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A coaxial magnetic gear (CMG) consisting of an inner ring, outer ring, and flux modulator exhibits relatively large torque density
at low operating cost and low noise level. To guide the selection of soft magnetic materials for the flux modulator, this paper first
incorporates the Jiles–Atherton model within a finite-element (FE) framework. The influence of nonlinear magnetic properties on
end-effect losses (magnetic flux leakage and fringing) is then investigated with the objective of maximizing the pullout torque. For
flux modulators whose initial magnetic permeability and saturation flux density exceed certain threshold value, the pullout torque of
a CMG becomes insensitive to magnetic properties and end-effect losses can be efficiently calculated from a 2-D FE model together
with a constant torque reduction ratio. This paper presents a systematic torque surface method that can decouple the analysis of
average torque and torque ripples. This method has been implemented to evaluate load dependence and rotation speed fluctuation
of a CMG.

Index Terms—Coaxial magnetic gear (CMG), end effect, finite-element (FE) modeling, flux modulation, torque surface method.

I. INTRODUCTION

MAGNETIC gears (MGs) that transmit torque and
motion via magnetic coupling can provide low mainte-

nance cost and low noise to electrical drives. Compared with
mechanical gears, MGs offer a simpler design, in that they do
not require seals or lubrication, and tolerate high temperatures
considering the Curie temperature of NdFeB magnets exceed
300◦C whereas common lubricants start degrading above
100◦C. The torsional stiffness of MGs is relatively small
and thus they require no overload protection mechanisms or
clutches. Due to the absence of mechanical contact, MGs
exhibit no backlash. Early studies have demonstrated magnetic
spur gears in which conventional gear teeth were replaced with
permanent magnets (PMs) [1], [2]. However, these configura-
tions exhibit extremely low torque density, which is defined as
the ratio of transmitted torque to the volume of MG. With the
advent of rare-earth magnets and superconducting materials,
MGs have become feasible. Cycloid [3], harmonic [4], and
worm [5], [6] MGs have been discussed in the literature.

The coaxial MG (CMG) configuration currently provides
the maximum torque density along with reasonably large
gear ratios (up to 21:1). This configuration was presented
by Martin [7], but it was Atallah and Howe [8] who first
demonstrated a large torque density that is comparable to
conventional planetary gears (50–150 kN · m/m3) [9], [10].
As shown in Fig. 1, a typical CMG consists of an inner ring
with pin magnet pole pairs, an outer ring with pout magnet pole
pairs, and a magnetic flux modulator with pmod pole pieces.
The magnetic coupling with a negative gear ratio is achieved
by selecting pmod = pin + pout. The inner ring is connected
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Fig. 1. Exploded view of a CMG. Arrows: magnetization directions of PMs.

to a high-speed input shaft. The low-speed output shaft can
be connected to the flux modulator or the outer ring. In this
paper, the flux modulator is stationary and the outer ring is
selected as the output end. Thus, the corresponding gear ratio
is Gr = −pout/pin. To reduce the overall device size, torque
ripples, and undesirable radial forces, variations of the CMG
configuration have been proposed, including flux switching
MG [13] and skewed CMG [14]. Similarly, the concepts of
CMG and electrical motors have been combined to create
electromagnetic actuators such as pseudo-direct drives [11]
and magnetic geared machines [12].

The development and optimization of a CMG rely on
efficient and accurate models. Because of the similar-
ity between CMGs and conventional PM motors, CMGs
have been modeled analytically following the concepts of
conformal transform [15] and summation of modes [16].
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These analytical models [17], [18] are computationally effi-
cient, especially when evaluating cogging torque or torque
ripples [19]. However, they are constructed based on several
strong assumptions, including infinite magnetic permeability
of the modulator pole pieces, no flux leakage along the axial
direction (end-effect losses), and no hysteresis losses. Further-
more, existing analytical models are inadequate for CMGs
whose pole pieces have irregular shapes. The load dynamics
including rotation speed fluctuation and the slipping effect are
excluded, since the gear ratio is enforced by assigning constant
speeds to both rings as boundary conditions.

Lumped parameter models, or reluctance network models,
have been developed by discretizing the entire CMG system
into small elements [20], [21]. In each element, the magnetic
material is modeled as a linear reluctance and the PM is
modeled as a magnetomotive force (MMF) source. Most of the
assumptions associated with the analytical models have been
lifted in lumped parameter models. For instance, end-effect
losses have been described by modifying the magnetic reluc-
tance along the axial direction; the nonlinear magnetic per-
meability of the flux modulator can be defined via piecewise
linear functions; and the load dynamics can be described by
Newton’s law [20], [21]. Refining the discretization quality
leads to higher model accuracy but at the expense of increased
computational time [22]. Hence, prior empirical knowledge of
the CMG system is required to balance model accuracy and
efficiency.

