An Entropy-Area Law for Neutron Stars Near the Black Hole Threshold

Stephon H. Alexander,! Kent Yagi,? and Nicolds Yunes®

' Brown University, Department of Physics, Providence, RI 02912, USA.
2 Department of Physics, University of Virginia, Charlottesville, Virginia 22904, USA.
SeXtreme Gravity Institute, Department of Physics,
Montana State University, Bozeman, MT 59717, USA.
(Dated: November 6, 2018)

Neutron stars exhibit a set of universal relations independent of their equation of state that bears
semblance to the black hole no hair relations. Motivated by this, we analytically and numerically
explore other relations that connect neutron star and black hole universality. By analyzing two
different measures, we find that certain rescaled entropies possess a nearly universal behavior. We
also discover that when the compactness of neutron stars approaches the black hole limit, the
rescaled entropy approaches that of a black hole, and the thermodynamic entropy scales with the

stellar surface area in an ever more universal way.

I. INTRODUCTION

In the context of General Relativity there is a striking
semblance to the no-hair relations of black holes [1, 2]
and the universal relations for compact stars [3-8]. The
former states that for an isolated, stationary, and un-
charged black hole, the only information accessible to
an external observer is its mass and its spin. Likewise,
the latter state that a certain universality arises among
a compact star’s moment of inertia, its tidal deforma-
bility (Love number) and its rotation-induced multipole
moments, such that these inter-relations are roughly in-
dependent of the equation of state. Given that neutron
stars can collapse to form black holes, it is intriguing to
ask to what extent these seemingly universal relations
may be related to the universality seen in black holes. In
this work, we initiate such an investigation.

One non trivial pathway to explore a connection be-
tween compact stars and black holes is to look at their en-
tropy. From the seminal work by Bekenstein and Hawk-
ing [9-12], we know that, when quantum mechanics is
included, black holes radiate and have an entropy that
surprisingly scales with the event horizon area. Could it
be that this is also the case for neutron stars? And if
so, is the approach to the black hole limit universal, de-
pending insensitively on the star’s equation of state and
internal composition?

At first sight, the answer is seemingly in the nega-
tive. Black holes are very cold, with Hawking tempera-
tures smaller than 10~® Kelvin, and thus, they have im-
mense entropies. For a typical astrophysical black hole,
the Bekenstein-Hawking entropy is greater than 107k,
where kp is the Boltzmann constant. On the other hand,
isolated neutron stars have surface temperatures of about
10% Kelvin, and entropies of about 10%3kp, as roughly
estimated from the ratio of their binding energy to their
temperature. We see then clearly a gap of over 16 orders
of magnitude between the entropies of these objects.

Interestingly, though, the approximately universal re-
lations found in neutron stars do not apply to dimen-
sional quantities, but rather to certain rescaled dimen-

sionless combinations. Consider then the dimensionless,
rescaled entropy, defined as the product of the entropy
to the temperature, divided by the mass of the object.
For non-rotating and uncharged black holes, this rescaled
entropy is exactly equal to 0.5, if one uses the Bekenstein-
Hawking entropy and the Hawking temperature to cal-
culate it. For non-rotating neutron stars, the rescaled
entropy is approximately the compactness of the star,
which is about 0.2. In terms of the rescaled entropy,
then, neutron stars are much closer to black holes.

Given this, one may wonder how this rescaled entropy
flows from a neutron star sequence to the black hole limit.
Is there approximate universality in this flow? This is in-
teresting because one can show that the rescaled entropy
is related to the scaling exponent of the entropy-mass
or entropy-compactness relation. If the flow is approxi-
mately universal, then this scaling exponent is also ap-
proximately universal over many orders of magnitude in
physics, from scales relevant to neutron stars (nuclear
or quantum-chromodynamics scales) to scales relevant to
black holes (the Planck scale). Such a result would hint
at the existence of an approximate symmetry that be-
comes sharper at the threshold of gravitational collapse.

We study these ideas here by focusing on two mea-
sures of entropy (thermodynamic [13, 14] and configura-
tional [15-17]) for an equilibrium sequence of cold neu-
tron stars. Our first finding is that both entropy mea-
sures, if properly rescaled with the stellar temperature
and mass, exhibit an approximate universality that is in
fact enhanced as the neutron star sequence approaches
the black hole threshold. Perhaps even more intriguing,
this rescaled entropy approaches the rescaled entropy of
a black hole as the neutron star compactness approaches
the black hole limit in an equation-of-state insensitive
fashion. When we combine these results, we can also
show that the neutron star thermodynamic entropy scales
more and more with the stellar surface area (instead of
the stellar volume) as its compactness approaches the
black hole limit [13, 14].

The results summarized above hint at the existence
of critical phenomena in the collapse of neutron stars to
black holes. In physics, critical phenomena is related to



scaling relations near second-order phase transitions that
are thought to be universal, in the sense that they depend
only on a few macroscopic properties of the system, like
its size or the range of the interaction. In gravity, critical
phenomena was found in the 1990s through detail numer-
ical studies of the dynamics of a scalar field at the thresh-
old between dispersal and collapse into a black hole [18].
The analysis presented here is different from that because
it involves an equilibrium sequence of neutron stars, and
thus it is not dynamical. Yet it suggests that a dynami-
cal study could be most interesting, and in fact, it could
reveal the emergence of an approximate symmetry, like
that discussed in [19, 20], but now at the threshold of
gravitational collapse.

