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A B S T R A C T

In this study, elastic constants of the equiatomic body-centered cubic NbHfZrTi high-entropy alloy (HEA) were
experimentally evaluated using resonant ultrasound spectroscopy and compared directly with calculations based
on density functional theory. Elastic properties, including Young's modulus, shear modulus, bulk modulus,
Poisson's ratio, and Debye temperature, of polycrystalline aggregates were obtained from measurements and
calculations, and excellent agreement was found between the experimental and theoretical data. We also made
efforts to employ the rule-of-mixtures (ROM) to predict the elastic moduli of the current alloy, as well as other
HEAs reported in the literature, and found that the lower-bound prediction provided a reasonable estimate of the
elastic moduli of single-phase HEAs.

1. Introduction

Recently developed high-entropy alloys (HEAs) have triggered ex-
tensive research efforts and attempts to broaden the compositional
space of alloy design [1–3]. Different from traditional alloys, which are
composed of one major element with some additional minor elements,
HEAs consist of multiple principal metallic elements in equiatomic or
nearly equiatomic ratio. This new class of alloys has high configura-
tional entropy and favors the formation of simple solution-like struc-
tures, such as face-centered cubic (FCC) [4–6] and body-centered cubic
(BCC) [7–9], rather than complex ordered intermetallics. These HEAs
have demonstrated some unusual mechanical and physical properties,
such as excellent combination of strength and ductility [10,11], good
resistance to high-temperature softening [8] and fracture [4], attractive
tribological properties [12], and outstanding magnetic properties [13].

Elastic moduli are one of the intrinsic material properties, which di-
rectly affect various fundamental properties such as mechanical and
thermal properties [14]. For example, they govern the stress-strain rela-
tion before yielding, and the shear modulus is closely related to dislocation
motion on slip planes, thus contributing to strengthening and ductility.
Elastic properties are also linked to the melting point, thermal expansion
and Debye temperatures. There have been several theoretical investiga-
tions of elastic properties of HEAs [15–21]. For example, alloying effects

on elastic properties were explored in FCC-structured Cantor alloy (i.e.,
NiCrMnFeCo) and its subsystems [15,16]; studies have also been carried
out on various BCC-structured refractory HEAs using different ab initio
based calculations, including virtual crystal approximation (VCA), co-
herent potential approximation (CPA) and special quasi-random structure
(SQS) [17–19]. However, experimental measurements of elastic properties
of HEAs are still relatively limited, especially for BCC-structured HEAs
[7,22]. In fact, many studies were cross-referenced, namely, theoretical
and experimental works were carried out by different groups, data com-
parisons were made, nonetheless. A direct comparison between experi-
mental measurements and theoretical calculations has not yet been made
for HEAs. In this paper, we perform both resonant ultrasound spectroscopy
(RUS) experiments and density functional theory (DFT) calculations to
evaluate the elastic properties of a BCC-structured NbHfZrTi HEA and
provide a direct comparison to validate the calculations. Additionally, the
applicability of the simple rule-of-mixtures (ROM) to equiatomic solid
solution alloys is also explored and discussed.

2. Methods

2.1. Experimental procedure

The equiatomic NbHfZrTi HEA was synthesized, as described in
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previous papers [9,12]. The alloy was arc-melted, drop cast, homo-
genized, cold rolled with 80% reduction in thickness, and then fully
annealed to obtain a recrystallized, equiaxed microstructure with a
grain size of ∼150 μm. X-ray diffraction (XRD) and transmission elec-
tron microscopy (TEM) results have shown that the present alloy has a
single-phase BCC structure with a lattice parameter of 3.444 Å [9,12].

Elastic constants were measured using resonant ultrasound spec-
troscopy (RUS). A rectangular parallelepiped sample was corner
mounted between two transducers as schematically illustrated in Fig. 1.
Utilizing the mechanical resonances of a material, RUS uses sample
dimensions and resonances to fit the experimentally collected re-
sonances to a calculated spectrum based on estimated elastic moduli,
using an iteratively inverse fitting process [23]. The elastic constants Cij
were determined from ∼40 resonances with frequency ranging from
200 to 1000 kHz. A typical RUS resonance spectrum obtained from the
current NbHfZrTi HEA is shown in Fig. 1, in which the inset shows an
example of Lorentz fitting of a single resonance peak. In the absence of
texture, elastic isotropy was assumed in the polycrystalline specimen.
The density of the annealed alloy was measured using a Denver In-
strument SI-234 device.

