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Abstract

In this paper, we propose an extension of the family of constructible dilating cones
given by Kaliszewski (Quantitative Pareto analysis by cone separation technique,
Kluwer Academic Publishers, Boston, 1994) from polyhedral pointed cones in finite-
dimensional spaces to a general family of closed, convex, and pointed cones in
infinite-dimensional spaces, which in particular covers all separable Banach spaces.
We provide an explicit construction of the new family of dilating cones, focusing on
sequence spaces and spaces of integrable functions equipped with their natural order-
ing cones. Finally, using the new dilating cones, we develop a conical regularization
scheme for linearly constrained least-squares optimization problems. We present a
numerical example to illustrate the efficacy of the proposed framework.
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1 Introduction

Existence and computation of optimal points of optimization problems by means of
separation theorems are vital to a wide variety of applied models. However, in general,
the separation theorems demand that the ordering cone of the underlying space has
a nonempty interior, a requirement that does not hold in many commonly occurring
infinite-dimensional models, for example, in optimization problems constrained by
partial differential equations (PDE) (see [ 1] and the references therein). However, most
of these problems are formulated either in sequence spaces or Lebesgue function spaces
where their ordering cones have empty interior (see for example [2—4]). Numerous
optimization formulations of economic models are also studied in these spaces (see
[5-7] and references therein).

The conical regularization, introduced in Khan and Sama [ 1], is a general framework
to handle the lack of interior elements in the ordering cones or equivalently the lack of
a Slater-type constraint qualification. This method constructs a family of regularized
optimization problems by replacing the ordering cone by a family of dilating cones
[4,8-11].

At the same time, we note that the dilating cones are also popular objects for
computing proper efficient solutions of a vector optimization problem, and in this case,
this is independent of solidness of the original cone. We recall that the first notion of
proper efficiency was proposed by Kuhn and Tucker [12] who noted that a subset of the
efficient set of a multiobjective optimization problem might be improper, in the sense
that their elements cannot be computed in a satisfactory manner by scalarization. In a
subsequent development, several notions of proper efficiency for multiobjective/vector
optimization problems have been proposed, see [8,13—18]).

There are different ways of defining dilating cones, for example, by dilatations of
the base of the ordering cone, see [16,19]. In this context, Kaliszewski [20] proposed a
family of dilating cones by polyhedral cones. This construction is especially interesting
because the dilating cones can be expressed in terms of matrices that make them quite
tractable numerically (see [17]). The primary objective of this paper is to construct a
family of dilating cones for a general closed, convex, and pointed cone in a Banach
space and apply it to study an infinite-dimensional quadratic programming problem.

We organize the contents of this paper into seven sections. In Sect. 2, we formulate
the general setting and recall the notions that will be used in the subsequent develop-
ment. In Sect. 3, we define a new family of dilating cones extending the idea given
in [20, Section 3.3] and study its relation with the most important families of dilat-
ing cones available in the literature. In Sect. 4, we give the explicit representation of
the new dilating cones for sequence and function spaces. In Sect. 5, using the new
family of dilating cones, we extend the conical regularization scheme established in
Khan and Sama [1] for a linearly constrained least-squares optimization problem. In
Sect. 6, we present a numerical example illustrating the theory. Section 7 contains
some concluding remarks.
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2 Preliminaries

We assume that Y is a Banach space, ||-||y denotes its norm, and the closed unit ball
is denoted by By = {y € Y : |lylly < 1}. We denote by Y* the dual space of Y
and by |[|-]|y+ its norm. Given a nonempty set F C Y, we denote by int F', cl F and
cone F, the topological interior, the closure and the cone generated by F', respectively.
Moreover, F is called solid, if int F # @ . Let D C Y be a closed, convex, and
pointed cone, D N (—D) = {0}, inducing a partial ordering <p on Y;i.e., y <p ziff
z—Yy € D.Moreover, the positive and the strict positive polar cones of D are denoted,
respectively, by D* and D?, that s,

D*={u* € Y*: u*(d) = 0Vd e D}, D* = {u* e Y*: u*(d) > 0V d € D\{0}}.

For any A* € Y*, by H,» := {y € Y : A*(y) > 0} we denote the associated positive
halfspace. A nonempty and convex set & C D is called a base of D, if each nonzero
element x € D has a unique representation of the form x = A0, with A > 0 and
6 € ©. Throughout this paper, we assume that D has a base @, which is equivalent to
D # 0. Without any loss of generality, we assume ® = {y € D : $*(y) = 1} ,where
B* € D and || p*||y+ = 1 (see for instance [21, Theorem 2.1.15]).