The remainder of this paper presents the details that
led us to the conclusions we summarized above. In Sec. IT
we formulate and numerically evaluate both the thermo-
dynamic and configurational entropy of a neutron star.
In Sec. IIT we discuss the universality of the entropy of
neutron stars in various relevant limits. In Sec. IV we
compare our results to black hole entropy and in Sec. V
we discuss future directions and speculate about the un-
derlying reason behind these surprising connections be-
tween black holes and neutron stars.

II. THE ENTROPY OF A NEUTRON STAR

In this section, we define the notions of entropy we will
use in this paper: thermodynamic entropy and configu-
rational entropy. With this at hand, we then present the
behavior of the entropies as a function of compactness
for a variety of well-motivated equations of state, as well
as the interrelations between the entropies themselves.

A. Thermodynamic Entropy

The concept of thermodynamic entropy can be phe-
nomenologically understood as a measure of the organi-
zation of the energy of a system. Let us then consider
a spherically symmetric star in thermal equilibrium with
mass M and radius R and use the first law of thermody-
namics

dE = TdSw — pdV + pdN , (1)

with E the energy, T the temperature, Si, the thermo-
dynamic entropy, V' the volume, p the chemical potential
and N the particle number of the star. We can use this
equation to solve for the thermodynamic entropy to find
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where R is the stellar radius, p is the energy density, n is
the number density, and we have used that the volume
element for a spherically symmetric metric can be written
as dV = 47r(grr)1/2r2dr in a suitably-adapted coordinate

system. We have also used that the temperature of a star
in internal thermal equilibrium is given by the Tolman
relation [14]

T(r)="To (—gtt)_1/2 ; (3)

where T} is the temperature of the star as measured at
infinity. Notice that the zero temperature limit is delicate
in the above expression, as one may naively conclude that
it forces the entropy in Eq. (2) to diverge. In this paper,
we study the combination Si,Tp, which remains finite
even in the zero temperature limit.

For a system in thermal equilibrium, the chemical po-
tential at any two points inside the star are related to the
chemical potential at the surface via

1/2
u(r) = (R) (i}((’?) , ()

if there is no net particle flow [13]. In Appendix A, we
prove that
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neglecting temperature corrections in the equation of
state. Using this relation, the thermodynamic entropy
can be written as

R
Sth = ?/ r’ (=gt grr)1/2 (p+p)dr, (6)
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where we have defined the renormalized temperature

Ty

T )
1—c¢c,

(7)

Let us now plot the thermodynamic entropy for neu-
tron stars using a wide class of realistic equations of state.
We first consider neutron stars that can be described by
an isotropic, perfect fluid, stress energy tensor with the
following equations of state: an n = 0 (constant den-
sity) polytrope, AP4 [21], SLy [22], LS [23] with nuclear
incompressibility of 220MeV (LS220) and Shen [24, 25],
with the latter two at a temperature of 0.1MeV! with
a neutrino-less and beta-equilibrium condition. All of
these equations of state support neutron stars with a
mass above 2Mg, and thus, they are not yet ruled out
by pulsar observations. We also consider neutron stars
that can be described by fluids with anisotropic pres-
sure through the simple and phenomenological model of
Bowers and Liang [26] (the so-called BL model with the

1 Strictly speaking, these constant temperature equations of state
are inconsistent with the Tolman relation in Eq. (3). However,
since 0.1MeV is much smaller than the Fermi temperature of a
neutron star, we can neglect any thermal radiation and associ-
ated dynamics as a first approximation.



strongly-anisotropic limit characterized by an anisotropic
parameter A\g;, = —2). This class of stars allows for sta-
ble solutions with maximum compactness much closer to
the black hole limit [20, 27].

With the equations of state specified, we can now com-
pute the thermodynamic entropy for neutron stars. We
start by choosing a central density and numerically solv-
ing the differential equations of relativistic structure for
a specific equations of state in the list described above.
The solution to these equations yields the metric func-
tions (gst, grr) and the thermodynamic variables (p,p)
as functions of the radial coordinate. The thermody-
namic entropy can then be calculated through Eq. (6),
where the radius of the star is given by the radial posi-
tion at which the pressure vanishes, and the total grav-
itational mass of the star as the value of the enclosed
mass at that radial position. We then repeat this calcu-
lation over many different values of the central density to
find a sequence of neutron stars of varying compactness,
storing the values of the radius, total mass, compactness
and thermodynamic entropy for each member in the se-
quence. Finally, we repeat this calculation for a different
equation of state, finding sequences of neutron stars for
each equation of state listed above. We stop the above
calculations for each equation of state once the sequence
reaches its maximum compactness. Although some of the
high compactness stars are unstable, we keep them in our
analysis since the goal is to study how each sequence ap-
proaches the black hole limit theoretically.

