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Abstract—This paper proposes a novel cooperative amplify
and forward (CAF) architecture for MIMO WLANs to improve
their coverage and transmission rates, without requiring any
modifications in the IEEE 802.11 standards at the clients.
System models are used for analyzing physical layer of CAF
networks, and compared with conventional amplify-and-forward
(AF) and decode-and-forward (DF) networks. Numerical results
demonstrate that CAF network clearly outperforms conventional
802.11 networks, AF and DF networks in terms of coverage and
throughput.

Index Terms—Cooperative Systems, diversity, fading channels,
MIMO systems, relays, transceivers, wireless LAN.

I. INTRODUCTION

Over the last twenty years, we have seen an exciting success
of IEEE 802.11 networks in meeting the tremendously increas-
ing demand for bandwidth. The latest IEEE 802.11 standards,
802.11ax and 802.11ay, provide up to 9.6 Gbps and 20 Gbps
data rates at ranges of about 100 and 10 meters respectively.
Meanwhile, mobile carriers, facing an RF shortage, are densely
building small cellular cells (ranged from 10m to 1000m) to
meet customers’ increasingly demanding for speed. According
to Signals Research Group, mobile data traffic in the United
States alone is expected to grow between 53 times and 153
times from 2010 to 2020, while cellular network capacity
will grow by only approximately 25 times [1]. The IEEE
802.11 networks with extended range represent an attractive
approach capable to fill that gap. Compared with cellular
systems, IEEE 802.11 networks are inexpensive and accessible
by more wireless devices, even those without cellular service
capability, like laptops and tablets.

Since IEEE 802.11 was designed for indoor environments,
the coverage of an access point (AP) is rather limited. In
order to cover a wide area with a reasonably low number
of APs, the AP coverage needs to be extended. The problem
is that, due to cost, size and power limitation, mobile stations
(MSs) typically have low transmission power and low antenna
gain, which limits their transmission ranges. Hence, merely
increasing the transmit power of AP does not necessarily
increase the WLAN coverage, if the WLAN uplinks are not
improved correspondingly.
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TABLE I
SUMMARY OF RELATED WORK CONTRIBUTIONS 1

AF SDM MB MH MBMH WLAN

[2]–[6] X

[7] X

[8]–[10] X X 2
[11] X 2
[12] X 2 2
[13] X X X

[14] X X X

[15] X X X

[16] X 2 2 X

[17] X X

[18] X X

[19], [20] SE X SE
[21] X SE 2 SE
[22]* X X 2 2 2

This work X X X X X X

We propose a novel cooperative amplify and forward
(CAF) scheme for MIMO spatial division multiplexing (SDM)
WLANs, aiming at extending the coverage of WLAN cells,
with no modifications on the MSs or IEEE 802.11 standards.
In a CAF WLAN, several low-cost amplify and forward
(AF) relays are deployed around the AP, with disjoint local
channels. Every AF relay listens to its local channel and
forwards signals immediately to a common channel, and vice
versa (i.e., forwards signals from the common channel to the
local channel). For the uplink from an MS to the AP, packets
are forwarded by multiple relays and combined at the AP. For
the downlink of CAF, packets transmitted from the AP are
forwarded by one relay and delivered directly to the target
MS. Although only one copy is received by targeted MS,
the downlink range is still considerably expanded if the high-
gain antenna and high-power are used at the AP and relays.
Importantly, using these AF relays requires no changes on the
existing functionality of MSs.

In order to analyze and compare the PHY performance
of CAF with conventional AF and decode-and-forward (DF)
schemes, we model multi-branch multi-hop MIMO (SDM)
relay systems. Many of the components we used have been
presented in other papers before, but, to the best of our

1Terms MB, MH and MBMH stand for multi-branch, multi-hop and the
combination of these two, respectively. By "2" we denote the maximum
number of antennas/branches/hops considered in the corresponding papers.
In the MB and MBMH columns, term SE means the selective path scheme
is adopted. Work [22] uses OSTBC.
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knowledge, not combined to model the relay network we
consider in this paper. We review the papers including these
components and some other papers related to ours. Table I
summarizes the contributions of these related works in contrast
to the work in this paper.

For the bit error rate (BER) analysis of a multi-branch
network, the PDF of combined SNR can be calculated through
M-fold integrals over the marginal PDF of every single-branch
SNR, where M depends on the number of branches [4].
Computation of this, however, can be costly when the number
of branches increases. M.K. Simon and M.S. Alouini proposed
a moment-generating function (MGF) approach for calculating
the BER of a channel in [4], [5]. In their approach, the average
BER was obtained by taking only one integral of the product
of all single-branch SNRs’ MGFs. This approach, later, was
widely utilized for analyzing the BER of networks. For in-
stance, in [23], the BER of a single hop MIMO (beamforming)
channel was analyzed following the MGF approach.

To calculate the BER of a multi-hop AF network, the
distribution of end-to-end (e2e) instantaneous SNR is required.
In [11], authors proposed a harmonic mean approach to
calculate the PDF of SNR of a dual-hop SISO link. In their
work, the PDF of e2e SNR was obtained by calculating the
reciprocal of harmonic mean of two single-hop SNRs’ PDFs.
The harmonic mean is solvable by using MGF approach
mentioned earlier, with knowledge of PDF of each single-hop
SNR’s reciprocal. This approach was afterwards adopted in
[10] for calculating the BER of a dual-hop AF relay MIMO
(beamforming) network. A recent paper [12] calculated the
BER of a dual-hop AF MIMO (two-by-two, beamforming)
network. It obtained the MGF of the e2e SNR by calculating
each conditional MGF. However, this method is hard to extend
to the general case, since integration over all conditional MGFs
can be very difficult given the fact that expressions of the
conditional MGFs are complicated even for a simple fading
channel. In [18], a general multi-hop SISO link is considered,
and a closed-form expression for average BER is derived, but
without an extension to MIMO links.