The primary objective of this paper is to introduce a new family of dilating cones
for D, see [19,22]. We say that {D;}y...; C Y is a family of dilating cones for D, if
each D; is a closed, convex, and pointed cone with nonempty interior such that:

(D1) Dy C Dg,forall0 <& <e¢ < 1;
(D2) D\{0} Cint D, forevery 0 < ¢ < 1;
(D3) D= () D..

O<e<l

We now recall two important families of dilating cones:

1. Borwein and Zhuang [16] showed that the family {Df }Jo<e<s given by
DI .= clcone(® + ¢By), (1)

where § := inf{||f]y : 0 € ®} > 1, is a family of dilating cones associated with
D. Each cone Df is called a Henig dilating cone. This family has been frequently
used to deal with proper efficient solutions in the sense of Henig (see [16]), and also
in perturbation methods in infinite-dimensional quadratic programming problems
(see, for instance, [1]). A similar family of dilating cones was also given by Sterna-
Karwat in [19, Proposition 6.1].

2. Let Y = R” be equipped with a norm ||-||g» and let D be polyhedral, that is,

D:{yeR":aiTyzo,izl,...,z}, )
wherea; e R",i =1,...,1,] > n,and aiT denotes the transpose of a;. We suppose
that the matrix A whose rows are a,.T, i =1,...,1 hasfull rank, i.e., rank(A) = n.

Then, the cone D is convex, closed and pointed. For the sake of simplicity, we also
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assume that ||a; |g» = 1. In this framework, Kaliszewski [20] introduces a family
of dilating polyhedral cones associated with D. More precisely, the Kaliszewski
dilating cones are defined as

K. = {yeIRw:osR/+ [I—l—el-lT]Ay}, 3)

where ¢ > 0, I € R/ is the identity matrix, and 1T=11..1] ¢ R! is the unit
constant vector (see [20, Section 3.3]).

The main advantage of the Kaliszewski’s cone K, is that it is amenable for numer-
ical computations. However, this construction is limited to polyhedral cones in finite
dimensions. In this work, our main objective is to extend the family of Kaliszewski
dilating cones to a general cone D in an infinite-dimensional setting and show its appli-
cability to the conical regularization framework. With this aim, first we formulate the
notion of an enumerable halfspace representation which will play an important role.

Definition 2.1 Let / be an arbitrary nonempty index set and let {A}};c; C D*. The
collection {H;L;s},-e 1 is said to be a representation of D if D = ("), HA’»f.

In the following, we assume that there is an enumerable representation of D given
by {H,x}ier C Y, I C N. This assumption is quite general, covering in particular all
separaBle Banach spaces (see, for example, [23, Corollary 7.49]). The closed convex
sets admitting an enumerable halfspace representation are usually called constructible
sets in the literature (see, for instance, [24]). Without loss of generality, we also assume
unit norm ||A¥|,. = 1 for every i € I . Summarizing, throughout this paper we
assume that D is a based, closed convex (pointed) cone admitting an enumerable
representation.

3 An Extension of Kaliszewski Cone to Non-polyhedral Cones in
Infinite-Dimensional Spaces

We aim at constructing a family of dilating cones for D and studying its relation-
ship with Henig dilating cones family {D}o-.~ and Kaliszewski dilating cones

{Ke}0<s<1~
Lete > 0. Foreachi € I, set

A= A7+ ep" “

Since Af € D*,i € I, and B* € DF, clearly A, € D?, for all ¢ > 0. We define

Dk :=ﬂHw’£ =ﬂ{er:,\;’j8(y) >0} . 5)

iel iel

Evidently, DX is closed and convex, and D§ = D. Moreover, * € DX ? Indeed, if
this is not the case, then there is 0 # d, € DEK such that 0 > B*(d,). By definition
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of DEK, Ai(de) = —ef*(de) > 0, for every i € I. Therefore, d; € ﬂie[ HA?« =D,

implying 8*(d;) > 0 which contradicts 0 > 8*(d,). Thus, 8* € DEK % and it is clear
that

ok = {dg e DX : p*(d,) = 1}

is a base of DX (0 = ©). Thus, in particular, we deduce that DX is also pointed.

Note that the condition ¢ < 1 when we refer to families { K }o<- <1 and {Df }o<e<1
is not necessary. We just impose it to unify notations. The following result shows that
Df is indeed a family of dilating cones:

Theorem 3.1 It follows that {DSK Yo<e<1 is a family of dilating cones for D.

