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Introduction

Autonomous underwater vehicles (AUVs) are 
critical in the performance of underwater missions, 
including ocean exploration, inspection of coastal 
structures and shipwrecks, as well as in defense [1, 2]. 
Despite the capabilities of current AUVs, they have 
limitations in terms of performing precise station 
keeping in the presence of currents as well as other 
external forces that could otherwise result in vehicles 
drifting out of position. In addition, current AUVs 
exhibit limited maneuverability, which restricts 
their performance in complex environments such as 
turbulent surf zones [3]. At low speeds, the efficiency 
of propellers to generate thrust declines considerably 

making it difficult for these propeller-driven vehicles 
to maneuver or hover in place [4]. Fish are able to 
achieve high efficiency and impressive maneuvers 
that far exceed conventional man-made vehicles. 
Thus, bio-inspired propulsors could be a solution 
to the challenges of low-speed maneuvering and 
station keeping [5]. In this work, we present a novel 
bio-inspired underwater robot—the KnifeBot—that 
controls forward motion and directional maneuvers, 
undulating a single fin that runs along the ventral side 
of the vessel.

Fish locomotion using ribbon-fin propulsion has 
evolved independently for various ray-finned fishes 
in marine and fresh water, providing rich fin morph-
ology variations [6, 7]. In this type of swimming mode, 
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Abstract
Undulatory fin propulsion exhibits a high degree of maneuver control—an ideal feature for 
underwater vessels exploring complex environments. In this work, we developed and tested a self-
contained, free-swimming robot with a single undulating fin running along the length of the robot, 
which controls both forward motion and directional maneuvers. We successfully replicated several 
maneuvers including forward swimming, reversed motion, diving, station-keeping and vertical 
swimming. For each maneuver, a series of experiments was performed as a function of fin frequency, 
wavelength and traveling wave direction to measure swimming velocities, orientation angles and 
mean power consumption. In addition, 3D flow fields were measured during forward swimming 
and station-keeping using volumetric particle image velocimetry (PIV). The efficiency for forward 
swimming was compared using three metrics: cost of transport, wave efficiency and Strouhal number 
(St). The results indicate that the cost of transport exhibits a V-shape trend with the minimum value 
at low swimming velocity. The robot reaches optimal wave efficiency and locomotor performance at 
a range of 0.2–0.4 St. Volumetric PIV data reveal the shed of vortex tubes generated by the fin during 
forward swimming and station keeping. For forward swimming, a series of vortex tubes are shed off 
the fin edge with a lateral and downward direction with respect to the longitudinal axis of the fin. For 
station keeping, flow measurements suggest that the vortex tubes are shed at the mid-section of the 
fin while the posterior and anterior segment of the vortex stay attached to the fin. These results agree 
with the previous vortex structures based on simulations and 2D PIV. The development of this vessel 
with high maneuverability and station keeping performance has applications for oceanography, 
coastal exploration, defense, the oil industry and other marine industries where operations are 
unsafe or impractical for divers or human-piloted vessels.
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aquatic organisms generate thrust by sending trave-
ling waves along one or multiple fins. The fins can be 
located at the dorsal side (e.g. amiiform), the ventral 
side (e.g. gymnotiform) or a combination of both (e.g. 
balistiform). These swimmers are capable of modulat-
ing different traveling waves along the fins to adjust to 
various flow conditions, thus achieving remarkable 
maneuvers and swimming efficiently at low speeds  
[8, 9].

The American knifefish is an example that uses 
this type of undulating fin propulsion (figure 1(A)). 
The fish has a low aspect ratio fin that runs along the 
ventral midline. The fin is composed of more than a 
hundred bony rays that are interconnected with a col-
lagen membrane [10, 11]. During forward swimming, 
the fish keeps its body mainly straight and uses the 
fin as the main propulsor. Moreover, the fish can per-
form impressive changes in direction including rapid 
breaks, precise station keeping and alternate between 
forward and backward motion changing the kinemat-
ics of the undulating fin [12–19]. These outstanding 
maneuvers make this propulsion method of particular 
interest for underwater vehicles.

The motivations of the present study are as follows. 
First, the aim is to understand the swimming perfor-
mance and maneuver control of undulating fin pro-
pulsion; second, to understand the 3D fluid dynamics 
associated with this propulsion method. The knowl-
edge gained through this research can provide prom-
ising insight into the design, development and design 
of highly maneuverable underwater vessels for appli-
cations such as ocean exploration, underwater rescue 
and coastal structures inspections [3].

Different approaches have been used in previ-
ous studies to understand undulating fin-based pro-
pulsion, including live animal observation [6, 11, 18, 
20], theor etical/numerical analyses [21–27], as well as 
physical models [28–44]. Numerous robotic devices 
have been developed to study undulating fin propul-
sion. The design complexity, fabrication and control of 
these robotic platforms can vary enormously. Lauder 
et al [28] used a simple robotic flapping foil appara-
tus to explore the effect of actuation parameters on 
the locomotor characteristics. Liu et al [43] developed 
a ribbon-fin model to investigate the effect of fin ray 
stiffness and fin morphology on the thrust genera-
tion, power consumption and propulsive efficiency 
of ribbon-fin propulsion with flexible rays. Although 
these simple physical models could fulfill some impor-
tant research questions, robotic devices with the  
control of each individual ray allow the study of 
undulating fin propulsion with a much broader 
range of actuation parameters [18, 19, 32, 37, 39, 42]. 
For instance, Epstein et al [32] constructed a robotic 
device of a ribbon fin composed of eight rays, actuated 
individually, linked by a thin latex sheet to measure 
the thrust force with changing actuation parameters  
(frequency, amplitude and wavelength). Curet et al 

[19, 39] used a robotic undulating fin model, Ghost-
Bot, composed of 32 rays covered by a Lycra mem-
brane to study propulsive force, swimming velocity 
and flow structures generated by the undulating fin. 
The robotic device housed 32 motors in a spiral over-
lapping arrangement inside the torpedo-like hull. 
This robot has to be mounted and tethered to receive 
power and signals outside the water. Neveln et al used a 
similar physical model to conduct flow measurements 
around the undulating fin [42].