The magnetic coupling in the CMG system can be described
by Maxwell’s equations. Analytical solutions of Maxwell’s
equations have been derived based on Poisson’s equations
and Laplace’s equations [23], [24]. However, these analytical
solutions require a large number of empirical parameters and
are computationally intensive. Maxwell’s equations can also be
solved by finite-element (FE) analysis. Rasmussen et al. [25]
first developed a 2-D FE model to calculate the maximum
output torque (pullout torque) of a CMG. Jian et al. [26]
later implemented 2-D FE models to investigate the influence
of magnet pole pairs on the higher harmonics in the output
torque (torque ripples). Although 2-D FE models are efficient,
they overestimate the pullout torque because they neglect
end-effect losses. Jungmayr et al. [14] recently developed a
3-D FE model that considers end-effect losses to quantify
the radial force and torque ripples. Gerber et al. [27] studied
the influence of geometric parameters on end-effect losses by
comparing 2-D and 3-D FE modeling results. Li et al. [28]
described and quantified the effect of hysteresis on torque
capacity, whereas Filippini et al. [29] implemented a hystere-
sis model for iron poles in a 2-D FE construct to include eddy
currents and hysteresis losses. Efficient FE methods consid-
ering material nonlinearity and load dynamics are currently
limited.

This paper investigates the influence of the nonlinear
magnetic properties on the pullout torque and end-effect losses
using FE analysis. The coupling between the nonlinear mate-
rial properties as described by the Jiles–Atherton (JA) model
and the FE framework is detailed in Section II. The pullout
torque is quantified with respect to initial magnetic perme-
ability and saturation flux density in Section III. The flux

Fig. 2. Cross-section view of the CMG design considered in this paper.

TABLE I

DIMENSIONS OF THE CMG

leakage mechanisms and end-effect losses are evaluated by
comparing 2-D and 3-D FE results in Section IV. Finally,
in Section V, this paper decouples the torque ripples and
the average torque in CMG and presents a systematic design
strategy to investigate the load dynamics.

II. NONLINEAR MAGNETIC PROPERTIES

IN FE FRAMEWORK

A. CMG Configuration

Fig. 2 presents the cross section of a CMG whose dimen-
sions and material properties are listed in Table I. On each
ring, a series of magnetic poles forms a Halbach array and
each magnet pole consists of four PMs. The total number
of magnetic poles on the outer ring is pout = 13; the total
magnetic poles on the inner ring is pin = 4. The flux modulator
is fabricated by alternating pmod = 17 soft magnetic pole
pieces and 17 air gaps. The size of the pole pieces is the
same as that of the air gaps. In this paper, the flux modulator
is fixed and the outer ring is connected to the low-speed
shaft. Hence, the gear ratio is Gr = −13/4. All the PMs are
supported by yokes that are made of soft magnetic materials.
The magnetic flux leaking through the yokes is relatively small
and has negligible influence on the coupling torque. Moreover,
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Fig. 3. Comparison of measured and approximated flux density versus
magnetic field curves of AISI 1020 low carbon steel.

the yoke is much larger than the flux modulator which results
in negligible magnetic reluctance. As a result, the relative
magnetic permeability of both yokes can be approximated by
a constant value of 104.

B. Parametrized Magnetic Properties

The soft magnetic flux modulator pole pieces exhibit
nonlinear magnetic permeability and hysteresis loss that has
been mathematically described by the JA model [30]. Ignor-
ing the hysteresis loss, the nonlinear magnetic permeability,
or nonlinear flux density versus field relationship, is described
as

B = Bs

(
coth

(
He

a

)
− a

He

)
+ µ0H (1)

where B denotes the magnetic flux density, H denotes the
magnetic field, Bs is the saturation flux density of the soft
magnetic material, µ0 is the magnetic permeability of vacuum,
a is a smoothing factor controlling the initial permeability of
the material, and the effective field is

He = H − α
B − µ0H

µ0
. (2)

To reduce the total number of variables and simplify later dis-
cussion, this paper assumes α = aµ0/Bs . Table II summarizes
the JA model parameters for selected commercially available
soft magnetic materials, where the initial relative magnetic
permeability is calculated as

µr,in = 1

µ0

∂B

∂H

∣∣∣∣
H=0

. (3)

Anhysteretic flux density versus field curves of AISI 1020 low
carbon steel, including both experimental and modeling
results, are compared in Fig. 3. The rms error between the
JA model and data from commercially available materials is
listed in Table II. The close fit shows that the JA model is able
to accurately describe the nonlinear magnetic properties.

TABLE II

JA MODEL PARAMETERS FOR SELECTED SOFT MAGNETIC

MATERIALS [31], [32]

III. MATERIAL SELECTION FOR FLUX MODULATOR

As shown in Fig. 2, when an outward PM on the inner
ring, an outward PM on the outer ring, and the edge of a flux
modulator pole piece are aligned, the output torque reaches a
maximum, defined as the pullout torque. This paper conducts a
parametric study and numerically compares the performance
of the CMG in terms of the pullout torque for various soft
magnetic materials. Computational work in this paper was
performed on the Owens cluster at the Ohio Supercomputer
Center [33]. The pullout torque T 3−D

out is calculated from a
3-D FE simulation. The value of Bs ranges from 0.2 to
2.6 T in 0.3 T increments; the value of a which determines
the initial magnetic permeability is logarithmically distributed
from 101 to 104.5 in nine steps. Thus, the corresponding µr,in
ranges from 2.51 to 1.03 × 105. To compare the modeling
results with those presented in the literature, a normalized
pullout torque Em is defined as

Em = T 3−D
out

Tmax
out

. (4)

Here, Tmax
out is the pullout torque calculated from the 2-D FE

model in which the pole pieces have a constant permeability of
104. The value of Tmax

out is the maximum possible output torque
from the CMG, corresponding to the case when end-effect
losses and the saturation of the pole pieces are ignored.