Proof For ¢ €]0, 1[, we have observed that DSK is a closed, convex, and pointed cone.
It is easily seen that (D1) holds. To prove (D2), we show that ® C int Df which at
once implies that D\{0} C int Df .Let# € © be a fixed element of the basis, b € By
be a fixed element of the closed unit ball and let & := &/(1 + ¢). We have for each
i €Ithat A7 (6 +ab) = A (6) + @il (b) = &+« [AF(b) + &B*(b)], thus

3@ tab)z e —api],. te B, =c—all +e1=0.  (©
Since 6 and b are arbitrary, this proves
© +aBy C DY, @)

so ©® C int DX. Finally, clearly D C (..., DX. For the converse, let w €
Mo<e~1 DX. Then, by definition we have

A (w) > —ef*(w) foreveryi eI, 0<e < 1.

Thus, taking the limit when & tends to zero in the inequality above we have A7 (w) > 0
for every i € I. Hence, w € D and (D3) holds. O

For a polyhedral cone in a finite-dimensional space, the family {DX}o-.~1 coin-
cides with the Kaliszewski one. Indeed, for Y = R”, assume that D is given by
expression (2), thatis D = {y € R" : aiTy >0,i = 1,...,1}. We now show that
the cone DX is indeed an extension of Kaliszewski cone K given by expression (3).
In fact, we will show that both cones coincide up to a constant factor. In this sense,

a natural representation of D is given by {Ha.T ] L where we identify A" = al.T.
t)i=l1,...,
Note that AT € D*,i = 1,2, ..., /. On the other hand, we can write (3) as follows:
T
n T a .
K, = {yeR :0< |:ai + ¢ ||a]lyx W}yforeveryz = 1,...,1},
allyx

@ Springer



Journal of Optimization Theory and Applications

)
where we denote a =3,
aTl defines a strictly positive functional g* € DY ie., B* =

y = ¢ ||al|gn, it follows that

a;. Since A has full rank, it is easy to see that element

. Then, defining

IaII

T
M, =AM +yp =a] +elalp ——
|

From this, applying definition (5), K, = D)If . Consequently, K, = DX

ellalign *
Remark 3.1 Let ¢ > 0. In general, DX £ DI (see Example 3.2), but taking into
account statements (1), (6) and (7), we deduce that for all < « := m we have
® +nBy C © +aBy C DX, which implies

D;{ = clcone (® + nBy) C clcone Df = DEK, Vn <a.

For the next theorem, we recall that given two nonempty sets M, N C Y, the
Hausdorff distance between M and N is defined as

dy(M,N):=inf{u > 0: M C N + uBy, N C M + uBy}.

It is well known that the Hausdorff distance defines a metric on the space of all
nonempty closed and bounded sets.

Theorem 3.2 Assume 0 < dy (0, OK) < § .= inf{||0|ly : 6 € O} for some & > 0.
One of the following conditions holds

(a) O is weakly compact,
(b) Y is reflexive.
Then,

K
DE DI o o ®)

Proof First of all, note that since dy (®, @K ) < 8, cone D 1 (©,0K) is well defined

[see (1)]. It follows that dg (@, (~)8K) =inf{u > 0: (*’)sK C ® + uBy}.

Therefore, (~)8K C m (® + uBy). We are going to prove that

u>d (0.6K)

|  (©+uBy)=6+dy(©.65)8y.
u>dp(©,0K)

Indeed, inclusion “D” is clear. For the converse, let d € ﬂ (® + uBy).

n>dp(©,0K)
Thus, we may assume there exist {6,,} C @, {b,} C By such that

1
d = lim <9n + <— +dy (O, @f)) bn) .
n—o00 n
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Suppose that (a) holds. Since @ is weakly compact, we can suppose without loss
of generality that 6, 2 4 € ©, where = denotes the convergence with respect to

d—0 I
e.en = b € By. Hence,

d=0+dy(©,05b c ©® +dy(®, ©F)By and “C” is also proved.
Thus, ©X € © +dy(©, ©X)By and then

the weak topology. Thus, since By is convex, by, il

DX =clcone ®X c clcone (G) +dy (@, (~)8K) By) = ny(@ oKy

as we wanted to prove. Finally, if (b) is satisfied instead of (a), then in this case By is
weakly compact and the result follows by reasoning in analogous way as before. O

Remark 3.2 Let us note that assumption dy (&, @sK ) < 6 in Theorem 3.2 imposes in
particular that d (@, ©K) is finite. By the properties of the Hausdorff distance, if ©X
is bounded, then dg (®, @sK ) < o0. In the finite-dimensional setting, it is known that
@8’( is bounded, for all ¢ > 0. Also, it is very known that the following statements are
equivalent (see, for instance [25]):

@) @SK is bounded,

(i) g e int (DE?),
(iii) There exists o €]0, 1] such that DX C {y € Y : B*(y) > a|ly|}.
On the other hand, if Y is reflexive and int (DSK tI) # ), then by [25, Theorem 3.6], we
have that int (DEK ﬁ) = DK Fsoin particular (ii) is satisfied, and then ©®K is bounded.

