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Beneficial Effect of the Coupled Wing-Body Dynamics on 
Power Consumption in Butterflies 
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University of Alabama in Huntsville, Huntsville, AL 35899 

The incredible migration of Monarch butterflies extends over 4000 km. However, our 
physical understanding of the aerodynamic mechanisms related to their long-range flight 
remains inadequate. One of the main challenges is the highly coupled wing-body 
interactions, resulting in an undulating motion about a mean trajectory. In this study, an 
analytic expression is derived to quantify the power reduction associated with the wing-body 
flight dynamics of a butterfly in climbing flight. The model includes a dynamically coupled 
single mass representing the body and quasi-steady lift, which agrees well with experimental 
measurements. Our results suggest that the coupled wing-body motion reduces the power 
consumption compared to a decoupled system. The power consumption is proportional to 
the square of the Strouhal number and power saving increases with decreasing reduced 
frequency or decreasing non-dimensional wing loading. The passive reduction in power can 
potentially enhance the bio-inspired design of long-range Micro-aerial vehicles. 

I. Nomenclature 
 

az = acceleration in the vertical direction [m/s2] 
CL, = lift coefficient due to a mean angle of attack [1] 
CL,wing/body, CL,wing = lift coefficient from coupled and decoupled wing body motion [1] 
CP,wing/body, CP,wing = Power coefficient [1] 
cm = mean chord, cm=S/(2R) [m] 
d = migration distance  [m] 
Ewing/body, Ewing = energy expenditure during migration [J] 
fw = frequency of flapping motion [1/s] 
fb = frequency of body undulation [1/s] 
g = acceleration due to gravity [m/s2] 
ha = plunge amplitude [m] 
k = reduced frequency [1] 
Lwing/body = lift corresponding to coupled wing-body motion [N] 
M = non-dimensional wing loading [1] 
m = butterfly mass [kg] 
P = power required  [W] 
pleft = position vector from thorax to left wing [m] 
prear = position vector from thorax to rear wing [m] 
pright = position vector from thorax to right wing [m] 
R = length of one forewing [m] 
r̂2  = non-dimensional radius to second moment of wing area [1] 
S = total area of left and right forewings [m2] 
St = Strouhal number [1] 
t* = non-dimensional time, t*=tf [s] 
U = butterfly velocity magnitude [m/s] 
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V = cruise velocity during migration  [m/s] 
A = body undulation amplitude [1] 
Ap = amplitude associated with CP [1] 

 = pitching angle [deg] 
γ = instantaneous angle between the left and right wings [deg] 
γp2p = peak-to-peak angle between the left and right wings [deg] 

 = climb angle [deg] 
ϕexp = experimental phase offset between flapping and body motions [deg] 

 = model phase offset between flapping and body motions [deg] 
ϕp = phase offset associated with CP [deg] 

 = kinematic viscosity of air [m2/s] 
 = air density [kg/m3] 
 = angular frequency, f [rad/s] 
(			ሶ ), ( 	ሷ	) = single and double time derivatives  
( ¯ ) = mean quantity  
    

II. Introduction 
ONG distance migration of Monarch butterflies (Danaus plexippus) remains one of the unsolved puzzles in 
the animal kingdom. The aerodynamic mechanisms and power efficiency that enable migrating flight over 
thousands of kilometers range and up to three months duration are yet to be elucidated. Monarchs are believed 

to take advantage of favourable atmospheric conditions at higher altitudes to achieve soaring flight but there is a 
lack of definitive physical models and understanding on what makes this incredible journey possible.  
 Butterflies are also known to use clap and peel, a variant of clap and fling, wake-capture, leading-edge vortex, 
and rotational mechanisms [1]. However, compared to the wealth of research on the aerodynamics of insects such as 
flies [2,3], bees [4,5], dragonflies [6–10], or birds and bats [11], the flight of butterflies remains inadequately 
understood due to their many unique characteristics. Not only does the Monarch butterfly exhibit the longest range 
migration, butterflies in general are extremely evasive with agile maneuvers [12–15] and body undulations closely 
coupled to the wing motions [14,16]. Monarch butterflies have a large pair of flexible, synchronously flapping fore 
and hind wings attached to a slender segmented body. The combination of large wings and slender body yields the 
lowest wing loading among the insects [17]. The Monarch butterfly’s flight motion is an outcome of the closely 
coupled wing and body moving at a relatively low frequency of 10 Hz [18]. The trajectories in general are 
undulating paths about a mean [18].  

