
Available online at www.sciencedirect.com

ScienceDirect

Nuclear Physics B 939 (2019) 429–446

www.elsevier.com/locate/nuclphysb

Kaon distribution amplitude from lattice QCD and the 

flavor SU(3) symmetry

Lattice Parton Physics Project (LP3) Collaboration

Rui Zhang a,b,c, Jiunn-Wei Chen d,∗, Luchang Jin e,f, Huey-Wen Lin a,g,∗, 
Andreas Schäfer h, Peng Sun a, Yi-Bo Yang a,∗, Jian-Hui Zhang h,∗, 

Yong Zhao i

a Department of Physics and Astronomy, Michigan State University, East Lansing, MI 48824, USA
b Key Laboratory of Theoretical Physics, Institute of Theoretical Physics, Chinese Academy of Sciences, 

Beijing 100190, China
c School of Physical Sciences, University of Chinese Academy of Sciences, No. 19A Yuquan Road, 

Beijing 100049, China
d Department of Physics, Center for Theoretical Physics, and Leung Center for Cosmology and Particle Astrophysics, 

National Taiwan University, Taipei, 106, Taiwan
e Physics Department, University of Connecticut, Storrs, CT 06269-3046, USA

f RIKEN BNL Research Center, Brookhaven National Laboratory, Upton, NY 11973, USA
g Department of Computational Mathematics, Michigan State University, East Lansing, MI 48824, USA

h Institut für Theoretische Physik, Universität Regensburg, D-93040 Regensburg, Germany
i Center for Theoretical Physics, Massachusetts Institute of Technology, Cambridge, MA 02139, USA

Received 18 October 2018; received in revised form 19 November 2018; accepted 17 December 2018

Available online 21 December 2018

Editor: Hong-Jian He

Abstract

We present the first lattice-QCD calculation of the kaon distribution amplitude using the large-momentum 

effective theory (LaMET) approach. The momentum-smearing technique has been implemented to improve 

signals at large meson momenta. We subtract the power divergence due to Wilson line to high precision us-

ing multiple lattice spacings. The kaon structure clearly shows an asymmetry of the distribution amplitude 

around x = 1/2, a clear sign of its skewness. Our result also prefers a broader distribution than the asymp-
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totic form. We also study the leading SU(3) flavor symmetry breaking relations for the pion, kaon and eta 

meson distribution amplitudes, and the results are consistent with the prediction from chiral perturbation 

theory.

 2018 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Meson distribution amplitudes (DAs) φM are important universal quantities appearing in 

many factorization theorems which allow for the description of exclusive processes at large mo-

mentum transfers Q2 ≫ �2
QCD [1,2]. Some wellknown examples of such processes, which are 

relevant to measuring fundamental parameters of the Standard Model, include B → πlν, ηlν giv-

ing the CKM matrix element |Vub|, B → Dπ used for tagging, and B → ππ, Kπ, KK̄, πη, . . .

which are important channels for measuring CP violation (see e.g. [3]). Among those pro-

cesses, the large differences between the strength of direct CP violation for B± → π0K± and 

B0 → π∓K± [4], and for D0 → K+K− and D0 → π+π− [5] clearly highlight the importance 

of understanding the flavor SU(3) symmetry breaking among light flavors before attributing the 

effects to enhancement of higher-order amplitudes or even new physics. A first-principles theory 

determination of the kaon DA will help to make predictions for the large-momentum transfer 

kaon form factors that will be measured as part of the upcoming Jefferson Laboratory 12-GeV 

upgrade program [6].

In the chiral limit where mq → 0 with q = u, d, s, SU(3) symmetry predicts φπ = φK = φη =
φ0. Away from the chiral limit, we work in the isospin limit (mu = md = m̄) (for simplicity), 

use the MS scheme, and normalize the DAs such that 
∫

dx φM(x) = 1 with meson index M =
π, K, η. The leading SU(3) breaking from chiral symmetry takes the form [7]

φM(x,μ) = φ0(x,μ) +
∑

P=π,K,η

m2
P

(4πfP )2

[

E
P
M(x,μ) ln

m2
P

μ2
χ

+F
P
M(x,μ,μχ )

]

+O(m4
P ).