Figure 1 shows the thermodynamic entropy scaled by
T /M for a sequence of neutron stars with different com-
pactnesses C = M/R, where M is the mass of the star
and R is its radius. Each point in this figure requires its
own solution to the differential equations of relativistic
structure, as described in the previous paragraph. Ob-
serve that the thermodynamic entropy is approximately
independent of the equation of state. Observe also that
as the compactness increases, the thermodynamic en-
tropy approaches a single point labeled with a star. This
points corresponds to the black hole Hawking entropy,
which we will discuss in Sec. IV. Of course, a sequence
of neutron stars with isotropic pressure can never ex-
ceed the so-called Buchdahl limit of C' = 4/9, and thus,
the thermodynamic entropy sequences terminate there.
For anisotropic stars, however, the sequence is allowed
to continue, and the thermodynamic entropy approaches
the black hole point much more closely, although it over-
shoots it by roughly 10% as C' — 1/2 when using realis-
tic equations of state. Observe also that for a constant
density anisotropic star, the thermodynamic entropy ap-
proaches the black hole limit exactly, as we will also be
showing analytically in Sec. IV.

B. Configurational Entropy

Another way to understand the concept of entropy
is in terms of the number of arrangements possible for
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FIG. 1. Thermodynamic entropy of a sequence of neutron
stars of different compactness C, scaled by the renormalized
temperature and the neutron star mass. The filled symbols
correspond to neutron stars with interiors modeled through
a perfect fluid stress-energy tensor with isotropic pressure,
while the unfilled correspond to stars with anisotropic pres-
sure. The solid (dashed) line correspond to a constant density
neutron star with isotropic (anisotropic) pressure, while the
star symbol is the black hole limit (discussed in Sec. IV). Ob-
serve that the entropies approach the black hole limit as the
compactness increases in a way that is approximately inde-
pendent of the equation of state.

all the particles of a system, while at the same keeping
some physical properties, such as energy, constant. Zurek
and Thorne [15] showed that the entropy of a rotating
and charged black hole can be understood as the loga-
rithm of the number of configurations of the black hole
as measured by distant observers, or roughly speaking,
the amount of information it encloses. Building on these
ideas, Gleiser et al [16, 17] define the configurational en-
tropy density via
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the overhead tilde stands for the Fourier transform
~ 7 1 2rik-% ;3
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R
= m/@ p(r)r sin(kr) dr, (10)

and p(r) is the energy density profile. The quantity fiax
is the maximum fraction, given by the system’s longest
physical mode with ki, = 7/R. The normalization of
f(E) is critical to guarantee that f < 1 and to ensure
the argument of the natural logarithm is dimensionless.



Although at first sight the definition of configurational
entropy above seems arbitrary, it is inspired from Shan-
non’s information entropy, and it has been shown to allow
for stability bounds of astrophysical compact objects [17].

For neutron stars, the configurational entropy can
be calculated straightforwardly from the equations pre-
sented above. As in the previous subsection, we begin by
choosing a central density and numerically solving the
differential equations of relativistic structure for a spe-
cific equations of state. This solution yields the energy
density profile, which we can then Fourier transform and
use to calculate f(k). The latter, can then be used di-
rectly in the configurational entropy density of Eq. (8).
As in the previous subsection, we then repeat this proce-
dure for different central densities to find a neutron star
sequence of varying compactness, in which we store the
radius, total mass, compactness and configurational en-
tropy for each member of the sequence. We conclude by
repeating this calculation for different equations of state.

Figure 2 shows the configurational entropy density
scaled by the mass cubed for a sequence of isotropic and
anisotropic neutron stars of varying compactness with
the same equations of state considered in Sec. ITA. As in
the case of the thermodynamic entropy, observe that the
configurational entropy is approximately independent of
the equation of state within the class of isotropic models
and the class of anisotropic models. Moreover, as before,
the configurational entropy approaches a point labeled
with a star, which we will later identify with the black
hole limit in Sec. IV. As in the previous subsection, the
isotropic sequence terminates at a threshold compactness
for each equation of state, but the anisotropic sequence
continues to approach the black hole limit.
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FIG. 2. Configurational entropy of a sequence of neutron stars
of different compactness C, scaled by the mass cubed, for
isotropic (filled symbols) and anisotropic (unfilled symbols)
neutron stars. The solid line corresponds to a constant density
star, while the star symbol is the black hole limit for a 1/r
energy density profile. Observe that the entropies approach
the black hole limit as the compactness increases in a manner
that is approximately independent of the equation of state.

With the configurational entropy as a function of com-
pactness (Fig. 1) at hand, we can now invert it and com-
bine it with the thermodynamic entropy as a function
of compactness (Fig. 2) to find a relation between the
thermodynamic and the configurational entropy. Fig-
ure 3 shows this relation for a sequence of isotropic and
anisotropic neutron stars of varying central density, us-
ing the same equations of state as in Sec. IT A. Observe
that, once more, the relation between these entropies is
approximately independent of the equation of state. Ob-
serve also that as the thermodynamic entropy approaches
the black hole Hawking entropy, the configurational en-
tropy approaches the same configurational black hole
limit discussed above.
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FIG. 3. Relation between the configurational and the thermo-
dynamic entropies for a sequence of neutron stars of varying
central density, using different realistic equations of state for
isotropic and anisotropic stars. The meaning of each symbol
is similar to that of Fig. 2. Observe that this relation is ap-
proximately equation of state independent within the class of
isotropic and the class of anisotropic models.