The body motion can play an important role in the flight of insects and birds. Abdominal motion can benefit 
short term pitch stability for butterflies in forward flight [19]. Hawkmoths, which are comparable to Monarch 
butterfly in size, also exhibit abdominal flexion which plays an important role in pitch stability in hover and forward 
flight [20,21]. The presence of the body can enhance the unsteady lift generation through the nonlinear interaction of 
the vortex-wake with the body surface [22]. In smaller insects such as fruit flies, the body motion can produce a 
damping effect in turning [23] and aid in pitch stabilization [24]. In honeybees, reorientation of the abdomen was 
observed in tethered flight to minimize the aerodynamic drag [25]. Smaller migrating birds such as starlings and 
finches exhibit undulating flight trajectories known as flap-bounding flight [26]. Flap-bounding flight consists of 
two phases: ballistic and power phase. In ballistic phase, the wings are folded and remain close to the body and 
generate no lift whereas in the power phase, the bird flaps its wings. In contrast, Monarch butterflies exhibit a 
continuous flapping wing motion coupled together with an undulating body motion.  
 In our earlier study [18], we developed a coupled wing-body model by considering dynamic balance of forces in 
climbing flight with the butterfly represented as a single mass system that is in dynamic balance with the unsteady 
aerodynamic forces on the wings. We demonstrated that the predicted body motion closely resembles the 
experimental measurements of freely flying Monarch butterflies. A key variable in the model is the non-dimensional 
wing loading: M = 4m/(cmSr^2

2). Here, M is proportional to the butterfly mass m and inversely proportional to fluid 
density , mean chord length cm, wing area S, and square of non-dimensional second moment of area of the wing r^2. 
We showed that the body undulation amplitude is inversely proportional to M. Smaller insects such as fruit flies and 
bumblebees have relatively higher M values compared to Monarchs. Correspondingly, the Monarch butterflies 
exhibit larger body undulation amplitudes.  
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In this study, we investigate the role of the coupled wing-body dynamics on the power consumption of a 
Monarch butterfly. We quantify the power associated with an undulating trajectory in climbing flight using our 
previously developed analytical model [18]. Our preliminary results suggest that the power consumption of the 
coupled wing-body dynamic system is lower than the power without the wing-body coupling. An aerodynamic 
model inspired from Monarch butterflies utilizing the power savings from a closely coupled wing body motion can 
potentially benefit Micro-aerial vehicle (MAV) development. 

This abstract is organized as follows. First, we provide a brief description of the methodology focusing on 
Monarch butterfly morphological and kinematic parameters followed by a summary of the coupled wing-body 
model from our earlier study [18]. We use this model to derive the power required in a climbing trajectory and 
compare the power associated with and without body undulation. Finally, we relate the power reduction due to body 
undulation to non-dimensional parameters. 

 

III. Methodology 

A. Morphological Parameters of Monarch Butterflies 
Monarch butterflies have a pair of fore and hind wings which synchronously flap during flight. The wings are 

very large compared to the body. The wings can show significant deformation during flight due to their varying 
chordwise and spanwise stiffness. Figure 1(a) shows the morphological parameters of a Monarch butterfly relevant 
to the current study. The wing length of the right forewing R, is defined as the distance between the wing root and 
the wing tip. The body of the Monarch butterfly is slender and segmented. The total mass of the butterfly is 
measured for each specimen with the reflective markers attached. In the current study we focus on a representative 
single butterfly specimen with a wing length of R = 47 mm and a total mass with markers of m = 0.415 g. The non-
dimensional radius to the second moment of fore wing area is estimated to be r2 = 0.55R. The morphological 
parameters and the measured wing kinematic parameters are summarized in Table 1. 

