of globally conserved electric charge (NS
GCN), proto-neutron-star matter in the case of locally
conserved electric charge and lepton fraction (PNS LCN
LYl), proto-neutron-star matter in the case of locally con-
served electric charge and globally conserved lepton frac-
tion (PNS LCN GYl), and proto-neutron-star matter in
the case globally conserved electric charge and lepton
fraction (PNS GCN GYl). We extended our NS and PNS
calculations to high temperatures for the sake of compar-
ing them with each other and comparing with the charge
fraction constrained matter from Ref. [4].

Neutron-star matter exists in the low temperature but
relatively high density regime and, because of this, com-
mon methods that describe high-energy matter cannot
be directly applied. For instance, perturbative QCD
(PQCD) is applicable to systems involving weaker in-
teractions than those present inside most neutron and
proto-neutron stars [30–32]. On the other hand, lattice
QCD exhibits the sign problem that arises at nonzero
baryon density [33, 34]. Therefore, we choose to employ
an effective model for our description, namely, the Chiral
Mean Field (CMF) model, which can describe properties
of hot/dense nuclear matter, such as chiral symmetry
restoration and deconfinement to quark matter. Never-
theless, we calibrate the CMF model to agree with lattice
QCD results and draw comparisons with PQCD results
in the relevant limits. In the past, we have addressed the
influence of lepton fraction in the purely hadronic ver-
sion of the CMF model [35, 36]. On the other hand, we
have also studied in detail phase diagrams built within
the CMF model under the conditions of charge neutral-
ity and chemical equilibrium (for neutron stars), as well
as charge fraction without charge neutrality and without
leptons (to study heavy-ion collisions) [4, 37–39].
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II. FORMALISM

The CMF model is based on a non-linear realization of
the SU(3) chiral sigma model. It is a relativistic model
constructed from symmetry relations, which allows it to
be chirally invariant in the expected regime [40]. The
baryon and quark masses are generated by interactions
with the medium and, therefore, decrease with tempera-
ture and/or density. The Lagrangian density of the CMF
model in the mean field approximation reads [35, 37]:

L = LKin + LInt + LSelf + LSB − U, (1)

where, besides the kinetic energy term for hadrons,
quarks, and leptons (included to ensure charge neutral-
ity) the terms remaining are:

LInt = −
∑
i ψ̄i[γ0(giωω + giφφ+ giρτ3ρ) +M∗i ]ψi,

(2)
LSelf = 1

2 (m2
ωω

2 +m2
ρρ

2 +m2
φφ

2)

+ g4

(
ω4 + φ4

4 + 3ω2φ2 + 4ω3φ√
2

+ 2ωφ3

√
2

)
− k0(σ2 + ζ2 + δ2)− k1(σ2 + ζ2 + δ2)2

− k2

(
σ4

2 + δ4

2 + 3σ2δ2 + ζ4
)
− k3(σ2 − δ2)ζ

− k4 ln (σ2−δ2)ζ
σ2
0ζ0

, (3)

LSB = −m2
πfπσ −

(√
2m2

kfk − 1√
2
m2
πfπ

)
ζ, (4)

U = (aoT
4 + a1µ

4
B + a2T

2µ2
B)Φ2

+ a3T
4
o ln (1− 6Φ2 + 8Φ3 − 3Φ4). (5)

Respectively, these represent the interactions between
baryons (and quarks) and vector/scalar mesons, the self
interactions of scalar and vector mesons, an explicit
chiral symmetry breaking term responsible for produc-
ing the masses of the pseudo-scalar mesons, and the
effective potential for the scalar field Φ, an analogy
to the Polyakov loop in the PNJL approach [41, 42].
The underlying flavor symmetry of the model is SU(3)
and the index i denotes the baryon octet, the three
light quarks, electrons, muons, and electron neutrinos.
The mesons included are the vector-isoscalars ω and φ
(strange quark-antiquark state), the vector-isovector ρ,
the scalar-isoscalars σ and ζ (strange quark-antiquark
state), and the scalar-isovector δ. The isovector mesons
affect isospin-asymmetric matter and are, consequently,
important for neutron star physics.

The coupling constants of the hadronic part of the
model are shown in Table I. They were fitted to repro-
duce the vacuum masses of baryons and mesons, nuclear
saturation properties (density ρ0 = 0.15 fm−3, binding
energy per nucleon B/A = −16 MeV, compressibility
K = 300 MeV), the asymmetry energy (Esym = 30 MeV)
and its slope (L = 88 MeV), and reasonable values for the
hyperon potentials (UΛ = −28.00 MeV, UΣ = 5 MeV,
UΞ = −18 MeV). The reproduced critical point for the

TABLE I. Coupling constants for the CMF model containing
only baryons (χ0 = 401.93 MeV).

gNω = 11.90 gNφ = 0 gNρ = 4.03
gNσ = −9.83 gNζ = 1.22 gNδ = −2.34
gΛω = 7.93 gΛφ = −7.32 gΛρ = 0
gΛσ = −5.52 gΛζ = −2.30 gΛδ = 0
k0 = 1.19χ2

0 k1 = −1.40 k2 = 5.55
k3 = 2.65χ0 k4 = −0.02χ4

0 g4 = 38.90

TABLE II. Additional coupling constants for quark section
of the model.

guω = 0 guφ = 0 guρ = 0
guσ = −3 guζ = 0 guδ = 0
gdω = 0 gdφ = 0 gdρ = 0
gdσ = −3 gdζ = 0 gdδ = 0
gsω = 0 gsφ = 0 gsρ = 0
gsσ = 0 gsζ = −3 gsδ = 0

a0 = −1.85 a1 = −1.44x10−3 a2 = −0.08
a3 = −0.40 gBΦ = 1500 MeV gqΦ = 500 MeV

T0 = 200 MeV T0 (gauge) = 270 MeV

nuclear liquid-gas phase transition lies at Tc = 16.4 MeV,
µB,c = 910 MeV. The vacuum expectation values of the
scalar mesons are constrained by reproducing the pion
and kaon decay constants. It should be noted that all
coupling constants for the leptons are zero.

The mesons are treated as classical fields within the
mean-field approximation. Finite-temperature calcula-
tions include the heat bath of hadronic and quark quasi-
particles within the grand canonical ensemble. The grand
potential of the system is defined as:

Ω
V = −LInt − LSelf − LSB − LV ac + U

+ T
∑
i

γi
(2π)3

∫∞
0

d3k ln(1 + e−
1
T (E∗

i (k)∓µ∗
i )), (6)

where LV ac is the vacuum energy, γi is the fermionic

degeneracy, E∗i (k) =
√
k2 +M∗i

2 is the single particle
effective energy, µ∗i = µi − giωω − gφφ − giρτ3ρ is the
effective chemical potential of each species, and the ∓ in
the exponential function refers to particles and antiparti-
cles, respectively. The chemical potential for each species
µi is determined by the chemical equilibrium conditions.

Due to their interactions with the mean field of mesons
and the field Φ, the effective masses of baryons and
quarks take the form:

M∗B = gBσσ + gBδτ3δ + gBζζ +M0B
+ gBΦΦ2, (7)

M∗q = gqσσ + gqδτ3δ + gqζζ +M0q
+ gqΦ(1− Φ), (8)

where the bare masses are M0 = 150 MeV for nucleons,
354.91 MeV for hyperons, 5 MeV for up and down quarks,
and 150 MeV for strange quarks (see Table II for more
coupling constants for the quark sector of the model).
Notice that for small values of Φ, M∗B is small while M∗q
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is very large. This essentially indicates that, for small Φ
values, the presence of baryons is promoted while quarks
are suppressed, and vice versa. In this sense, Φ acts as
an order parameter for deconfinement (or, in the case of
a mixture of phases, as an indicator as to which phase is
dominant).