III. APPROXIMATE UNIVERSALITY OF THE
ENTROPY OF NEUTRON STARS

In this section, we study the degree of approximate
universality (i.e. the approximate insensitivity with vari-
ations in the equation of state) of the entropy as a func-
tion of the compactness and as a function of the moment
of inertia of neutron stars. The latter is calculated by
constructing a slowly-rotating neutron star valid to first
order in its spin angular momentum [28, 29]. We begin
by presenting a measure of universality using the numer-
ical results obtained in the previous section. We con-
clude with analytical estimates of universality, obtained
perturbatively in a leading-order expansion in small com-
pactness.



A. Approximate Universal Relations

Let us begin by studying the degree of variability of
the entropy. Figures 1 and 2 have already presented the
entropy-compactness (S—C) relations, and even by eye
it is clear that these relations are approximately insen-
sitive to the equation of state, i.e. approximately uni-
versal, within the isotropic and the anisotropic classes.
Recently, two of us discovered that the degree of univer-
sality of certain global quantities can be enhanced when
using the normalized moment of inertia I = I/M?3, the
normalized quadrupole moment or the Love number as
the independent variable [3, 4, 8] (instead of the com-
pactness in our case). Let us then study the normalized
moment of inertia-entropy (j,s) relation using the nu-
merical results obtained in the previous section.

Figure 4 shows the IS relation using the thermody-
namic entropy scaled by the renormalized temperature
and the mass (left panel) and using the configurational
entropy scaled by the mass cubed (right panel). As in
the S—C case, there is a clear approximate universality in
the I-S relation within the isotropic and the anisotropic
classes. In the I-S thermodynamic case, however, both
the isotropic and the anisotropic sequences seem to be
approximately universal. Observe also that, as expected,
the I-S relations also approach the black hole result
as the sequence approaches the black hole limit; recall
here that the normalized moment of inertia of a slowly-
rotating Kerr black hole is I = 4, as explained for exam-
ple in [4, 8.

Let us now attempt to quantify better the degree of
universality present in the S—C and the I-S relations.
In fact, to have a better comparison, we consider the
compactness as a function of the entropy (C-S) instead
of the S—C' relation. We will compare the relations for
a given equation of state against averaged relations. We
define the averaged C—S curve as follows:

1 N

where N is the number of equations of state considered
within each class and C;(.S) is the interpolated C—-S rela-
tion for the ith equation of state in the class. Similarly,
we define the averaged I-S curve as follows:

N
Tusl) = 5 Y1), (12)

where again N is the number of equations of state con-
sidered in each class, and I;(S) is the interpolated IS
relation for the ith equation of state in the class. We will
repeat this calculation for the thermodynamic entropy
(scaled by the renormalized temperature and the mass)
and for the configurational entropy (scaled by the mass
cubed) to thus obtain 8 different averaged relations (2
relations, 2 different entropies, and 2 different classes).

With the averaged relations calculated, we can then
construct a measure of non-universality for the ith equa-
tion of state as follows

-  |E(S) ~ L)
(I—S non—universality); = T.05) ,  (13)
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Ci(9) '

(C—S non—universality); = (14)

If these non-universality measures are zero exactly, then
the universality is exact and the relations are perfectly
independent of the equation of state. If, on the other
hand, the non-universality measures are small but non-
zero, then we will say the universality is approximate,
with the measures quantifying their degree.

Figure 5 presents the non-universality measures for the
C-S (top panels) and the I-S (bottom panels) relations
for the scaled thermodynamic entropy (left panel) and
the configurational entropy (right panel). We only show
results in the range where neutron star solutions exist
for all four equations of state considered in this paper, so
that the average discussed above can be taken among all
four equations of state. For example, we do not present
fractional errors with SStT/M smaller than 0.5 since this
quantity is always larger than 0.5 when using the AP4
equation of state. Observe that the relations are approx-
imately universal to better than 10% in most cases, with
no noticeable improvement in the universality between
the C—S and the I-S relations. Moreover, observe that
as the anisotropic sequence approaches the black hole
limit, the universality improves by over 2 orders of mag-
nitude reaching variabilities as low as 0(0.1%). The loss
of universality in the (S, 7/M) — 1 limit is due to great
increase in steepness in the C—Sy, and I-Sy, relations
shown in Figs. 1 and 4.

B. Newtonian Limit

Let us now analytically estimate the neutron star en-
tropies in the Newtonian limit, and compare these es-
timates to our numerical calculations. The Newtonian
limit corresponds to perturbatively expanding any phys-
ical quantity, like the entropy, in small compactness C' <
1, and retaining only the leading-order-in-compactness
result. In this sense, the Newtonian limit is analogous to
a post-Minkowskian or weak-field limit.