2.2. Computational methodology

Kohn-Sham density functional theory [24,25] simulations were
performed to calculate the elastic constants of the alloy using Vienna Ab
initio Simulation Package (VASP) [26,27], in which the projector-aug-
mented wave (PAW) method [28] was employed. The exchange-cor-
relation functional in the framework of Perdew-Burke-Ernzerhof (PBE)
[29] was used. Special quasi-random structures (SQSs) [30] were gen-
erated via the mcsqs [31] program in the Alloy-Theoretic Automated
Toolkit (ATAT) [32,33], and were utilized in the calculations in order to
achieve statistically better results due to the vast configuration space of
the alloys. Specifically, 3 SQSs of 4× 4× 4 supercell size in the unit of
conventional BCC unit cell were tested (Fig. 2). For each configuration,
its lattice parameter was optimized before the elastic constant calcu-
lation while allowing the ionic relaxation till the Hellmann-Feynman
force is smaller than 0.01 eV/Å on each atom. The average lattice
constant of the 3 SQSs was found to be 3.428 Å, which agrees well with
our previous experimental result of 3.444 Å [9]. The elastic constants
were then derived from the relaxed structures by calculating the stress-
strain relationship through a finite difference approach with a dis-
placement size of 0.1 Å [34,35]. The results obtained for each SQS
(compiled in Table 1) exhibit lower symmetry than the theoretical cubic
ones due to the limited supercell size; hence we take the arithmetic
average among the supposedly equivalent terms for C11, C12, and C44,
respectively. The calculated properties were further averaged among
the 3 SQSs and summarized in Table 2. Our results indicate that the

modulus calculations are robust against different SQSs with the relative
standard deviations being 1.2%, 1.6%, and 7.6% for C11, C12, and C44,
respectively. For all the simulations, the energy cut-off for plane-wave
basis was set as 500 eV while the Brillouin zone was sampled by a
2× 2× 2 mesh. Electronic convergence criterion was set to be
10−5 eV.

3. Results and discussion

The three single-crystal elastic constants C11, C12 and C44 of the
present NbHfZrTi HEA calculated from DFT and the two polycrystalline
moduli determined from RUS are listed in Table 2. It is noted that for
polycrystals with only two independent elastic constants, C12 is con-
strained by the equation C C C( )/244 11 12= . The calculated single-
crystal elastic constants are noted to satisfy the Born dynamical stability
criteria for cubic systems [20,36], namely, C C2 011 12+ > , C C11 12>
and C 044 > . Thus, the current NbHfZrTi HEA is expected to be me-
chanically stable.

Use the single-crystal elastic constants, the polycrystalline elastic
properties (specifically, bulk modulus B, shear modulus G, Young's
modulus E, and Poisson's ratio v) can be estimated according to Voigt-
Reuss-Hill (VRH) averaging approximations [37]. The shear modulus
can be subsequently obtained from

G G G( )
2

V R= +
(1)

where GV and GR are Voigt and Reuss shear moduli, respectively, re-
presenting the upper and lower limit of the polycrystalline moduli,
given by

G C C C G C C C
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( ) 3
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B, E and v are calculated from the following equations
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The polycrystalline moduli (B, G, E and v) of the current NbHfZrTi HEA
deduced from Eqs. (1)–(5) by inserting RUS measurements and DFT
calculations are summarized in Table 2. It is clearly seen that DFT and
RUS results display excellent consistency within 6% difference for all
polycrystalline moduli.