All approaches mentioned above compute the exact BER of
a network. They require integrals of the product of instanta-
neous symbol error rate (SER) with the PDF of instantaneous
SNR. The calculations of these integrals can be more difficult
for a network with the combination of multi-branch, multi-hop
and MIMO features, since the PDF of the e2e SNR is very
complicated and its closed-form may be impossible to obtain.
Arising from such difficulty, an asymptotic approach for calcu-
lating BER is proposed: in [7], authors show that, in the case
of high SNR, the average SER is dominated by the behavior
of the normalized SNR close to zero. Therefore the PDF of
instantaneous SNR can be simply expressed by a Taylor series
expansion at zero. Comparing with the exact BER analysis, the
asymptotic approach is much more convenient for calculating
the average BER. This asymptotic approach was adopted
widely by the research on PHY performance evaluations of
relay networks: in [13], authors analyzed a multi-hop and
multi-branch SISO network, given the exact values of PDF of
each hop and each branch SNR at zero; Luis G. Ordóñez et al.
in [3] obtained the asymptotic average BER of a single-hop

MIMO (SDM) network; based on [3], C. Song et al. analyzed
a dual-hop AF relay MIMO (SDM) network [8] [9]; in [14], a
relay system, equipped with a large group of AF MIMO relays
far away from source and destination nodes, is analyzed by
assuming no relay-to-relay communications, and using simple
ZF equalizers. A recent research [15] calculated the average
BER of a multi-hop MIMO (beamforming) network following
the same asymptotic approach. However, none of the works
above considers a multi-branch multi-hop MIMO (SDM) link
similar to ours.

In [16], authors proposed an asynchronous AF relay scheme
to enhance the PHY performance of SISO WLANs, by
selecting exactly two mobile nodes as AF relays for each
transmission. The authors assume modified IEEE 802.11 MAC
and physical layers at the AP, mobile stations and relays. They
call the new MAC layer R-MAC. In their approach, each
transmission takes two consecutive time slots. For the first
time slot, the source node transmits signals to the two relay
nodes using an Orthogonal Space-Time Block Code (OSTBC)
scheme, which is similar to the setting adopted in [22]. Upon
reception of signals from the source node, these relays switch
their circuits from receive to transmit mode and then forward
the amplified signals to the destination node in the second
time slot. Simulation results show that their proposed scheme
can achieve a 50% throughput gain over the conventional IEEE
802.11 scheme. The approach proposed in [16] modifies IEEE
802.11 standards on all devices for both PHY and MAC layers,
and only considers SISO mode. In contrast, our proposed
CAF solution for WLAN does not require modifications at
the clients, requires no change in IEEE 802.11 standards, and
accommodates MIMO mode.

While related works reviewed above consider AF relay
systems, others analyze DF relay systems. In DF systems, the
relay attempts to decode the received frame and re-encode it
before retransmitting it. Works in [17], [19]–[21] considered
DF relaying and derived BERs for a multi-branch dual-hop
SISO system, a multi-hop SISO system, a multi-branch multi-
hop SISO system, and a dual-hop dual-branch MIMO system
respectively. A relay selection scheme was proposed in [24]
to maximize the coverage region of cellular networks by
deploying DF relays. In comparison with an AF relay, a DF
relay requires more computation resources, consumes more
energy, and adds more delay.

In this work, we propose and analyze a CAF scheme for
WLANs by deploying low-cost, low-complexity AF relays.
The main contributions of this paper are summarized as
follows:

1) We propose a novel cooperative multi-channel MIMO
(SDM) relay system to extend the coverage of IEEE
802.11 networks and improve their transmission rates.
Importantly, our proposed scheme does not require mod-
ifications at the clients, and requires no modification in
IEEE 802.11 standards.

2) We develop a model to analyze the BER performance
of multi-branch multi-hop MIMO (SDM) networks (e.g.,
CAF system). Although individual components of this
model has been used in modeling other systems as
shown in Table I, to the best of our knowledge, none of
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Fig. 1. Relay strategies of CAF uplink, deployed with one AP and 5 relays.

the previous papers have considered and theoretically an-
alyzed a system similar to the one proposed in this paper,
and our model fills that gap. To reduce the complexity
of the model, we propose a MGF-based approach, which
simplifies the BER calculation of CAF system to a single
integration over a close-form expression.

3) We provide analytical and simulation results to show the
performance of the proposed CAF scheme, in compari-
son with conventional AF and DF schemes. Specifically,
BER, transmission rates, and coverage are studied and
compared for CAF, AF and DF schemes for both uplink
and downlink cases.

The rest of this paper is organized as follows: Sections II
and III describe the CAF, conventional AF, and DF networks,
and present system models of these networks. Section IV
analyzes BERs of these networks and furthermore estimates
and compares their coverage. In Section V we evaluate their
performance from both theoretical and simulation results. At
last, Section VI concludes this paper and presents our future
work.

II. RELAY STRATEGIES

A. Cooperative Multi-channel Amplify and Forward Relay
Strategy

For a CAF network with L relays, we need L+1 orthogonal
channels: one common channel and L local channels. Every
relay is equipped with two sets of antenna arrays, one of which
is set to a common channel (we will call this channel 0 in Fig.
1) and the other is set to a local channel. The relays follow
two straightforward rules:
• When a relay detects one channel busy and the other idle,

it amplifies and forwards the signal from the busy channel
to the idle channel immediately.
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ch0
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ch0

Fig. 2. Relay strategies of CAF/AF/DF downlink, deployed with one AP and
5 relays.
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Fig. 3. Relay strategies of AF/DF uplink, deployed with one AP and 5 relays.

• When a relay detects both channels busy or both channels
idle, no relaying occurs.

The AP is equipped with multiple MIMO wireless inter-
faces, which enable it either to receive or transmit on the
common channel and all local channels. We also assume that
the AP is capable of combining all received copies of a packet
from different channels, e.g. with maximum ratio combination
(MRC). An MS ready to join the network will choose the relay
with strongest signals to associate with, after scanning all local
channels.