The Newtonian calculation for thermodynamic entropy
is simple. In the Newtonian limit, the quantities that
enter the integrand of Eq. (6) reduce to gz — 1, g — 1
and p < p, which leads to

4r (B M
Si\}Ilewt — %/0 szd’l"+0(0) = ? + O(C)v (15)

and thus (Sg, T/M) — 1 in the Newtonian limit. Fig-
ure 1 shows clearly that indeed (Sy, T'/M) approaches
unity as C — 0.



e AP4 (iso)
o SLy (iso)
3 ¢ LS (iso)
10 F \ 10° N e e — 4 Shen (is0)
r e AP4 (iso) =X O  AP4 (ani)
+ m  SLy (is0) L ”\A . iléy (and
I | & LS(so) o e 2 an)
) L\ A Shen (ani)
r 4 Shen (ISQ) a 8 : —— const. density (iso)
. O AP4 (an.l) | X — — const. density (ani)
10°F | o SLy (3?11) K1 10°F \0\. o x  BH (const. density)
| F < LS (ani) ) b | E \g.p % BH (1/r density)
— H A Shen (ani) Q= F \D A%)A Newton (n=0)
[ |— const. density (iso) .- i \.\ D%ﬁ Newton (n=0.5)
— — const. density (ani) N “ @ -—- Newton (n=1)
H r N £
. N : ®
10'F 10'F =
r A B Covd 4 Nl ool
04 10” 10” 10" 10° 10' 10°

FIG. 4. Normalized moment of inertia I against the thermodynamic entropy (left-panel) and the configurational entropy (right
panel) for a sequence of isotropic and anisotropic neutron stars with different equations of state. The values of the moment of
inertia and the entropy for a black hole are shown with a star symbol on the left panel, and with a star and a cross symbol on
the right panel for a constant density and a 1/r density profile respectively. Observe that the entropies approach the black hole
result in the black hole limit in a manner that is approximately independent of the equation of state. For the configurational
entropy case, we also present the relation for Newtonian polytropes.
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FIG. 5. Relative fractional difference in the C—S (top panel) and the I-S (bottom panel) relations calculated between averaged
relations and the relations obtained with a fixed equation of state. We present the thermodynamic (left panel) and configura-
tional (right panel) entropies. Vertical lines show the black hole limits (for the configurational entropy, the black dashed one
corresponds to the constant density profile, while the brown dotted-dashed one corresponds to the 1/r density profile). Observe
that the variability of the relation, relative to the averaged ones, is less than 10% in most cases, becoming more universal as
the anisotropic sequence approaches the black hole limit.

Deriving the Newtonian behavior of the configura- where K and n are constants. Typical neutron star
tional entropy is slightly more complicated. For sim-  equations of state can be approximated by the above
plicity, let us focus on Newtonian polytropes with the polytropic equation of state with a polytropic index
equation of state n € (0.5,1).

p=K p1+1/ " (16) The configurational entropy for polytropes is given



by [17]

5c = —4ma3 /:0 f(k)log [f(ﬂ)] w2 dk (17)
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where Kk = ak and
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with pg the central density. We define kyin = 7/&g with
&R representing the location of the stellar surface in the
dimensionless radial coordinate £ = r/a. Equation (17)
also makes use of f(k), which is defined as

F(r) = h(”(“)) 7 (19)
with?
133
(k) = / O™ € sin(re) dé . (20)

Here 9(¢) = [p(r)/po]*/™ is the Lane-Emden function, a
dimensionless measure of the energy density, defined as
a solution to the Lane-Emden equation

10 (,0 .,
s (€5) 1= @)

with the boundary condition #(0) = 1 and ¥#/(0) = 0.
Using further that

one finds

se M3 = —4r C3 & h f(k)log [f(lﬁ)} k2dr.  (23)

Rmin

The Lane-Emden equation can be solved only numer-
ically for a generic polytropic index n, but one can find
analytic solutions for certain polytropic indices, including
n = 0 (constant density stars) and n = 1. For such a con-
stant density star, 9("=9 = 1 — ¢2/6 with fglzo) =6,
which then implies

74 [sin (V6k) — v/6x cos (V)]

F(n=0) _
f 216 K6 ’

(24)

and one can perform the integration in Eq. (23) numeri-
cally to find

s=0 0B 8.5 x 102 C2. (25)

2 We drop the constant factor in h since it cancels in Eq. (19).

(n=1) _

For an n = 1 polytrope, 9"~ =sin¢/¢ and £~ 7 =,
which then implies
.2
Fon=n) 4sin*(7k) . (26)
m2K2 (1 — Kk2)
and one finds numerically that
sP=UMB ~ 1.7 x 10203 (27)

We see then that the configurational entropy in the New-
tonian limit is simply proportional to compactness cubed.

Let us now consider the Newtonian limit of the dimen-
sionless moment of inertia I. Our starting point is the
integral expression for the moment of inertia to leading-
order in the weak-field [28]

gr [H 8
=" prtdr = O 5 po 1y, (28)
3 Jo 3
where
&R
I, = Il de . (29)

0

Using that the weak-field expression for the total mass is
R
M:47r/ pridr =4ra®py Iy, (30)
0

one finds

g _21L4L1 +0(C™Y. (31)

7 e S
M? 3¢ 1,C?