The above elastic properties also allow us to predict the brittle/
ductile characteristic of a material in light of Pugh's ratio (B/G) [38],
Poisson's ratio v, and Cauchy pressure (CP C C12 44= ) [39]. In prin-
ciple, bulk modulus B reflects the bonding strength between atoms and
the resistance to cleavage, whereas the shear modulus G describes the
resistance against dislocation movement. A high Pugh's ratio with B/
G > 1.75 generally implies a ductile material (B/G < 1.75 indicates
brittle behavior) [38]. For polycrystals, the Poisson's ratio v is actually
connected to the B/G ratio by recasting Eq. (5) as
v B G B G(3 / 2)/(6 / 2)= + , which yields a critical value of 0.26 for the
brittle/ductile transition. It is clearly seen from Table 2 that B/G values
range from 4.2 to 4.6 and the Poisson's ratio v ∼0.39, determined by
RUS experiments and DFT calculations, both predict ductile nature of
the present HEA. In addition, Cauchy pressure (CP), which relates to the
angular character of atomic bonding, is often indicative of ductility and,
in fact, a negative CP corresponds to covalent bond accompanied with
brittle behavior, and a positive CP stands for more metallic character
and tendency toward ductility [39]. The present NbHfZrTi HEA exhibits
a large positive CP value (Table 2), suggesting it is a ductile alloy. In
summary, all relevant elastic parameters indicate that the present HEA

Fig. 1. Schematic diagram for RUS measurement setup and a typical RUS re-
sonance spectrum (in-phase signal amplitude vs. frequency) of NbHfZrTi HEA
with an inset showing the Lorentz fitting of a selected peak.
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would be ductile with a high room-temperature tensile ductility, which
is consistent with the experimental observation (ductility ∼15%) [40].

Elastic anisotropy can affect various mechanical behavior, such as
micro-cracking and the incipient plasticity in materials [41,42]. It is,
therefore, pertinent to evaluate the elastic anisotropy of the current
HEA. Elastic anisotropy is usually described by the Zener anisotropy
ratio, A C C C2 /( )Z 44 11 12= , in which A 1Z = corresponds to elastic
isotropy and any departure from unity indicates the degree of elastic
anisotropy [21,36]. In Table 2, it can be observed that our DFT calcu-
lation predicts Az = 1.74. It is noted, however, only isotopically poly-
crystalline samples are available for the RUS measurements, which
prohibits us from directly verifying the above calculations. In order to
further visualize the anisotropic characteristics, the three-dimensional
(3D) distributions of Young's modulus E, shear modulus G, bulk mod-
ulus B and Poisson's ratio v based on our DFT results are plotted in
Fig. 3. Equations used for evaluating the elastic properties in any ar-
bitrary crystallographic direction [hkl] for cubic systems are given as
[36,43,44].
E S S S S l l l l l l1/ 2( /2)( )11 11 12 44 1
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where S C C C C C C( )/[( )( 2 )]11 11 12 11 12 11 12= + + , S C /12 12=
C C C C[( )( 2 )]11 12 11 12+ and S C1/44 44= are elastic compliances, and

l l l, ,1 2 3 are the direction cosines. In Fig. 3, it is observed that Young's
modulus, shear modulus, and Poisson's ratio exhibit orientation-de-
pendence and thus anisotropy, whilst the bulk modulus is a perfect
sphere since it is always isotropic for the cubic system. It is noted that,
whereas E has its highest (lowest) value along < 111 > (< 100 >)
directions with a descending order of E E E111 110 100> > , G and v show a

completely opposite trend. The orientation dependence of elastic
modulus can be also described as a function of θ, where θ denotes the
angle between the < 100 > direction and a certain crystal direction on
the {110} planes. Some crystal directions corresponding to θ angles are
marked on the top axis of Fig. 4a. For the present NbHfZrTi HEA, since
Nb is the only constituent element with a BCC structure, we plot the
Young's moduli of the two materials together in Fig. 4a for easy com-
parison (elastic constants of Nb are from Ref. [45]). It is particularly
noted that Nb displays an opposite trend against NbHfZrTi, namely, Nb
has its highest (lowest) value along < 100 > (< 111 >) directions with
a descending order of E E E100 110 111> > . Moreover, it is readily seen
from Fig. 4a that Young's moduli along < 100 > direction highly differ
between pure Nb and the current NbHfZrTi HEA, i.e., 151.5 vs 49.5 GPa
which can be rationalized as follows. Combined with Zener anisotropy
ratio, Eq. (6) for Young's modulus in an arbitrary direction can be recast
as E S A S l l l l l l1/ ( 1) ( )Z11 44 1