As shown in Fig. 4, the output torque increases monoton-
ically with respect to µr,in and Bs . When Bs/Brem exceeds
106%, the normalized pullout torque Em no longer increases
with respect to Bs . A similar threshold value can be found
for the initial magnetic permeability µr,in. When µr,in > 178,
the pullout torque becomes insensitive to µr,in. According to
Table II, AISI 1020 low carbon steel is one of the appropriate
material options for the flux modulator pole pieces; as such,
it will be utilized in all later discussion. Due to end-effect
losses, the pullout torque can only reach 65% of the ultimate
maximum Tmax

out predicted by the 2-D simulation for the
particular CMG configuration defined in Fig. 2 and Table I.

IV. END-EFFECT LOSSES

Fig. 5 shows the four possible magnetic flux paths around
the inner and outer rings when the CMG is at the pullout
torque position. Paths 1 and 2 represent the magnetic flux
sourced from the inner ring, modulated by the flux modulator,



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

4 IEEE TRANSACTIONS ON MAGNETICS

Fig. 4. Normalized pullout torque Em versus the normalized saturation flux
density Bs/Brem and initial permeability µr,in.

Fig. 5. Four possible magnetic flux paths between the inner and outer rotors.
For paths 1 and 2, solid lines and dashed lines represent the coupled magnetic
flux going through the air and the pole pieces, respectively.

and coupled with the outer ring. Part of this coupled magnetic
flux, or path 1, leads to a desirable average torque. Due
to the discontinuity in the flux modulator and the Halbach
arrays, the rest of the coupled magnetic flux, as illustrated by
path 2, does not contribute to the average torque but introduces
torque ripples or disturbance forces. Path 3 demonstrates
the magnetic flux flowing through the air around the CMG.
This phenomenon, also known as fringing, is one source of
end-effect losses. The other source of end-effect losses, or the
leakage effect, is described by path 4 where the magnetic flux
returns to its originating magnetic pole.

Fig. 6. Torque reduction ratio ET versus the normalized saturation flux
density Bs/Brem and initial permeability µr,in.

To reduce computational time, most of the existing numer-
ical studies in the literature are based on 2-D FE models.
However, 2-D FE models cannot describe paths 3 and 4. Thus,
they overestimate the pullout torque. This paper quantifies
end-effect losses by comparing the 2-D and 3-D FE results.
End-effect losses are quantified by a torque reduction ratio

ET = T 3−D
out

T 2−D
out

(5)

where T 2−D
out is the pullout torque calculated from a 2-D FE

model with the same material properties.
Fig. 6 presents the values of ET with respect to Bs/Brem

and µr,in, where their ranges and step sizes are the same as
those utilized in Section III. Overall, the variation in ET is
less than 1% within the range of µr,in discussed in this paper.
Specifically, when µr,in > 178, which is the threshold value
predicted in Section III, the initial magnetic permeability µr,in
has negligible influence on ET . The value of ET peaks when
Bs/Brem is between 27% and 52%. The initial increment in ET

is due to the dominant effect of magnetic flux path 2 rather
than a reduction in end-effect losses. For a small Bs/Brem
ratio, the flux modulator pole pieces are easily saturated by the
PMs. Once the flux modulator is saturated, path 2 becomes the
preferable route for the coupled magnetic flux, which reduces
T 2−D

out and results in a larger ET . When both µr,in and Bs of the
selected soft magnetic materials exceed the threshold values
presented in Section III, the value of ET remains constant
at 65%. This constant ET together with an efficient 2-D FE
model are able to accurately predict the pullout torque along
with end-effect losses.

V. TORQUE SURFACE METHOD

A. Torque Surface

For a given CMG, the torque coupling at any time t can
be defined by the angular position of each component. In this
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Fig. 7. Angular position of the inner rotor α(t) and the outer rotor β(t).

Fig. 8. Output torque represented in both α−β and γ −η coordinate systems.
Purple line: operational line of the CMG.

paper, the flux modulator is stationary. The angular position
of the inner ring α(t) and the angular position of the outer
ring β(t) can uniquely determine the magnetic coupling in the
CMG. As shown in Fig. 7, α(t) is the angle between one of the
outward PMs on the inner ring and the horizontal direction;
β(t) is the angle between one of the outward PMs on the
outer ring and the horizontal direction. The coupling torque
reaches the maximum when α(t) = β(t) = 0. This paper
ignores eddy current losses and thus the time dependence in
the angular positions can be ignored.

A 2-D FE model is constructed for the CMG dimensions and
material properties presented in Table I. The flux modulator
is made of laminated AISI 1020 low carbon steel such that
ignoring eddy current losses is a valid assumption. Fig. 8
shows the modeling results of Tout with respect to α and β,
where α ranges from −π/pin to π/pin and β ranges from
−π/pout to π/pout. Properties of this torque surface are
analyzed in Sections V-B–V-E.