Previous experimental studies mainly focused on 
the fin kinematics, hydrodynamics and thrust gen-
eration of undulatory fin propulsion. However, the 
potential of using a single undulating fin to control 
the six-degree of freedom of an underwater vessel has 
remained elusive. As a first step toward the 3D motion 
control of vessels propelled by undulating fins, we 
focused on the kinematics and performance of three 
key maneuvers: forward swimming, reversed motion 
and station keeping (figure 1(B)). In addition, we dem-
onstrated the ability of vertical swimming. For forward 
swimming, three metrics of swimming performance 
are presented: cost of transport (COT), wave efficiency 
and Strouhal number.

Some key parameters used throughout the paper 
are displayed in the schematic diagrams (figures 
1(C) and (D)). The Eulerian reference frame is pre-
sented as x, y, z and the robot body frame is given by 
X (surge), Y (sway) and Z (heave). Traveling waves 
initiated from the leading edge of the ribbon fin 
(anterior part) and proceeding to the trailing edge 
(posterior part) are defined as the ‘head waves’. 
Those from the opposite direction (trailing edge 
to leading edge) are termed ‘tail waves’. The Euler 
orientation angles, (Φx,Φy,Φz), are roll, pitch, and 
yaw, respectively. θ is the angle deflection of the fin 
(the maximum deflection amplitude is θmax). λ is the 
traveling wavelength. Lfin represents the fin length. 
The ‘number of undulations’ is defined as Lfin/λ, 
the reciprocal of the specific wavelength [8, 45]. The 
height of the fin and the body are given by hfin and 
hbody respectively. Points B and Cg denote the center 
of buoyancy and center of gravity, respectively. The 
net force generated by the undulatory fin is given by 
Ffin net which can be divided into the X-axis comp-
onent FfinX and in Z-axis FfinZ. The mean lateral force 
FfinY is equal to zero over one fin cycle. The drag of 
the vessel is given by Fdrag.

A series of experiments were conducted to meas-
ure the vessel’s kinematics and mean power consump-
tion during forward swimming, reversed swimming 
and hovering (see supplementary material movies 1–5 
(stacks.iop.org/BB/13/056006/mmedia)). For each 
experimental set, we measured free-swimming veloci-
ties, power consumption and orientation angles of the 
robot. The evolution of the flow structures for forward 
swimming and station-keeping are shown in supple-
mentary movies 6 and 7, respectively.
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Materials and methods

Robotic vessel model: the KnifeBot
The overall design of the KnifeBot (figure 2(A)) 
consists of the mechanical configuration (including 
hull construction and power transmission) and the 
electronics (including motor control, sensors and data 
acquisition).

The robot features a compact slender body with an 
oval-shaped cross-section and one semi-ellipsoid cap 
at each end. Its overall length is 46.2 cm; the width is 
7.7 cm and the height is 12.5 cm without the fin part. 
The fin is 30 cm long and 7 cm high (Lfin  =  30 cm; 
hfin  =  7 cm). The hull is composed of two parts: the 
upper shell and the bottom support. The upper shell 
and bottom support were divided into five segments, 
which were manufactured via a 3D printer. The hull 
houses one master board, four slave boards to con-
trol the motion of the motors, and the sensors (fig-
ure 2(C)). The batteries (Li-ion 18650) are located 
in the semi-ellipsoid caps. The robot houses sixteen 
motor units (RE10, Maxon Motor AG, Sachsein, 
Switzerland) along the centerline of the bottom sup-
port with a constant spacing distance of 2 cm. Each 
motor unit includes a motor, a 64:1 gear reducer and 
a two-channel encoder with 16 counts per motor 
rotation. A connector (Impulse IE55-1206-BCR) was 
installed in the trailing end of the bottom support  

(figure 2(D)) to recharge the batteries and to trans-
fer data. On the external side of the upper hull, a vac-
uum plug was fitted at the trailing end to control the 
pressure of the inner room. In addition, we designed 
mountings to install pectoral fins for future studies.

Stainless steel shaft collars were used to water-
proof the rotational output of the motor to the rays. 
Rotary shaft seals (13125K64 McMaster-Carr) were 
used to reduce the rotational friction (figure 2(B)). 
Note that all motors were placed in a vertical orienta-
tion. 90° bevel gears were used to transmit the vertical 
rotational motion of the motor to the lateral motion 
of the rays. A Buna-N rubber o-ring (4464T323 
McMaster-Carr) with an A65 durometer was used to 
waterproof the interface between the upper shell and 
the bottom support. Twenty screws were used to hold 
the two parts.

The center of gravity was designed to be below the 
center of buoyancy to ensure the stability of the vessel. 
The robot was designed to be slightly negative buoy-
ant in a similar fashion to the knifefish [19]. When the 
robot was submerged into the water without actua-
tion, it would sink to the bottom of the tank slowly. In 
addition, the fore body part was designed to be slightly 
heavier than the aft body with an initial negative pitch 
angle of approximately  −1.2°.

The KnifeBot is a self-contained system that con-
tains all the electronic components, including four 

Figure 1. Photograph of black ghost knifefish, the KnifeBot and schematic of the robotic model. (A) Apteronotus albifrons from 
South America (photo courtesy of Per Erik Sviland). Typical adult fish measure from 15 cm to 50 cm. (B) Snapshot of the robotic 
vessel swimming in the water tank. (C) Schematic of the robotic model from perspective view showing the inertial reference frame 
(x, y, z); the robot body frame (X, Y, Z); the orientation Euler angles (Φx,Φy,Φz); the wavelength (λ) and angular fin deflection 
(θ) of the traveling wave. The center of gravity and buoyancy are presented as Cg and B respectively. (D) Schematic of the model 
from lateral view displaying the height of the fin hfin, the height of the body hbody, the fin length Lfin, the drag force Fdrag, the net force 
generated by the undulatory fin Ffin net with its component in the X direction FfinX and Z direction FfinZ. xfin is the reference frame 
along the pivot axis of the fin to prescribe the kinematics of the fin.