Moreover, under the same conditions we have that @f is a closed convex and bounded
set in a reflexive space; thus it is weakly compact.

In the following result, we prove that if D is solid and @ is bounded, then @K is
bounded, for all ¢ > 0.

Proposition 3.1 Suppose that D is solid and let ¢ > 0. If © is bounded, then @gK is
bounded.

Proof Suppose that ® is bounded and fix d € int D. Then, there exists > 0 such
that d + nBy C D. Consequently, )L;k (d+nb) = 0,forall b € By, and foralli € I,
which implies that

A(d) = sup A7) = nllAfllys = n, Vi€l &)
bEBY

Now, let any 6, € ©®X. By definition of DX and (9) we have
* €5 * € E * €
% (68 + —d) = (60 + —A(d) = —ef*(Be) + —n = —& +£ =0,
n n n
O.+2d

g (0e+5d)

that ©X (1 + %ﬁ*(ﬁ)) e — %a_l, so @K is bounded, as we wanted to prove. O

eg+f7c?
1+£8%(d)

€ 0. Since 6, is arbitrary, we conclude

N %cf eD,ie.,
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Example 3.1 Regarding Remark 3.2 and [21, Example 1.1.3], if D is the Bishop—Phelps
cone [26], defined for 8* and 0 < o < 1 as

CB* a)={yeY:p"(y) =alyl}

thenitis solid and & is bounded. Thus, by Proposition 3.1 we know that @sK isbounded,
for all & > 0. From this fact we know that dy (®, @gK) < 00, so by Theorem 3.2,
inclusion (8) is verified when Y is reflexive and dgy (©®, @gK ) < & for small ¢ > 0.

Remark 3.3 An important application of dilating cones is in connection with cone
separation theorems. More precisely, givenaclosed cone C C Y suchthat CND = {0},
we seek for a family {D,}o<<1 of dilating cones for D such that

C N D, ={0}, forall e > 0. (10)

The existence of this family is relevant, for instance, in proper efficiency in vector
optimization problems (see, for example [16,17,19]).

Following this line, in [19, Proposition 6.1] Sterna-Karwat proved that if C C Y
is a weakly closed cone and D is a convex cone with a weakly compact base such
that C N D = {0}, then {D¥ }n>no 1s a family of dilating cones for D satisfying (10),

for ng € N, sufficiently larée. Thus, under the hypotheses of Theorem 3.2, assuming

dy(®, (~)8K) — 0 when ¢ — 0, we have that for each n > ng there exists £, > 0 such
that dy (O, @sli) < % and we conclude C N Dsli = ¢ for every n > ny.

In the following example, we compute the involved cones for a particular case of
cone D to illustrate their construction.

Example 3.2 Let Y = R? be equipped with the Euclidean norm and the ordering
D = Ry x {0}. By identifying elements of the dual space with vectors, we consider
the strictly positive functional f* = (1, 0) and the representation { Hx };¢(1,2,3) given
by A7 = (0, 1), A5 = (0, —1), A5 = (1, 0). Then, by a direct compute{tion, we have

=1 =1
Df:{(x,y)e]Rz:8(1—82)2 nyz—e(l—ez)z x,xZO},

&

DK={(x,y)eRzzexzyz—ax,sz}.

On the other hand, we have ® = {(1, 0)}, while @f ={(1,x): —e <x < &}
The Hausdorff distance can be computed straightforward, dyy (®, @X) = ¢. Then, by

Remark 3.1 and Theorem 3.2 we know that D, < DX c DH.
I+e

4 Particular Cases

In this section, we give an explicit representation of the extended Kaliszewski cone
for two fundamental classes of infinite-dimensional ordered vector spaces.
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41Y=0,D=1,pe[l1, ]

In this part, we deal with the Banach sequence spaces Y = ¢”, p € [1, oo], endowed
with the natural ordering given by the cone D = Ei, where

€8 == {x = {xi}iew € £” : x; = O forevery i € N}.
We distinguish two cases depending on exponent p.
4.1.1 Casep € [1, oo

In this case, Y = £7 is the Banach space of all sequences x = {x;};cn equipped with

the norm ||x|| , := [Ix[|» = (252 |xi|1’)% < o0. Itis known that D = ¢” is aclosed,
convex pointed cone with empty interior. A natural representation of D is given by
the dual functionals {A}}ien = {€]}ien C (£P)*, such that for i € N, €] € (£/)*
is defined by €] (x) = x; for every xe£”. Clearly ”e;“ || = 1, for every i € N.
On the other hand, we take a fixed sequence 8 = {B;}ien € £! with strictly positive
components B; > 0. Let us note that the associated linear functional 8* defined as

BEX) =) Bixi, Vx et (11)

i=1

belongs to (Zi)u. We consider the normalized element ,3; = { ,Bl-p }l. v =18 I (_e}’)* B*.