(1)

The functions φ0, EP
M and FP

M are independent of light-quark masses, fP is the decay constant 

for meson P , x is the fraction of the meson momentum held by the quark, μ is the factorization 

scale, and μχ is the dimensional regularization parameter in chiral perturbation theory (ChPT). 

The μχ dependence in FP
M and ln(m2

P /μ2
χ ) cancel such that φM is μχ independent. In Ref. [7], 

it was proven within the context of ChPT that

E
P
π (x,μ) = E

P
K (x,μ) = E

P
η (x,μ) = 0 (2)

for all P . Hence, at O(mq), the DAs in Eq. (1) are analytic in m2
P , where we have used m2

P ∝
mq +O(m2

q). Ref. [7] has also shown that

φK+(x,μ) − φK−(x,μ) = φK0(x,μ) − φK̄0(x,μ) ∝ ms − m̄. (3)

Furthermore, at O(mq),

φπ (x,μ) + 3φη(x,μ) = 2 [φK+(x,μ) + φK−(x,μ)] = 2
[

φK0(x,μ) + φK̄0(x,μ)
]

, (4)

and hence,



Lattice Parton Physics Project (LP3) Collaboration / Nuclear Physics B 939 (2019) 429–446 431

φπ (x,μ) + 3φη(x,μ) − 2φK+(x,μ) − 2φK−(x,μ) =O(m2
q). (5)

It will be interesting to investigate whether the above leading SU(3) breaking relations derived 

from ChPT emerge from direct computations of meson DAs in lattice QCD.

Such direct computations have become possible recently, thanks to the large-momentum 

effective theory (LaMET) [8–10]. The LaMET method calculates time-independent spatial corre-

lations (called quasi-distributions) on the lattice and takes the infinite-momentum limit to recover 

the true lightcone distribution. For large momenta feasible in lattice simulations, LaMET can be 

used to relate Euclidean quasi-distributions to physical ones through a factorization theorem, 

which involves a matching and power corrections that are suppressed by the hadron momen-

tum [9]. In the past few years, there have been many studies on the one-loop matching kernel 

for the leading-twist PDFs [11–14], generalized parton distributions (GPDs) [15,16] and meson 

DAs [15], as well as on the power corrections [17–20]. The renormalization property of quasi-

distributions was also investigated [21–29] with the multiplicative renormalizability established 

to all-loop orders. The LaMET approach has been applied to compute the nucleon unpolarized, 

helicity and transversity PDFs [17–19,26,30,31], as well as the pion DA [32]. A first lattice PDF 

calculation at physical pion mass has recently become available [31]. The O(a)-improved oper-

ators associated with large hadron momentum were worked out in Ref. [33].

Motivated by LaMET, it was proposed that one can extract the PDFs from the “lattice cross 

sections” [34,35], and the quasi-PDF is one of them. More recently, it was suggested that one can 

study instead an Ioffe-time or pseudo distribution [36] which is related to the quasi-distribution 

through a simple Fourier transform. While this method shows some interesting renormalization 

features [37], it is essentially equivalent to the LaMET approach [10,38,39] and offers no new 

physics regarding the factorization into PDFs. In addition, there are proposals using current-

current correlators to compute PDFs, the pion DA, etc. [40–44]. Different approaches can have 

different systematics to reach the same goal; therefore, they can be complementary to each other.

A first lattice calculation of the leading-twist pion DA using LaMET is done in Ref. [32], 

where the results were improved by a Wilson line renormalization that removes power diver-

gences. The final result favors a single-hump form for the pion DA, which is broader than its 

asymptotic form. The plan of the present paper is to extend the study of the π meson in Ref. [32]

to the K meson and their SU(3) partner, the η meson. A further improvement was made by im-

plementing the momentum-smearing technique proposed recently [45] to increase the overlap 

with the ground state of a moving hadron. With our results computed directly from lattice QCD, 

we will examine the ChPT prediction of the leading flavor SU(3) breaking relations in Eqs. (3)

and (4).