For n = 0 and n = 1 polytropes, I is then given by

%C*Q, Jn=1) _ (2 _ 4) . (32)

Fn=0) _
3 n?

We can now combine these two sets of results to find
the I-S relation for the configurational entropy. Solving
for the compactness in Eqgs. (25) and (27) in terms of s,
and inserting this in Eq. (32), we find

_ —-2/3
0=~ 36 (s M%) (33)
_ —2/3
=D ~ 7.9 (sg"=1>M3) . (34)

In the right panel of Fig. 4, we present the above New-
tonian relations for I against s.M3 for n =0 and n = 1
polytropes. For reference, we also show the relation ob-
tained numerically for an n = 0.5 polytrope. Observe
that the relations for neutron stars approach either the
n = 0.5 or n = 1 relation for small s.M?3, which corre-
sponds to the weak-field regime. Observe also that the
n = 0.5 relation is much closer to the n = 1 relation
than the n = 0 one is. This (semi-)analytically explains
the universality in the relations found here, since neu-
tron star equations of state can roughly be bracketed by
polytropes with index between n = 0.5 and 1.



IV. COMPARISONS WITH BLACK HOLE
ENTROPY

In this section, we study how the rescaled thermody-
namic entropy and the rescaled configurational entropy
of a sequence of neutron stars behaves as the sequence
approaches the compactness of a black hole. We begin
by comparing the latter to the entropy of a Schwarzschild
black hole. We conclude with a discussion of how the se-
quence approaches the entropy-area law of black holes.

A. Approach to the Black Hole Entropy

For black holes, Bekenstein [9, 10] and Hawking [11, 12]
showed that the thermodynamic entropy scales with the
horizon surface area, namely

kg

SBH = I 3 (35)

NS

where £, = V/h is the Planck length and kg is the Boltz-
mann constant. Using that the Hawking temperature is

62
T, =_—P 36
ey g (36)
one can then write
1M
Spy = — — 37
it (37

where we have used the surface area of a Schwarzschild
black hole A = 47R%, = 16mM?. We can go one step
further and construct the following dimensionless number
by combining the results presented above

SM<E):;. (33)

Note that for a black hole, the chemical potential vanishes
and thus T in Eq. (7) is equivalent to Ty;.

Before proceeding, let us make some quick order of
magnitude estimates. The Bekenstein-Hawking entropy
for a 10Mg black hole is Sgy = 10%kp = 10'2 m/K
in geometric units, because Tpy = 6 x 1072 K. The
thermodynamic entropy of a 1.4Mg neutron star with
a radius of R, ~ 11 km is S, ~ Mf/(R*T*) ~ 4 x
10~* m/K, which is much smaller than that of a black
hole, essentially because the neutron star temperature
T, ~ 105 K > Tyy. Yet still, the neutron star rescaled
entropy S, (T /M.) ~ 0.19 is quite close to the black hole
rescaled entropy Spy(Ten/M) = 1/2.

The configurational entropy for black holes is not ac-
tually well-defined formally. This is simply because black
holes are vacuum solutions with p = 0 except at the sin-
gularity, a point that is typically removed from the man-
ifold. If one sets p = 0 in the configurational entropy
equations of Sec. II B, then the latter vanishes. One can

instead construct an effective energy density for a black
hole, as done in [30], for example arguing that the Fourier
transform of the density must be square-integrable and
the density must be singular at the singularity. Doing
so, one finds that p = 2M/(R2,r) and numerically that
sc ~ 77.7/M?3. However, one should note that this choice
of density functional is not necessarily unique, and thus,
that there is not a clear way to relate the configurational
entropy to the Hawking entropy.

Now that we have discussed the thermodynamic and
configurational entropies for black holes, let us consider
the limit of these entropies for neutron stars as we ap-
proach the black hole limit. We are here focusing on non-
rotating stars in Schwarzschild like coordinates, so the
black hole limit is approached as the radius of the neu-
tron star approaches the event horizon of a Schwarzschild
black hole R — 2M, and thus, as the compactness C =
M/R — 1/2. Figures 1 and 2 have already presented the
rescaled thermodynamic and configurational entropies as
a function of compactness. Referring back to these fig-
ures, we see that the rescaled thermodynamic entropy
approaches the rescaled Hawking entropy as C' — 1/2
for anisotropic stars (recall that for isotropic stars, the
Buchdahl limit prevents us from taking the black hole
limit). In fact, for a constant density anisotropic star,
the rescaled thermodynamic entropy goes exactly to the
rescaled Hawking entropy in the black hole limit, a result
we prove analytically in Sec. IV B. For the same sequence,
the rescaled configurational entropy approaches a value
close but slightly above the rescaled configurational en-
tropy of a black hole, but as we discussed in the previous
paragraph, the latter is not unique due to its intrinsic
dependence on the energy density.

Let us stress that the universal relations and the ap-
proach to the black hole limit only occurs for an appro-
priate rescaled entropy and not for the entropies them-
selves. In fact, the Bekenstein-Hawking entropy is obvi-
ously much larger than the thermodynamic entropy of a
typical neutron star by many orders of magnitude, and
thus there is a large gap between the two. However, such
a gap seems to disappear once one renormalizes the en-
tropies using the stellar mass and the temperature. It
is intriguing that although the entropy is vastly different
between neutron stars and black holes, the universality
in the rescaled entropy relations holds throughout the
neutron star sequence and all the way up to the black
hole limit.