B. Alternative γ − η Coordinate System

The output torque Tout is calculated as the change of the
magnetic energy W stored in the outer rotor with respect to

the angular position β such that [19]

Tout(α, β) = −∂W (α, β)

∂β

= − ∂

∂β

(
1

2µ0

∫
V

| �B(α, β)|2dV
)

(6)

where �B(α, β) denotes the magnetic flux density distribution.
In order to calculate the output torque, we assume that the
magnetic energy W (α, β) is stored where the reluctance is
largest, that is in the air gap between the outer ring and the
flux modulator [19]. Hence

W (α, β) = tgap

8π2µ0r L

∫ 2π

0
| �φ(α, β, θ)|2dθ (7)

where tgap = Room − Roim is the radial thickness of the outer
air gap, the air-gap location r = (Rof+Roim)/2, and �φ(α, β, θ)
is the magnetic flux at angle θ .

The magnetic flux in the outer air gap has contributions
from the outer ring and the inner ring. Application of the
superposition principle gives [18]

| �φ(α, β, θ)| = [Fin(α, θ) + Fout(β, θ)]P(θ). (8)

Here, Fin(α, θ) and Fout(β, θ) are the MMFs created by the
inner and outer magnet rings, respectively, where

Fin(α, θ) =
∞∑

m=1,3...

am sin[mpin(θ + α)] (9)

and

Fout(β, θ) =
∞∑

n=1,3...

an sin[npout(θ + β)]. (10)

The permeance of the flux modulator is

P(θ) = al0 +
∞∑

l=1,3...

al sin(lpmodθ) (11)

where al0, am , an , and al are the Fourier series constants.
The aforementioned analytical model indicates that the out-

put torque consists of the desirable average torque and unde-
sirable higher harmonics (torque ripples). Fig. 8 suggests that
the analysis of the average torque and the torque ripples can
possibly be decoupled by choosing an alternative coordinate
system, γ −η. The slope of the η axis in the α−β coordinate
system is −Gr . Hence, for any static loads, the CMG operates
following the operational lines (one is illustrated by a purple
line in Fig. 8) which are parallel to the η axis. The fluctuation
in Tout when the CMG operates along the operational line
is the torque ripple. The coordinate η is thus termed torque
ripple argument. The γ axis, which is perpendicular to the
η axis, indicates the changes in average torque as the initial
positions α and β vary. Hence, the coordinate γ is termed
average torque argument. The expression of output torque Tout
is converted into the γ − η coordinate system using the chain
rule such that

Tout = −∂W (α, β)

∂β
= −∂W (γ, η)

∂γ

∂γ

∂β
− ∂W (γ, η)

∂η

∂η

∂β

= −pout
∂W (γ, η)

∂γ
− pin

∂W (γ, η)

∂η
= −poutTave − pinTripple (12)
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where Tave and Tripple are the average torque and torque ripple
components in the output torque, respectively. The analysis
of Tave and Tripple is simplified when considering the partial
derivatives of energy W with respect to γ and η.

The coordinate transformation is formulated as√
p2

in + p2
out

[
cos(δ) − sin(δ)
sin(δ) cos(δ)

] [
γ
η

]

=
[
pin −pout
pout pin

] [
γ
η

]
=

[
α
β

]
(13)

where tan(δ) = −Gr .
Insertion of (7)–(13) into (6) gives

Tout(γ, η) =
+∞∑

m1=1,3,5...

+∞∑
m2=1,3,5...

am1,m2 f
′′
1

+
+∞∑

n1=1,3,5...

+∞∑
n2=1,3,5...

an1,n2 f
′′
2

+
+∞∑

m=1,3,5...

+∞∑
n=1,3,5...

am,n f
′′
3 (14)

where a·,· are the coefficients of the associated waveforms f ′′
i .

The derivation of waveforms f ′′
i has been detailed in the

Appendix. The waveforms in the output torque in terms of
γ and η are listed as follows:

1) Under the condition (m1 ± m2)pin = kpmod

f ′′
1 =sin

{
(m1 ± m2)p

2
inγ −(m1 ± m2)pinpoutη

}
. (15)

2) Under the condition (n1 ± n2)pout = kpmod

f ′′
2 =sin

{
(n1 ± n2)p

2
outγ + (n1 ± n2)pinpoutη

}
. (16)

3) Under the condition mpin ± npout = kpmod

f ′′
3 =sin

{
(mp2

in ± np2
out)γ − (m ∓ n)pinpoutη

}
. (17)

Here, k is an integer, mi and ni are positive odd numbers.
Similar to the above discussion, the input torque can be

written as

Tin = −∂W (α, β)

∂α
= −∂W (γ, η)

∂γ

∂γ

∂α
− ∂W (γ, η)

∂η

∂η

∂α

= −pin
∂W (γ, η)

∂γ
+ pout

∂W (γ, η)

∂η
= −pinTave + poutTripple. (18)

In this case, the magnetic energy W is stored in the inner air
gap and can be calculated by substituting tgap = Riom − Riim
and r = (Rif + Riom)/2 into (7). The input torque and output
torque share the same expression of magnetic flux distribution
�φ, as shown in (8). Hence, Tave and Tripple are equivalent to
the input torque and output torque in the γ − η coordinate
system.