By the usual identification of (£7)* with ¢4, where ¢ is the conjugate exponent

satisfying p~' 4+ ¢=! = 1 for p €]l,00[ and ¢ = oo for p = 1, we have

||,B*||(£p)* = ||ﬂ||q. Consequently ﬂip = ||,8||(;1 Bi forevery i € N. The corresponding
functionals lk:‘ . }ieN given by (4) verify )Ll’." LX) = (e;k + 8/3;) (xX) = xi +ef,(x) =

xi+e IIﬂllgl Y22, Bixi, and the corresponding dilating cone DSK, & > 0 is defined
by

o
DK = {x el x> —¢|Bl," Zﬂ,-x,- for every i € N}.

i=1
4.1.2 Casep = ©

Here Y = ¢°°, which is the Banach space of all bounded sequences X = {x;};eN
equipped with the norm [|X|| o := [IX]lgec = max{|x;| :i € N} < 0o, and D = E‘f.
It is known that D is in this case a solid cone. Furthermore, although £°° is not
separable, the dual canonical basis {A]}ien = {€]}ien C (£P)* determines also a
unit norm halfspace representation of £5°. The dual element 8* given by expression
(11) is also a strictly positive functional g* € (Zf)u , and we can compute its norm
directly, [|8*[l(pooy» = lIBll;. Therefore, B3, = {ﬂ;’o}ieN = ||ﬂ||1_1 B* is such that
18|l (¢« = 1, and the corresponding dilating cone DSK, & > 0 1is defined by
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o0
DE =Ixe¢® x> —¢ ||,8||1_12ﬁ,~x,~ foreveryi e N¢ .

£
i=1
42Y=1P(Q),D=1L5(Q),pe[1,o0]

Let ¥ # £2 C R” be a bounded convex domain. L”(£2) is the space of integrable
functions endowed with the ordering given by the cone D = L_{(.Q), where

L) ={feLP(R): f(x) = 0aein 2}.

As before, we distinguish two cases depending on exponent p.

4.2.1 Casep € [1, oo

In this case, ¥ = L”(£2) is endowed with the norm || f | o2y = ([ | /()17 ds)% )
It is known that D = Lf_(.Q) is a closed, convex pointed cone with empty interior.
In the following, we define a representation of the cone D following the idea given in
Jadamba et al. [9], see also [11]. For this aim, we consider a family of convex partitions
{A5}5>0 of §2, where § is a real parameter, see [9,27]. Each partition {AS} consists
of a finite number of closed and convex sets {Af} C 2 (i=1,...,T(5)) such that
> psens |AY| = 2], where T(8) = #A° is the cardinality of {A?}, and |§2] is the
Lebésgue measure of £2. We assume that diameter of the family tends to zero, that is,

diam(A%) =  max diam(A?) — 0.
i=1,...,T(5) §—0

,,,,,

Without any loss of generality, in the sequel we set § = diam(A%).
Letg = % be the conjugate exponent of p, where we assume ¢ = oo for p = 1.

Now foreachd > 0,i € {1,..., T(5)}, we define )\f”fi € LP(£2)* by

W) = \A;?r'%] /Aa f(s)ds, forevery f € LP(£2).

_p-1 _
For the particular case p = 1, we have |A?| ro= |A?| 0_ 1, and therefore
M) = /Aé f(s)ds, forevery f € L'(£2).
By Holder’s inequality,

_p-l

_p=-l
W] =1al7 7 [ 1re1as =1 1 s
A !

L1(2) = ”f”LP(Q) .
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Therefore,

< 1. In fact HA‘;:Z.

M5O| = 1 v, thus 237,

; LS
since ‘)"p,i(XA?)

LP(£2)* LP(£2)*

.....

- H Xap HLI’(.Q
resentation of Lf_ (£2). Note that we can always consider an enumerable representation
by taking a sequence {§,} | O.