The results discussed above are not the first sign that
the thermodynamic entropy of neutron stars approaches
the black hole limit as the compactness increases. Preto-
rius, Vollick and Israel [31] have shown that as a thin
spherical shell contracts from spatial infinity down to
its horizon, the thermodynamic entropy approaches one
quarter of its area. This result was followed up by Op-
penheim, who studied the thermodynamic entropy of a
self-gravitating object composed of a series of thin shells
of arbitrary composition [13], as well as the thermody-
namic entropy of a gravitating perfect fluid of constant



density [14]. He found that when gravitational effects
are ignored, the thermodynamic entropy scales with the
volume of the star, while when they are included, the
thermodynamic entropy scales with the area in the limit
as the boundary of the system approaches its would-be
event horizon. This area scaling is what one would expect
of the entropy of black holes, as shown in Eq. (35). The
results presented above complement and extend these
previous findings, by considering gravitating perfect flu-
ids with more general equations of state and showing that
these different neutron star sequences approach the black
hole limit in an approximately universal manner. Other
related work includes [32-35].

B. Approach to the Black Hole Entropy-Area Law

Let us now attempt to understand whether the ther-
modynamic and configurational entropies scale with the
area of the compact object in the black hole limit. Fol-
lowing [14], we begin by rewriting the thermodynamic
entropy as

Sth = ’Yﬂ M ) (39)
where we have defined the dimensionless constant

SthT
M )

gl (40)
and the inverse temperature 3 = 1/7. In the black hole
limit, when pressure can be ignored, the first law of ther-
modynamics states that

dM = %dsth. (41)

Taking the derivative of Eq. (39) and using Eq. (41), one
finds

1—~vydM
1-vdM _dp 7 (42)
vy M B
which can be integrated to yield
Boc MU=/ (43)

Inserting this back into Eq. (39), one finds that in the
black hole limit

Sth X Ml/v . (44)

Thus, the quantity 7, which is actually what is plotted in
Fig. 1, controls the inverse of the scaling index of S, with
M. Thus, if one wishes to recover the scaling Sy, oc M? in
the black hole limit, then one must have that v — 1/2 as
C — 1/2, in agreement with Eq. (38). This is the behav-
ior observed in Fig. 1 for isotropic neutron stars, which
is independent of the equation of state. For anisotropic
neutron stars, v becomes smaller than 1/2 as C — 1/2,
though the physical meaning of this behavior is unclear

since the compactness of these stars can never exactly
reach the black hole limit.

Given the importance of the quantity « in the black
hole limit, let us now derive it analytically for constant
density stars. We could use directly the results of Oppen-
heim [14], who calculated v for constant density, isotropic
stars (shown also in Fig. 1), but these stars can never
reach the black hole limit due to the Buchdahl limit. As
before, we overcome this problem by considering constant
density stars with anisotropic pressure, thus extending
another analysis of Oppenheim [13], who calculated v for
spherical shells of matter with anisotropic pressure. Be-
low, we will consider constant density, anisotropic stars
(not shells) and prove analytically that v — 1/2 as
C—1/2.

The anisotropic BL model has been studied in detail in
the past, and for constant density stars, one can solve the
equations of relativistic structure exactly. When Ay, =
—2, one finds [26, 27]:

3 C
pP= Eﬁ > (45)
2
p= ?gr7'p27ﬁ2 7 (46)
o (1-20)%2
S oy i
2\t
Grr = <1 - 2O}fz> 5 (48)

with p representing the tangential pressure and the radial
pressure vanishes. Substituting these expressions into
Eq. (6), one finds

3C2 —3C +1+ (20 —1)oF (~}.1:5:2C)
202

V= » (49)
where 5 F} is a hypergeometric function. One can clearly
see that taking the C' — 1/2 limit, then v — 1/2 exactly,
which then implies that Sg, ~ M? exactly in this case.
Let us now discuss the configurational entropy in the
black hole limit. For constant density stars, Eq. (10)

becomes
(%) = sin(kR) 2—;:; cos(kR) (50)
and f(k) is then
iR = m[sin(kR) — kRcos(kR) (51)

kS RS

Substituting this into Eq. (8), one can numerically cal-
culate the integral to find

seM3 =85 x 10203, (52)

which is shown in Fig. 2 as a solid black line. Notice
that this expression is exactly the same as the Newto-
nian relation in Eq. (25). In the black hole limit, the



configurational entropy for these stars s.M?> — 1.1 x 102.
This value is close but different from the value of the
configurational entropy in the black hole limit when one
uses a 1/r density profile motivated from [30], which is
s¢M3 — T77.7 as already mentioned earlier. This demon-
strates clearly that the configuration entropy in the black
hole limit is sensitive to the particular choice of density
profile.