Let us first consider the downlink in a CAF network. As
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Fig. 4. Data transmissions over the uplink of a relay system, deployed with one AP and five relays using (a) CAF, (b) AF and (c) DF schemes (as in Figs.
1-3), as well as the channels used for transmission (Tx) and reception (Rx).

shown in Fig. 2, when the AP has a downlink packet to
send, it transmits the packet on the common channel when
all channels are idle. Every relay, on reception of the signal
from the common channel, forwards it to its local channel,
and thus to the MS(s) listening on the local channel.

The uplink scenario in CAF network is shown in Fig. 1.
Uplink packets sent out from an MS (STA1) are received by
its local relay (R1) and directly forwarded to the AP through a
transmission on the common channel. In addition, the packet,
forwarded by the local relay (R1) to the common channel, is
received by other relays (R2 - R5), which in turn forward the
transmission again from the common channel to their local
channels (ch2 - ch5). We refer to this re-forwarding of the
transmissions as cooperative amplify and forward (CAF), as
the other relays (R2 - R5) are helping forward the transmis-
sion from the original relay R1. Finally, duplicated packets
forwarded from different relays are combined at the AP.

B. Multi-channel AF and DF Relay Strategy

For convenience, channel settings in multi-channel AF and
DF are kept the same as discussed in CAF strategy. The
downlink/uplink of AF and DF network are respectively shown
in Figs. 2 and 3. Data transmissions over the uplink of
CAF, AF and DF networks are shown in Figs. 4(a) to 4(c)
respectively. The difference between AF and DF networks is
that AF relays forward physically instantaneously, while the
DF relays have to wait until the entire packet is received,
decode and re-encode the packet, and then contend, the same
as a WLAN station, for the media before transmitting.

III. SYSTEM MODEL

Throughout this paper, we use following notations. Bold
uppercase letters are matrices, bold lowercase letters are
vectors. Symbols Tr (·), (·)†, E [·] are trace, hermitian and
mean operators, respectively.

A. System Model for CAF Downlink

For modeling the CAF downlink, shown in Fig. 5, we con-
sider wireless links between the following wireless terminals:
an AP using Ka antennas for the downlink, a half-duplex AF
relay Ri with Kr antennas at the receiver end and Kr antennas
at the transmitter end, and a station (STA) equipped with Ks

antennas. We assume no direct link between the AP and the
STA. For the wireless link from AP to the relay Ri and the
wireless link from Ri to STA, the received signal vectors can
be modeled as rRi ∈ C

Kr×1 and rS ∈ CKs×1 respectively:

rRi = HAP,RiFAPs + nRi , (1)

rS = HRi,SQirRi + nS, (2)

where s ∈ CKa×1 is the signal vector from the AP comprising
Ka different symbols, FAP ∈ C

Ka×Ka and Qi ∈ C
Kr×Kr

represent the precoding matrix at the AP and forwarding
matrix at the relay Ri, HAP,Ri ∈ C

Kr×Ka is the channel fading
matrix of the first hop link, while HRi,S ∈ C

Ks×Kr is the
channel fading matrix of the second hop link; nRi ∈ C

Ks×1 and
nS ∈ C

Ks×1 are the additive white Gaussian noises (AWGNs)
at relay Ri and STA respectively, having zero mean and
covariance matrices NRi IKr and NSIKr , where IKr and IKs

stand for the Kr × Kr and Ks × Ks identity matrices. Finally,
the estimated signal at the STA is:

r̂S = GST A
†rS, (3)

where GST A ∈ CKs×Kr is a receive matrix designed
optimal for minimizing the mean square error (MSE)
E

[
(r̂S − s)(r̂S − s)†

]
, which is also known as the Wiener filter.

The optimal receiver matrix GST A in (3) can be designed as
[25] [26]:

GST A =

(
HAP,SHAP,S

†
+ n

)−1
HAP,S, (4)

where HAP,S ∈ C
Ks×Ka is the equivalent channel matrix from

AP to STA defined as following:

HAP,S = HRi,SQiHAP,RiFAP, (5)

and n is the equivalent noise variance matrix, which can be
written as:

n = NRiHRi,SQiQi
†HRi,S

† + NSIRs . (6)

For the optimal design of transmit matrix FAP and forwarding
matrix Qi , we follow the approach widely adopted in the
optimal joint transceiver design as in [2], [25], [27], [28],
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Fig. 5. CAF downlink physical layer model with a mobile station (STA), a relay Ri , and an AP. On each link we show the channel matrix as HU,V and
the instantaneous SNR as γU,V .
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Fig. 6. CAF uplink physical layer model with a station, the first-hop relay Ri , the second-hop relays R j−1, R j and an access point. On each link we show
the channel matrix as HU,V and the instantaneous SNR as γU,V .

by solving the following linear programming optimization
problem:

min
FAP,Qi

E
[
(r̂S − s)(r̂S − s)†

]

subject to Tr (FAPFAP
†) ≤ PT ,

Tr (QirRi rRi

†Qi
†) ≤ PR,

(7)

where PT and PR are the power constraints of AP and relays
respectively.

B. System Model for CAF Uplink

As shown in Fig. 6, we consider CAF uplinks between the
following wireless terminals: a station STA equipped with Ks

antennas, L half-duplex AF relays with Kr antennas each at the
receiver end and Kr antennas each at the transmitter end, an
AP having Ka antennas for each of the L orthogonal channels.
We assume no direct link exists between station STA and AP.

For the wireless link from station STA to its first-hop relay
Ri, the received vector rRi ∈ C

Kr×1 at relay Ri is modeled as:

rRi = HS,RiFST As + nRi , (8)

where HS,Ri ∈ C
Kr×Ks is the first-hop channel fading matrix,

FST A ∈ C
Ks×Ks is the precoding matrix at the STA, s ∈ CKs×1

is the original signal vector comprising Ks symbols sent from
station STA, and nRi ∈ C

Kr×1 represents the AWGN at Ri
with zero mean and covariance matrix NRi IKr , where IKr is
the Kr × Kr identity matrix.