Now, we define a strictly positive functional g% € L% (2) of unit norm by

,B;(f) = IQlf%/ f(s)ds, forevery f € LP(£2).
Q

Therefore, foreach e, § > 0,i € {1,..., T(8)}, the functionals )L‘;*"S’i are given by
L 8% * § e iy
2% () = 255 (f) + eBs(f) = | AT / fs)ds +¢12]7 7 f F(s)ds,
” ' Al 2
for every f € L?($2). Thus, extended Kaliszewski cone Df , & > 0, is given by

pf = {feLp(Q) : IA?}_%f f(s)ds+e|sz|*"T_1/ F(s)ds = 0
50 Al Q
Vi=1,...,T()}

for p € [1, 00). In particular, for the case p = 1,
Df:ﬂ feLl(.Q):/ f(s)ds+8/ f(s)ds >0Vi=1,...,T@®)¢.
§>0 A? 2

4.2.2 Casep = 00

In this case, we consider that ¥ = L°°(£2) is the space of essentially bounded

functions on §2 endowed with the norm || fll1r() = (f_q |f(s)|pds)% , and we
consider the associated cone D = L5°(£2), which has nonempty interior. We can
repeat the previous process in order to get a unit norm representation for this case. In
this sense, foreach § > 0,7 € {1, ..., T ()}, we define A‘gj’i € L*®(£2)* by

W) = \A;?rlfs f(s)ds, forevery f € L®(£2).
Ai

L
)‘oo,i

— 1, and the family of halfspaces { H,s. } is a
L>°(82)* oo, Jj=l1,..., T(8);6>0

unit norm enumerable representation of the cone L5°(£2). We also define the strictly
positive functional A%, € D" of unit norm by

Clearly, ’

BE(f) = |Q|’1/Qf(s)ds, for every f € L®(£2).
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Taking into account all these facts, in this case extended Kaliszewski cone is given by

pX = N {feLo"(.Q) 287" [ f(s)ds+e 12171 [, f(s)ds > O for every i€
§>0 !

T(5)}.

5 Conical Regularization Based on Extended Kaliszewski Dilating
Cones

5.1 Statement of the Problem

Let X and V be Hilbert spaces equipped with the norms ||-||x and ||-||y. Following
the general assumptions made in Sect. 2, we recall Y is a Banach normed space, and
D is a based, closed pointed convex cone which admits a countable representation of
halfspaces. As before, by @ we denote its base generated by a functional g* € D".
Under these conditions, cone Df can be constructed for each ¢ > 0. We consider the
following linearly constrained least-squares problem:

. 1 K
(P): Minimize J(x) := 5 |Sx — vdll%/ + 5 lx — xd||§(

subject to Gx <p w, x € X.

Here S : X — V, G : X — Y are bounded linear operators, k > 0 is a given
parameter, vy € V, x5 € X and w € Y are given elements. Evidently, (P) has unique
solution xg € X.

For each ¢ > 0, let DEK be the corresponding extended Kaliszewski cone given by
(5). Following [1], the associated conically regularized problems are then defined by
replacing the cone D in problem (P) by DX :

. 1 K
(P;) : Minimize J (x) := > [|Sx — vdll%, + 5 |lx — xd||%(
subject to A7 (Gx) + &f*(Gx) < AT (w) + ef*(w) foreveryi € I, x € X.

We will make the following mild assumption.
Gxo —w € —D\{0}. (12)

Condition (12) provides a non-trivial feasible point such that the regularized optimality
system is solvable (see [1]) and not equivalent to an equality constrained problem.
We will denote by x, the unique solution to (P;), and we also use the notation g, :=
Gx, —w for & > 0. In the following result, we apply the general conical regularization
scheme givenin [1, Theorems 3.1, 3.2, 3.3]. These results were established for a Hilbert
space Y but, since proofs only use properties of normed spaces, they can be easily
extended for a general Banach space Y.
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Theorem 5.1 The following statements hold:

(i) Foreach ¢ > 0, there exists unique solution x to problem (Py).
(i) {x¢} — xo fore | O.
(iii) For each € €10, 1], there exists a Lagrange multiplier |} € DEK>|< such that

DJ(xe) + 1 oG = 0in X*, (13a)
,u:(st —w) =0, (13b)
A (Gxe —w) + " (Gxe —w) <0 foreveryi € 1. (13¢)

In the following, by u; we denote any multiplier verifying KKT conditions (13).
Without loss of generality, we assume u) # 0. Otherwise, by Theorem 5.1 we can
take limit in KKT condition (13a) to get DJ(x;) = 0 — DJ(x0) = 0, and this
implies the trivial case x, = xp. In the next theorem, we are going to establish a priori
estimate, for which we need first the following technical result.

Lemma 5.1 Foranymultiplier i} € Df*for (Pg), we have {u: (qo)} — Ofore — 0.