Bioinspir. Biomim. 13 (2018) 056006
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motor control boards (slave boards), one master con-
trol board, batteries and motors inside the hull (figure 
2(E)). Each slave board hosts two microcontroller 
units (MCUs) (dsPIC33EP512GM304, Microchip 
Technology) to control the four motors via pulse-
width modulation (PWM). As the ribbon fin performs 
the undulatory kinematics, each ray/motor under-
goes a sinusoidal oscillating motion. A proportional-

integral-derivative (PID) controller was implemented 
to control the position of the motors. A sine look-up 
table with 256 values was established for the sinusoi-
dal motion of the motor positions in one cycle. At each 
time step, the MCU obtains the angular position of 
the motor from the encoder as the feedback input and 
reads the next position value from the look-up table as 
the setpoint. The PID module outputs a corrected 

Figure 2. Robot mechanism and electronic architecture of the KnifeBot. (A) Overall design schematic of the robotic device. (B) 
Close-up view of a body section to illustrate the power transmission mechanism. (C) Photograph of the upper shell, bottom support 
and onboard electronic components. (D) Photograph of the integrated robot including the hull and the fin membrane attached to it. 
(E) Electronic architecture of the robot to elucidate the functionality and structural connection of the electronic components on the 
master board and four slave boards.
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PWM signal to control the motor speed. Simultane-
ously, the slave microcontrollers measure the voltage 
and current of the motors to calculate the power con-
sumption.

The master control board accommodates one 
microcontroller for implementing multiple function-
alities. First, it sets up a Sync Bus to synchronize the 
time line for all slave MCUs, and the actuation of each 
motor. Second, the master establishes a Comms Bus 
through an universal asynchronous receiver transmit-
ter (UART) module to communicate with all the slaves. 
Once the master MCU receives an instruction from the 
host, it transmits the message to all slave MCUs via the 
Comms Bus. In addition, the slave boards can send 
the motor power and position data back to the master 
board. The master MCU interfaces with the other elec-
tronic components. For instance, it connects a Zigbee 
radio frequency module through the UART periph-
eral to communicate with the computer host (laptop 
computer). Although a radio signal is not suitable for 
deep-water communication, it was adequate for the 
water level and tests performed in this study (~0.6 m 
depth). During operation, the host computer trans-
mits a control command via the radio signal, contain-
ing information about the motion pattern (forward 
swimming, reversed swimming or hovering motion), 
the undulating frequency (0.5, 1.0, 1.5, 2.0 2.5, or 3.0 
Hz) and number of undulations (one or two) along the 
fin. For the current number of actuators, which is 16, 
we can resolve a reasonable two undulations along the 
fin. An inertial measurement unit component (PNI 
M&M module) is used to measure the linear accel-
eration (ax, ay, az), Euler angles of the robot (roll Φx, 
pitch Φy , yaw Φz ) and rotational velocity (ωx,ωy,ωz) 
through inter-integrated circuit (I2C) protocol. A 16 
MB flash memory (Winbond’s W25Q SpiFlash) unit 
is connected to the master MCU via a serial peripheral 
interface (SPI) to save all the collected data. In addi-
tion, the master MCU interfaces with various sensors 
including temper ature, pressure and leakage sensors 
through an analog-to-digital converter (ADC) module 

allowing the operator to monitor the inner pressure/ 
temper ature and leakage.

Fabrication of the robotic hull and the fin part
The hull segments were fabricated with ABSplus 
using a Mojo Desktop 3D printer (Stratasys Corp.) 
with a vertical resolution of 0.178 mm (printing 
resolution). Due to the limitation of the printing space 
(12.7 cm  ×  12.7 cm  ×  12.7 cm), the upper shell and 
bottom support were printed in five sections. After 
printing, an epoxy (BJB TC-1614) was used to seal the 
3D printed parts [55]. Subsequently, all the upper and 
bottom sections were assembled and bonded together.

The membrane of the fin was composed of a dou-
ble layer Lycra fabric. Previous ribbon-fin models have 
used various materials to make the fin membranes, 
which can cover a large range of mechanical proper-
ties. Low [36] used rigid acrylic segments as the fin—a 
considerable departure from flexible ribbon fins. 
Other options include elastic rubber or fabric, such 
as a Latex sheet [18, 32] or Lycra membrane [19, 39] 
with a Young’s modulus of 0.2 MPa, similar to the fish 
fin membrane [56]. The rays to actuate and manipu-
late the membrane were composed of Delrin Actural 
Resin (EI = 2.32 × 10−3) Nm2 with a 7 cm high and 
approximately 0.1 cm width, as used in a previous 
study regarding the stiffness of fin rays [43]. The dis-
tance between two proximal rays is 2 cm. From a bio-
logical standpoint, fish fin rays are highly flexible and 
can exhibit substantial bending during swimming 
[11].

Experimental procedures
A series of free-swimming experiments were 
performed in a wave tank of 1.22 m (4 feet) high, 1.22 
m (4 feet) wide and 18.29 m (60 feet) (figure 3(A)). For 
the experiments the water depth was approximately 
0.6 m. The vehicle was launched by an operator at 
the centerline of the tank. The robot was controlled 
remotely using a laptop computer. A camera with 
1920  ×  1080 pixel resolution was used to record the 

Figure 3. Free-swimming experimental setup and volumetric particle image velocimetry (V3V PIV). (A) The schematic diagram of 
experimental setup to measure swimming velocities, orientation angles and power consumption. The robot was launched manually 
in a wave tank along the centerline to perform different maneuvers. (B) V3V PIV configuration. Four synchronized cameras were 
mounted on an aluminum frame, pointing to the tank. A mirror was placed under the tank to deflect the laser volume emitted from 
the laser head.
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movement of the robot from the lateral perspective or 
bottom view.

Three series of experiments were performed to 
study forward swimming, reversed swimming and 
hovering. In forward swimming, the undulating fre-
quency was varied from 0.5 Hz to 3.0 Hz with a step 
of 0.5 Hz and number of undulations from 1 to 2. 
For each trail, kinematics and mean power data were 
collected for approximately a travel distance of 3.66 
m. The kinematics were recorded with a camera at 
24 frames per second (fps) after swimming 1.22 m 
and the robot had passed the acceleration phase and 
reached a quasi-steady state swimming state. Dur-
ing reversed swimming, the robot swam forward for 
almost 2.44 m, then a reversed command was trans-
mitted. With the reverse command the traveling wave 
started to propagate in the opposite direction (from 
the tail to head). The reverse maneuver was tested for 
1.0 Hz and 2.0 Hz with one undulation. In the last 
experimental set, the undulating fin had counter-
propagating waves—one traveling wave from the 
head and one wave from the tail. With these fin kin-
ematics the robot was able to initially perform ver-
tical swimming. Then, the robotic fish reached the 
water surface since the heave force generated by the 
fin was larger than the result of the buoyancy minus 
the weight. At the surface, the robotic device was able 
to hover. The counter-propagating waves’ kinematics 
were tested for 1 and 2 Hz. All the free-swimming kin-
ematics of the vessel were analyzed using a MATLAB® 
(version R2014b; Mathworks®) program. The black 
plug at the rear of the vessel was used to track the ves-
sel motion using image processing through MAT-
LAB®. The length of the vessel was used to convert 
pixels to meters. For the data processed, the robotic 
fish was traveling parallel to the longitudinal axis of 
the water tank.