The coupling constants for the quark sector of the
model are chosen to reproduce lattice data as well as
known information about the phase diagram. The lattice
data includes a first order phase transition at T = 270
MeV and a pressure functional P (T ) similar to Refs.
[42, 43] at µ = 0 for pure gauge, a crossover at vanishing
chemical potential with a transition temperature of 171
MeV (determined as the peak of the change of the chiral
condensate and Φ), and the location of the critical end-
point (at µc = 354 MeV, Tc = 167 MeV for symmetric
matter in accordance with one of the existent calculations
[44]). The phase diagram information includes a contin-
uous first order phase transition line that terminates on
the zero temperature axis at four times saturation den-
sity. The numerical code for the CMF model solves a set
of equations for each baryon chemical potential and tem-
perature. Those include an equation of motion for each
meson. Additional constraints such as charge neutrality,
fixed lepton fraction, and fixed entropy require additional
equations.

It should be mentioned at this point that the CMF
model allows for the existence of soluted quarks in the
hadronic phase and soluted hadrons in the quark phase.
This is true even in the case of congruent phase tran-
sitions with no mixture of phases. Regardless, quarks
will always give the dominant contribution in the quark
phase, and hadrons in the hadronic phase, due to the fact
that the effective masses of both quarks and hadrons are
a function of Φ. We assume that this inter-penetration
of quarks and hadrons is indeed physical, and is required
to achieve the crossover transition at low µB values [45].

For each fermionic species in the system, we define its
chemical potential as

µi = QB,i µB +Qi (µQ + µl) +Ql,i µl, (9)

where µB , µQ, and µl represent the chemical potentials
corresponding to the conserved quantities of baryon num-
ber, electric charge, and lepton fraction, respectively.
The values QB,i, Qi, and Ql,i are the baryon charge,
electric charge, and lepton charge of a particular species
i. Note that Eq. (9) can be rewritten in a more intuitive
way,

µi = QB,i µB +Qi µ
′
Q +Ql,i µl, (10)

by redefining the charged chemical potential as µ′Q =
µQ + µl. The total electric charge density is calculated
as

Q

V
=
∑
i

Qini, (11)

where ni is the number density of particle species i.

Note that, in the case that some quantity is being con-
served locally, the value of that quantity is the same in
both phases, by definition. But this is not true for the
corresponding chemical potential (i.e., µj,H 6= µj,Q). On
the other hand, in the case that a quantity is being con-
served globally, the value is different in each phase, by
definition, but the corresponding chemical potentials are
equal, defining an additional equilibrium condition (i.e.,
µj,H = µj,Q).

The lepton fraction Yl is defined as the number leptons
in our system divided by the number of baryons:

Yl =
L

B
=

∑
iQl,i ni∑
iQB,i ni

=
nl
noB

. (12)

For our purposes, nl = ne + nν (the sum of the electron
number density and the electron neutrino number den-
sity). Thus, when we are conserving lepton fraction, this
conservation applies to neutrinos and electrons. Note
that noB =

∑
iQB,ini is not the same as the baryon num-

ber density nB , as the latter comes from the derivative of
the pressure with respect to the baryon chemical poten-
tial and, therefore, also contains a contribution from the
potential U for Φ, namely, nΦ (when quarks are present).
For the purposes of this paper, when Yl is being fixed, its
value is held at 0.4 [46, 47]. This typical value comes from
numerical simulations of proto-neutron-star evolution. A
similar quantity, YQ (the electric charge per baryon) is
defined as

YQ =
Q

B
=

∑
iQi ni∑
iQB,i ni

. (13)

As mentioned previously, this quantity must be set to
zero to ensure electric charge neutrality, as a significant
net excess of electric charges could not be kept in the star
by gravity.

In order to take into account the presence of neutrinos
in the appropriate scenarios, it is also advantageous to
define a modified chemical potential

µ̃ = µB + YQ (µQ + µl) + Yl µl, (14)

which is equal to the Gibbs free energy per baryon. This
value comes from the definition of the energy density of
the system,

ε = −P + Ts+
∑
i

µini + µBnΦ, (15)

where, from Eqs. (9-13), it can be shown that
∑
i µini =

[µB +YQ (µQ +µl) +Yl µl] (
∑
iQB,i ni). Because of the

condition of electric charge neutrality, YQ is zero in all
cases studied in this work, causing Eq. (14) to read µ̃ =
µB+Yl µl and

∑
i µini = µ̃ (

∑
iQB,i ni). In the case that

lepton fraction is not fixed but the condition of electric
charge neutrality is still enforced, µl = 0 (because leptons
are free to leave the system), µ̃ = µB and

∑
i µini =

µB (
∑
iQB,i ni).

When studying scenarios involving mixtures of phases,
it becomes important to define the continuous variable
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FI G. 1.  T h e t e m p e r a t u r e v s . ( m o di fi e d ) c h e mi c al p o t e n-
ti al p h a s e di a g r a m f o r n e u t r o n- s t a r m a t t e r wi t h l o c all y c o n-
s e r v e d el e c t ri c c h a r g e a n d p r o t o- n e u t r o n- s t a r m a t t e r wi t h l o-
c all y c o n s e r v e d el e c t ri c c h a r g e a n d l e p t o n f r a c ti o n.

λ (t h e v ol u m e fr a cti o n of q u ar k s). W h e n λ = 0 , t h e
mi xt ur e of p h a s e s i s e ntir el y c o m p o s e d of h a dr o ni c m att er
a n d, w h e n λ = 1 , it c o n si st s e ntir el y of q u ar k m att er.

I n t h e c a s e t h at el e ctri c c h ar g e i s b ei n g c o n s er v e d gl o b-
all y, w e d e fi n e λ a s

λ =
Q H

Q H − Q Q
, ( 1 6)

w h er e Q H a n d Q Q ar e t h e el e ctri c c h ar g e of t h e h a dr o ni c
p h a s e a n d t h e q u ar k p h a s e, r e s p e cti v el y. T hi s e q u ati o n
c o m e s fr o m t h e c o n str ai nt of el e ctri c c h ar g e n e utr alit y of
t h e mi xt ur e, n a m el y

Q m i x = λ Q Q + ( 1 − λ )Q H = 0 . ( 1 7)

I n t h e c a s e t h at l e pt o n fr a cti o n i s b ei n g c o n s er v e d gl o b-
all y, w e d e fi n e λ a s

λ =
Y l, m i x n o

B, H − n l, H

n l, Q − n l, H − Y l, m i x (n o
B, Q − n o

B, H )
,

( 1 8)

w h er e t h e s u b s cri pt s H a n d Q , a g ai n, d e n ot e w h et h er
t h e v al u e c orr e s p o n d s t o t h e h a dr o ni c p h a s e or t h e q u ar k
p h a s e. T hi s e q u ati o n c o m e s fr o m t h e d e fi niti o n of Y l

a m o n g st t h e p h a s e s, n a m el y

Y l, m i x =
n l, m i x

n o
B, m i x

, ( 1 9)

w h er e n o
B, m i x = λ n o

B, Q + ( 1 − λ )n o
B, H a n d n l, m i x =

(n e + n ν ) m i x = λ (n e + n ν ) Q + ( 1 − λ )(n e + n ν ) H . I n t h e
c a s e t h at el e ctri c c h ar g e a n d l e pt o n fr a cti o n ar e b ot h c o n-
s er v e d gl o b all y i n pr ot o- n e utr o n- st ar m att er, b ot h v al u e s
of λ ar e r el e v a nt a n d m u st b e e q u al f or c o n si st e n c y.
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FI G. 2.  T h e t e m p e r a t u r e v s . b a r y o n c h e mi c al p o t e nti al
p h a s e di a g r a m f o r n e u t r o n- s t a r m a t t e r wi t h gl o b all y c o n-
s e r v e d el e c t ri c c h a r g e, p r o t o- n e u t r o n- s t a r m a t t e r wi t h l o c all y
c o n s e r v e d el e c t ri c c h a r g e a n d gl o b all y c o n s e r v e d l e p t o n f r a c-
ti o n, a n d p r o t o- n e u t r o n- s t a r m a t t e r wi t h gl o b all y c o n s e r v e d
el e c t ri c c h a r g e a n d l e p t o n f r a c ti o n.