Upon reception of the signal rRi from STA, the first-hop
relay Ri multiplies it with the relay transceiver matrix Qi ∈

CKr×Kr and broadcasts the signal to the AP and second-hop
relays Rj. Consequently the signal vectors received at the AP
on channel i and relay Rj can be expressed as:

rAPi = HRi,APQirRi + nAPi , (9)

rR j = HRi,R j QirRi + nR j , (10)
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where HRi,AP ∈ CKa×Kr and HRi,R j ∈ C
Kr×Kr are the

channel fading matrices from Ri to the AP, and from Ri to
Rj respectively; the AWGN at AP on channel i is denoted
as nAPi ∈ C

Ka×1, with zero mean and covariance matrix
NAPi IKa , where IKa is the Ka×Ka identity matrix; the AWGN
at Rj is represented by nR j ∈ C

Kr×1, having zero mean and
covariance matrix NR j IKr .

Similarly we model the link from the second-hop relay Rj
to AP as:

rAPj = HR j,APQjrR j + nAPj , (11)

where rAPj ∈ C
Ka×1 is the received vector at AP from relay

Rj; HR j,AP ∈ C
Ka×Kr is the third-hop channel fading matrix;

nAPj ∈ C
Ka×1 denotes the AWGN at AP with zero mean and

covariance matrix NAPj IRa , where IRa is the Ka×Ka identity
matrix. The signal vector received at destination AP over L
different branches is:

r = rAPi +
∑
j,i

rAPj . (12)

By multiplying the received signal vector r with a linear
combining matrix, we obtain the estimated signal as:

r̂ = GAP
†r, (13)

where GAP ∈ C
Ka×Ks is a receive matrix designed optimally

for minimizing the MSE E
[
(r̂ − s)(r̂ − s)†

]
, which is also

known as the Wiener filter:

GAP =

(
HS,APHS,AP

†
+ n

)−1
HS,AP, (14)

where HS,AP ∈ C
Ka×Ks and n denote the equivalent channel

matrix and noise vector over L branches from STA to AP:

HS,AP=HRi,APQiHS,RiFST A+
∑
j,i

HR j,APQjHRi,R jQiHS,RiFST A,

(15)
n =NRiHRi,APQiQi

†HRi,AP
† +

∑
j,i

NAPj IRr

+ NRi

∑
j,i

HR j,APQjHRi,R j QiQi
†HRi,R j

†Qj
†HR j,AP

†

+
∑
j,i

NR j HR j,APQjQj
†HR j,AP

†.

(16)

Similar to the CAF downlink, the optimal design of FST A, Qi

and Qj are determined by [25] [2]:

min
FST A,Qi,Q j

E
[
(r̂ − s)(r̂ − s)†

]

subject to Tr (FST AFST A
†) ≤ PT ,

Tr (QirRi rRi

†Qi
†) ≤ PR,

Tr (QjrR j rR j

†Qj
†) ≤ PR,

(17)

where PT and PR are power constraints of STA and relays
respectively. The method adopted to solve this optimization
problem follows [25] and [2]. We derive BERs of this design
(CAF uplink and downlink) by proposing an analytical solu-
tion for multi-branch multi-hop MIMO networks in Section
IV, and further evaluate in comparison with numerical results
(obtained by using Monte Carlo simulation) of this design in
Section V.

IV. HIGH SNR ANALYSIS FOR BER PERFORMANCE

As shown in [25], the average BER of a link with channel
matrix H can be determined by the eigenvalues of H†H. In
the following subsections, we analyzed single-hop and multi-
hop links, and eventually derived the BER expression for a
multi-branch multi-hop MIMO (SDM) link. We then adopted
these models to obtain the BER of CAF, AF and DF WLANs
for their uplink/downlink respectively.

A. Single-hop Analysis

In this subsection, a single-hop MIMO link between the
transmitter U and the receiver V is considered, where U and
V ∈ {ST A, Ri, Rj, AP}. We assume uncorrelated Rayleigh flat-
fading channels. The channel matrix between the transmitter
U and the receiver V is denoted by HU,V ∈ C

KV×KU , which
is normalized by channel pathloss factor αU,V to obtain:

HU,V =
√
αU,V H̃U,V , (18)

where columns of H̃U,V are independent KV -variate complex
Gaussian distributed vectors with unit covariance and zero
mean, and αU,V is modeled using the IEEE 802.11 TGn
pathloss model [29], assuming no shadowing and keyhole
effect.

Given λk (U,V ) and λ
′

k (U,V ) as the k-th eigenvalues of
matrices H†U,VHU,V and H̃†U,V H̃U,V respectively, we have:

λk (U,V ) = αU,V λ
′

k (U,V ) . (19)

The beginning part (when λk (U,V ) closes to origin) of the
PDF of λk (U,V ) can be approximated by a McLaurin series as
follows, given the high average SNR assumption:

fλ′
k (U,V )

(
λ
′

k (U,V )

)
= akλ

′

k (U,V )
dk
+ o

(
λ
′

k (U,V )
dk

)
, (20)

where o (·) is the little-o notation, ak and dk are given by [3]:

dk = (max{KU, KV } − k + 1)(min{KU, KV } − k + 1) − 1, (21)

ak =

∏min{KU,KV }

i=1 [(min{KU, KV } − i)!]−1∏min{KU,KV }

i=1 (min{KU, KV } − i)!
���A(k)���

���B(k)��� ,

(22)
where A(k), B(k) are:

[A(k)]i, j = b
[
i + j + 2 (min{KU, KV } − k)

]
!, i, j ∈ [1, k),

(23)

[B(k)]i, j =
2[

b(i + j)3 − b (i + j)
] , i, j ∈ [1,min{KU, KV }−k),

(24)
where b(x) , max{KU, KV } − min{KU, KV } + x.