The motor power consumption and robot orien-
tation were measured with sensors inside the vessel. 
These measurements were recorded after the com-
mand signal to initiate the fin undulation. The data 
were collected 16 times per cycle. For instance, when 
the fin was actuated at 2.0 Hz, these measurements 
would be written into the flash memory at a frequency 
of 32 Hz. To analyze the results’ varying frequency, we 
took the mean value of the time evolution data at each 
frequency after the first several undulating cycles to 
minimize the effect of the initial perturbation intro-
duced by the hand launch.

The configuration of the flow measurement using 
volumetric PIV is shown in figure 3(B). Four syn-
chronized cameras (Powerview Plus 12Mp-180) were 
mounted on an aluminum frame and used to cap-
ture the wake features generated by the robot. The 
cameras were calibrated across the full spatial field of 
view using Insight V3V 4G software (TSI, Shoreview, 
MN, USA) with a calibration target of an even spac-
ing grid. The volume of the flow measurements was 
60 mm (length)  ×  80 mm (height)  ×  40 mm (width) 

and the images were captured with a pixel resolution of 
4096  ×  3072. After image post-processing, MATLAB® 
was used to plot the flow fields.

Results

Forward swimming
By sending head waves from the leading edge to the 
trailing edge of the fin, the robot generates a propulsive 
force to swim forward. An idealized sinusoidal wave 
along the fin was implemented using the following 
equation:

θray (xfin, t) = θmaxsin
[

2π
(xfin

λ
+ ft

)]
 (1)

where xfin is the fin coordinate along the longitudinal 
axis (figure 1(D)); t is the time; θmax is the maximum 
angular deflection (deflection amplitude) from 
the midsagittal plane, which was set as 30° in the 
experiments; λ is the wavelength and f is the undulating 
frequency. Movies S1–S3 in the supplementary material 
show the forward swimming from the side and bottom 
views, respectively. Snapshots of the motion of vessels 
are shown in figure 4 for fin frequencies of 0.5 Hz, 1.0 
Hz and 3.0 Hz with one undulation (figures 4(A)–(C)) 
and two undulations (figures 4(D)–(F)). The arrows 
indicate the trajectory and velocity of the robot during 
forward swimming. The velocity vectors are colored by 
the velocity magnitude. As can be observed, the robot 
can achieve higher swimming velocity as the frequency 
increases for a given wavelength. Thus, the robot can 
travel farther distance after for a specific time (2.0 s). 
Through a comparison of the cases under the same 
frequency with a different number of undulations, 
the robot exhibits a lower swimming velocity with two 
undulations along the fin.

From figures 4(A)–(C), the robot with one undu-
lation along the fin swam at the water surface with a 
fairly constant swimming velocity, indicating that the 
undulatory ribbon fin with head traveling waves can 
generate a thrust force in the surge direction as well as 
an upward force in the heave direction to overcome the 
submerge weight (FB  −  mg) of the robot. However, for 
two undulation and 0.5 Hz (figure 4(D)), the heave 
force is smaller than the resultant submerge weight, 
resulting in the robot device swimming close to the 
bottom wall of the tank. For 1 Hz and two undulations 
(figure 4(F)), the robot device exhibits a diving trajec-
tory, indicating that the heave force is slightly smaller 
than the submerge weight of the robot. The robotic 
device swims at the surface at a fin frequency of 3 Hz 
and two undulations (figure 4(F)) indicating that the 
heave force surpassed the submerged weight.

Figure 5 shows the swimming velocity and orienta-
tion angle as a function of fin frequency. The symbols 
are color-coded by the frequency. Filled and open sym-
bols represent the results with one undulation and two 
undulations along the fin, respectively. In figure 5(A), 
the swimming velocity increases with frequency.  

Bioinspir. Biomim. 13 (2018) 056006
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At the same frequency, the robot with a higher num-
ber of undulations exhibits a lower velocity. The inset 
shows the time evolution of surge displacement exem-
plified by the swimming cases of 1.0 Hz and 3.0 Hz. For 
each frequency, it exhibits a highly linear relationship 
between the surge displacement and the time, indi-
cating that the swimming velocity is constant and the 
robot reached a quasi-steady swimming state.

Figure 5(B) shows that the mean pitch angle of 
the robot also increases with the frequency and decays 
with the number of undulations. Note that the case 
with f  =  0.5 Hz and Lfin/λ  =  2 displays a large stand-
ard deviation because the robot was swimming in 
contact with the bottom of the tank, causing a signifi-
cant effect on the pitch angle. The inset shows how the 
pitch angle varies with time at 1.0 Hz and 3.0 Hz. We 
observe that the vessel exhibits a periodic oscillation 
whose frequency and amplitude both increase with 
frequency. Figures 5(C) and (D) present the roll and 
yaw angles as functions of frequency. The roll and yaw 
angles are both distributed along 0°, however the roll 
angles present smaller standard deviations. The time-
evolution of roll and yaw angles (insets of figures 5(C) 
and (D)) show an oscillation amplitude within the 
range of  ±10°. It can be observed that as the num-
ber of undulations increases, the standard deviations 
of swimming velocity and orientation angles reduce. 
This suggests that the robot has a higher stability with a 
larger number of undulations.

In the forward swimming case, the data show that 
the free-swimming velocity increases with frequency, 
which is as expected because the propulsive force 
generated by the undulatory fin grows with the fre-
quency [32, 39, 43]. However, unlike the thrust force 
that exhibits an exponential relationship with the 
frequency, the free-swimming velocity increases lin-

early at low frequencies. At higher frequency, the rate 
at which the swimming velocity increases tends to 
decrease.

Figure 6(A) shows the swimming velocity as a 
function of wave speed Vwave. Note that the swimming 
velocity exhibits a fairly uniform trend with wave speed 
regardless of the number of undulations along the fin. 
At the same wave speed, the case with two undulations 
can even reach a slightly higher swimming velocity. 
The total mean power consumption of the motors is 
shown in figure 6(B).