 

Fig. 1. (a) Marker locations on the body and wings of a Monarch butterfly. The markers are placed on the 
dorsal and ventral sides of the wing. (b) Schematic showing the definition of the flapping angle  defined as 
the angle between the vectors extending from thorax to the left and the right wing markers. 

 
 

Table 1. Morphological parameters of the considered Monarch butterfly [18].  
 

Parameter Value 
Butterfly mass with markers, m (g) 0.415 
Wing length, R (mm) 47 
Non-dimensional radius to the second moment of wing area, r^2 0.55 
Area of left and right forewings, S (mm2) 19 
Mean chord, cm (mm) 20.2 

B. Marker Placement and Data Processing 
We measured the wing and body motion by tracking the customized markers placed on the butterfly wing and 

body. The postprocessing procedure is detailed in our previous work [18]. Here, we provide a brief summary. 
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VICON motion capture cameras track the motion of customized reflective markers. We used a flat tape reflective 
marker cut into a small rectangular shape with a dimension 3×5 mm [18]. Each marker weighs 0.0058 g and 
corresponds to 1.2% of the mass of an average Monarch butterfly. We placed a total of seven markers on each 
butterfly – six on the wing surfaces and one on the thorax as shown in Fig. 1(a). We placed markers on the dorsal 
and ventral surfaces of each forewing and one of the hindwings so that the flapping motion would not interfere with 
the cameras viewing each marker throughout the stroke. The left and right forewings markers, LW and RW, provide 
data on the flapping angle of the butterfly wing. We use the thorax marker, T, to determine the trajectory.  

As shown in Fig. 1(b), three vectors pleft, pright, prear were defined as extending from the thorax marker to the 
marker located on each wing. The flapping angle γ, defined here as the angle between both fore wings, was 
calculated by  

 

right

rig

left1

le tft h

| |
tan , 

 


p p

p p
  (1) 

 
where γ=0 deg at the end of the upstroke. 

We determined the peak-to-peak amplitude of the flapping motion γp2p, by locating the maximum and minimum 
value for all the individual cycles in the trajectory. We determined the average of the maximum and minimum 
flapping angles from all the individual cycles in a trajectory and then calculated the difference between the averages 
to obtain the peak-to-peak amplitude for the trajectory. The frequency of the flapping angle signal fw, was calculated 
using a Fast Fourier Transform (FFT). Finally, we determined the phase ϕ using the complex flapping frequency , 
which was obtained from the FFT by 

 

1 imag 
tan .

real 
      

  (2) 

 
The VICON motion capture system records the three dimensional position of each marker on the butterfly. A 

sampling rate of 100 Hz was used in recording the marker data. A sampling rate of 100 Hz corresponds to nearly ten 
times the characteristic flapping frequency of Monarch butterflies [18]. The data is filtered using a low pass filter 
with a cutoff frequency of 50 Hz.  

Figure 2(a) shows the three dimensional position of the thorax and the wing markers for ten consecutive 
flapping cycles in a climbing trajectory. We consider the trajectory from flight 1372, butterfly #55 from the 
experimental measurements from our earlier study [18]. The three dimensional variation of the fore wing markers 
relative to the thorax can be observed in Fig. 2(a). The trajectory of the butterfly is defined as the position of the 
thorax marker T, during flight. The trajectory of the butterfly shows an undulating variation about a mean trajectory. 
The climb angle of the trajectory with the horizontal plane is = 24.2 deg based on the end points of the trajectory. 
The vertical position of the thorax and wing markers is shown in Fig. 2(b). The average climb rate of the trajectory 
is calculated from the altitudes of the end points of the trajectory over time and corresponds to 0.76 m/s. The 
instantaneous velocity of the thorax marker is obtained by differentiating it with respect to time. Figure 2(c) shows 
the variation of the thorax velocity magnitude for the trajectory shown in Fig 2(b) with a mean velocity magnitude, 
U = 1.88 m/s. 