Given the PDF of λ
′

k (U,V ) in (20), the PDF of λk (U,V ) when
λk (U,V ) is close to zero is:

fλk (U,V )

(
λk (U,V )

)
= akα(U,V )

−(dk+1)λk (U,V )
dk+o

(
λk (U,V )

dk
)
.

(25)
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B. Multi-hop Analysis

We now consider the two types of multi-hop links shown in
Fig. 6: the dual-hop link from STA, through Ri, to APi, and the
triple-hop link from STA, through Ri and Rj, to APj, where APj
refers to the antenna set of the AP that listens on channel j.
Using the high SNR assumption, the error covariance matrices
ES,APi (the dual-hop link) and ES,APj (the triple-hop link)
using MMSE (Minimum Mean Square Error) transceivers can
be written as the sum of error covariance matrices of their
corresponding single-hop links respectively [8], [30]:

ES,APi = ES,Ri + ERi,APi . (26)

ES,APj = ES,Ri + ERi,R j + ER j,APj . (27)

Assuming high SNR at every single-hop and applying SVD
decomposition on both sides of (26) and (27), we obtain:

λk (S,APi )
−1 = λk (S,Ri )

−1 + λk (Ri,APi )
−1, (28)

λk (S,APj )
−1 = λk (S,Ri )

−1 + λk (Ri,R j )
−1 + λk (R j,APj )

−1. (29)

Given the PDF of λk (U,V ) for a single-hop link between
U and V in (25), it can be shown that the PDF of dual-hop
equivalent eigenvalue λk (S,APi ) and the triple-hop equivalent
eigenvalue λk (S,APj ) when the eigenvalues closed to zeros as:

fλk (S,APi ) (0
+) = fλk (S,Ri ) (0

+) + fλk (Ri ,APi ) (0
+) + o(0+), (30)

fλk (S,APj ) (0
+)

= fλk (S,Ri ) (0
+) + fλk (Ri ,Rj ) (0

+) + fλk (Rj ,APj ) (0
+) + o(0+).

(31)

Conclusions above are inspired by [7] and [8], the former
of which proposed PDF of SNR in a multi-hop multi-branch
SISO network, while the latter discussed the PDF of SNR in
a dual-hop MIMO network. See Appendix A and Appendix B
for the complete derivations of (30) and (31).

Given the PDF of λk (U,V ) in (25), we have:

fλk (S,APl ) (λk (S,APl )) = cl,kλk (S,APl )
dk + o(0+), (32)

where

cl,k =



ak
[
α−(dk+1)

(S,Ri ) + α
−(dk+1)
(Ri,APi )

]
, l = i;

ak
[
α−(dk+1)

(S,Ri ) + α
−(dk+1)
(Ri,R j ) + α

−(dk+1)
(R j,APj )

]
, l = j .

.

(33)

C. Multi-hop Multi-branch Analysis

We now consider combining of L branches of those multi-
hop links analyzed in the Subsection IV-B. For a geographi-
cally sparse deployment of relays transmitting on L orthogonal
channels, as shown in Fig. 1, it is reasonable to assume
fadings along the L different uplinks of CAF are uncorrelated.
Therefore a diversity gain of L is achieved after combining
these L copies of the same symbol received.

To compute the average BER of a multi-branch network,
we need first derive the joint PDF of all branches’ equivalent

λk (S,APl ) . With high SNR assumption, the joint PDF can be
obtained by (34) (Appendix C shows the detailed derivation):

fλk (S,AP)

(
λk (S,AP)

)
=

∫ ∞

0
· · ·

∫ ∞

0

∂L−1 fλk (S,APl )

∂λk (S,APl )
L−1

(
λk (S,APl )

)
dλk (S,AP1)· · · dλk (S,APL )

≈

∫ ∞

0
· · ·

∫ ∞

0

L∏
l=1

fλk (S,APl )

(
λk (S,APl )

)
dλk (S,AP1)· · · dλk (S,APL ) .

(34)

According to [31], the average BER of the link between
transmitter U and receiver V can be modeled using (35), where
gA and gB are constants for a specific modulation scheme M ,
Q(·) is the Q-function [32], PT and PN are the average power
of transmitter and noise respectively, λk (U,V ) and fλk (U,V )

represents the k-th eigenvalue of fading channel matrix with
pathloss effects considered, and its corresponding PDF.

P (k) =
1

log2M

×

∫ ∞

0
gAQ

*.
,

√
gBλk (U,V ) PT

PN

+/
-

fλk (U,V )

(
λk (U,V )

)
dλk (U,V ) .

(35)

A simplified model for high SNR scenarios was presented
in [7], which showed that when the average SNR is high,
the average BER P(k) in (35) can be approximated by only
considering the integral in (35) over the interval where λk (U,V )
is small since for the rest of the domain the function Q is
practical zero and the integral is negligible [7]. Equation (35)
can be then simplified to (36):

P (k) ≈
1

log2M

×

∫ D

0
gAQ

*.
,

√
gBλk (U,V ) PT

PN

+/
-

fλk (U,V )

(
λk (U,V )

)
dλk (U,V ),

(36)

where (0, D) is the integral domain satisfies the Assumption
3 (AS3)) in [7].

This conventional approach based on (35) and its simplified
version (36) are intuitive but both involve L + 1 fold inte-
grations. Alternatively, we proposed a MGF-based approach
simplifying the calculation to one-fold integration of a closed-
form solution. We first derive the conditional BER of the
combined SNR given SNRs of all branches:

γk =

L∑
l=1

γk (S,APl ), (37)

as:

P
′

(S,AP) (k) |{γk (S,APl ) }
L
l=1
=

1
log2M

gAQ
*..
,

√√√
gB

L∑
l=1

γk (S,APl )
+//
-
.