The Strouhal number (St) is broadly used as an 
important non-dimensional number to characterize 
unsteady oscillating flow in the wake of fish locomo-
tion [42, 46], expressed as:

St =
fA

Usw
 (2)

where f is the fin actuation frequency, A is a 
characteristic length associated with the oscillation 
and Usw is the swimming velocity. In this study 
the characteristic length was defined as the mean 
peak-to-peak amplitude at the mid-fin height. The 
Strouhal number of the robotic device as a function 
of the swimming velocity is shown in figure 6(C). For 
one undulation the minimum St is approximately 
0.2 and for two undulations the minimum St is 
approximately 0.4. This range of Strouhal number 
is in agreement with the Strouhal number found in 
swimming and flying animals [47]. St represents the 
ratio of local inertial force to the convective inertial 
force. For fish locomotion, St indicates the ratio of 
local momentum input from the fin to the wake to the 
output momentum exerted on the fish from the wake 
to moving the fish forward [42]. St has been used to 
characterize propulsion force and the efficiency of 

Figure 4. Snapshots of robot forward swimming with the trajectories and velocity vectors shown. (A)–(C) Forward swimming cases 
with selected frequencies (f  =  0.5, 1.0 and 3 Hz), with one undulation along the fin, Lfin/λ  =  1. See supplementary material movie S1 
for corresponding video. (D)–(F) Forward swimming scenarios with two undulations, Lfin/λ  =  2, under the same frequencies. See 
supplementary material movie S2 for the corresponding video. In each snapshot, the robot appears twice to show its position after 
2 s. The color map from dark blue to dark red indicates the magnitude of velocity vectors from 0 to 35 cm s−1.

Bioinspir. Biomim. 13 (2018) 056006
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oscillating and undulating locomotion. The St range 
of 0.2–0.4 in combination with specific kinematics 
(A/L  =  0.1–0.3) results in optimal swimming [57].

Another indirect measure of swimming efficiency 
is wave efficiency [48] or slip [49], defined as the ratio 
of swimming velocity to traveling wave speed:

ηwave =
Usw

Vwave
 (3)

where Vwave is the traveling wave velocity. ηwave has a 
range between 0 and 1, where ηwave = 0 represents 
no forward motion, and ηwave = 1 indicates the 
swimmer is swimming forward as fast as the traveling 
wave moves backwards. Figure 6(D) shows the wave 
efficiency as a function of swimming speed. The wave 
efficiency ranges from approximately 0.35 to 0.6 
depending on the fin actuation parameters. The wave 
efficiency for A. albifrons has been reported to reach as 
high as 0.7 [18]. Wave efficiency is a practical measure 
for live animal observation since it is only based on 
kinematics. However, it has some limitations, as it 

does not provide any information on the actual energy 
consumption during swimming.

A measurement widely used to compare locomo-
tion efficiency is the COT (COT  =  P/Usw) [50–52]. A 
lower COT indicates a better performance, as the ani-
mal or vessel moves farther with less amount of energy. 
Figure 6(E) shows the COT of the robotic device dur-
ing forward swimming. The COT follows a V-shape 
trend against swimming velocity for both one and 
two undulations with the best performance (mini-
mum point) for lower swimming velocities. As can be 
observed, the wave efficiency and COT provide two 
different optimal actuation parameters (see details in 
the discussion).

Reversed swimming
In the experiments of reversed maneuver, the robot was 
initially swimming forward, as shown in figure 7(A). 
Once a reversal command was sent, the fin rays stopped 
propagating head waves and started to generate tail 
waves from the trailing edge. As the robot changes 

Figure 5. Experimental results of forward swimming as functions of frequency. (A) Swimming velocity as a function of frequency. 
The inset shows the surge displacement versus time at 1.0 Hz (in orange color) and 3.0 Hz (in brown color) with one undulation 
along the fin. (B)–(D) Euler angles of pitch roll and yaw against frequency respectively. In each panel, the inset displays the time 
evolution of the corresponding orientation at 1.0 Hz and 3.0 Hz with one undulation. Frequencies from low to high are color-coded 
from yellow to brown. Error bars represent the standard deviations.
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swimming direction from forward to backward 
swimming (figures 7(A)–(C)), it also experienced 
variations in the orientation angle (figures 7(B)–(F)). 
Movie S4 shows the overall process at 1.0 Hz and 2.0 
Hz.

Figure 7(C) shows the time evolution of the 
swimming velocity from approximately the 10th 
second to the 25th second. The robot was firstly 
swimming forward with a mean velocity of 17.2 cm 
s−1 and a pitch angle of 0.146° (the green regions of 
figures 7(C) and (E)). After the command was sent, 
the reversal transition lasted approximately 2 s (the 
magenta regions in figures 7(C)–(F)) before swim-
ming in the opposite direction with a mean veloc-
ity of 11.4 cm s−1 and negative pitch angle of 1.695° 
(the blue regions of figures 7(C) and (E)). The rapid 
brake and reversal transition introduced a sharp 
fluctuation in the Euler angles, denoted as the peak 
points in the magenta regions.

Hovering maneuver and vertical swimming
The knifefish is able to perform hovering or 
station-keeping by two counter-propagating waves 
simultaneously [17, 18]. The opposite traveling 
waves meet close to the center of the fin length while 
the fish is hovering [17]. We can simulate similar 
counter-propagating waves by the summation of two 
traveling waves as θray = θ1 + θ2, where θ1 and θ2 are 
the angular deflection of the two different waves, one 
traveling from the leading edge to the trailing edge and 
other in the opposite direction (see inset figure 8(A)). 
The angles are given by:

θ1 (xfin, t) = G1 (xfin) θmaxsin
[

2π
(xfin

λ
+ ft

)]
 (4)

θ2 (xfin, t) = G2 (xfin) θmaxsin
[

2π
(xfin

λ
− ft + φ

)]

 (5)

where φ is the phase lag, set as φ = π. G1(xfin) 
and G2(xfin) are shape control functions for θ1 and 

Figure 6. Forward swimming characteristics for different velocities. (A) Swimming velocity as a function of traveling wave speed. 
(B) Power consumption against swimming velocity. (C)–(E) Strouhal number (St), wave efficiency (ηwave) and COT as a function of 
swimming velocity, respectively.
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θ2, respectively. In the current study, they are piecewise 
functions of the fin position, defined as:

G1 (xfin) =

⎧
⎪⎨

⎪⎩

0 xfin < 0.3Lfin

−2.5 xfin
Lfin

+ 1.75 0.3Lfin � xfin � 0.7Lfin

1 xfin > 0.7Lfin

 (6)

G2 (xfin) =

⎧
⎪⎨

⎪⎩

1 xfin < 0.3Lfin

2.5 xfin
Lfin

− 0.75 0.3Lfin � xfin � 0.7Lfin

0 xfin > 0.7Lfin

 (7)

where Lfin is the fin length. The shape control functions 
G1(xfin) and G2(xfin) are depicted in the inset of 
figure 8(A).