The rest of the paper is organized as follows: In Sec. 2 we briefly review the procedure for 

extracting meson DAs from the quasi-DAs defined in LaMET and explain how we access the 

η DA. In Sec. 3, we show our lattice results. The final result on φK− clearly shows its skew-

ness. Alongside, we have the corresponding results for π and η mesons and study the leading 

SU(3)-breaking relations. The conclusion and outlook are given in Sec. 4.

2. Methodology

2.1. Meson DAs from LaMET

As was explained in Ref. [32], in the framework of LaMET, the meson DA

φM (x,μ) = i

fM

∫

dξ

2π
ei(x−1)ξn·P 〈M(P)|ψ̄(0)n · γ γ5Ŵ(0, ξn)λaψ(ξn)|0〉 (6)
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can be extracted from the quasi-DA

φ̃M(x,μR,Pz) = i

fM

∫

dz

2π
e−i(x−1)Pzz〈M(P)|ψ̄(0)γ zγ5Ŵ(0, z)λaψ(z)|0〉, (7)

where μ is a renormalization scale of φM in the MS scheme, nμ = (1, 0, 0, −1)/
√

2 is a lightlike 

vector, Ŵ is a straight Wilson line that makes the quark bilinear operator gauge invariant, λa = λ3, 

(λ4 ± iλ5)/2, λ8 for M = π , K±, and η, respectively. In the φ̃M computation, both the quark 

bilinear and the meson momentum Pz are along the z direction. μR denotes the renormalization 

scale of φ̃M in a given scheme. φM and φ̃M are the same in the infrared. After removing the 

power divergence in φ̃M non-perturbatively, the difference between φM and φ̃M in the ultraviolet 

can be compensated by the matching kernel Zφ , which can be computed perturbatively:

φ̃M(x,μR,Pz) =
1

∫

0

dy Zφ(x, y,μ,μR,Pz)φM (y,μ) +O

(

�2
QCD

P 2
z

,
m2

M

P 2
z

)

. (8)

Currently, the matching kernel is only computed to one-loop with the quasi-DA computed with a 

transverse-momentum cutoff regulator and the DA computed in the MS scheme [15]. Therefore, 

the Zφ factor is accurate up to the leading logarithm but not for the numerical constant. To 

determine this constant, a lattice perturbation theory calculation using the same lattice action is 

required.

The matching kernel Zφ has the form

Zφ(x, y) = δ(x − y) + αs

2π
Zφ(x, y) +O

(

α2
s

)

= δ(x − y) + αs

2π

(

Z
(1)
φ (x, y) − Cδ(x − y)

)

+O

(

α2
s

)

(9)

with C =
∫ ∞
−∞ dx′ Z(1)

φ (x′, y). The expression for Z
(1)
φ (x, y) can be found in Ref. [32]. Eq. (9)

tells us that φM and φ̃M differ only at loop level, thus we can write (ignoring the power correc-

tions for the moment)

φM(x) ≃ φ̃M (x) − αs

2π

∫

dy Zφ (x, y) φ̃M(y)

≃ φ̃M (x) − αs

2π

∞
∫

−∞
dy

[

Z
(1)
φ (x, y) φ̃M(y) − Z

(1)
φ (y, x) φ̃M(x)

]

(10)

with an error of O
(

α2
s

)

[34]. For simplicity, we have also extended the integration range of y to 

infinity, which will introduce an error at higher order. To account for the power corrections, we 

need to know higher-twist and meson-mass corrections as well. The meson-mass corrections have 

been computed to all orders in m2
M/P 2

z [32], while the higher-twist corrections were removed by 

a simple fitting with a polynomial form in 1/P 2
z . In this work, we will follow the same procedure 

but leave out the higher-twist corrections, because we have observed non-monotonic behavior in 

Pz in our lattice data. This implies that the polynomial fit might be too naive to account for the 

higher-twist effects.
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2.2. Accessing the meson DA matrix element on the lattice

We start from the calculation of the correlator,

C̃(z,Pz, τ )

=
〈∫

d3x ei 
P ·xψ̄(
x, τ )γ zγ5Ŵ(
x, 
x + z)λa†
ψ(
x + z, τ ) ψ̄S(0,0)γ5λ

aψS(0,0)