Proof By the Taylor expansion of J at x = x,, we have

K 1
J(x0) = J (xe) = DJ (xe) (o — xe) = 5 10 — Xl + 5 1Sx0 — Sxell -
Applying KKT conditions (13a) and (13b), we have

DJ(x¢)(x0 — x¢) = —(1p 0 G)(x0 — x¢) = —pp(Gxo — Gxg) = —pi(Gxo — w)
= —u:(qo).

and consequently

K 1
7 o = xell% + 5 I1S%0 — Sxelld = J(xo0) — J (xe) + 1 (q0)- (14)

Due to {x;} — x¢o, we have J(x.) — J(x¢), and therefore it follows from (14) that
{uk(g0)} — 0 for e — 0. The proof is complete. |

We have the following error estimate:

Theorem 5.2 Fore > 0, seté, .=« ||pLj| e where o = (1 —i—e)’le. Then {5;} — 0O
and the following estimate holds for sufficiently small ¢ :

K 1
7 v — xXell% + 5 I1Sx0 — Sxelly < J(x0) — J(xe) — 8 [B*(q0)|.  (15)

Proof By definition gg € —D, furthermore gy # 0 by assumption (12). Therefore,
the element —goB*(—qo) ™" is well defined and by definition —goB*(—go)~! € ©.
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By Remark 3.1, u* € D ¥, therefore by applying [1, Theorem 4.1] which holds for
a general Banach space, we have

wt (~a08* (a0 ™) = (1 + )7 "e i = 5.

By Lemma 5.1, { wh (qo)} — 0, and hence it follows from the previous inequality that
{8¢} — O for & — 0. Furthermore, we also have ) (qo) < —6¢ |8*(qo)|. Combining
this expression with (14), we finally get (15). O

We will now introduce the conical regularization scheme for the two classes of
infinite-dimensional problems introduced previously.

5.2 Conical Regularization Scheme for Y = ¢°,D = Zﬁ_,p € [1, oo]

Let any fixed p € [1,00], and let Y = ¢7, D = Ki. Denoting Gx = {GX;};en € €7,
by (Q?) we denote the following instance of problem (P)

. 1 K
(QP) : Minimize J(x) := 3 |Sx — vd||%, + 0 |lx — xd||%]

subject to Gx; < w; foreveryi € I, x € X.

Following Sect. 4.1, for each ¢ > 0, the corresponding regularized problem is given
by

T 1 K
(QF) : Minimize J(x) := 3 ISx — vdll%, + 5 [lx —xd||%,

oo (o¢]
s.t. Gx; + ¢ ||ﬁ3||;l > BiGx; <w; +¢ ||,8||;1 > Biw; foreveryi € I, x € X,
i=1 i=1
for the case p € [1, oo, and

. 1 K
(Q2°) : Minimize J(x) := > | Sx — vdll%/ + 3 lx — xdll%]

o0 o0
st.Gx; el Y BiGxi <wi +ellBll;! Y Biw; foreveryi € I, x € X,
i=1 i=1

for the case p = oo.

5.3 Conical Regularization Scheme for Y = LP(Q),D = L'i(SZ),p € [1, oo]

We consider Y = LP(2), D = Li(.Q), and we denote y, = Gx € LP($2). In this
case, problem (P) takes the form

@ Springer



Journal of Optimization Theory and Applications

= . 1 K
(QP) : Minimize J(x) := 3 I|Sx — vd||%, + —|lx — xd||%]

subject to y,(s) < w(s) a.e.in 2, x € X.

For each ¢ > 0, following Sect. 4.2, we define the corresponding regularized problem
for three separate cases depending on exponent p. If p = 1, the regularized problem
takes the form

(Qy) : Minimize J (x) := = [[Sx —vally + 5 llx — xally

s.t. fA;_s (yx(s) — w(s)ds + & [ (yx(s) — w(s))ds <0,
foreveryi =1,...,T(5), § >0, x € X.

For p €]1, oo we have

AP - Minimi ] 2 K 2
(Q%) : Minimize J (x) := 3 1Sx —vally + > lx — xally

_p=t _p-l
st A7 [ (x(s) —w()ds + 212177 [o(re(s) — wls)ds <0,
foreveryi =1,...,7T(5), § >0, x € X,

while for p = oo the corresponding regularized problem is given by

= o 1 K
(Q2°) : Minimize J (x) := 3 |Sx — vdll%, + 5 lx — xd||%]

-1 _
s.t. A% fA;s e (s) — w(s))ds + e [2]7 [ (e (s) — w(s))ds <0,
foreveryi=1,...,7(), 6 >0, x € X.