Movie S5 in the supplementary material provides 
a video of vertical swimming first and then the hov-
ering maneuver. The vertical swimming velocity of 
the robot is approximately 2.5 cm s−1 at 1.0 Hz, and 
approximately 8.8 cm s−1 as the frequency turns to 2.0 
Hz. Figure 8(A) shows the fin kinematics of the two 
counter-propagating waves. The time evolution of 

roll, pitch and yaw are shown in figure 8(B–D). There 
is an evident periodic variation in the roll angle that 
increases with the fin frequency. In figure 8(D), we 
observe that the yaw angles for both frequencies can 
keep fairly stable (approximately 12 s for 1 Hz) before 
starting to drift.

Volumetric PIV
The 3D flow measurements using volumetric PIV 
are shown for forward swimming (figure 9(A)) and 
hovering (figure 9(B)). The inset of each panel shows 
the relationship between the measurement volume 
and the robotic device. The streamlines are colored by 
the magnitude of velocity. The iso-surface of vorticity 
is shown with a translucent gray surface. The flow 
fields are shown from the bottom view for the forward 
swimming and the side view for hovering. Movies S6 
and S7 show the time evolution of the flow structures 
during forward swimming and hovering, respectively. 
For forward swimming, it can be observed that the 
formation of a vortex tube is generated by the lateral 
and downward jet associated with the undulating fin 

Figure 7. Snapshots of reversed maneuver and the time evolution results of swimming velocity as well as the Euler angles. (A) and 
(B) Snapshots of the robot swimming forward, undergoing a rapid brake then swimming backwards at a frequency of 1.0 Hz and 
one undulation along the fin. The velocity vectors are displayed and colored by the magnitude. (C) The time evolution result of 
swimming velocity. The mean velocity is 17.2 cm s−1 for forward swimming part and  −11.4 cm s−1 for backward swimming session. 
(D)–(F) Time evolution results of roll, pitch and yaw respectively. The green region represents the forward motion; the magenta 
region denotes the rapid brake and reversal transition; the blue region shows the backward swimming. See supplementary material 
movie S4 for corresponding video.
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kinematics. The jet seems to have a stronger velocity 
magnitude around the center of the jet and the velocity 
magnitude decays away from the central jet until the 
streamlines curl around the vortex tube (shown in 
translucent gray figure 9). It is expected that this lateral 
jet will change direction from starboard and port sides 
as the fin undulates. Figure 9(B) show the streamlines 
and vortex structure during the hovering maneuver 
with counter-propagating waves. In this case, the 
streamlines are predominately vertically downward 
with the tip vortex shed from the fin edge. Although 
the counter-propagating wave creates a strong 
downward jet, the velocity magnitude oscillates as the 
fin undulates (see supplementary movie 6).

Discussion

Swimming maneuvers
Although the versatile maneuver capabilities of 
ribbon-fin based propulsion have been observed and 
documented in live animals [8, 19], it has not been 
demonstrated in free-swimming underwater vehicles. 
Here a novel robotic vessel with a single undulating fin 
is used to demonstrate the potential maneuvers of this 
propulsion mechanism.

For forward swimming, we observe that the swim-
ming velocity increases linearly at low frequencies until 
the swimming velocity starts to increase at a lower pace 
compared to the fin frequency. It was also found that 
the swimming velocity and Euler orientation angles 

in forward swimming exhibit smaller standard devia-
tions for the scenarios with two undulations, suggest-
ing that with higher number of undulations along the 
fin, the motion becomes steadier.

It is observed that the swimming speed depends 
on the traveling wave speed, Vwave  =  fλ. Thus, the 
swimming speed depends on both the frequency and 
wavelength. Using a runner as an analogy, the speed 
depends on the length strike and the frequency of 
each stroke. In a similar fashion, the swimming speed 
of a swimmer with an undulating fin depends on the 
wavelength (analogous to the length strike) and the 
frequency of the traveling wave. The swimming speed 
exhibits an almost linear relationship with the trave-
ling wave speed. Therefore, a speed control of the ves-
sel could be implemented depending on the traveling 
wave velocity. On the other hand, the power consump-
tion increases exponentially with the swimming speed.

As to the reversed swimming maneuver, the robotic 
device is capable of changing direction from forward 
to backward swimming by changing the direction of 
the traveling wave without the need to turn. Knife-
fish are capable of switching swimming directions in 
a similar fashion at a fraction of seconds during prey 
capture [12]. Our results of reversed maneuver show 
that the rapid reversal transition can lead to sharp 
jumps of the Euler angles, especially prominent for 
roll and pitch. It is possible that active control of pec-
toral fins could be used to decrease the changes in the 
orientation angles of the fish or robotic vessel. When  

Figure 8. Snapshots of hovering maneuver and time evolution results of the Euler angles. (A) Bottom view showing the peaks of 
two counter-propagating waves traveling towards the center of the fin (nodal point) at 1.0 Hz. The inset shows the shape control 
functions G1 and G2. (B) and (D) The time evolution results of roll, pitch and yaw during the hovering motion. See supplementary 
material movie S5 for the corresponding video.
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actuated at 2.0 Hz as seen in the supplementary mat-
erial movie S4, the fluctuation during the reversal 
trans ition becomes even more pronounced because 
of the higher kinematic energy switch. However, after 
the transition, the robot was able to maintain a fairly 
constant heading direction. In addition, the mean 
forward swimming velocity (17.2 cm s−1) was higher 
than the backward velocity (−11.4 cm s−1). Two fac-
tors are most likely the reason for this difference in  
velocity. First, the trailing plug and the vacuum plug 
outside the hull increase the form drag of the vessel 
when it is swimming backwards. Second, the vertical 
force generated by the fin has a greater force comp-
onent against the swimming direction for backward 
motion since the pitch angle is larger (1.695°) com-
pared to the forward swimming session (0.146°). It is 
important to notice that the knifefish tends to change 
frequency and wavelength as it reverses direction. 
These changes in kinematics could also contribute to 
stabilizing the changes in the orientation angles.