I n t hi s w or k, w e d e s cri b e o nl y a str o p h y si c al m att er
( pr e s e nt i n di ff er e nt st a g e s of t h e e v ol uti o n of st ar s),
i n w hi c h c a s e n et str a n g e n e s s d o e s n ot n e e d t o b e c o n-
str ai n e d. F or t hi s r e a s o n, t h e str a n g e c h e mi c al p ot e nti al
i s z er o a n d t h er e i s n o t er m d e p e n d e nt o n str a n g e n e s s or
str a n g e c h e mi c al p ot e nti al i n e q u ati o n s ( 9), ( 1 0) a n d ( 1 4).
T hi s i s n ot t h e c a s e f or t h e z er o n et str a n g e n e s s m att er
g e n er at e d i n h e a v y i o n c olli si o n s, w hi c h i s d e s cri b e d i n
d et ail i n R ef s. [ 4, 4 8].

I I I.  R E S U L T S

T h e si m pl e st p h a s e di a gr a m w e c a n pr o d u c e i s s h o w n
i n Fi g. 1, f or t h e N S L C N (I d i n R ef. [ 4 8]) a n d P N S L C N
L Y l (I b i n R ef. [ 4 8]) c a s e s. It s h o w s t h e d e c o n fi n e m e nt
c o e xi st e n c e li n e s f or N S a n d P N S m att er wit h all q u a nti-
ti e s l o c all y c o n s er v e d. T o t h e l eft of e a c h c o e xi st e n c e li n e,
w e h a v e t h e h a dr o ni c p h a s e, a n d t o t h e ri g ht, t h e q u ar k
p h a s e. T h e c o n gr u e nt p h a s e tr a n siti o n b et w e e n t h e s e t w o
p h a s e s ( u s u all y r ef er e e d t o a s M a x w ell’ s c o n str u cti o n i n
a str o p h y si c s) i s a br u pt, a s n o mi xt ur e of p h a s e s i s p o s si-
bl e w h e n all q u a ntiti e s ar e c o n s er v e d l o c all y. P h y si c all y,
l o c al el e ctri c c h ar g e n e utr alit y i s e nf or c e d b y a p o s si bl e
l ar g e s urf a c e t e n si o n b et w e e n t h e p h a s e s [ 4 9, 5 0]. L o c all y
fi x e d l e pt o n fr a cti o n o nl y s er v e s a s a n a c a d e mi c e x er ci s e,
a s t h er e i s n o l o n g r a n g e f or c e a s s o ci at e d wit h t hi s q u a n-
tit y a n d, t h u s, t h er e i s n o p h y si c al r e a s o n t o e x p e ct t h e
l e pt o n fr a cti o n t o b e c o n s er v e d i n a stri ct, l o c al s e n s e
a m o n g st a mi xt ur e of p h a s e s [ 4 8]. T hi s s c e n ari o i s k n o w
a s a "f or c e d- c o n gr u e nt " c a s e, i. e., l e pt o n fr a cti o n i s f o r c e d
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FI G. 3. C h a r g e d a n d l e p t o n c h e mi c al p o t e nti al s f o r n e u t r o n-
s t a r a n d p r o t o- n e u t r o n- s t a r m a t t e r ( all c h a r g e s c o n s e r v e d l o-
c all y ), s h o w n f o r t w o di ff e r e nt t e m p e r a t u r e s.

t o b e fi x e d l o c all y a s o p p o s e d t o t h e m or e p h y si c al c a s e
of gl o b al c o n s er v ati o n. N ot e, t hi s i s t h e pri m ar y m oti v a-
ti o n f or n ot i n cl u di n g a P N S G C N L Y l c a s e i n t hi s p a p er.
T h e s a m e ar g u m e nt al s o a p pli e s t o b ar y o n n u m b er d e n-
sit y, w hi c h i s n ot m e nti o n e d a s it i s al w a y s gl o b all y c o n-
s er v e d. F or N S m att er, t h e m o di fi e d c h e mi c al p ot e nti al
i s si m pl y e q u al t o t h e b ar y o n c h e mi c al p ot e nti al i n e a c h
p h a s e ( µ̃ = µ B, H = µ B, Q ) b ut, f or P N S m att er, t hi s i s
n ot t h e c a s e a n d µ̃ = µ B, H + 0 .4 µ l, H = µ B, Q + 0 .4 µ l, Q .

Still i n Fi g. 1, n ot e t h at t h e c o e xi st e n c e li n e f or P N S
m att er li e s t o t h e ri g ht ( at a l ar g er m o di fi e d c h e mi c al
p ot e nti al) t h a n t h e o n e of N S m att er. T hi s di ff er e n c e
c o m e s fr o m t h e w a y l e pt o n fr a cti o n a ff e ct s e a c h p h a s e
di ff er e ntl y. I n b ot h p h a s e s, a l ar g er l e pt o n fr a cti o n i m-
pli e s m or e p o siti v e h a dr o n s / q u ar k s (f or el e ctri c c h ar g e
n e utr alit y) a n d, c o n s e q u e ntl y, m or e i s o s pi n- s y m m etri c
m att er a n d a s oft er e q u ati o n of st at e. T h e di ff er e n c e
i s t h at t h e e ff e ct i s m or e pr o n o u n c e d i n t h e q u ar k p h a s e,
a s t h er e ar e m ai nl y n o l e pt o n s i n t hi s p h a s e i n t h e c a s e
of N S m att er. T hi s i s i n a gr e e m e nt, f or e x a m pl e, wit h
t h e c o n cl u si o n s of R ef . [ 5 1] p erf or m e d at fi x e d e ntr o p y.

N o w, Fi g. 2 s h o w s t h e s a m e p h a s e di a gr a m b ut n o w
all o wi n g q u a ntiti e s t o b e c o n s er v e d gl o b all y i n e a c h c a s e
N S G C N, P N S L C N G Y l (II b i n R ef. [ 4 8]), a n d P N S G C N
G Y l ( V i n R ef. [ 4 8]). W h e n m or e t h a n o n e q u a ntit y (i n
a d diti o n t o b ar y o n c h e mi c al p ot e nti al) i s c o n s er v e d gl o b-
all y, t h e p h a s e tr a n siti o n b e c o m e s n o n- c o n gr u e nt a n d a
mi xt ur e of p h a s e s a p p e ar s (t hi s i s u s u all y r ef e r e e d t o a s
Gi b b s’ c o n str u cti o n i n a str o p h y si c s), w hi c h o c c u pi e s a
r e gi o n i n t h e p h a s e di a gr a m i n Fi g. 2. N ot e t h at i n all
c a s e s t h e d e c o n fi n e m e nt a n d c o n fi n e m e nt c ur v e s ar e di s-
ti n ct a n d d eli mit a r e gi o n, i n si d e of w hi c h t h e mi xt ur e
of p h a s e s e xi st s. I n e a c h c a s e, t h e l eft- m o st c ur v e r e p-
r e s e nt s t h e d e c o n fi n e m e nt c ur v e w h er e λ = 0 w hil e t h e

T A B L E I I I. T h e c ri ti c al p oi nt s, c h a r a c t e ri z e d b y t e m p e r a t u r e
a n d m o di fi e d c h e mi c al p o t e nti al, f o r all s c e n a ri o s c o n si d e r e d.

N S L C N: T c = 1 6 8 .8 2 M e V, µ̃ c = 2 3 0 .0 5 M e V
N S G C N: T c = 1 6 8 .8 6 M e V, µ B , c = 2 2 6 .5 0 M e V

P N S L C N L Y l : T c = 1 6 8 .8 4 M e V, µ̃ c = 2 4 1 .5 5 M e V
P N S L C N G Y l : T c = 1 3 4 .8 6 M e V, µ B , c = 9 0 0 .3 0 M e V
P N S G C N G Y l : T c = 1 5 0 .6 5 M e V, µ B , c = 7 2 6 .6 5 M e V

ri g ht- m o st c ur v e r e pr e s e nt s t h e c o n fi n e m e nt c ur v e w h er e
λ = 1 . ( N oti c e t h at t h e r a n g e i n µ B of t h e p h a s e c o-
e xi st e n c e r e gi o n i n b ot h P N S c a s e s i s e xt r e m el y s m all.)
I n a c c or d a n c e wit h t h e g e n er al r ul e s f or n o n- c o n gr u e nt
p h a s e tr a n siti o n s, t h e c o n gr u e nt p h a s e tr a n siti o n c o e x-
i st e n c e li n e s fr o m Fi g. 1 li e b et w e e n t h e c orr e s p o n di n g
d e c o n fi n e m e nt a n d c o n fi n e m e nt li n e s i n all c a s e s w h e n
pl ott e d a s a f u n cti o n of µ̃ .