V. MUSINGS AND FUTURE DIRECTIONS

We have explored the connection between neutron
stars and black holes as one approaches the threshold of
gravitational collapse of neutron stars. In particular, we
have used the entropy as a tool to assess how this thresh-
old is approached by an equilibrium sequence of cold
and isolated neutron stars with different, yet realistic,
equations of state. We have found that certain rescaled
entropy measures (a rescaled thermodynamic one and a
rescaled information-theoretic one) satisfy approximately
universal relations, with the universality increasing as
one approaches the threshold of collapse. Moreover, we
have found that a rescaled entropy approaches that of a
black hole in a manner that is increasingly independent
of the star’s equation of state. Finally, we have found
that the entropy of neutron stars scales more and more
with the neutron star’s surface area as one approaches
the threshold of collapse, again in a manner that is in-
creasingly independent of the star’s internal structure.

But why is this? The analytic and numerical results
we have obtained do not provide a concrete answer to
this very interesting question, but they do provide some
hints and allow us to rule out some hypothesis. The
simplest hypothesis one may consider is that the level of
universality observed is related to how similar the equa-
tions of state of neutrons stars are. Indeed, all equations
of state of neutron stars agree near the crust, but they
can also greatly disagree above nuclear saturation den-
sity, which is reached very rapidly beyond the crust. This
is precisely why different equations of state predict very
different mass-radius relations for neutron stars. In spite
of these great dissimilarities in their mass-radius curves,
the rescaled entropy of neutron stars does not seem to
care much about the equation of state, especially near
the threshold of gravitational collapse.

The rescaled entropy is not the only macroscopic quan-
tity that is insensitive to variations in the neutron star
equation of state. Previously, two of us found that the
moment of inertia, the Love number and the rotation-
induced quadrupole moment satisfy similar universal re-
lations (the I-Love-Q relations) [3, 4]. A hypothesis for
the existence of these relations that has not been ruled
out is that of an emergent symmetry [19]: as one con-
siders ever more compact stars, the lowest energy con-
figuration is one in which isodensity contours are ap-
proximately self-similar ellipsoids. Perhaps, this same
emergent symmetry may also be responsible for the uni-
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versality in the entropy that we have observed, an idea
that deserves further study. Such an idea is reminiscent
of explanations of critical phenomena through the emer-
gence of scale invariance, but the scales involved here are
hugely dissimilar.

Another idea one could explore in the future is whether
the universality we have found is robust to the inclusion
of strong magnetic fields or rapid rotation. In the I-
Love-Q case, the universality was found to be robust to
the latter for a fixed dimensionless spin angular momen-
tum [5, 7, 36], but not to the former [37], thus break-
ing in proto-neutron stars (see related work of [38] for
proto-neutron stars in the presence of entropy gradients
and [39] for differentially-rotating Newtonian stars) and
in magnetars (but not in millisecond pulsars). One may
expect the same to be true for the entropy of neutron
stars, but this should be verified through numerical cal-
culations.

Perhaps the ultimate question one may wish to address
is whether the results we have found have other impli-
cations to our understanding of strong gravity. In the
past, the connection between black holes and thermody-
namics has been used to argue that one could derive the
Einstein equations entirely from thermodynamic princi-
ples [40, 41]. Tt is intriguing to think of the connections
between our results and this derivation near the threshold
of gravitational collapse. This, and other connections to
holography (see e.g. [42, 43]) and thermodynamics, could
also be explored in the future.
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Appendix A: Chemical Potential Relation

In this appendix, we prove the following relation:

ptp _ (guw))l” |

Pb it

(A1)

which leads to Eq. (5) by using n = ppmpy with my
representing the mass of a nucleon and p(R) is constant.
Taking the derivative of this relation, we find

p D 1 1/2 dgu
d( L) +d( L) =2 [gu®)"/? 2L
<Pb> (Pb) 2 lge ()] 93/2

tt

(A2)



Let us now use the first law of thermodynamics for equa-
tions of state at zero-temperature

(@)nl)

Finite temperate effects will affect this relation, but we
assume they will produce small corrections. Using this
relation, Eq. (A2) becomes

it

ldp _ 1[gu(®)]"* 1 dgu (A4)
Py dr 2

2 gee dr ’

Let us now use the Einstein equations for a perfect-
fluid source to simplify the above relation. One fo the
Einstein equations reads

dgst Arr3p +m

= = gy ——— A5

dr Jet r(r—2m)’ (A45)
where m is a metric function defined via g, = (1 —

2m/r)~!1. Using this relation, we then find that

Ldp _ [gm]l” riptm

ppdr | g r(r—2m)
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Using Eq. (A1) one more time, the above equation be-
comes

dp _ (p+p)dnr’p +m)
ar r(r —2m) ' (AT)

One recognizes the above differential equation as the
Tolman-Volkhoff-Oppenheimer equation, obtained by
combining the Einstein equations with the stress-energy
tensor conservation equation. Therefore, it follows that
Eq. (A1) is satisfied provided the Einstein equations are
satisfied, the stress-energy tensor conservation equation
is satisfied and the first law of thermodynamics at zero-
temperature is satisfied. Corrections to the latter due to
finite temperate effects will lead to modifications of O(T)
to Eq. (A1).
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