(38)
Let us denote the PDF of SNR for l-th branch link
as fγk (S,APl )

(
γk (S,APl )

)
, and the corresponding MGF as
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Mγk(S,APl)
.ByaveragingtheproductofconditionalBERfor

allbranches’PDFofSNR,theaverageBERforthecombined
linkscanbeobtainedas:

P(k)=
1

log2M

gA
π

π/2

0

L

l=1

Mγk(S,APl)
−
gB

sin2θ
dθ.

(39)

SeeAppendixDforthecompletederivationof(39).
ReferringtothehighSNRapproximationin[7],thePDF

ofeigenvalueλk(S,APl)canbeapproximatedintheexpression
ofMcLaurinseriesas(40):

fλk(S,APl) λk(S,APl) =





0, λk(S,APl)∈(
[Q−1(0+)]2

gBPT/PN
,∞);

cl,kλl,k
dk+oλk(S,APl)

dk , otherwise
,
(40)

whereQ−1(0+)istheinverseQfunctionclosedtotheorigin
fromtherightside.ThecorrespondingMGFcanbeobtained
as(41):

Mλk(S,APl)(t)=
(−1)dkcl,k

tdk+1
(1+dk,−tx),

λk(S,APl)∈[0,
Q−10+

2

gBPT/PN
],

(41)

where (·)istheincompletegammafunction[32].Bysub-
stituting(41)intoMγk(S,APl)

(t)=Mλk(S,APl)(tPT/PN)and
(39),weobtaintheaverageBERforthemulti-branchmulti-
hoplinkfromSTAtoAP:

P(k)=
gAπ

−1

log2M

π
2

0

L

l=1



−cl,k dk+1,
gBPT
PNsin

2θ
x

gBPT
PNsin

2θ

dk+1



dθ.

(42)

D.BERAnalysisforCAF,AFandDFNetworks

GiventheBERanalysisforageneralcooperativenetwork
intheSubsectionIV-C,wefirstconsidertheCAFnetwork.
ShowninFig.5andFig.6,CAFdownlinkisasingle-branch
dual-hoplink,whileCAFuplinkcomprisesLbranches:one
dual-hop,andL−1triple-hoplinks.Bysubstituting(43)and
(33)into(42)respectively,wecanobtaintheaverageBERs
forCAFdownlinkanduplink.

cl,k=ak α
−(dk+1)
(AP,Ri)

+α−(dk+1)(Ri,S)
, (43)

cl,k=




ak α
−(dk+1)
(S,Ri)

+α−(dk+1)(Ri,APi)
, l=i;

ak α
−(dk+1)
(S,Ri)

+α−(dk+1)(Ri,Rj)
+α−(dk+1)(Rj,APj)

,l=j.
.

(44)
TheBERanalysisofAFnetworkissimilarwithCAF

network,excepttheAFnetworkcomprisesonlyonesingle-
branchdual-hopforbothdownlinkanduplink.
FortheDFnetwork,packetsaredecoded,re-encoded,and

forwardedhop-by-hop.Uponreceptionofapacketoneach
hop,receiverscheckthepacket’sCyclicRedundancyCheck
(CRC)anddropitifthereexistsanerror.Letusdenote
P(S,Ri)(k)andP(Ri,AP)(k)asthefirstandsecondhopBER

fortheDFuplink.Similarly,P(AP,Ri)(k)andP(Ri,S)(k)are
denotedasthefirstandsecondhopBERfortheDFdownlink.
TheseBERscanbederivedbysubstitutingPDFsofλk(U,V)
foreverysinglehoplink,givenin(25),into(35)respectively.
Then,theBERofDFnetworkuplinkcanbemodeledas:

P(k)=1− 1−P(S,Ri)(k) 1−P(Ri,AP)(k). (45)

Similarly,theBERforthedownlinkoftheDFnetworkcan
bemodeledas:

P(k)=1− 1−P(AP,Ri)(k) 1−P(Ri,S)(k). (46)

E.CodingGain

WhileuncodedBER modelsofCAF,AFandDFnet-
worksarederivedinSubsectionIV-D,forwirelesssystems
inpractice(e.g.,IEEE802.11),itisnecessaryto model
theimpactofchannelcoding.AccordingtoIEEE802.11
standards[33][34],twocodingapproachesareadoptedfor
forwarderrorcorrection(FEC)toincreaseerrorresilience.The
mandatoryapproachisbinaryconvolutionalcoding(BCC),
whiletheoptionaloneislow-densityparity-check(LDPC).In
thecontextofthispaper,weassumeBCCisused.
ToestimateimpactofIEEE802.11codinggaintoCAF,AF,
andDFrelaynetworks,wemakefollowingtwoapproxima-
tions.First,slowfadingisassumed.Second,asymptoticcoding
gainisusedfortheestimation.Thesetwoapproximations
giveustheupperboundofactualcodinggain.According
to[35],theasymptoticcodinggainGc[dB]oftheBCC
encoder/decodercanbemodeledas:

Gc=10log10(dminR), (47)

wheredmin istheminimumHammingdistancebetweenany
twodifferentcodewords,andRisthecodingrate.These
valuesaredefinedinIEEEstandards[33][34].Thecoding
gainGcismeasuredasareductionofSNRatthereceiver
necessarytoachievethesameBERasatransmissionwithout
Gc.

F.DeterminationofWLANCoverages

PathlossmodelsforIEEE802.11networkswereproposedin
anIEEEdocument[29].Omittinglog-normalshadowing(also
knownasshadowfading),thepathlossofanIEEE802.11link
betweenthetransmitterUandreceiverVismodeledas:

αU,V=PLFS(dBP)+3.5×10log10(d/dBP), (48)

wheredisthedistanceofthelinkinmeter,dBPisdefinedas
break-pointdistancewithspecificvaluesdefinedin[29],and
PLFS(·)isthefreespacepathloss:

PLFS(dBP)=−10log10


GtGr

c

4πfdBP

2
, (49)

whereGtandGraretransmitterandreceiverantennagains
inratios,cisthespeedoflightinmeterspersecond,and
fistheradiofrequencyinHz.Bysubstituting(48)into
(43)and(44)respectively,wecanobtainaBERmodelthat
incorporatesIEEE802.11pathlossfora WLANusingCAF
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TABLE II
CONFIGURATION PARAMETERS

Parameters Value

Number of Antennas Ka 2
Number of Antennas Kr 2
Number of Antennas Ks 2

AP Antenna Gain 2 dBi
Relay Antenna Gain 2 dBi
STA Antenna Gain 2 dBi

AP TX Power 20 dBm
Relay TX Power 20 dBm
MS TX Power 15 dBm

Channel Frequency 5.25 GHz

Frame Length 1000 Bytes

scheme. Similarly, we model the BER for a WLAN using AF
and DF schemes respectively.