I n t h e c a s e of N S m att er, t h e mi xt ur e r e gi o n i s l ar g e.
T hi s f a ct i s r el at e d t o t h e l ar g e di ff er e n c e i n c h ar g e d
c h e mi c al p ot e nti al b et w e e n t h e p h a s e s ( w h e n l o c al c h ar g e
n e utr alit y i s e nf or c e d) a s s h o w n i n Fi g. 3 (t h e f ull t hi n
bl a c k li n e f or T = 0 ). I n t h e c a s e of P N S m att er, t h e mi x-
t ur e r e gi o n s i n Fi g. 2 ar e m u c h s m all er, a s t h e h a dr o ni c
a n d q u ar k p h a s e s b e c o m e m or e si mil ar wit hi n t h e mi x-
t ur e of p h a s e s. T hi s c a n b e s e e n o n c e m or e i n Fi g. 3,
l o o ki n g at t h e t hi c k bl a c k li n e s ( b ot h f ull a n d d a s h e d)
f or t h e c h e mi c al p ot e nti al s µ Q a n d µ l , c orr e s p o n di n g t o
t h e c o n s er v e d el e ctri c c h ar g e a n d l e pt o n fr a cti o n, r e s p e c-
ti v el y, f or P N S m att er.

Still i n Fi g. 2, n ot e t h at t h e c a s e wit h t w o gl o b all y c o n-
s er v e d q u a ntiti e s f or P N S’ s g e n er at e s a l ar g er mi xt ur e
r e gi o n t h a n t h e c a s e wit h o nl y o n e gl o b all y c o n s er v e d
q u a ntit y. T hi s i s q uit e n at ur al, a s t h e si z e of t h e mi x-
t ur e r e gi o n i s r el at e d t o t h e n u m b er of gl o b all y c o n s er v e d
q u a ntiti e s [ 4 8].

It i s al s o w ort h n oti n g t h e criti c al p oi nt f or e a c h c a s e,
d e fi n e d a s t h e p oi nt at w hi c h fir st- or d er p h a s e tr a n siti o n s
n o l o n g er o c c ur a n d a s m o ot h cr o s s o v er a p p e ar s. T h o s e
v al u e s ar e li st e d i n T a bl e III. T h e fir st- or d er p h a s e tr a n si-
ti o n s ar e f o u n d w h e n, f or e a c h b ar y o n c h e mi c al p ot e nti al
a n d t e m p er at ur e, t h er e ar e m ulti pl e m et a st a bl e s ol uti o n s
i n or d er- p ar a m et er s p a c e, alt h o u g h o nl y o n e i s tr ul y st a-
bl e. N oti c e t h at t h e c riti c al p oi nt s f or b ot h c o e xi st e n c e
li n e s i n Fi g. 1 ar e v er y cl o s e t o e a c h ot h er. It i s i m p ort a nt
t o n ot e t h at w e b eli e v e t h e a c c ur a c y of o ur n u m eri c al c al-
c ul ati o n s i s pr e v e nti n g u s fr o m g oi n g b e y o n d t h e criti c al
p oi nt s f o u n d i n t h e c a s e of mi xt ur e s of p h a s e s ( Fi g. 2).
T hi s h a p p e n s b e c a u s e t h e r e gi o n s c o nt ai ni n g a mi xt ur e of
p h a s e s (f or a fi x e d t e m p er at ur e) b e c o m e i n fi nit e si m all y
s m all i n t h e T -µ pl a n e f or l ar g e t e m p er at ur e s.

G oi n g b a c k t o Fi g. 3 f or a m or e d et ail e d a n al y si s, w e
s e e t h at i n t h e c a s e t h at all q u a ntiti e s ar e c o n s er v e d l o-
c all y f or N S’ s ( c o n gr u e nt) a n d P N S’ s (f or c e d- c o n gr u e nt),
t h er e ar e di s c o nti n uiti e s i n µ Q a n d µ ν at t h e p h a s e tr a n-
siti o n s. T hi s o c c ur s b e c a u s e i n c o n gr u e nt c a s e s w e d o
n ot r e q uir e, a s a n e q uili bri u m c o n diti o n, µ Q a n d µ ν t o
b e e q u al i n b ot h p h a s e s. T h o s e "j u m p s " ar e s m o ot h e d
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FI G. 4.  C h a r g e d a n d l e p t o n c h e mi c al p o t e nti al s i n si d e t h e
mi x t u r e s of p h a s e s i n p r o t o- n e u t r o n- s t a r m a t t e r a t z e r o t e m-
p e r a t u r e. Bl a c k c u r v e s s h o w r e s ul t s f o r t h e s c e n a ri o of l o c all y
c o n s e r v e d el e c t ri c c h a r g e a n d gl o b all y c o n s e r v e d l e p t o n f r a c-
ti o n a n d r e d c u r v e s s h o w r e s ul t s f o r t h e s c e n a ri o of gl o b all y
c o n s e r v e d el e c t ri c c h a r g e a n d l e p t o n f r a c ti o n, a t T = 0 .

o ut f or l ar g er t e m p er at ur e s (r e d c u r v e s) a s t h e fir st or-
d er p h a s e s tr a n siti o n b e c o m e s w e a k er, a p h y si c al f e at ur e
n e c e s s ar y i n or d er t o o bt ai n a criti c al p oi nt.

S o m e a d diti o n al g e n er al f e at ur e s of Fi g. 3 i n cl u d e t h e
t e n d e n c y of t h e l e pt o n c h e mi c al p ot e nti al ( d a s h e d li n e s)
t o i n cr e a s e a s a f u n cti o n of µ̃ . T hi s i s q uit e n at ur al
a s, w h e n l e pt o n fr a cti o n i s fi x e d, t h e d e n o mi n at or i n
E q. ( 1 1) i n cr e a s e s wit h µ̃ , t h u s f o r ci n g t h e n u m er at or
t o i n cr e a s e a s w ell. At t h e p h a s e tr a n siti o n, µ l i n cr e a s e s
a s t h e a m o u nt of n e utri n o s i n c r e a s e s a n d µ ν = µ l ( p arti-
cl e p o p ul ati o n pl ot s will b e di s c u s s e d l at er i n Fi g. 5 & 6
f or N S’ s a n d P N S’ s). A s f or t h e c h ar g e d c h e mi c al p o-
t e nti al µ Q (f ull li n e s), it i n cr e a s e s i n a b s ol ut e v al u e f or
N S m att er i n t h e h a dr o ni c p h a s e a s el e ctr o n s a n d m u o n s
n e e d t o b al a n c e t h e i n cr e a si n g a m o u nt of p o siti v e pr o-
t o n s ( µ e = µ µ = − µ Q ). I n t h e q u ar k p h a s e, µ e i s l o w er
i n a b s ol ut e v al u e a s t h e d o w n q u ar k s t a k e c ar e of m o st of
t h e n e g ati v e c o ntri b uti o n t o el e ctri c c h ar g e n e utr alit y. I n
P N S m att er, t h er e ar e m or e el e ctr o n s i n t h e q u ar k p h a s e
a n d t h e d e cr e a s e i n a b s ol ut e v al u e f or µ Q i s s m all er a cr o s s
t h e p h a s e tr a n siti o n. Fi n all y, n ot e i n Fi g. 3 t h at b ul k
h a dr o ni c m att er e xi st s e v e n f or s m all c h e mi c al p ot e nti al s
f or T = 1 0 0 M e V, w hil e it o nl y st art s at t h e li q ui d- g a s
p h a s e tr a n siti o n f or µ̃ = µ B = 9 3 8 M e V at z er o t e m p er-
at ur e ( b ef or e t hi s p oi nt, o nl y n u cl e at e d m att er e xi st s, a s
o p p o s e d t o fr e e n u cl e o n s).