The position of the thorax and wing markers is used with Eq. (1) to determine the flapping angle , between the 
left and the right forewings. Figure 2(d) shows that the variation of the normalized flapping angle is nearly 
sinusoidal. The flapping angle is close to = 0 deg when the wings are folded above the body near the beginning of 
the downstroke. At the end of the downstroke, the flapping angle is close to = 300 deg. The undulation of the 
thorax about the mean trajectory is obtained by detrending the vertical position of the thorax with a moving average 
filter. The resulting normalized undulation is shown in Fig. 2(d). The body undulation frequency fb, is obtained by 
taking the FFT of the undulating motion about the mean trajectory. The flapping motion and body undulation shown 
in Fig. 2(d) share the same frequency, i.e. fw = fb = f = 9.9 Hz, suggesting that the wing motion and the body motion 
are closely coupled to each other. The body of the butterfly rises up during the downstroke and then falls during the 
upstroke resulting in a undulating motion with a constant phase offset with the wing motion. The wing-body phase 
offset ϕexp, shown in Fig. 2(d) is determined from Eq. (2) as ϕexp = 94.3 deg. Table 2 gives a summary of the body 
and wing kinematics parameters corresponding to the trajectory shown in Fig. 2. 

The body and the wing motion are closely coupled. In our earlier work [18] we developed an analytical model 
which explains this dynamic relationship and is discussed in Section III.C. 

D
ow

nl
oa

de
d 

by
 C

ha
ng

-K
w

on
 K

an
g 

on
 Ju

ne
 2

, 2
01

9 
| h

ttp
://

ar
c.

ai
aa

.o
rg

 | 
D

O
I: 

10
.2

51
4/

6.
20

19
-0

56
6 



 
American Institute of Aeronautics and Astronautics 

 

 

5

  

Fig. 2. (a) Three dimensional recorded position of thorax and wing markers in a climbing trajectory for ten 
flapping cycles. Thorax marker T, is shown in red and left wing, LW and right wing RW, markers are shown 
in blue and green, respectively. The thorax has a climb angle of = 24.2 deg with the horizontal plane. (b) 
The z-component of three markers in (a) with respect to non-dimensional time. The thorax trajectory has a 
vertical climb rate of 0.76 m/s. (c) Variation of thorax velocity magnitude. The average value over ten cycles is 
U = 1.88 m/s. (d) Comparison of undulating motion of the body and flapping motion of the wing. The 
undulating motion of the body (red) and flapping angle  (blue) are normalized. The trajectory is taken from 
the experimental measurements from our earlier study [18]. Downstroke is shaded. 

 

C. Dynamic Relationship between Wing Motion and Body Undulation 
In our earlier work [18], we modeled the dynamic relationship between wing and body motion by considering 

the butterfly as a single mass system with unsteady aerodynamic forces on the wing. We considered the butterfly as 
a single mass system climbing at an angle  and used balance of forces to obtain 
 

z / coswing bodyma L mg   , (3) 
 
where az is the acceleration normal to the instantaneous velocity, g is the gravitational acceleration, and Lwing/body is 
the lift force normal to the mean climbing trajectory corresponding to a coupled wing-body motion. The flapping 
motion of the wing was modeled with a two dimensional plunge approximation as  
  

a( ) cos(2 )h t h ft  ,  (4) 
 
where ha = p2pRr^2/4 is the plunge amplitude. In Eq. (4) the plunge motion is considered in the downward direction. 
Three dimensional rotating wing motion about the wing root is converted to a two dimensional motion by 
considering wing plunge at the second moment of area of the wing at a distance of r^2R from the wing root. We 
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considered the unsteady lift acting on the butterfly using Theodorsen’s lift equation in the quasi-steady limit [27], 
which can be written as  
 

2 2 2 2
/ 2 , / 2 ,2

1 1 2
ˆ ˆ ( ) ( )