The IEEE 802.11 standards require that, for a particular
transmission rate, the Frame Error Rate (FER) of a PSDU
with 400 octets should be lower than a threshold of 3% [33].
This is equivalent to a BER threshold Pthreshold = 9.5×10−6.
The BER ωBER converts to FER ωFER by:

ωFER = 1 − (1 − ωBER)FL , (50)

where FL is the frame length in bits. Given a specific
modulation scheme, we define the coverage of a relay network
as the areas where the BER P(k) is lower than Pthreshold .
Specifically, the coverage boundary is obtained by increasing
distance d beginning from zero until P(k) ≥ Pthreshold .

V. PERFORMANCE EVALUATION

This section evaluates the PHY performance of CAF in
comparison to conventional AF and DF networks. We config-
ure all networks with one access point and six auxiliary relays
placed symmetrically around the AP. A deployment of more
relays would further favor CAF comparing with the other two
approaches (AF and DF).

For this simulation, IEEE 802.11 standard parameters and
common configuration options are considered. In this paper,
we follow IEEE 802.11n-2012, although the results can easily
be extended to other variants. Parameters configured in this
simulation are shown in the Table II. We assume MIMO SDM
for all devices.

Fig. 7 shows the data rates as a function of distance between
a STA and the AP, comparing CAF, AF and DF networks.
For simplicity, we assume following four modulation schemes
(MCSs) are adopted: 64-QAM (2/3), 16-QAM (1/2), QPSK
(1/2), and BPSK (1/2)2. As described in the Section IV, the
CAF downlink is as same as the AF downlink and are there-
fore shown together. As shown in Fig. 7, CAF significantly
outperforms AF and DF in terms of data rates on the uplink
while being close to DF on the downlink. Since in practice
a usable link requires both an uplink and a downlink, CAF
significantly outperforms AF and DF for duplex links.

2(2/3) and (1/2) indicate for the FEC rates used.
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Fig. 7. Date rates for a system employing six relays and using CAF, AF and
DF for uplink and downlink as a function of distance between the client and
the AP. Noise floor is -55 dBm.

Fig. 8 depicts the uplink uncoded BERs versus equivalent
SNR of the same dual-hop link for CAF, AF and DF scenarios,
using both theoretical and Monte Carlo simulation results. As
illustrated, the uncoded BER of CAF decreases significantly
faster than AF and DF approaches while SNR increases. The
performance of CAF is due to the larger diversity gain, which
is achieved by utilizing all six branches for communication.
These branches are considered uncorrelated, given the geo-
graphically separated placement and frequency orthogonality
of local channels of relays. They reduce the probability that,
when a symbol is passed through the system, all branches are
severely faded and lead to a symbol estimation error at the AP.
Equivalently, that means these redundant branches reduces the
ratio of a symbol error (SER). In addition, with MRC at the
AP, SNR of a symbol is improved by properly combining six
replicas from these branches, which further lowers the SER
for CAF.

Figs. 9(a) and 9(b) show two-dimensional uplink and down-
link coverage maps of CAF, AF, DF and No-Relay-Forwarding
(NF) scenarios with BPSK (1/2) MCS and six auxiliary relays,
in terms of the two streams (named the better and worse
stream). As shown in Fig. 9(b) downlink coverage of DF
network is slightly better than AF network (AF and CAF
networks are identical for the downlink), which has been pre-
viously reported in [18], [36] for small SNRs. For the uplink
coverage, the CAF network outperforms significantly AF and
DF networks, for both the better and the worse streams, as
signals of CAF uplink benefit from five additional diversity
paths. Similar comparison results can also be observed for
CAF, AF and DF networks using other MCSs or different
channel frequency.

As shown in Figs. 9(a) and 9(b), the worse streams
are limited to a shorter range in comparison with the
corresponding better streams, since the worse streams have
lower diversity gain than the better streams. This performance
gap was previously reported in an experimental research [37]
for IEEE 802.11n.
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Fig. 8. Theoretical results (lines) and Monte Carlo simulation results (marker
dots) for average uncoded BER of k-th stream for a system employing six
relays and using CAF, AF and DF for uplink as a function of equivalent SNR
of the same dual-hop link STA → relay Ri → AP.

VI. CONCLUSION AND FUTURE WORK

In this paper, we have proposed a novel cooperative multi-
channel MIMO relay system to extend the coverage of 802.11
networks with no changes on the IEEE 802.11 standards. It
has been shown that CAF network performs significantly better
than both conventional AF networks and DF networks.

In the future, we will continue our research on following
issues:
• CAF networks with cooperative downlinks.
• CAF networks with MIMO used for beamforming.
• MAC layer performance modeling for CAF, AF and DF

networks.

APPENDIX A

Given two random variable X , Y and their PDFs at zero,
namely fX (0) and fY (0), the PDF of random variable W =

XY/(X + Y ) at zero is given as fW (0) = fX (0) + fY (0).
Proof: Set auxiliary random variable Z = X+Y such that:

X = h1(W, Z ) = Z −
Z ±
√

Z2 − 4W Z
2

, (51)

Y = h2(W, Z ) =
Z ±
√

Z2 − 4W Z
2

. (52)

Then the Jacobian is:

J =
�����

∂h1 (W,Z)
∂W

∂h1 (W,Z)
∂Z

∂h2 (W,Z)
∂W

∂h2 (W,Z)
∂Z

�����
. (53)

Substituting W = 0 into (53), we obtain:

|J ||W=0 = 1. (54)

Therefore, we have:

fWZ (W, Z ) = |J | fXY (X,Y )
= |J | fX (h1(W, Z )) fY (h2(W, Z )) .