C. Average Torque Analysis

The harmonics in the average torque, which are repre-
sented by the γ -axis, are identified by substituting η = 0
into (15)–(17). Table III shows the constraints and correspond-
ing order numbers of the average torque. The lowest order of

TABLE III

HARMONICS IN THE AVERAGE TORQUE AS PREDICTED

BY THE ANALYTICAL MODEL

Fig. 9. FFT of (a) input torque Tin and (b) output torque Tout with respect
to the average torque argument γ , based on the 2-D FE model.

the average torque is p2
in + p2

out = 185, which corresponds to
a period of 2π/(p2

in + p2
out) in the γ direction.

For the specific CMG presented in Fig. 2, the average torque
Tave is calculated via a 2-D FE model by setting η = 0 and
varying γ from −π/(p2

in+p2
out) to π/(p2

in+p2
out) in 1024 steps.

The fast Fourier transform (FFT) of Tave with respect to
γ is presented in Fig. 9. The horizontal axis of the FFT
result is normalized with respect to 2π such that its values
directly correspond to the order values. The harmonics of Tave
predicted by the FE model agree with those of the analytical
analysis.

For a given torsional load Tload, the equilibrium position
of the CMG can be obtained by solving Tout(γ, η = 0) =
Tload. The relative slipping of the rings when the CMG is
overloaded can be analyzed along the γ direction. The CMG
will keep operating along the γ direction until the torsional
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TABLE IV

HARMONICS IN THE TORQUE RIPPLES AS PREDICTED

BY THE ANALYTICAL MODEL

load becomes smaller than the maximum output torque and a
new equilibrium position is reached.

D. Torque Ripple Analysis

The harmonics of the torque ripples, which are repre-
sented by the η-axis, are identified by substituting γ = 0
into (15)–(17). Table IV shows the constraints and corre-
sponding order numbers of the torque ripples. The lowest
harmonic order of the torque ripples is 2pmod pin pout = 1768,
which corresponds to a period of π/pmod pinpout in the η
direction.

Similar to the average torque analysis, the torque ripples
component Tripple is calculated from the 2-D FE model by
setting γ = 0 and varying η from −π /(2pmod pinpout) to
π /(2pmod pin pout) in 2048 steps. The FFT of Tripple with
respect to η is presented in Fig. 10. The horizontal axis of
the FFT result is normalized with respect to 2π such that its
values directly correspond to the order values. The harmonics
of Tripple predicted by the FE model again match those of the
analytical analysis.

E. Torque Surface Method in the γ − η Coordinate System

In this paper, pin and pout are the coprime integers. Thus,
the CMG returns back to the original position when the inner
ring rotates by pout turns and the outer ring rotates by pin
turns. In order to achieve the complete torque surface in the
α − β coordinate system, a large sweep region, in which
α varies from 0 to 2πpout and β varies from 0 to 2πpin,
is required. The sweep region can be greatly shrunk in the
γ −η coordinate system. According to Sections V-C and V-D,
the lowest order along the η-axis is 2pinpout. Thus, the min-
imum sweep range along the η-axis is π/pinpout. Similarly,
the sweeping range along the γ -axis is 2π(p2

in + p2
out). For

the CMG in this paper, the first harmonic of γ dominates
and thus the sweep range for γ can be further reduced to
(p2

in + p2
out)π/2. Both the torque ripples and load dependence

of the CMG can be conveniently obtained from the torque
surface presented in Fig. 11. The torque ripples associated with
a given average output torque of 51 N·m, which corresponds
to γ = −1.35 × 10−4, can be obtained from the intersection
between the torque surface and a vertical plane perpendicular
to the γ − η plane. The other intersection between the torque
surface and a horizontal torque plane, which represents a
constant torque of T 2−D

out = 20 N·m, indicates the rotation
speed fluctuation in the outer ring when the torsional load is
controlled to be 20 N·m. In this paper, both the torque ripples
and speed fluctuation of the proposed CMG are negligible

Fig. 10. FFT of (a) input torque Tin and (b) output torque Tout with respect
to the torque ripple argument η, based on the 2-D FE model.

Fig. 11. Torque surface obtained from the minimum sweep ranges in the γ −η
coordinate system. Purple intersection: torque ripples on the outer ring when
the equilibrium position of the CMG is γ = −1.35 × 10−4. Red intersection:
speed fluctuation on the outer ring when the output torque is controlled as a
constant of 20 N·m.

due to the benefits of Halbach arrays and coprime magnetic
pole numbers selected. Hence, the intersections presented
in Fig. 11 are straight lines. However, the same method applies
to other CMG configurations whose torque ripples and speed
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fluctuations are large. This information is valuable for future
control efforts to maintain constant output torque and speed.