2 2 2
m

wing body L wing body LL Sr C Sr z h z h C
UU

c
U U 

 
         

 
   . (5) 

 
Here,  is the fluid density and the area of the left and right forewings S is multiplied by r^2 to scale the magnitude of 
the aerodynamic forces on a rotating flapping wing of an insect to a plunging airfoil as modeled by Theodorsen [28–
30]. Since many butterflies cannot actively control their pitch angle due to structural constraints [31,32], we neglect 
the lift terms due to pitch velocity and acceleration in Eq. (5). We modeled the two-way coupled dynamics between 
the wing and body motion by adjusting the plunge motion with instantaneous body motion z, in Eq. (5). The first 
and second terms in Eq. (5) correspond to the circulatory and non-circulatory terms, respectively. The third term in 
Eq. (5) is the stationary lift term modeled by CL= 2Thiscorresponds to the lift component that offsets the 
weight component mgcosas shown inFig. 3(a) The butterfly climb follows a straight trajectory when it maintains 
a mean angle of attack of = mgcosU2Sr^2

. 
The solution to Eq. (5) is [18]  
 

( )
A{cos(2 ) cos }

a

ft
z t

h
    , (6) 

 
 
where the non-dimensional undulation amplitude A and phase offset  are given respectively as  

 
2

1
2

1 1

arctanA 1 ;
2

1 ( 1)
2

2

kM

C

C kM

Ck
M

 
   

    

 
   


 




, 
(7) 

 
 Here, the coefficient C1 = (M-1)(k/2)2-1, the reduced frequency is k = fcm/U, and, again, the factor M is the non-
dimensional wing loading. The model parameters from Eqs. (6) and (7) are summarized in Table 2.  
 
 

 

Fig. 3. (a) Schematic showing the forces acting on a butterfly in a climbing trajectory. Fv is the vertical force 
acting in the direction opposite to butterfly weight. The direction of the instantaneous thorax velocity is given 
by U. The component of force normal to the instantaneous velocity is the lift, L. (b) Comparison of the 
undulating body motion from the experimental measurements (first cycle) and model (Eq. (6)). The plunge 
motion, h(t) is also shown. The experimental measurements are from our earlier study [18].  
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Table 2. Kinematic parameters from the trajectory in Fig. 2 and the corresponding parameters from the 
coupled wing-body model. Experimental measurements are from our earlier study [18]. 
 

Parameter Value 
Plunge amplitude, ha (mm) 32.36 
Exp. body undulation amplitude (mm) 6.6 
Exp. phase offset, exp (deg) 94.3 
Flapping amplitude, p2p (deg) 286.9 

Body undulation frequency, fb (Hz) 9.9 
Mean forward velocity of thorax, U (m/s) 1.88 
Reduced frequency, k 0.33 
Non-dimensional wing loading, M 37.13 
C1 = (M-1)(k/2)2-1 0.0115 
Model body undulation amplitude, Aha (mm) 5.4 
Model phase offset, (deg) 89.9 

 
 

IV. Results and Discussion 

A. Derivation of the Power for the Dynamically Coupled Wing-Body Butterfly Model 
The instantaneous position of the body is given by Eq. (6). The corresponding velocity and acceleration of the 

body are 
 

2
a a( ) A ; ( ) A coin( ( )ss )t tz t h z t h           , (8) 

 
where = 2f is the angular frequency of the body undulation and A and  are the non-dimensional amplitude and 
phase offset given in Eq. (7). Substituting the velocity and acceleration associated with the plunging motion of the 
wing given by Eq. (4) and the undulating motion of the body given by Eq. (6) into Eq. (5), and then 
nondimensionalizing, yields the lift coefficient for the coupled wing-body motion as 

 

2 2m
, / a a2

a a ,

( ) { A cos( ) cos( )}
2

2
{ sin( )A } .sin( )

L wing body

L

C t h h
U

h

c
t

t C
U

t

t h 


     


     





  


  (9) 