Si mil ar t o Fi g. 3, Fi g. 4 f e at ur e s r e s ult s f or P N S m at-
t er, all o wi n g f or gl o b all y c o n s er v e d q u a ntiti e s ( P N S L C N
G Y l a n d P N S G C N G Y l ). A s o n e c a n s e e, t h e c o n diti o n of
l o c al el e ctri c c h ar g e n e utr alit y r a di c all y s h ri n k s t h e r a n g e
of µ B i n t h e mi xt ur e of p h a s e s, a s alr e a d y di s c u s s e d. I n
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FI G. 5.  P a r ti cl e p o p ul a ti o n s f o r n e u t r o n- s t a r m a t t e r wi t h
l o c all y c o n s e r v e d el e c t ri c c h a r g e, a t T = 0 .

t h e c a s e of l o c al el e ctri c c h ar g e n e utr alit y, t h e v al u e of
µ Q i s di sti n ct i n e a c h p h a s e, w hil e i n t h e c a s e of gl o b all y
c o n s er v e d el e ctri c c h ar g e, µ Q = µ Q, H = µ Q, Q . N oti c e
h o w t h e µ Q c ur v e f or P N S G C N G Y l li e s b et w e e n t h e
t w o µ Q c ur v e s f or P N S L C N G Y l , a s e x p e ct e d.

N o w w e e x pl ai n i n d et ail t h e p arti cl e p o p ul ati o n s f or
e a c h of t h e c a s e s st u di e d i n t hi s w or k, w hi c h s h o ul d b e
p arti c ul arl y h el pf ul i n di sti n g ui s hi n g t h e di ff er e n c e s b e-
t w e e n t h e e q u ati o n s of st at e f or N S a n d P N S m att er.
I n Fi g s. 5 & 6, all q u a ntiti e s ar e l o c all y c o n s er v e d a n d,
t h u s, t h e p arti cl e p o p ul ati o n v al u e s c h a n g e a br u ptl y at
t h e p h a s e tr a n siti o n. I n Fi g. 5 f or N S m att er, fir st t h er e
ar e o nl y n e utr o n s, t h e n pr ot o n s a n d el e ctr o n s, a p p e ari n g
at t h e s a m e r at e (f or el e ctri c c h ar g e n e utr alit y). Aft er
t h at, t h e m u o n s a p p e ar a n d t h e n t h e Λ h y p er o n s. All
ot h er h y p er o n s ar e s u p pr e s s e d b y t h e p h a s e tr a n siti o n t o
q u ar k m att er at T = 0 . F or a n e x a m pl e of p arti cl e p o p-
ul ati o n s f or N S’ s wit hi n t h e C M F m o d el wit h o ut q u ar k s,
s e e R ef . [ 3 5]. B a c k t o Fi g. 5, i n t h e q u ar k p h a s e, t h er e
ar e d o w n a n d u p q u ar k s wit h a s m all a m o u nt of el e c-
tr o n s, f oll o w e d b y t h e m or e m a s si v e str a n g e q u ar k s. T h e
y- a xi s of t h e fi g ur e i s i n t er m s of b ar y o n n u m b er d e n sit y,
s o q u ar k n u m b er d e n siti e s ar e di vi d e d b y 3.

I n Fi g. 6, t h e p o p ul ati o n c ur v e s f or P N S m att er ar e
q uit e di ff er e nt. B e si d e s t h e o b vi o u s c h a n g e of m o vi n g t h e
p h a s e tr a n siti o n t o a l ar g er µ̃ v al u e a n d t h e a p p e ar a n c e
of n e utri n o s, t h e r ati o of pr ot o n s t o n e utr o n s b e c o m e s
cl o s er t o u nit y, vi a a l ar g e i n cr e a s e i n t h e n u m b er of pr o-
t o n s. A n d i n t h e q u ar k p h a s e, t h e r ati o of u p q u ar k s
t o d o w n q u ar k s al s o b e c o m e s cl o s er t o u nit y, vi a a l ar g e
i n cr e a s e i n t h e n u m b e r of u p q u ar k s. A s pr e vi o u sl y m e n-
ti o n e d, t hi s o c c ur s a s a c o n s e q u e n c e of fi xi n g b ot h el e c-
tr o n s a n d el e ctr o n n e utri n o s i n P N S m att er. T h e r e s ult-
i n g i n cr e a s e i n t h e n u m b e r of el e ctr o n s c a u s e s t h e n u m-
b er of p o siti v e h a dr o n s / q u ar k s t o i n cr e a s e, a s di ct at e d b y
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FI G. 6.  P a r ti cl e p o p ul a ti o n s f o r p r o t o- n e u t r o n- s t a r m a t t e r
wi t h l o c all y c o n s e r v e d el e c t ri c c h a r g e a n d l e p t o n f r a c ti o n, a t
T = 0 . T h e c u r v e f o r el e c t r o n s m ai nl y o v e rl a p s wi t h t h e c u r v e
of p r o t o n s.

t h e c o n diti o n of el e ctri c c h ar g e n e utr alit y. T hi s s hift t o
m or e i s o s pi n- s y m m etri c m att er c o ntri b ut e s t o t h e s oft e n-
i n g of t h e e q u ati o n of st at e of pr ot o- n e utr o n- st ar m att er,
i n c o m p ari s o n t o n e utr o n- st ar m att er. N oti c e t h at t h e
i n cr e a s e i n t h e n u m b er of el e ctr o n s i n t h e h a dr o ni c p h a s e
l e a d s t o a d e c r e a s e i n t h e n u m b er of m u o n s ( a r e s ult of
el e ctri c c h ar g e n e utr alit y) w hil e t h e i n cr e a s e i n t h e n u m-
b er of pr ot o n s i n t h e h a dr o ni c p h a s e l e a d s t o a d e cr e a s e
i n t h e n u m b er of Λ h y p er o n s ( a r e s ult of fi xi n g Y l a n d
b ar y o n n u m b e r c o n s er v ati o n). T hi s s hifti n g of t h e a p-
p e ar a n c e of h y p er o n s t o l ar g er b ar y o n d e n sit y v al u e s vi a
n e utri n o tr a p pi n g, o n t h e ot h er h a n d, c o ntri b ut e s t o t h e
sti ff e ni n g of t h e e q u ati o n of st at e of P N S m att er [ 5 2, 5 3].
A n ot h er c o n s e q u e n c e of P N S m att er h a vi n g m or e el e c-
t r o n s i n t h e q u ar k p h a s e i s t h e s u p pr e s si o n of t h e n e g a-
ti v e str a n g e q u ar k s. T hi s t o g et h er wit h t h e s u p pr e s si o n
of h y p er o n s i n t h e h a dr o ni c p h a s e ( d u e t o t h e d e c o n fi n e-
m e nt p h a s e tr a n siti o n) c a u s e s t h e a m o u nt of str a n g e n e s s
t o dr a m ati c all y d e cr e a s e i n b ot h p h a s e s of P N S m att er.

T h e l ar g e n u m b er of d o w n q u ar k s aft er t h e d e c o n fi n e-
m e nt p h a s e tr a n siti o n m e a n s f e w er el e ctr o n s ar e n e c e s-
s ar y t o e n s ur e el e ctri c c h ar g e n e utr alit y, t h u s l e a di n g t o
a dr o p i n t h e a m o u nt of el e ctr o n s a cr o s s t hi s p h a s e tr a n-
siti o n i n Fi g s. 5 & 6. I n P N S m att er, a n i n cr e a s e i n t h e
p o p ul ati o n of n e utri n o s i n t h e q u ar k p h a s e a c c o m p a ni e s
t hi s p h e n o m e n o n, a s t h e l o w er n u m b er of el e ctr o n s r e-
q uir e s a hi g h er n u m b er of el e ctr o n n e utri n o s, all i n or d er
t o m ai nt ai n Y l at a v al u e of 0. 4.