2
2
2

2
2

3
2

3
2

1
2= + + . If the Zener anisotropy

ratio AZ < 1, i.e., (AZ - 1) is negative, Young's modulus would have its
maximum value in the < 100 > direction and minimum value in
the < 111 > direction; by contrast, if the Zener anisotropy ratio
AZ > 1, i.e., (AZ - 1) is positive, Young's modulus would be a minimum
in the < 100 > and maximum in the < 111 > direction. The present
NbHfZrTi HEA and pure Nb have a Zener ratio of A 1.74 1Z

HEA = > and
A 0.51 1Z

Nb = < , respectively, resulting in an opposite trend and largest
difference in Young's moduli along the < 100 > direction. The opposite
anisotropy can be verified on the basis of electron configurations. It is
generally recognized that the average valence electrons per atom (e/a
ratio) in the free atom configuration is a dominant factor in controlling
the elastic properties (e.g., elastic anisotropy) of BCC transition metals
and alloys [46–48]. The Zener anisotropy ratio for pure Nb and the
current NbHfZrTi HEA as a function of e/a ratio is plotted in Fig. 4b, in
which values for some BCC transition alloys from literature [46–53] are
also included for comparison. It is clearly observed that the Zener an-
isotropy ratio decreases with the increase of e/a ratio, and particularly
an e/a ratio of ∼4.7 would predict an elastic anisotropy of AZ = 1. The
present HEA and pure Nb have their e/a ratios of 4.25 and 5, resulting

Fig. 2. Side view of the atomistic configurations of the three SQSs used to model NbHfZrTi HEA.

Table 1
Non-zero elastic constants (in GPa) of the 3 SQSs.

SQS No. C11 C22 C33 C12 C13 C23 C44 C55 C66

1 135.7 136.1 133.2 99.5 102.6 99.8 31.1 25.3 32
2 138.1 132.6 134.8 98.6 98.4 103.1 31.5 32 31
3 135.6 135.5 134.8 100.3 100.4 100.9 28.7 32.2 28.5

Table 2
Comparison of elastic constants and polycrystalline moduli of NbHfZrTi HEA between RUS measurements and DFT calculations. The percentage differences between
DFT calculations and RUS measurements are shown in the parenthesis.

Methods C11 (GPa) C12 (GPa) C44 (GPa) CP (GPa) Az E (GPa) G (GPa) B (GPa) v B/G

RUS 139.2 89.0 25.1 63.9 \ 69.7 25.1 105.7 0.390 4.2
DFT 135.1 100.4 30.2 70.2 1.74 67.7 (−3%) 24.2 (−4%) 112.0 (6%) 0.399 (2%) 4.6
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in A 1Z
HEA > and A 1Z

Nb < , respectively. It should be noted that the re-
lationship between anisotropy factor and e/a ratio can, in principle,
provide a useful guideline to manipulate the elastic anisotropy via
compositional adjustment to produce an elastically isotropic HEA [18].

Debye temperature (ΘD) is one of the fundamental solid-state dy-
namic parameters that can be deduced from the experimentally/theo-
retically determined elastic constants, and the standard equation is
[54].

h
k V

3
4D

B a
m

1/3= (10)
where h is Planck's constant, kB is Boltzmann's constant,V a /2a 3= is the
atomic volume for a BCC crystal and is determined from our previous
XRD results [9,12]. The m in the above equation is the average wave
velocity in the polycrystalline material, given by

1
3

1 2
m

L T
3 3

1/3= +
(11)

where B G( 4 /3)/L = + and G/T = are respectively the long-
itudinal and transverse sound velocity, and ρ is density. The resulting
parameters and calculated Debye temperature ΘD are summarized in
Table 3. It is readily seen in the table that our theoretical DFT calcu-
lations and experimental RUS measurements agree quite well (∼within
2%) for the longitudinal, transverse and mean sound velocity, and the
Debye temperature. It is also noted that the estimated Debye tem-
peratures ( K214D

RUS = and K210D
DFT = ) are slightly lower than that

for the corresponding constituent elements Zr (291 K), Hf (252 K) and
Nb (275 K), but much lower than that for Ti (420 K) [55]. From the
viewpoint of thermodynamics [54], the Debye temperature of an alloy
is expected to be lower than its constituents due to the local strain
generated by a mismatch of atomic sizes; this is in agreement with our
calculations.