Station keeping of the KnifeBot was achieved by 
carrying head waves and tail waves proceeding towards 
each other simultaneously. When the nodal point, 
where the inward counter-propagating waves meet, is 
positioned at the midpoint of the fin, the force comp-
onent along the surge direction cancels while the force 

component in the heave direction does not. Previ-
ous experimental results [19, 39] have shown that the 
heave force grows as the frequency rises, which agrees 
with our observation as the vessel is able to swim in 
the vertical direction considerably faster when the 
fin is actuated at 2 Hz (8.8 cm s−1) compared to 1 Hz 
(2.5 cm s−1). An appropriate frequency can also be 
used to maintain a depth where the heave force is equal 
to the submerge weight. For the current research stage, 
no feedback control was implemented to maintain 
the heading direction, therefore any flow disturbance 
could cause the yaw angle to deviate after a long period 
of time, as displayed in figure 8(D). Despite this, the 
robot was able to stay in the case of 1 Hz approximately 
12 s without a drift in yaw.

Note on the role of pectoral fins
Knifefish and other ribbon-fin based swimmers tend 
to modify the pectoral fin configuration at different 
swimming cruise velocities [18]. These changes are 
more likely to counterbalance the torque generated 
by the undulating fin and thus swim in a fixed 
orientation without rotating. The positive pitching 
torque generated by the fin is indeed observed in our 
measurements as the pitch angle increases with the fin 
frequency (figure 5(B)). However, the torques created 

Figure 9. Volumetric PIV (V3V PIV) for forward swimming (A) and station-keeping (B). (A) Streamlines and vortex structures 
from bottom view during forward swimming at 2.0 Hz with one undulation. The streamlines are color-coded by the magnitude of 
the velocity. The inset on the right of each panel displays the perspective and location of the laser volume (the green region) with 
respect to the robot. (B) Flow features generated by the counter-propagating waves along the fin during the hovering maneuver at 2.0 
Hz from the lateral view. See supplementary material movie S6 (forward swimming) and S7 (station-keeping) for the flow structure 
evolution.
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by the buoyancy force and weight around the center of 
mass can also be used to counterbalance the fin torques 
to swim without rotation. When the undulating 
frequency is low (below 1.0 Hz and 1.5 Hz for one and 
two undulations respectively), the moment generated 
by the center of mass and center of buoyancy are able 
to counterbalance the torque from the fin surge force, 
keeping the pitch angle at zero degrees or below. But 
for the scenarios at high frequencies, the pectoral fins 
can play a key role in counterbalancing the torques and 
achieving stable swimming. Another factor that may 
also affect results is the body drag force, but its effect 
is less clear. Also, different fin wave shapes along the fin 
could be used to modify the torque generated by the 
fin. Future studies will be focused on investigating the 
effect of pectoral fin and wave shapes on undulating 
fin-based propulsion.

Swimming performance and COT
Undulating fin propulsion has been suggested as an 
efficient propulsion mode for low speed to explore 
‘complex’ environments [8]. However, there has not 
been experimental data with direct measurement 
of energy consumption during free-swimming 
conditions that verify the claim. Korsmeyer et al 
measured oxygen consumption as a function of 
swimming speed in two types of swimmers, parrotfish 
and triggerfish [53]. These fish transit from median 
or paired-fin (MPF) swimming at low swimming 
speed to a combination of body-caudal fin (BCF) and 
MPF at high swimming speed. Their results support 
the hypothesis that MPF swimming is more efficient 
than BCF swimming or a combination of BCF and 
MPF swimming. Even though oxygen consumption 
can be related to energy expenditure, it is not a direct 
measurement of energy and the results can be prone 
to a high level of uncertainty. Although there are many 
difficulties involved in performing a comparison of 
the robotic system and a natural swimmer using this 
propulsion (motor versus muscle efficiency; difference 
in the elastic properties of the fin membrane and fin 
rays, difference in kinematics and spacing between 
rays), the total COT including motor inefficiencies and 
loss in friction, suggest that the propulsion mechanism 
is more efficient at low swimming speeds.

Bale et al [54] showed that aquatic animals with 
undulating fin propulsion exhibit an almost constant 
ratio between the wavelength and the mean ampl-
itude of oscillation of around 20. They called this ratio 
the optimal specific wavelength (OSW) as it maxi-
mizes the propulsive force or swimming speed. Even 
though this is a significant finding, it is not based on 
the energy expenditure but on force generation and 
swimming speed. Moreover, this quantity does not 
provide insight on the optimal frequency for a spe-
cific wavelength. If we use the specific wavelength for 
our experiments, SW = λ/(hfinsin (θmax) /2), the SW 
is equal to 9.1 and 18.3 for one and two undulations, 
respectively. The minimum COT found in the robotic 

vessel results is in agreement with the findings of Bale 
et al, as the SW  =  18.3 (two undulations) is more effi-
cient based on the COT compared to the SW  =  9.1 
(one undulation). However, the difference between 
the COT could greatly change depending on the fin 
frequency. For example, the difference in the COT 
between SW  =  18.3 and 9.1 at 1.0 Hz is approximately 
1.5 J m−1 while at 2.0 Hz, it is 0.4 J m−1.

Another interesting result is the difference of 
optimal operation between wave efficiency and COT. 
While the COT indicates a better performance for two 
undulations (SW  =  18.4) at 1.0 Hz, the wave efficiency 
(i.e. the ratio between swimming speed and wave 
speed) shows a better performance for one undulation 
(SW  =  9.1) at 1.0 Hz but with a similar performance 
(plateau-like region) from 1.0 Hz to 2.5 Hz. This high-
lights some of the limitations of using only the wave 
efficiency as a metric to evaluate swimming efficiency: 
it only relates fin kinematics to swimming speed with-
out information of how much energy is needed to gen-
erate the motion. Thus, a better wave efficiency is not 
necessarily the best COT, in particular across different 
wavelengths. One possible explanation between the 
difference in wave efficiency and COT performance 
is that as the wavelength decreases (more number of 
undulations are present along the fin), the phase differ-
ence between each ray is larger. Even though some of 
the energy to stretch the membrane will be recovered as 
the membrane ‘un-stretched’, some energy will be lost 
due to irreversibility in the process. Therefore, while 
wave efficiency can provide some useful information 
about the performance of undulating fin swimming, it 
poses some clear limitations that should be considered 
when it is used to evaluate swimming efficiency.