〉

, (11)

where the sink operator at timeslice τ is the Fourier transform of the quasi-DA, and the quark 

fields ψS in the source operator at timeslice 0 have been momentum smeared [45],

ψS(x) =
∫

d3y e
− |x−y|2

2σ2 −i
k·(
x−
y)
U(x, y)ψ(y), (12)

where U(x, y) is the gauge link that makes ψS(x) gauge covariant, σ is the smearing radius. Fol-

lowing Ref. [45], the momentum smearing parameter 
k is determined by optimizing the signal 

of C̃(z, Pz, τ). We found that 
k = ±0.73 
Pz for the quark (antiquark) is suitable for our calcu-

lations with 
Pz = (0, 0, {4, 6, 8}π/L). Note that we need to generate the quark and antiquark 

propagators separately, since the optimal 
k’s for them have opposite signs.

Following the standard procedure, we insert a complete set of states between the two operators 

at timeslices t and 0 in C̃ Eq. (11). Then, assuming the complete set of states is saturated by the 

ground state of energy E0 and an effective excited state of energy E1 at large t , we have

C̃(z,Pz, τ ) = Zsrch̃M(z,Pz)

2E0
e−E0τ + B(z,Pz)e

−E1τ (13)

with the matrix element

h̃M (z,Pz) = 〈M(P)|ψ̄(0)γ zγ5λ
aŴ(0, z)ψ(z)|0〉. (14)

We varied the fitting range but did not see significant differences; the χ2/d.o.f. for most matrix 

elements remains smaller than or around 1.3. We also extended our analysis by performing a 

three-state fit for the matrix elements and confirm that three-state fit results are consistent with 

the two-state fit ones but with larger error bars, as expected.

What we need for the quasi-DA calculation is the normalized h̃ defined as

hM (zPz,Pz) = h̃M(z,Pz)

PzfM

, (15)

which satisfies hM(0, Pz) = 1. Therefore, even if we do not separate h̃M from the z-independent 

source matrix element Zsrc, the determination of hM is not affected.

2.3. Accessing the η distribution amplitude

For π and K , C̃ in Eq. (11) receives contributions from “connected diagrams” (see Fig. 1) 

only. For η, in addition to connected diagram contributions, C̃ also receives contributions from 

“disconnected diagrams” (see Fig. 1). However, the disconnected diagram is O((ms − m̄)2) sup-

pressed because there are two fermion loops, each of which is suppressed by one power of 

(ms − m̄) in the diagram. Therefore, it seems that if we just work at O(mq), we can safely 

neglect the disconnected diagram of η.
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Fig. 1. The correlator C̃ in Eq. (11) receives contributions from connected and disconnected diagrams. Point O is at 

origin, point A is at coordinate (
x + z, τ) and point B is at (
x, τ). The arrowed solid lines are full quark propagators, 

while the double lines are gauge links. The gluon propagators and closed fermion loops are not shown.

However, by dropping the disconnected diagrams, the u(d) and s quark contributions in C̃

yield different values of ground-state energy E0; that is, �E0 ≡ Es
0 − E

u(d)
0 �= 0. Then, when 

τ > 1/|�E0|, C̃ is dominated by the quark contribution of lower E0. However, when the hadron 

momentum Pz is large, such that E0 ≃ Pz + m2
q̄q/2Pz, where mq̄q is the mass of the q̄q state 

without the disconnected diagram, as long as the plateaus for the mass determination appear 

within τ < 2Pz/|m2
s̄s − m2

ūu|, C̃ remains equally balanced between u(d) and s quark contribu-

tions. Therefore, even without including the disconnected diagrams, the error from this ambiguity 

can be systematically reduced by increasing Pz.

There is another complication for η. That is, the operator associated with λ8 creates the η8

meson, but the physical η is a linear combination of η8 and η0, the SU(3) singlet. Fortunately, 

the mixing angle θ is small (θ ≈ −15◦) [46]. Therefore, in Eq. (11), when we insert the physical 

η state between the two operators at time slices τ and 0, the η0 contribution is suppressed by a 

mixing factor sin θ ≈ 0.08 times a factor of (ms − m̄) coming from the overlap of η0 with the λ8

type operator. Hence, numerically, the η0 contribution can be counted as O((ms − m̄)2) and can 

be neglected in our calculation.