Rule-of-mixtures (ROM) has been successfully applied to predict the
elastic moduli of multi-component alloy systems, in particular, metallic
glasses (or amorphous alloys) [56]. Since HEAs are also multi-compo-
nent, ROM is expected to be applicable to HEAs. In fact, Tian et al. [17]

Fig. 3. 3D visualizations of (a) Young's modulus, (b) shear modulus, (c) bulk modulus, and (d) Poisson's ratio of NbHfZrTi HEA.

Fig. 4. (a) Young's modulus as a function of
crystal direction in the (110) plane showing
orientation dependence for pure Nb and
NbHfZrTi HEA. (b) Relationship between
Zener anisotropy ratio and electron/atom
(e/a) ratio for pure Nb, NbHfZrTi HEA, and
BCC transition alloys from literature (Ti-Nb
[48–51], Ti-Cr [46], and Ti-V [47,52,53]
alloys). The dash curve in (b) is drawn to
show the trend.
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recently conducted DFT calculations and compared the results with the
ROM predictions. They found elastic constants obtained from the two
methods agreed reasonably well. However, in another study [21], re-
sults showed that, whereas bulk and shear moduli seemed to be in good
agreement, Young's modulus appeared to deviate significantly from the
ROM prediction. Consequently, in the current study, we also carried out
the ROM analysis and compared with experiments as follows.

According to ROM, the elastic moduli, M (E, G or B), of HEAs can be
estimated using equations [56].

M c VM
c V
i i i

i i
= (12)

or

M c V M
c V

i i

i i
1 1

1= (13)
where ci, Vi and Mi are respectively atomic fraction, molar volume and
moduli of constituent elements [38,57] (summarized in Table 4). Noted
that Eqs. (12) and (13) represent the upper and lower bound values,
respectively. To give a broader perspective, in addition to the experi-
mentally measured elastic moduli (E, G and B) of the current alloy,
available literature data for other equiatomic single-phase, solid-solu-
tion alloys [6,7,22,58–63] are all listed in Table 5. For easy comparison,
ROM predictions using both Eqs. (12) and (13) are included in Table 5,
and plotted in Fig. 5. It is apparent that ROM based on the lower-bound
prediction, Eq. (13) (R2 = 0.91 in Fig. 5b), fits slightly better
(M MROM Exp.= ) than that based on the upper-bound prediction, Eq. (12)
(R2 = 0.85 in Fig. 5a). Data variation from the predictions is evident,
especially for the BCC-structured NbMoTaWTi and NbMoTaWTiV, in
which the constituent elements have significantly different moduli
(Table 4). Nevertheless, results in Fig. 5 suggest that ROM (Eq. (13)) is a
practical tool to estimate the elastic moduli of a HEA with either single-
phase FCC or BCC structure. However, it is necessary to point out that,
despite the usefulness of such a simplistic method, certain factors like
chemical interactions among constituent elements and lattice distortion
in HEAs are ignored, although they may play a secondary role on elastic
moduli.

4. Conclusions

In this study, elastic constants of the single-phase BCC-NbHfZrTi
HEA are experimentally measured using resonant ultrasonic spectro-
scopy (RUS) and also theoretically calculated using the DFT method.
Elastic moduli, such as Young's modulus (69.7/67.7 GPa), shear mod-
ulus (25.1/24.2 GPa), bulk modulus (105.7/112 GPa) and the Poisson's
ratio (0.39/0.40), and the Debye temperature (214/210 K) for

Table 3
Summary of relevant parameters of NbHfZrTi HEA used for the calculation of Debye temperature.

Methods G (GPa) B (GPa) ρ (g/cm3) Va (Å3) L(m/s) T (m/s) m(m/s) ΘD (K)

RUS 25.1 105.7 8.32 20.42 4090 1737 1964 214
DFT 24.2 (−4%) 112.0 (6%) 8.32 20.42 4164 (2%) 1706 (−2%) 1930 (−2%) 210 (−2%)

Table 4
Material parameters [38,57] used for the rule-of-mixtures (ROM) calculations
of equiatomic solid-solution alloys.