VI. CONCLUSION

This paper first investigates the influence of nonlinear
magnetic material properties on the performance of a CMG.
Magnetic saturation nonlinearities of the flux modulator are
studied numerically by incorporating the JA model within FE
frameworks. The nonlinear FE modeling results indicate that
further increasing the initial magnetic permeability µr,in and
saturation flux density Bs of the soft magnetic flux modulator
has negligible influence on the coupling torque, once they
exceed the threshold values, which are µr,in = 178 and
Bs = 1.55 T for the given CMG design considered in this
paper. The end effect of the CMG is then quantified in terms
of a torque reduction ratio ET by comparing the results of 2-D
and 3-D FE models. A numerical study proves that end-effect
losses are insensitive to the initial magnetic permeability.
Similar to the coupling torque, the value of ET remains
constant at 65% once Bs exceeds the predetermined threshold
value. Hence, the coupling torque of a CMG considering
3-D end-effect losses can be calculated efficiently via a 2-D
FE model together with the correction constant ET . This
paper finally proposes a systematic torque surface method
that decouples the analysis of average torque and torque
ripples in CMGs. The torque surface, which describes all
the possible operating conditions of a CMG, is obtained by
sweeping the angular positions of the CMG in FE modeling.
The harmonics in the average torque and the torque ripples
are derived analytically. The analytical results agree well with
those obtained from the torque surface method. Based on the
analytical model, the efficiency of the torque surface method
is further improved by reducing the sweep ranges of selected
parameters. The speed fluctuations for static or low-frequency
applications, where inertial effects are negligible compared to
loads, at given constant torsional loads can be efficiently and
accurately obtained from the reduced torque surface.

APPENDIX—WAVEFORMS IN THE COUPLING TORQUE

According to (7), the magnetic energy stored in the air gap
is

W (α, β) = C0

∫ 2π

0
|φ(rgap,out, θ)|2dθ (19)

where C0 is a constant coefficient associated with the CMG
geometry. The magnitude of |φ(rgap,out, θ)|2, as presented
in (20), is obatained by substituting (9)–(11) into (8)

|φ(rgap,out, θ)|2

= a2
l0

∞∑
m1=1,3...

∞∑
m2=1,3...

am1

× am2 sin[m1 pin(θ + α)] sin[m2 pin(θ + α)]︸ ︷︷ ︸
2 f1

+ a2
l0

∞∑
n1=1,3...

∞∑
n2=1,3...

an1

× an2 sin[n1 pout(θ + β)] sin[n2 pout(θ + β)]︸ ︷︷ ︸
2 f2

+ 2a2
l0

∞∑
m=1,3...

∞∑
n=1,3...

am

× an sin[mpin(θ + α)] sin[npout(θ + β)]︸ ︷︷ ︸
2 f3

+ 2al0

∞∑
m1=1,3...

∞∑
m2=1,3...

∞∑
l=1,3...

alam1

× am2 sin[m1 pin(θ + α)] sin[m2 pin(θ + α)] sin(lpmodθ)︸ ︷︷ ︸
4 f4

+ 2al0

∞∑
n1=1,3...

∞∑
n2=1,3...

∞∑
l=1,3...

alan1

× an2 sin[n1 pout(θ + β)] sin[n2 pout(θ + β)] sin(lpmodθ)︸ ︷︷ ︸
4 f5

+ 4al0

∞∑
m=1,3...

∞∑
n=1,3...

∞∑
l=1,3...

alam

× an sin[mpin(θ + α)] sin[npout(θ + β)] sin(lpmodθ)︸ ︷︷ ︸
4 f6

+
∞∑

m1=1,3...

∞∑
m2=1,3...

∞∑
l1=1,3...

∞∑
l2=1,3...

al1al2am1

× am2 sin[m1 pin(θ+α)] sin[m2 pin(θ + α)] sin(l1 pmodθ) sin(l2 pmodθ)︸ ︷︷ ︸
8 f7

+
∞∑

n1=1,3...

∞∑
n2=1,3...

∞∑
l1=1,3...

∞∑
l2=1,3...

al1al2an1

× an2 sin[n1 pout(θ+β)] sin[n2 pout(θ + β)] sin(l1 pmodθ) sin(l2 pmodθ)︸ ︷︷ ︸
8 f8

+ 2
∞∑

m=1,3...

∞∑
n=1,3...

∞∑
l1=1,3...

∞∑
l2=1,3...

al1al2am

× an sin[mpin(θ + α)] sin[npout(θ + β)] sin(l1 pmodθ) sin(l2 pmodθ)︸ ︷︷ ︸
8 f9

.

(20)

By substituting (13) into (20), waveforms fi can be con-
verted into functions of γ and η as

f1 = cos
[
(m1 − m2)pinθ + (m1 − m2)p

2
inγ

− (m1 − m2)pinpoutη
]

− cos
[
(m1 + m2)pinθ + (m1 + m2)p

2
inγ

− (m1 + m2)pinpoutη
]

(21)

f2 = cos
[
(n1 − n2)poutθ + (n1 − n2)p

2
outγ

+ (n1 − n2)pinpoutη
]

− cos
[
(n1 + n2)poutθ + (n1 + n2)p

2
outγ

+ (n1 + n2)pinpoutη
]

(22)

f3 = cos
[
(mpin − npout)θ + (

mp2
in − np2

out

)
γ

− (m + n)pinpoutη
]

− cos
[
(mpin + npout)θ + (

mp2
in + np2

out

)
γ

− (m − n)pin poutη
]

(23)
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f4 = − sin
{[(m1 − m2)pin − lpmod]θ