I n c o ntr a st, Fi g s. 7, 8, & 9 f e at ur e at l e a st o n e q u a n-
tit y t h at i s c o n s er v e d gl o b all y a n d t h u s, t h e p arti cl e p o p-
ul ati o n v al u e s c h a n g e m or e gr a d u all y i n n o n- c o n gr u e nt
p h a s e tr a n siti o n s (i. e., t hi s c h a n g e i s m a d e m or e sl o wl y
vi a t h e pr e s e n c e of mi xt ur e s of p h a s e s). M or e s p e ci fi-
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FI G. 7.  P a r ti cl e p o p ul a ti o n s f o r n e u t r o n- s t a r m a t t e r wi t h
gl o b all y c o n s e r v e d el e c t ri c c h a r g e, a t T = 0 .

c all y, f or N S m att er, Fi g. 7 i s t h e c orr e s p o n di n g v er si o n
of Fi g. 5, w h e n a mi xt ur e of p h a s e s wit h gl o b al el e ctri c
c h ar g e n e utr alit y i s pr e s e nt. I n t hi s c a s e, t h e q u ar k s a p-
p e ar sl o wl y w hil e t h e b ar y o n s di s a p p e ar sl o wl y o v er a
r a n g e of b ar y o n c h e mi c al p ot e nti al v al u e s. T h e el e ctr o n s
d e cr e a s e i n a m o u nt o v er t hi s r a n g e a n d t h e n, i n t h e q u ar k
p h a s e, i n cr e a s e, o nl y t o d e cr e a s e a g ai n w h e n t h e str a n g e
q u ar k s a p p e ar. I n t h e b e gi n ni n g of t h e mi xt ur e of p h a s e s,
t h e q u a ntit y of pr ot o n s i n cr e a s e s sli g htl y t o b al a n c e t h e
n e g ati v e q u ar k s.

F or P N S m att er, Fi g s. 8 & 9 ar e t h e c orr e s p o n di n g
v er si o n s of Fi g. 6 w h er e mi xt ur e s of p h a s e s wit h gl o b all y
fi x e d l e pt o n fr a cti o n ar e pr e s e nt. I n t hi s c a s e, t h e q u ar k s
a p p e ar a n d t h e b ar y o n s di s a p p e ar o v er a s m all r a n g e of
b ar y o n c h e mi c al p ot e nti al v al u e s. T h e el e ctr o n s d e cr e a s e
i n q u a ntit y a bit, t h e el e ctr o n n e utri n o s i n cr e a s e a bit,
a n d t h e m u o n s di s a p p e ar o v er t hi s r a n g e. I n t h e c a s e
t h at el e ctri c c h ar g e n e utr alit y i s al s o c o n s e r v e d gl o b all y,
t h e b ar y o n c h e mi c al p ot e nti al r a n g e f or t h e mi xt ur e of
p h a s e s i s l ar g er ( a r a n g e of ar o u n d 3 0 M e V i n Fi g. 9 f or
T = 0 i n c o m p ari s o n t o a r a n g e of ar o u n d 8 M e V i n
Fi g. 8).

D u e t o t h e di ffi c ult y i n c o n str ai ni n g t h e e q u ati o n of
st at e of m att er vi a n u cl e ar p h y si c s e x p eri m e nt s a s w e g et
f art h er fr o m s at ur ati o n d e n sit y, a n ot h er a p pr o a c h m u st
b e t a k e n. Alt h o u g h l o w e n er g y h e a v y-i o n c olli si o n e x-
p eri m e nt s ar e sl o wl y a p pr o a c hi n g l ar g er d e n siti e s (li k e
i n F AI R, NI C A, a n d t h e b e a m e n er g y s c a n at R HI C),
w e ar e still n ot i n a p o siti o n t o u s e t h at d at a t o c o n-
str ai n t h e e q u ati o n of st at e of m att er at l ar g e d e n siti e s.
F or t h e s e r e a s o n s, w e u s e p ert ur b ati v e Q C D ( P Q C D) t o
st u d y t h e b e h a vi or of o ur e q u ati o n of st at e at l ar g e d e n-
siti e s / c h e mi c al p ot e nti al s. I n p arti c ul ar, w e ar e g oi n g t o
u s e r e s ult s fr o m R ef . [ 3 2], w h er e a st at e- of-t h e- art t hr e e-
l o o p r e s ult w a s d eri v e d f or t h e pr e s s ur e of d e c o n fi n e d
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FI G. 8.  P a r ti cl e p o p ul a ti o n s f o r p r o t o- n e u t r o n- s t a r m a t t e r
wi t h l o c all y c o n s e r v e d el e c t ri c c h a r g e a n d gl o b all y c o n s e r v e d
l e p t o n f r a c ti o n a t, T = 0 . T h e c u r v e f o r el e c t r o n s m ai nl y
o v e rl a p s wi t h t h e c u r v e of p r o t o n s i n t h e h a d r o ni c p h a s e.

q u ar k m att er, v ali d f or all v al u e s of t e m p er at ur e a n d d e n-
sit y i n t h e a s y m pt oti c all y hi g h e n er g y r e gi m e. T hi s c al c u-
l ati o n e m pl o y e d r e s u m m ati o n s pr o vi d e d b y di m e n si o n al
r e d u cti o n [ 5 4] a n d H ar d T h er m al L o o p [ 5 5] e ff e cti v e t h e-
o ri e s t o a c c o u nt f or t h e c o ntri b uti o n s of b ot h st ati c a n d
n o n- st ati c l o n g- di st a n c e gl u o n fi el d s, a n d a d d e d t o t hi s
a c o ntri b uti o n fr o m t h e p ert ur b ati v e h ar d fi el d m o d e s,
o bt ai n e d fr o m R ef . [ 5 6]. T h e u n c ert ai nt y of t h e r e s ult
c a n b e r o u g hl y e sti m at e d fr o m it s d e p e n d e n c e o n t h e
r e n or m ali z ati o n s c al e, w hi c h i s c o n v e nti o n all y v ari e d b y
a f a ct or of t w o ar o u n d a c e ntr al v al u e t o o bt ai n a b a n d of
vi a bl e e q u ati o n s of st at e, alt h o u g h ot h er f a ct or s s u c h a s
hi g h er- or d er t er m s i n t h e p ert ur b ati v e e x p a n si o n, tr ul y
n o n- p ert ur b ati v e c o ntri b uti o n s, et c. ar e n ot a c c o u nt e d
f or.

W hil e a v er y v er s atil e r e s ult t h at i s i m m e di at el y a v ail-
a bl e b ot h i n a n d o ut of b et a e q uili bri u m, t h e p ert ur b a-
ti v e pr e s s ur e c a n o nl y b e tr u st e d at r el ati v el y hi g h e n er g y
d e n siti e s. T hi s st e m s n ot o nl y fr o m t h e r u n ni n g of t h e
g a u g e c o u pli n g, b ut al s o fr o m t h e f a ct t h at q u ar k m a s s e s
h a v e b e e n s et t o z er o i n t h e p e rt ur b ati v e c o m p ut ati o n of
R ef . [ 3 2], i m pl yi n g t h at t h e str a n g e q u ar k m a s s h a s t o b e
n e gli gi bl e i n c o m p ari s o n wit h eit h er t h e t e m p er at ur e or
t h e b ar y o n c h e mi c al p ot e nti al. A c c or di n g t o t h e crit eri o n
u s e d e. g. i n R ef s . [ 5 7, 5 8], at T = 0 t h e p ert ur b ati v e r e-
s ult s c a n b e c o n si d er e d t o b e r e a s o n a bl y tr u st w ort h y fr o m
c a. µ B = 2 .4 G e V o n w ar d s, w h er e t h eir r el ati v e u n c er-
t ai nt y i s c a. ± 2 3 % . R e c e ntl y, R ef. [ 5 9] pr e s e nt e d P Q C D
r e s ult s wit h c h ar g e n e utr alit y a n d fi x e d l e pt o n fr a cti o n
b ut o nl y f or z er o t e m p e r at u r e. H er e, w e pr e s e nt f or t h e
fi r st ti m e P Q C D r e s ult s s uit e d f or f or pr ot o- n e utr o n- st ar
c o n diti o n s at r el e v a nt fi nit e t e m p er at ur e s.