The above discussion leads to the conclusion that if the plateaus for the meson-mass deter-

mination appear within τ < 2Pz/|m2
s̄s − m2

ūu|, then the connected diagram contribution of C̃

of Eq. (11) with λa = λ8 yields contributions from u, d, s quarks in the ratio 1 : 1 : 4. This C̃

can be determined from Eq. (13) with the matrix element of Eq. (15) associated with the η8

DA. This implies that for the largest Pz we use (8π/L), the plateaus should be reached within 

τ < 1/|�E| ≃ 20a, which is clearly satisfied.

In the following sections, we first present the unphysical ηs results (defined as the ss̄ pseu-

doscalar meson with connected diagrams only) for different Pz values. Then, based on the above 

discussion, we approximate the η8 DA for Pz = 8π/L with (φπ + 2φηs )/3, and use the result to 

check the SU(3) relation Eq. (4).

3. Lattice results

In this section, we present our lattice setup and the results for the π , K and η DAs. The 

simulations were performed using clover valence fermions on a 243 × 64 lattice with 2+1+1 

flavors (degenerate up and down, strange, and charm degrees of freedom) of highly improved 

staggered quarks (HISQ) [47] generated by the MILC Collaboration [48]. The pion mass on 

this ensemble is 310 MeV, and the lattice spacing a ≈ 0.12 fm. In this work, hypercubic (HYP) 

smearing [49] is applied to the configurations; the bare quark masses and clover parameters are 

tuned to recover the lowest pion mass of the staggered quarks in the sea. The results shown in 
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Fig. 2. The π , K and ηs energies squared as functions of momentum P̂ 2
z , where the lines with error bands are fits to the 

dispersion relation E2(Pz) = m2 + c2P̂ 2
z . The fitted c2 are 1.02(5), 0.98(3), 0.96(2) for π , K and ηs , respectively, which 

is consistent with the desired value of 1 within 2σ .

this section were obtained using the correlators calculated from 3 momentum-smearing sources 

and 4 source locations on each of the 967 configurations.

We first check whether the dispersion relation E2(Pz) = m2 + c2P̂ 2
z for P̂z = 2/a sin(Pza/2)

is satisfied up to Pz = 8π/L (the largest momentum we used) for π , K and, motivated by the dis-

cussion in section 2.3, the unphysical ηs . As shown in Fig. 2, this dispersion relation is satisfied 

within two sigma statistical uncertainties. For P̂z = 1, Pz/P̂z ≃ 1.05.

The bare matrix elements hM defined in Eq. (15) for kaon, pion and ηs are shown in Fig. 3

for Pz = 4π/L, 6π/L, and 8π/L. The Fourier transform of the DA asymptotic form [50], 

φ(x) = 6x(1 − x), is also shown in Fig. 3. However, the asymptotic DA is defined in another 

renormalization scheme, so this is not a direct comparison with hM . We do observe similar 

oscillating behavior in our data. When we increase Pz, the secondary peaks become more pro-

nounced. But the difference between Pz = 6π/L and 8π/L is small already. Nevertheless, we 

plan to repeat this work with larger boost momentum (to extend the zPz reach) and reduce the 

lattice spacing by at least a factor of 2 in the future.

3.1. Improved distribution amplitude

With the DA matrix elements hM , we can then Fourier transform according to Eq. (7) to study 

the meson DAs. To cancel the power divergence in hM arising from the Wilson-line self-energy 

diagrams we introduce a counterterm δm, as suggested in Refs. [23,32], such that the match-

ing kernel Zφ only has logarithmic divergence but no power-divergent contributions. Thus, the 

“improved” meson quasi-DA [32] is

φ̃
imp
M (x,Pz) =

∞
∫

−∞

dz

2π
e−i(x−1)zPz+δm|z|PzhM(z,Pz). (16)

We then apply the matching kernel Zφ and mass correction, as discussed in Sec. 2, to obtain the 

final DA.
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Fig. 3. The quasi-DA matrix elements hM (z, Pz) for M = K− (top), π (middle) and ηs (bottom), respectively, shown 

as functions of zPz at three different values of Pz . The purple dashed lines are Fourier transforms of the asymptotic 

DA φ(x) = 6x(1 − x). (For interpretation of the colors in the figure(s), the reader is referred to the web version of this 

article.)