+ (m1 − m2)p
2
inγ − (m1 − m2)pinpoutη

}
+ sin

{[(m1 + m2)pin − lpmod]θ
+ (m1 + m2)p

2
inγ − (m1 + m2)pinpoutη

}
+ sin

{[(m1 − m2)pin + lpmod]θ
+ (m1 − m2)p

2
inγ − (m1 − m2)pinpoutη

}
− sin

{[(m1 + m2)pin + lpmod]θ
+ (m1 + m2)p

2
inγ − (m1 + m2)pinpoutη

}
(24)

f5 = − sin
{[(n1 − n2)pout − lpmod]θ

+ (n1 − n2)p
2
outγ + (n1 − n2)pinpoutη

}
+ sin

{[(n1 + n2)pout − lpmod]θ
+ (n1 + n2)p

2
outγ + (n1 + n2)pinpoutη

}
+ sin

{[(n1 − n2)pout + lpmod]θ
+ (n1 − n2)p

2
outγ + (n1 − n2)pinpoutη

}
− sin

{[(n1 + n2)pout + lpmod]θ
+ (n1 + n2)p

2
outγ + (n1 + n2)pinpoutη

}
(25)

f6 = − sin
{
(mpin − npout − lpmod)θ

+ (
mp2

in − np2
out

)
γ − (m + n)pin poutη

}
+ sin

{
(mpin + npout − lpmod)θ

+ (
mp2

in + np2
out

)
γ − (m − n)pin poutη

}
+ sin

{
(mpin − npout + lpmod)θ

+ (
mp2

in − np2
out

)
γ − (m + n)pin poutη

}
− sin

{
(mpin + npout + lpmod)θ

+ (
mp2

in + np2
out

)
γ − (m − n)pin poutη

}
(26)

f7 = − sin
{[(m1 − m2)pin − (l1 + l2)pmod]θ

+ (m1 − m2)p
2
inγ − (m1 − m2)pinpoutη

}
+ sin

{[(m1 + m2)pin − (l1 + l2)pmod]θ
+ (m1 + m2)p

2
inγ − (m1 + m2)pinpoutη

}
+ sin

{[(m1 − m2)pin + (l1 − l2)pmod]θ
+ (m1 − m2)p

2
inγ − (m1 − m2)pinpoutη

}
− sin

{[(m1 + m2)pin + (l1 − l2)pmod]θ
+ (m1 + m2)p

2
inγ − (m1 + m2)pinpoutη

}
+ sin

{[(m1 − m2)pin − (l1 − l2)pmod]θ
+ (m1 − m2)p

2
inγ − (m1 − m2)pinpoutη

}
− sin

{[(m1 + m2)pin − (l1 − l2)pmod]θ
+ (m1 + m2)p

2
inγ − (m1 + m2)pinpoutη

}
− sin

{[(m1 − m2)pin + (l1 + l2)pmod]θ
+ (m1 − m2)p

2
inγ − (m1 − m2)pinpoutη

}
+ sin

{[(m1 + m2)pin + (l1 + l2)pmod]θ
+ (m1 + m2)p

2
inγ − (m1 + m2)pinpoutη

}
(27)

f8 = − sin
{[(n1 − n2)pout − (l1 + l2)pmod]θ

+ (n1 − n2)p
2
outγ + (n1 − n2)pinpoutη

}
+ sin

{[(n1 + n2)pout − (l1 + l2)pmod]θ
+ (n1 + n2)p

2
outγ + (n1 + n2)pinpoutη

}
+ sin

{[(n1 − n2)pout + (l1 − l2)pmod]θ

+ (n1 − n2)p
2
outγ + (n1 − n2)pinpoutη

}
− sin

{[(n1 + n2)pout + (l1 − l2)pmod]θ
+ (n1 + n2)p

2
outγ + (n1 + n2)pinpoutη

}
+ sin

{[(n1 − n2)pout − (l1 − l2)pmod]θ
+ (n1 − n2)p

2
outγ + (n1 − n2)pinpoutη

}
− sin

{[(n1 + n2)pout − (l1 − l2)pmod]θ
+ (n1 + n2)p

2
outγ + (n1 + n2)pinpoutη

}
− sin

{[(n1 − n2)pout + (l1 + l2)pmod]θ
+ (n1 − n2)p

2
outγ + (n1 − n2)pinpoutη

}
+ sin

{[(n1 + n2)pout + (l1 + l2)pmod]θ
+ (n1 + n2)p

2
outγ + (n1 + n2)pinpoutη

}
(28)

f9 = − sin
{[mpin − npout − (l1 + l2)pmod]θ

+ (
mp2

in − np2
out

)
γ − (m + n)pinpoutη

}
+ sin

{[mpin + npout − (l1 + l2)pmod]θ
+ (

mp2
in + np2

out

)
γ − (m − n)pinpoutη

}
+ sin

{[mpin − npout + (l1 − l2)pmod]θ
+ (

mp2
in − np2

out

)
γ − (m + n)pinpoutη

}
− sin

{[mpin + npout + (l1 − l2)pmod]θ
+ (

mp2
in + np2

out

)
γ − (m − n)pinpoutη

}
+ sin

{[mpin − npout − (l1 − l2)pmod]θ
+ (

mp2
in − np2

out

)
γ − (m + n)pinpoutη

}
− sin

{[mpin + npout − (l1 − l2)pmod]θ
+ (

mp2
in + np2

out

)
γ − (m − n)pinpoutη

}
− sin

{[mpin − npout + (l1 + l2)pmod]θ
+ (

mp2
in − np2

out

)
γ − (m + n)pinpoutη

}
+ sin

{[mpin + npout + (l1 + l2)pmod]θ
+ (

mp2
in + np2

out

)
γ − (m − n)pinpoutη

}
(29)

or alternatively

f1 = cos
[
(m1 ± m2)pinθ + (m1 ± m2)p

2
inγ

− (m1 ± m2)pin poutη
]