Fi g. 1 0 s h o w s o ur e q u ati o n of st at e f or N S m att er wit h
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FI G. 9.  P a r ti cl e p o p ul a ti o n c u r v e s f o r p r o t o- n e u t r o n- s t a r
m a t t e r wi t h gl o b all y c o n s e r v e d el e c t ri c c h a r g e a n d l e p t o n f r a c-
ti o n a t, T = 0 . T h e c u r v e f o r el e c t r o n s m ai nl y o v e rl a p s wi t h
t h e c u r v e of p r o t o n s.

gl o b al c h ar g e n e utr alit y ( d a s h e d li n e s) f or s e v er al t e m-
p er at ur e s r el e v a nt f or c ol d n e utr o n st ar s, pr ot o- n e utr o n
st ar s, a n d n e utr o n- st ar m er g er s. I n t h e s a m e fi g ur e, w e
pl ot t h e P Q C D r e s ult s (f ull li n e s) f or t h e s a m e c o n di-
ti o n s ( c h e mi c al e q uili bri u m a n d el e ctri c c h ar g e n e utr al-
it y). F or t h e l ar g e st t e m p er at ur e (T = 1 0 0 M e V), t h e
l o w e r P Q C D b o u n d a p p e ar s i n t h e fi g ur e, b ut f or t h e t w o
l o w e r t e m p er at ur e s, t h eir l o w er b o u n d s li e t o t h e ri g ht
of t h e fi g ur e. T h e c ol or e d p oi nt s i n di c at e t h e b ar y o n
c h e mi c al p ot e nti al / p r e s s ur e b e y o n d w hi c h o ur e q u ati o n
of st at e st art s t o di s a gr e e ( b y b e c o mi n g sti ff er) wit h t h e
P Q C D r e s ult s. T h e c orr e s p o n di n g b ar y o n c h e mi c al p o-
t e nti al s a n d pr e s s ur e s t h at c h ar a ct eri z e t h e s e p oi nt s ar e
s h o w n i n T a bl e I V. N ot e t h at P Q C D c al c ul ati o n s c a n n ot
b e a p pli e d b el o w b ar y o n c h e mi c al p ot e nti al s at w hi c h t h e
h a dr o n s ar e e x p e ct e d t o b e pr e s e nt, a s t h e y o nl y c o nt ai n
q u ar k d e gr e e s of fr e e d o m. R e m e m b er t h at i n o ur f or-
m ali s m, a s t e m p er at ur e g o e s u p, h a dr o n s st art t o a p p e ar
i n t h e s o- c all e d q u ar k p h a s e. At T = 0 , o ur e q u ati o n
of st at e pr e di ct s a n e utr o n st ar wit h a c e ntr al b ar y o n
c h e mi c al p ot e nti al of 1 3 1 9 M e V, w ell b el o w t h e P Q C D
li miti n g v al u e. It i s w ort h m e nti o ni n g o n c e m or e, t h at
v ar yi n g t h e r e n or m ali z ati o n s c al e b y a l ar g er v al u e t h a n
w h at w a s u s e d i n t h e P Q C D r e s ult s pr e s e nt e d h er e ( or
i n cl u di n g ot h er e ff e ct s) w o ul d i n c r e a s e t h e si z e of t h eir
r e gi o n a c c or di n gl y.

Fi g. 1 1 i s a n al o g o u s t o Fi g. 1 0, b ut f or P N S m att er. I n
t hi s c a s e, w e a gr e e wit h P Q C D u p u ntil r el ati v el y l ar g er
b ar y o n c h e mi c al p ot e nti al s. T hi s i s e x p e ct e d, a s b ot h
w e a n d P Q C D c al c ul ati o n s tr e at t h e l e pt o n s i n e x a ctl y
t h e s a m e w a y, a s a fr e e g a s. A g ai n, t h e c orr e s p o n di n g
b ar y o n c h e mi c al p ot e nti al s a n d pr e s s ur e s t h at c h ar a ct er-
i z e t h e c ol or e d p oi nt s b e y o n d w hi c h w e d o n ot a gr e e wit h
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P Q C D T = 1 0 0 M e V
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FI G. 1 0.  C o m p a ri s o n of o u r r e s ul t s f o r n e u t r o n- s t a r m a t t e r
( wi t h gl o b all y c o n s e r v e d el e c t ri c c h a r g e ) wi t h r e s ul t s p r o vi d e d
b y P Q C D, s h o w n f o r s e v e r al t e m p e r a t u r e s ( R ef . [ 3 2] ). E x c e p t
f o r t h e l a r g e s t t e m p e r a t u r e, t h e l o w e r e d g e of t h e P Q C D r e-
gi o n s li e t o t h e ri g ht of t h e fi g u r e b o u n d s.

T A B L E I V. T h e p r e s s u r e ( m e a s u r e d i n M e V /f m 3 ), b a r y o n
c h e mi c al p o t e nti al ( m e a s u r e d i n M e V ), a n d c o r r e s p o n di n g
b a r y o n n u m b e r d e n si t y v al u e s af t e r w hi c h o u r r e s ul t s n o
l o n g e r li e b e t w e e n t h e li mi t s p r o vi d e d b y P Q C D r e s ul t s,
f o r n e u t r o n- s t a r m a t t e r ( t o p ) a n d p r o t o- n e u t r o n- s t a r m a t t e r
( b o t t o m ) a t s e v e r al t e m p e r a t u r e s. N o t e t h a t w e u s e f o r s a t u-
r a ti o n d e n si t y ρ 0 = 0 .1 5 f m− 3 .

T = 0 : P = 2 8 1 .7 5 , µ B = 1 4 1 1 .0 4 , ρ B / ρ 0 = 1 4 .9 3
T = 4 5 M e V: P = 4 0 1 .1 0 , µ B = 1 4 1 9 .7 6 , ρ B / ρ 0 = 1 7 .2 7
T = 1 0 0 M e V: P = 6 9 1 .4 7 , µ B = 1 3 5 6 .8 7 , ρ B / ρ 0 = 2 0 .2 0

T = 0 : P = 3 3 6 .2 7 , µ B = 1 4 2 1 .6 9 , ρ B / ρ 0 = 1 5 .6 7
T = 4 5 M e V: P = 4 6 9 .4 2 , µ B = 1 4 2 9 .0 9 , ρ B / ρ 0 = 1 7 .8 0
T = 1 0 0 M e V: P = 7 9 4 .5 2 , µ B = 1 3 6 4 .0 8 , ρ B / ρ 0 = 2 0 .6 0

P Q C D r e s ult s ar e s h o w n i n T a bl e I V. Fi n all y, n ot e t h at
o ur c ur v e s ar e s h o w n f or t h e P N S L C N G Y l c a s e. Ot h er-
wi s e b ei n g i d e nti c al, t h e P N S G C N G Y l c a s e w o ul d o nl y
s m o ot h o ut t h e " ki n k " at t h e p h a s e tr a n siti o n a n d w o ul d
n ot c h a n g e t h e p o siti o n of t h e c ol or e d p oi nt s. F or P N S
str u ct ur e c al c ul ati o n s, t h e t e m p er at ur e c a n n ot b e fi x e d
t hr o u g h o ut e a c h st ar, n e v ert h el e s s, a r o u g h e sti m at e pr e-
di ct s wit hi n t h e C M F m o d el st ar s wit h a c e ntr al b ar y o n
c h e mi c al p ot e nti al ar o u n d 1 3 3 0 M e V, a g ai n w ell b el o w
t h e P Q C D li miti n g v al u e. T hi s will b e st u di e d i n d et ail
i n a n ot h er p u bli c ati o n.

I n pr e p ar ati o n f or a n al y zi n g Fi g. 1 2 ( a p h a s e di a gr a m
i n t h e T -P pl a n e), l et u s di s c u s s t h e Cl a u si u s- Cl a p e yr o n
r el ati o n, w hi c h r el at e s d P / d T t o t h e di ff er e n c e i n t h e e n-
t r o p y p er b ar y o n ( or e ntr o p y d e n sit y p er b ar y o n d e n sit y)
S B b et w e e n t w o c o e xi sti n g p h a s e s a n d t h e di ff er e n c e i n
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FI G. 1 1.  C o m p a ri s o n of o u r r e s ul t s f o r p r o t o- n e u t r o n- s t a r
m a t t e r ( wi t h l o c all y c o n s e r v e d el e c t ri c c h a r g e a n d gl o b all y
c o n s e r v e d l e p t o n f r a c ti o n ) wi t h r e s ul t s p r o vi d e d b y P Q C D,
s h o w n f o r s e v e r al t e m p e r a t u r e s ( R ef . [ 3 2] ). E x c e p t f o r t h e
l a r g e s t t e m p e r a t u r e, t h e l o w e r e d g e of t h e P Q C D r e gi o n s li e
t o t h e ri g ht of t h e fi g u r e b o u n d s.