 
For the case where the wing and body motions are decoupled from each other, the body undulation amplitude 

becomes zero and the lift coefficient without the wing-body coupling reduces to 
 

2m
, a a ,2

2
( ) { cos( ) s} { } .in( )

2L wing L

c
t hC t h C

UU
t 

 
         (10) 

 
The power coefficient for the coupled wing body motion can be defined as  
 

, / , / ,P wing body L wing body

h
C C

U

 
  

 


 (11) 

 
where hሶ (t)	= 2fhasin(2ft) is the plunge velocity of the wing. It is also useful to calculate the mean coefficient of 
power for the coupled motion in a cycle from Eq. (11) as  
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, /

1/

0

, / ( ) .P wing body P wi g body

f

nC f C t dt   (12) 

 
Determining the power expenditure during flapping flight can provide an estimate of the energetic costs 

associated with the flight. Substituting the lift coefficient from Eq. (9) in Eq. (12) results in 
 

1/1/

0 0

1/1/
2

0 0

1/

2
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ω ω ω ω ω ω
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The integrals in Eq. (13) can be exactly evaluated and simplified to  
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a a
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4 4
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A f h h

U U

f

k

k
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  

 
   

  
 

. (14) 

 
Equation (14) quantifies the mean coefficient of power associated with a coupled wing-body motion. If the 

influence of the body undulation on the lift is neglected in Eq. (5), resulting in a lift coefficient given by Eq. (10), 
the power coefficient reduces to the third term in Eq. (14): C̄P,wing = 43f2ha

2/U2. The relationship between the wing-
body coupling and the associated lift and power is discussed in the Section IV.B. 

B. Power Reduction from the Wing-Body Coupling 
Equation (14) represents the mean power coefficient for a coupled wing-body motion where C̄P,wing = 43f2ha

2/U2 
corresponds to the power due to the flapping motion of the wing. The mean lift and power with and without wing-
body coupling based on the morphological parameters given in Table 1 and kinematic parameters in Table 2 are 
shown in Table 3. The amplitude and phase associated with CP for the trajectory in Fig. 2 are Ap = 0.6 and 
p = 80.53 deg, respectively.  

 
Table 3. Mean lift and power with and without wing-body coupling.  

Parameter Value 
Mean CL for coupled wing-body motion, C̄L,wing/body 2.96 
Mean CL for purely plunging motion, C̄L,wing 2.96 
Mean CP for coupled wing-body motion, C̄P,wing/body 3.49 
Mean CP for purely plunging motion, C̄P,wing 3.58 
Strouhal number, St=2fha/U 0.34 
Amplitude associated with CP, Ap 0.6 
Phase offset associated with CP,pdeg 80.53 

 
Figure 4(a) shows the variation of the normalized body and plunge motion and the corresponding plunge 

velocity in a cycle. The resulting time history of the lift coefficient with and without coupled body motion is shown 
in Fig. 4(b). The influence of the wing-body coupling on the mean lift is negligible. A slight offset is observed 
between the two profiles. On the other hand, the differences in the corresponding power coefficient for the two cases 
is noticeable as shown in Fig. 4(c). The CP profile consists of two peaks during a flapping cycle of the wing with a 
higher peak observed during the second half of the cycle. Although the CP,wing/body is not consistently lower than the 
CP,wing throughout the cycle, the mean C̄P,wing/body = 3.49 is slightly (around 3%) lower than the C̄P,wing= 3.58 (Table 
3). The main reason is that the lift coefficient with the wing-body coupling peaks earlier. This phase difference 
results in the lower mean power with the wing-body coupling.  
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(a)                                                       (b)                                                        (c)  

Fig. 4. (a) Time history of normalized plunge motion, h(t), body undulation, z(t), and plunge velocity ḣ(t), in a 
flapping cycle. (b) Variation of CL in a flapping cycle for a coupled wing-body motion and purely plunging 
wing motion. Mean CL for the two profiles over a flapping cycle is shown. (c) Variation of CP in a flapping 
cycle highlighting the difference between a coupled wing-body motion and purely plunging wing motion. 
Mean CP over a flapping cycle is shown.  