Elements E (GPa) G (GPa) B (GPa) V (cm3)

Ti 116 44 110 10.64
V 128 47 160 8.32
Cr 279 115 160 7.23
Mn 198 80.8 120 7.35
Fe 211 82 170 7.09
Co 209 75 180 6.67
Ni 200 76 180 6.59
Zr 68 33 91 14.02
Nb 105 38 170 10.83
Mo 329 20 230 9.38
Hf 78 30 110 13.44
Ta 186 69 200 10.85
W 411 161 310 9.47

Table 5
Summary of elastic moduli (E, G and B) in a unit of GPa from available experimental measurements using ultrasound methods and ROM predictions. Suffixes u and l
denote upper and lower bound predictions using Eqs. (12) and (13), respectively.

Alloys E (Exp.) Eu El G (Exp.) Gu Gl B (Exp.) Bu Bl

NbHfZrTia 69.7 89.4 85.3 25.1 35.7 34.9 105.7 117.8 112.0
NbTaHfZrTi [22]b 78.5 106.9 94.6 28 41.7 38.4 134.6 132.7 121.8
NbMoTaWTi [7]a 156 222.2 167.9 59 65.3 42.2 139 200.8 178.9
NbMoTaWTiV [7]a 164 209.0 160.9 62 62.7 42.8 150 195.1 176
NiCoCrFeMn [6]a 201.6 219.9 216.3 80 86.1 84 140.0 161.2 157.5
NiCoCrFeMn [58]a 202 219.9 216.3 80 86.1 84 143 161.2 157.5
NiCoCrFeMn [59]a 202.2 219.9 216.3 80.2 86.1 84 143.8 161.2 157.5
NiCoFeCr [6]a 215.0 225.7 221.7 84 87.5 84.9 162.9 172.2 171.8
NiCoFeCr [60]b 204 225.7 221.7 79 87.5 84.9 163 172.2 171.8
NiCoFeMn [6]a 187.9 204.5 204.3 77 78.6 78.4 111.8 161.5 156.8
NiCoCrMn [6]a 195.0 222.1 217.7 78 87.2 84.5 130.0 159.0 154.6
NiCoFe [6]a 162.0 206.8 206.7 60 77.8 77.6 180.0 174.4 164.8
NiCoFe [61]b 174 206.8 206.7 60 77.8 77.6 177 174.4 164.8
NiCoCr [6]a 226.2 230.8 225.7 87 89.4 85.9 188.5 172.9 172.4
NiCoCr [62]a 222 230.8 225.7 85.4 89.4 85.9 185 172.9 172.4
NiCoCr [63]a 229 230.8 225.7 87.4 89.4 85.9 200.9 172.9 172.4
NiCoCr [61]b 234 230.8 225.7 87 89.4 85.9 187 172.9 172.4
NiFeMn [6]a 181.0 203.0 202.8 73 79.7 79.6 116.1 155.7 150.7
NiCoMn [6]a 189.4 202.2 202.1 77 77.4 77.3 116.9 158.6 152.8
NiCo [6]a 216.7 204.5 204.4 84 75.5 75.5 172.0 180.0 180
NiFe [6]a 166.2 205.7 205.5 62 79.1 79 173.1 174.8 174.7

a Resonant ultrasound spectroscopy (RUS).
b Ultrasonic pulse-echo technique.
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polycrystalline aggregates are obtained from the measured and calcu-
lated elastic constants. It was found that our RUS experiments and DFT
calculations are in excellent agreement (within 6%). The current BCC-
NbHfZrTi HEA exhibits a large Pugh's ratio (4.2/4.6), high Poisson's
ratio (0.39/0.4), and a positive Cauchy pressure. These elastic proper-
ties all affirm that the alloy is ductile, which is actually consistent with
reported result [40]. The elastic anisotropy of the alloy is characterized
by the Zener ratio (1.74) and 3D visualizations of moduli. Additionally,
we have evaluated the applicability of the rule-of-mixtures method to
predict the moduli and found that the lower-bond approach is an ap-
propriate way to estimate the elastic moduli of single-phase HEAs with
decent precision.
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