t h e b ar y o n n u m b er d e n sit y b et w e e n t h e s e p h a s e s:

d P

d T
=

S B, I − S B, I I

1 / n B, I − 1 / n B, I I
. ( 2 0)

N o w, i n t h e c a s e of t h e li q ui d- g a s p h a s e tr a n siti o n ( g e n-
er al or n u cl e ar), d P / d T i s p o siti v e a n d, t h u s, c orr e ctl y
i m pli e s t h at S B, G > S B, L . I n t h e c a s e of t h e d e c o n-
fi n e m e nt p h a s e tr a n siti o n i n h e a v y-i o n m att er [ 4, 6 0] a n d
n e utr o n st ar m att er [ 6 1], d P / d T w a s s h o w n t o b e i n st e a d
n e g ati v e . T hi s t h e n i m pli e s t h at S B, Q > S B, H , w hi c h i s
q uit e n at ur al a s t h e q u ar k s c o nt ai n e xtr a c ol or d e gr e e s
of fr e e d o m. S u c h a c a s e c a n l e a d t o u n e x p e ct e d t h er m o-
d y n a mi c pr o p erti e s [ 6 2, 6 3]. B ut, a s w e c a n s e e f or t h e
P N S L C N L Y l c a s e i n Fi g. 1 2, i n t h e dir e cti o n of i n cr e a s-
i n g t e m p er at ur e, d P / d T st art s o ff a s b ei n g p o siti v e at
i nt er m e di at e t e m p e r at ur e s a n d t h e n b e c o m e s n e g ati v e.

T hi s r e s ult i s n ot s ur pri si n g, a s r e q uiri n g el e ctri c
c h ar g e n e utr alit y a n d fi xi n g Y l si g ni fi c a ntl y m o di fi e s t h e
ki n d s of d e gr e e s of fr e e d o m i n t h e q u ar k p h a s e b y i n-
cr e a si n g t h e a m o u nt of l e pt o n s, w hi c h d o n ot c o nt ai n
c ol or d e gr e e s of fr e e d o m. N u m eri c all y, t h e t ot al e ntr o p y
d e n sit y o v er b ar y o n d e n sit y fli p s si g n a cr o s s t h e c o e xi s-
t e n c e li n e ar o u n d T = 1 3 5 M e V w h e n t h e i n cr e a s e i n t h e
Φ c o ntir b uti o n s Φ / n B b e c o m e s l ar g er t h a n t h e d e cr e a s e
i n t h e f er mi o ni c c o ntri b uti o n (s B + s l )/ n B .

I n Fi g. 1 3, w e s h o w t h e p h a s e di a gr a m i n t h e T -n B

pl a n e f or all t hr e e P N S c a s e s. I n t h e c a s e of l o c all y
fi x e d Y l , t h er e i s a j u m p f or e a c h t e m p er at ur e fr o m t h e
h a dr o ni c p h a s e v al u e n B, H t o t h e q u ar k p h a s e v al u e
n B, Q , a s t hi s i s a c o n gr u e nt p h a s e tr a n siti o n. I n t h e
P N S L C N G Y l c a s e t h er e i s a mi xt ur e of p h a s e s, e a c h
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FIG. 12. The temperature vs. pressure phase diagram
for proto-neutron-star matter with locally conserved electric
charge and lepton fraction.

phase having a different µQ value (locally charge neu-
tral) but the same µl value (black lines in Fig. 4) in a
way that nB increases continuously for a given temper-
ature. In the PNS GCN GYl case, µQ and µl are both
the same in each phase. At this point it is important to
note again that we believe the accuracy of our numerical
calculations is preventing us from going beyond the criti-
cal points found for the mixture of phases for both of the
PNS cases with at least one globally conserved quantity.
In this case, the PNS LCN GYl and PNS GCN GYl lines
would continue to go up and would eventually merge in
Fig. 13. Nevertheless, by comparing Fig. 13 with Fig.
2 from Ref. [38] and Ref. [64], it becomes clear that a
fixed, large Yl pushes the deconfinement phase transtion
to larger baryon number densities.

Finally, Fig. 14 shows again the PNS matter curve
from Fig. 1 together with two example trajectories of
the temperature inside a PNS in which entropy density
per baryon density is fixed, in the simple case where all
quantities are conserved locally. Such treatment results
in a small jump in temperature across the phase transi-
tion, not following the condition of thermal equilibrium.
As explained in section 3D of Ref. [48], this is not the
correct treatment and a mixture of phases must be ac-
counted for. We are currently working on an extended
treatment for the case in which the entropy is fixed across
the phase transition, instead of temperature. In any case,
these jumps are of about 1 MeV in the cases shown in
Fig. 14.
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FIG. 13. The temperature vs. number density phase diagram
for proto-neutron-star matter with locally conserved electric
charge and lepton fraction, locally conserved electric charge
and globally conserved lepton fraction, and globally conserved
electric charge and lepton fraction.

IV. CONCLUSIONS AND OUTLOOK

The relativistic, mean-field formalism based on the
CMF model described in this work is ideal for describ-
ing the features of the phase diagram, as it effectively
describes both hadronic and quark matter. Note that
this is the usual procedure when studying the nuclear
liquid-gas phase transition [25]. This allows us to study
congruent phase transitions (where there is no phase co-
existence and the phases are distinctly separated) and
non-congruent phase transitions (where there is a phase
coexistence of two or more macroscopic phases with dif-
ferent chemical compositions), the latter featuring a mix-
ture of phases. Note that non-congruent deconfinement
phase transitions have somehow been studied in the past,
even with fixed lepton fraction but using the bag model
[65], and without the introduction of the modified chem-
ical potential µ̃.

In this work, we built on our previous work by inves-
tigating the effects of neutrino trapping and the conse-
quent consideration of fixing lepton fraction Yl in the
phase transition associated with quark deconfinement.
This provided us with a new conserved quantity (in ad-
dition to charge neutrality and baryon number conserva-
tion). This in turn suppressed the hyperons and pushed
the deconfinement phase transition to higher chemical
potentials. A new modified chemical potential was in-
troduced and simple coexistence curves were shifted to
larger chemical potentials due to the fixing of Yl, which
made the quark matter equation of state softer than the
hadronic one. Different phase diagrams and particle pop-
ulation figures were shown and discussed and compar-
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FIG. 14. The temperature vs. modified chemical poten-
tial phase diagram for proto-neutron-star matter with locally
conserved electric charge and lepton fraction. Two example
trajectories show the temperature corresponding to a fixed
value of entropy density per baryon density (SB = s/nB) for
each modified chemical potential.

isons with our previous works were drawn. Mixtures of
phases with different globally conserved quantities were
also obtained. As a result, we found that proto-neutron-
star matter possess much smaller mixtures of phases than
those of neutron-star matter (i.e., they extend through
much smaller ranges of chemical potentials and smaller
ranges of densities). This is a very optimistic result as

these mixtures of phases, which could possibly disguise
a signal for deconfinement in proto-neutron stars, are re-
duced. This information will be particularly helpful when
it comes to interpreting signals from supernova events ob-
served in the future.

Additionally, for the first time a thorough analysis
of the behavior of the CMF model in comparison with
PQCD was performed at large densities and tempera-
tures. It was shown that the model is in agreement with
PQCD results calculated for neutron and proto-neutron
star conditions for all ranges that can exist inside com-
pact stars. The results from PQCD presented here are
in the form of a band, which includes some but not all of
the uncertainties in their calculations.

In the future, we will be focusing on the consequences
of mixtures of phases for the macroscopic structure of
proto-neutron stars with fixed entropy, together with ro-
tation and magnetic field effects. This has been previ-
ously shown in Ref. [36] where, for proto-neutron stars
containing only hadrons, the space anisotropy created
by the magnetic field also creates an anisotropy in the
amount of neutrinos in the star. We would like to in-
vestigate this again in the presence of phase transitions.
In addition, we intend to study phase transitions and
mixtures of phases in the context of neutron stars merg-
ers. More specifically, we want for example to check if
phase transitions can change relations between neutron
star radii and tidal deformabilities, such as the one found
in Ref. [66].

The authors would like to thank Matthias Hempel and
Stefan Schramm for helpful discussions. We would also
like to thank Aleksi Vuorinen for providing the PQCD
results employed in this paper.
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