(30)

f2 = cos
[
(n1 ± n2)poutθ + (n1 ± n2)p

2
outγ

+ (n1 ± n2)pin poutη
]

(31)

f3 = cos
[
(mpin ± npout)θ + (mp2

in ± np2
out)γ

− (m ∓ n)pinpoutη
]

(32)

f4 = sin
{[(m1 ± m2)pin − lpmod]θ + (m1 ± m2)p

2
inγ

− (m1 ± m2)pin poutη
}

+ sin
{[(m1 ± m2)pin + lpmod]θ + (m1 ± m2)p

2
inγ

− (m1 ± m2)pin poutη
}

(33)

f5 = sin
{[(n1 ± n2)pout − lpmod]θ + (n1 ± n2)p

2
outγ

+ (n1 ± n2)pin poutη
}

+ sin
{[(n1 ± n2)pout + lpmod]θ + (n1 ± n2)p

2
outγ

+ (n1 ± n2)pin poutη
}

(34)

f6 = sin
{
(mpin ± npout − lpmod)θ + (

mp2
in ± np2

out

)
γ

− (m ∓ n)pinpoutη
}



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

10 IEEE TRANSACTIONS ON MAGNETICS

+ sin
{
(mpin ± npout + lpmod)θ + (

mp2
in ± np2

out

)
γ

− (m ∓ n)pin poutη
}

(35)

f7 = sin
{[(m1 ± m2)pin − (l1 + l2)pmod]θ

+ (m1 ± m2)p
2
inγ − (m1 ± m2)pinpoutη

}
+ sin

{[(m1 ± m2)pin − (l1 − l2)pmod]θ
+ (m1 ± m2)p

2
inγ − (m1 ± m2)pinpoutη

}
+ sin

{[(m1 ± m2)pin + (l1 − l2)pmod]θ
+ (m1 ± m2)p

2
inγ − (m1 ± m2)pinpoutη

}
+ sin

{[(m1 ± m2)pin + (l1 + l2)pmod]θ
+ (m1 ± m2)p

2
inγ − (m1 ± m2)pinpoutη

}
(36)

f8 = sin
{[(n1 ± n2)pout − (l1 + l2)pmod]θ

+ (n1 ± n2)p
2
outγ + (n1 ± n2)pinpoutη

}
+ sin

{[(n1 ± n2)pout − (l1 − l2)pmod]θ
+ (n1 ± n2)p

2
outγ + (n1 ± n2)pinpoutη

}
+ sin

{[(n1 ± n2)pout + (l1 − l2)pmod]θ
+ (n1 ± n2)p

2
outγ + (n1 ± n2)pinpoutη

}
+ sin

{[(n1 ± n2)pout + (l1 + l2)pmod]θ
+ (n1 ± n2)p

2
outγ + (n1 ± n2)pinpoutη

}
(37)

f9 = sin
{[mpin ± npout − (l1 + l2)pmod]θ

+ (
mp2

in ± np2
out

)
γ − (m ∓ n)pinpoutη

}
+ sin

{[mpin ± npout − (l1 − l2)pmod]θ
+ (

mp2
in ± np2

out

)
γ − (m ∓ n)pinpoutη

}
+ sin

{[mpin ± npout + (l1 − l2)pmod]θ
+ (

mp2
in ± np2

out

)
γ − (m ∓ n)pinpoutη

}
+ sin

{[mpin ± npout + (l1 + l2)pmod]θ
+ (

mp2
in ± np2

out

)
γ − (m ∓ n)pinpoutη

}
. (38)

The waveforms f1, f4, and f7 can be merged as

f ′
1 = sin

{[(m1 ± m2)pin − kpmod]θ
+ (m1 ± m2)p

2
inγ − (m1 ± m2)pin poutη

}
(39)

where k is an integer. The waveform of f1 shown in (30)
corresponds to the case when k = 0; the waveform of f4
shown in (33) corresponds to the case when k is an odd
number; the waveform of f7 shown in (36) corresponds to the
case when k is an even number. Similarly, (31), (34), and (37)
can be merged as

f ′
2 = sin

{[(n1 ± n2)pout − kpmod]θ
+(n1 ± n2)p

2
outγ + (n1 ± n2)pinpoutη

}
. (40)

Equations (32), (35), and (38) are simplified into

f ′
3 = sin

{
(mpin ± npout − kpmod)θ

+ (
mp2

in ± np2
out

)
γ − (m ∓ n)pin poutη

}
. (41)

Considering the integration in (7) with the trigonometric
relations∫ 2π

0
sin(aθ + b)dθ =

{
0 if a �= 0

2π sin(b) if a = 0
(42)

and ∫ 2π

0
cos(aθ + b)dθ =

{
0 if a �= 0

2π cos(b) if a = 0
(43)

waveforms in (39)–(41) produce non-zero magnetic energy
W (α, β) if and only if the coefficients of θ are zero. Thus,
the waveforms eventually reduce to (15)–(17) under the afore-
mentioned conditions.
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