 

C. Analysis of the Power Reduction associated with the Wing-Body Coupling 
The lift and power coefficient in Eqs. (9) and (14) can be rewritten in terms of the non-dimensional parameters 

that are widely used in bioinspired flight dynamics [11] as  
 

2 3 2
, / p pA sin( ) ,πP wing bodyC St St    (15) 

 

where the amplitude can be rewritten as Ap =
3 2A ( / 2) 1k   and the phase is p = arctan(2/k). The Strouhal number 

corresponding to the flapping motion is defined as St = 2haf/U. The square of the Strouhal number appears as a 
common factor. The reduced frequency is again k = fcm/U. A is the non-dimensional body undulation amplitude 
(Eq. (7)),  is the phase offset between body and wing motion (Eq. (7)). 

The first term on the RHS in Eq. (15) corresponds to the power reduction due to the wing-body coupling and 
undulation. The second term C̄P,wing = 3St2 corresponds to the intrinsic power due to the flapping motion of the 
wing, which is always positive.  

The overall power can be reduced due to a coupled wing-body motion when the first term on the RHS in Eq. 
(14) becomes negative. In other words, if ApSt2sin(-p) > 0, we have power savings due to the body undulation. We 
solve this inequality by inserting the definitions of  in Eq. (7) and p = arctan(2/k), yielding  

  

1

2
arctan arsi ctan 0

2
n

kM

C k

             
. (16) 

 
The solution to the above inequality is k2 > -4, which implies that there is always a reduction in power due to the 
wing-body coupling.  

The magnitude of the power reduction normalized by St2, which is Ap, depends on the reduced frequency k, and 
the non-dimensional wing loading M. The ranges of values for M, St and k relevant to the considered Monarch 
butterflies are 30 < M < 50, 0.16 < St < 0.22 and 0.24 < k < 0.46, respectively [18]. Based on this observation, we 
focus on the influence of M and k on the power reduction normalized by St2 and corresponding to the trajectory in 
Fig. 2. The variation of Apsin(-p)

 as a function of k and M is shown in Fig. 5. The amount of power reduction 
observed is higher in the region of lower M and k. For a given k, as the magnitude of M increases, Apsin(-p) 
approaches zero. The range of reduced frequencies and non-dimensional wing loading recorded from all the flights 
is highlighted in Fig. 5 in blue. The domain given by the intersection of the bounds of k and M in Fig. 5 indicates the 
range of power savings associated with Monarch butterfies.  
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Fig. 5. Power reduction Apsin(-p) as a function of reduced frequency k and non-dimensional wing loading 
M. The range of k and M for Monarch butterflies [18] is highlighted in blue. The domain of intersection of k 
and M denotes the range of power savings for Monarch butterflies.

 
Figure 5 also shows the regimes corresponding to smaller insects such as fruit flies and bumblebees which 

exhibit much higher non-dimensional wing loadings compared to Monarch butterflies [18]. Fruit flies have a non-
dimensional wing loading of M = 3.1×103 and bumblebees have M = 1.4×103 [18], which are two orders of 
magnitude higher than for Monarchs. Additionally, the reduced frequency for fruit flies and bumblebees is k = 1.35 
and k = 0.55, respectively. Because of the higher non-dimensional wing loading M for fruit flies and bumblebees, 
the body undulation amplitudes are much lower than Monarchs. Our results summarized in Table 4 suggest that the 
corresponding power savings for these insects due to body undulation are negligible compared to Monarch 
butterflies.  

 
Table 4. Comparison of non-dimensional variables and power savings for Monarch, bumblebee [18] and fruit 
fly [18,33].  