(55)

Integrating both sides of (55) over Z:

fW (W ) =
∫ ∞

0
|J | fX (h1(W, Z )) fY (h2(W, Z )) dZ . (56)

Substituting W = 0, we have:

fW (0) =
[

fX (0)
∫ ∞

0
|J | fY (h2(W, Z )) dY

+ fY (0)
∫ ∞

0
|J | fX (h1(W, Z )) dX

]

= fX (0) + fY (0).

(57)

APPENDIX B

Given three random variables X , Y , and Z and their PDFs
at zeros, namely fX (0) fY (0) and fZ (0), the PDF of random
variable W = XY Z/(XY + Y Z + X Z ) at zero is given as
fW (0) = fX (0) + fY (0) + fZ (0).

Proof of this can follow the same method used in Appendix
(A). Through setting auxiliary random variable V = X + Z
and S = Y − Z , we have |J |= ∂(X,Y,Z)

∂(W,V,S) = 1 and fW (0) =
fX (0) + fY (0) + fZ (0). We omit details of calculation.

Alternatively, we can prove this by following approach:
Proof:

Pr
(
W ≤ 0+

)
= 2Pr

(
X ≤ 0+

)
Pr

(
Y ≤ 0+

)
Pr

(
Z ≤ 0+

)
+ Pr

(
X ≤ 0+

)
+ Pr

(
Y ≤ 0+

)
+ Pr

(
Z ≤ 0+

)
− Pr

(
X ≤ 0+

)
Pr

(
Y ≤ 0+

)
− Pr

(
Y ≤ 0+

)
Pr

(
Z ≤ 0+

)
− Pr

(
X ≤ 0+

)
Pr

(
Z ≤ 0+

)
.

(58)

Writing (58) for their CDFs, we obtain:

FW (0) = FX (0) + FY (0) + FZ (0) + 2FX (0)FY (0)FZ (0)
− FX (0)FY (0) − FY (0)FZ (0) − FX (0)FZ (0).

(59)

Given (59) and PDF functions in the form f ( ·) (·) = a (·)d +
o
(
(·)d

)
, when w → 0+, we have

fW (w) = fX (w) + fY (w) + fZ (w) + o
(
wmin{dX,dY ,dZ }

)
.

(60)

A similar approach is found in [8].

APPENDIX C
PDF OF SUM OF RANDOM VARIABLES

For N i.i.d random variables Xi with i ∈ (1, N ), we define
their sum as Y :

Y =
N∑
i=1

Xi . (61)

The Laplace transform of (61) is given by (62) and (63):

LY (s) =
N∏
i=1
LXi (s), (62)
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Fig. 9. Uplink and downlink coverage for a 5.25 GHz 2 × 2 MIMO SDM system with BPSK(1/2) MCS, employing six relays and using CAF, AF, DF and
No-Forward (NF) schemes.

∫ ∞

0
e−st fY (t)dt =

N∏
i=1

∫ ∞

0
e−st fXi (t)dt. (63)

From the Initial Value Theorem (IVT), we have:

lim
t→0

f (t) = lim
s→0

sF (s). (64)

Multiplying s to both sides of (63) and take their limits at
s → ∞:

lim
s→∞

s
∫ ∞

0
e−st fY (t)dt = lim

s→∞
s

N∏
i=1

∫ ∞

0
e−st fXi (t)dt (65)

From IVT and (65), we obtain:

lim
t→0

fY (t) = lim
t→0

fX1 (t) lim
s→∞

N∏
i=2

∫ ∞

0
e−st fXi (t)dt. (66)

Again, multiplying s to both sides and take their limits at
s → ∞:

lim
s→∞

s
[
lim
t→0

fY (t)
]
= lim

s→∞
s


lim
t→0

fXi (t) lim
s→∞

N∏
i=2

∫ ∞

0
e−st fXi (t)dt


.

(67)
Then, we obtain:

lim
t→0

∂ fY
∂Y

(t) = lim
t→0

fX1 (t) lim
t→0

fX2 (t)

lim
s→∞

N∏
i=3

∫ ∞

0
e−st fXi (t)dt


.

(68)
Multiply sN−2 to both sides of (68) and repeat IVT for N − 2
times, we finally obtain:

lim
t→0

∂N−1 fY
∂Y N−1 (t) =

N∏
i=1

lim
t→0

fXi (t). (69)

Consequently, we obtained

∂N−1 fY
∂Y N−1 (0) =

N∏
i=1

fXi (0). (70)

APPENDIX D
DERIVATION OF EQUATION (39)

P (k) =
∫ ∞

0
· · ·

∫ ∞

0



1
log2M

gAQ
*..
,

√√√
gB

L∑
l=1

γk (S,APl )
+//
-

×

L∏
l=1

fγk (S,APl )

(
γk (S,APl )

)
dγk (S,AP1) · · · dγk (S,APL )

=

∫ ∞

0
· · ·

∫ ∞

0

[
1

log2M
gA

π

∫ π/2

0

L∏
l=1

exp
(
−
gBγk (S,APl )

sin2 θ

)
× fγk (S,APl )

(
γk (S,APl )

) ]
dθdγk (S,AP1) · · · dγk (S,APL )

=
1

log2M
gA

π

L∏
l=1

[ ∫ ∞

0

∫ π/2

0
exp

(
−
gBγk (S,APl )

sin2 θ

)
× fγk (S,APl )

(
γk (S,APl )

)
dθdγk (S,APl )

]

=
1

log2M
gA

π

∫ π/2

0

L∏
l=1

[
Mγk (S,APl )

(
−

gB

sin2 θ

)]
dθ.

(71)
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