Flow structures
The hydrodynamics of undulating fin propulsion are 
key to understanding its motion capabilities. Recent 
studies using a combination of computational fluid 
dynamics (CFD) simulations and PIV on robotic 
devices have helped us to understand the intricate 
fluid structures around undulating fins. For example, 
Shirgaonkar et al examined the hydrodynamics of a 
non-translating undulating fin using CFD and PIV 
results [45]. Curet et al showed the flow structure of 
counter propagating in undulating fins similar to the 
wave used by the knifefish during hovering [19]. Neveln 
et al [42] used a combination of PIV on a robotic device 
and CFD simulations to analyze the hydrodynamics 
of cruising ribbon-fin swimmers. They showed that 
undulating fin swimmers generate an off-axis jet with 
a series of lined vortex tubes that are shed off the tip 
edge of the fin. Despite the highly 3D flow structure 
of undulating fin propulsion, there are no previous 
experimental 3D flow measurements. The volumetric 
PIV measurements in this study shed additional light 
on the flow structure around undulating fins during 
free-swimming and hovering, and corroborate some 
previously proposed 3D flow structures [19, 42].
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The volumetric PIV results show an axial jet that 
has a lateral and downward component as the wave 
propagates through the fin. The fin kinematics and 
associated fluid jet form a vortex tube that is shed from 
the fin (figure 9(A)). The downward jet contributes to 
the substantial heave force generation while the axial 
jet component is related to the surge force. For forward 
swimming, we observed the generation of a tip vortex 
tube that is shed at the posterior end of the fin. This 
vortex structure is related to the downward and lat-
eral jet for every half-cycle (figure 9(A)). Although the 
measurement volume was relatively small, the charac-
teristics of the vortex structure resemble the structure 
presented by Neveln et al [42], thus providing a valida-
tion of such a vortex using experimental 3D flow meas-
urements. A stream-wise jet at an oblique angle to the 
fin is generated in association with the vortex tubes, 
which propels the robot forward as well as pitches it up. 
A schematic of the flow behavior and vortex structure 
is shown in figure 10(A).

The 3D flow measurements also provide a better 
picture of the complex flow structure during hover-
ing using counter-propagating waves (figure 9(B)). 
We observe that the vortex tubes generated by the fin 
are shed-off at the mid-section of the fin. This vortex 
structure is associated with a ‘pulsed’ jet that is point-
ing downward and lateral with respect to the fin length. 
Due to the limitation of the measurement volume, we 
do not observe the complete vortex tube, as it appears 
to be disconnected at the center. However, we expect 
that this is a continuous vortex structure that sheds 
off at the mid-section of the fin while most likely stay-
ing attached at the posterior and anterior segment of 
the fin. A schematic of the proposed vortex structure 
is depicted in figure 10(B). This downward jet pro-
vides a substantial heave force for the robot to swim 
vertically or perform station keeping. Furthermore, 
we can anticipate that the undulatory fin can control 
the combination of surge force and heave force by 
modifying the position of the nodal point to achieve 
complex maneuvers. For instance, Ruiz-Torres et al 
[18] observed that knifefish deploy unsymmetrical 
counter-propagating waves during forward swim-

ming at minimal speed. Furthermore, such counter- 
propagating waves can probably provide more stability 
and control to allow fine adjustment between positive 
and negative surge motion [17].

Conclusion

Undulatory fin-based propulsion has remarkable 
locomotion capabilities, as has been documented in 
live animals studies [11, 18]. Even though there has 
been considerable progress in understanding the 
mechanics of this propulsion method [17, 19, 39–45, 
54], details regarding the performance and maneuver 
characteristics of a free-swimming physical model for 
different fin kinematics have not been investigated 
before. Toward that end, a novel biomimetic vessel 
with a single undulating fin running along the length 
of the robot was developed to control both forward 
motion and directional maneuvers. The robotic vessel 
has a slender 3D-printed hull with 16 DC motors, 2 
Li-ion batteries and electronic boards with power 
and orientation sensors encapsulated inside the 
vessel, enabling free-swimming maneuvers. Different 
maneuvers including forward swimming (figure 
4), diving (figure 4(F)), reversed motion (figure 7), 
station keeping (figure 8) and vertical swimming 
(movie S5) were successfully replicated using 
different fin kinematics. In particular, we examined 
the swimming performance for forward swimming 
comparing the efficiency with three different metrics: 
Strouhal number, wave efficiency and COT. The vessel 
achieves a Strouhal number, St  =  fA/Usw, in the range 
of approximately 0.2–0.4 depending on the actuation 
parameters similar to optimal animal locomotion 
[47, 57]. The COT (the energy spent per distance 
travelled) exhibits a V-shape trend with the lowest or 
optimal performance at low swimming velocity. The 
robotic device can achieve wave efficiency in the range 
of 0.35–0.6.

It was observed that increasing the number of 
undulations helps the robot swim more stably. In the 
reversed maneuver, the rapid reversal transition intro-
duces a drastic fluctuation of the orientation angles 

Figure 10. (A) Schematic of 3D vortex structure and flow jet in forward swimming. The vortex tubes are colored to indicate whether 
they were shed from the left (blue) or right (red) side of the fin. (B) Schematic of vortex tubes and downward jet during hovering.
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before reaching stable swimming. Station-keeping 
and vertical swimming were performed by counter-
propagating waves along the fin. Using volumetric 
PIV, we observed the generation of vortex tubes associ-
ated with downstream jets directed in both lateral and 
heave directions for forward swimming. In the hover-
ing maneuver, the counter-propagating waves gener-
ate a strong vertically downward jet with the tip vortex 
shed from the fin edge at some angle. These findings 
corroborate and clarify 3D flow structures during for-
ward swimming and station-keeping maneuvers using 
an undulating fin.

Bio-inspired undulating fin propulsion can pro-
vide multiple advantages for underwater vessels. Some 
of the potential advantages are: superior maneuver-
ability to control forward motion and a directional 
maneuver with a single flexible fin; precise maneuvers 
suitable for station-keeping and maneuvers in tight 
spaces; high efficiency at low-speed; reduction of risk 
in terms of getting tangled in marine plants and ropes, 
and less impact on the marine ecosystem. Although 
there is much more to be done regarding the control 
model of the propulsion system, there is enormous 
potential in undulating fin propulsion for underwa-
ter robotics to the oceanographic, defense and other 
marine-based industries.
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