Parameter Monarch Bumblebee Fruit fly 
Non-dimensional wing loading, M 37.13 1.4×103 3.1×103 
Reduced frequency, k 0.33 0.55 1.35 
Strouhal number, St 0.34 0.59 1.72 
Body undulation amplitude (mm) 5.37 0.02 5.2×10-4 
Power saving, Apsin(-p) 0.81 2.2×10-4 3.3×10-6 

 

D. Comparison of Power Expenditure with and without Body Undulation 
As discussed in Section IV.B, the trajectory with a coupled wing-body motion yields a lower mean power 

coefficient. The effect of lower power expenditure due to body undulation in a long distance migrating flight can be 
estimated in terms of the energy consumption based on a typical Monarch specimen: C̄P,wing/body  = 3.49 and 
C̄P,wing = 3.58. The corresponding power with and without coupled body motion are given by Pwing/body = 4.382 mW 
and Pwing = 4.505 mW, respectively. The body undulation reduces the mean power by 0.123 mW, or around 3%.  

We can define the total energy expenditure during the migration distance as E = Pd/V, where P is the power 
required, d is the migration distance and V is an average cruise velocity. If we assume a constant cruise speed of 
V = 5 m/s during migration [34], it takes around 222 hours (9.3 days) for the Monarchs to migrate a distance of 
d = 4000 km without stops. The energy expenditure over the migration distance with and without body undulation 
assuming a constant cruise velocity is Ewing/body = 3.479×104 J and Ewing = 3.578×104 J, respectively. The body 
undulation decreases the energy expenditure by around 3%. A typical Monarch weighing 600 mg contains about 
23% (140 mg) of fat [34]. Based on the metabolic rate measured for the Painted lady butterfly, Gibo and Pallet [34] 
report that a typical Monarch butterfly will consume fat at the rate of 13 mg/hr (120 cal/hr). Based on these energy 
estimates, assuming that a Monarch constantly replenishes its fat reserve during migration, energy saving of 3% due 
to an undulating body trajectory could extend the total flight time by about 2 flight hours or about 36 km (0.9% d) 
range with a constant cruise velocity compared to a purely uncoupled wing motion. Migration is energetically 
expensive [35] and Monarch butterflies expend lipid reserves during migration in spite of possible intermittent 
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feeding on nectar along the way [35]. Though small, energy saving resulting from body undulation can potentially 
be crucial for long distance migration of Monarchs.  
 

V. Concluding Remarks 
Monarch butterflies are highly maneuverable and exhibit wing motions coupled with undulating body motion. 

The purpose and the role of body undulation are not clearly understood. In this work, we express the Monarch power 
expenditure for a coupled wing-body motion in a climbing trajectory. The butterfly is considered as a single mass 
system and the aerodynamic lift acting on the butterfly is modelled using the unsteady Theodorsen’s equation.  

We derived an analytical expression for the coefficient of power due to coupled wing-body motion. We 
compared the power savings from the model to a decoupled wing motion. The results indicate that the mean lift 
coefficients of the coupled wing-body motion and decoupled wing motion are similar. However, the power 
coefficient is slightly lower for the coupled wing-body motion.  

We also expressed the power saving in terms of non-dimensional parameters and identified the range relevant for 
Monarch butterflies over which power saving is observed. The amount of power reduction observed is higher for 
lower non-dimensional wing loading and reduced frequency. For the trajectory considered in this study, inclusion of 
the body motion reduced the total power consumption by around 3%. For a typical Monarch butterfly weighing 
around 600 mg and migrating over 4000 km, the estimated energy saving due body undulation could extend the total 
flight time by 2 hours or by 36 km range compared to a purely uncoupled wing motion.  

The current study provides a novel analytical framework to describe the role of body undulation in Monarch 
butterfly flight. Understanding the role of body undulation in power savings can be beneficial in developing long 
range MAVs. 

The current study is based on quasi-steady, two dimensional, single mass butterfly model. In the future, 
modeling based on high fidelity Navier-Stokes simulation including the effects of wing flexibility will be 
considered. In addition, assessment of the power expenditure in Monarch butterflies based on the relative motion of 
thorax and abdomen segments will be considered. The analytical model of power estimation from coupled wing-
body motion presented in the current study will be evaluated based on a statistically significant number of 
experimental measurements of Monarch butterflies in free flight.  
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