6 A Numerical Example

We now present a numerical example to illustrate the theoretical framework. We
consider a nonregular £”-constrained optimization problem, which is a quadratic mod-
ification of a linear example given in [28]. We consider fixed exponent 1 < p < oo,
and the quadratic problem

1
(Q) : Minimize J(x) = E(x — 1)2 subject to Gx Sei w, x €eR,

where G : R — ¢” is the bounded linear operator defined by Gx = xa = {xi_z}i N
witha = {i_z}ieN’ and wel? is the sequence defined by w = {i_3 }ieN .

This problem is of type (QF) by taking X = R, Y = ¢/, D = Zf_, Kk =1,
S = vy = 0, x4 = 1. The feasible set F, of (Q) can be explicitly computed as
follows:
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Fp ={x e R:Gx —we — ¢/}

= {x € R:xi*25i73 foreveryi =1, ...,oo] =] — 00, 0].

Clearly, xo = 0 is the unique solution to (Q).
Problem (Q) has no Lagrange multiplier. Otherwise, there would exist

o = {uiien € (€1)* = ¢4,
q being the conjugate exponent of p, such that
DJI(xo)+ 150G =04 —1+pui0G =0 oG =1, (16)

o
15(Gxo —w) =0 ug(w) =06 > pli =0. (17)

i=1

From (16), since u?i’3 > 0, we necessarily have M? =0, for every i € N. Therefore
u3 = 0, which contradicts (17), since in this case we get the absurd O = 1. Therefore,
problem (Q) is not regular.

Now, for each ¢ > 0, the regularized problem is given by

1
(Q) : Minimize J (x) = E(x —1)?
subject to €] (Gx — w) + 8,3;;(GX —w) <0, foreveryi e N, x € R.

. . 1 .. . .
For the computations, we will take 8* = Zﬁl 76?' By definition, the feasible set is
i

given by

Fpe={xeR: e (Gx) +sﬂ;(Gx) < e’ (w) —i—sﬂ;(w) foreveryi =1,...,00}
BE(W) + &

=J1xeR:x< !

< ] foreveryi =1,...,007¢.
eﬂ;(a) + 2
By (W)+ 75

Thus, x, . = inf;— —_
p.& i=l1,...,00 sﬂ;;(a)+%2

. And we have that lim; 9 x, . = 0, indeed,

W+ & [ Eﬁ;(w)+i%}
i=l1,...,00

limx, . = lim in = in im i
e—0 e—0i=1,...,00 8'31*’ (a) + 7 =l e—0 gﬁ;‘;(a) + =
. 1
= inf —-=0.
i=1,...,001

In Tables 1, 2 and 3, we present numerical results.

We consider three exponents p € {1, 2, 100} and a finite sequence of parameter &
for each case. We have solved numerically these problems by using GeoGebra [29].
Numerical results show that lim, .9 x, . = 0 holds, and the conical regularization
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Table 1 Problem (Ql)

3 E(e) =x1¢
1.e—01 6.246e—01
1.e—02 3.535e—01
1.e—03 1.786e—01
l.e—04 8.605¢—02
1.e—05 4.062e—02
1.e—06 1.900e—02
1.e—07 8.851e—03
1.e—08 4.115e—03
Table2 Problem (Q?) . E(e) = x2s
1.e—01 6.195¢—01
l.e—02 3.496e—01
1.e—03 1.764e—01
le—04 8.495¢—02
1.e—05 4.010e—02
1.e—06 1.875e—02
1.e—07 8.736e—03
1.e—08 4.061e—03
Table 3 Problem (Q'%) A E®) = 1100
1.e—01 5.630e—01
l.e—02 3.084e—01
1.e—03 1.537e—01
1.e—04 7.365¢—02
1.e—05 3.468e—02
1.e—06 1.620e—02
1.e—07 7.544e—03
1.e—08 3.506e—03

scheme is effective for this case. There are no significant differences between different
exponents. Experimentally, we notice an order convergence rate of O(h*) with k =
0.33 in all the three cases. In fact, we observed that the same convergence rate for
larger exponents p as well.

7 Conclusions

By assuming that D is a closed, convex, and pointed cone that admits an enumerable
halfspace representation, we have constructed a family of dilating cones for D, also
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defined in terms of an enumerable intersection of halfspaces. This construction extends
the one due to Kaliszewski given for polyhedral cones in the finite-dimensional space.
We studied the relation of the proposed family of dilating cones with the most com-
monly used families of dilating cones. We used the new dilating cones to develop a
conical regularization scheme for a linearly constrained least-squares problem focus-
ing mainly on the case the constraint space is either £” or L?. This new tool allows
extending the results of classical monograph in vector optimization [20] from polyhe-
dral finite-dimensional to more general infinite-dimensional cones. One of our future
goals is to explore this idea, especially in given computable optimality conditions for
efficient solutions of vector optimization problems.
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