First, we need to calculate the counterterm δm. The Wilson line can be equivalently described 

by a quark propagator in the heavy-quark limit and the only dimensionful counterterm in the 

heavy-quark Lagrangian is the mass counterterm δm. Therefore, δm can be determined by the 

Wilson loop W(τ, r) with width r and length τ , which has the negative effective action of a 

static quark–antiquark pair with interquark distance r at temperature 1/τ . The quark–antiquark 

effective potential is approximated by

V (r) = −1

a
lim

τ→∞
ln

〈Tr[W(τ, r)]〉
〈Tr[W(τ − a, r)]〉 , (17)
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Fig. 4. The potential between a static quark and a static antiquark as function of distance r (in fm) computed using 

Eq. (17) for a = 0.06 fm (triangles), 0.09 fm (circles), and 0.12 fm (squares) with pion mass around 135 MeV and for 

heavier pion mass 310 MeV at a = 0.12 fm (inverted triangles). The difference between pion masses is negligible for 310 

and 135 MeV at 0.12-fm lattice spacing. The line indicates our attempted fit to the potentials using the form of Eq. (18)

with r ≥ 5a to extract the δm counterterm, and the fit describes the majority of the potential well.

using a combination of such Wilson loops. The cusp anomalous dimensions from the four sharp 

corners of the Wilson loop are canceled between the numerator and denominator of the expres-

sion, and keeping 1/τ larger than the inverse of the energy gap between the ground state and the 

first excited state ensures that higher excitations are sufficiently suppressed.

When r is larger than the confinement scale but shorter than the string-breaking scale, this can 

be fit by

V (r) = c−1

r
+ c0 + c1r, (18)

where the c−1 term is the Coulomb potential that dominates at short distance and the c1 term is 

the confinement linear potential. c0 is of mass dimension one, so we can break it into a divergent 

piece and a finite one in the continuum limit: c0 = c0,1/a + c0,2. Then

δm = −c0,1

2a
, (19)

where the 2 compensates for the potential using a quark–antiquark pair.

Fig. 4 shows the effective potential V (r) at lattice spacings a = 0.06, 0.09, 0.12 fm for Mπ =
130 MeV and a = 0.12 fm for Mπ = 310 MeV. The Mπ dependence for a = 0.12-fm ensembles 

is almost undetectable. A fit of the potential with four parameters c−1, c0,1, c0,2 and c1, V (r ≥
5a) has a very good χ2/d.o.f. = 1.04 (46 degrees of freedom). This fit yields δm = 0.154(2)/a, 

which corresponds to 253(3) MeV at a = 0.12 fm.

With the thus determined δm, we can now obtain φ̃
imp
M (x, Pz) for each meson using Eq. (16). 

Next, we apply the one-loop matching kernel Z
(1)
φ (see Eq. A.6 of Ref. [32], with the lattice 

cut-off scale π/a and the MS renormalization scale μ = 2 GeV), which is essential in LaMET 

to obtain lightcone quantities from the quasi-distribution

φ
imp,match
M (x,Pz) ≃ φ̃

imp
M (x,Pz)

− αs

2π

∞
∫

−∞
dy

[

Z
(1)
φ (x, y) φ̃

imp
M (y,Pz) − Z

(1)
φ (y, x) φ̃

imp
M (x,Pz)

]

(20)
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with an error of O
(

α2
s

)

[34] as discussed earlier in Sec. 2.1. We then apply the mass correc-

tions [32] to φ
imp,match
M to get the final DAs

φM =
√

1 + 4c

∞
∑

n=0

(4c)n

f 2n+1
+

[

(1 + (−1)n)φ
imp,match
M

(1

2
− f 2n+1

+ (1 − 2x)

4(4c)n

)

+ (1 − (−1)n)φ
imp,match
M

(1

2
+ f 2n+1

+ (1 − 2x)

4(4c)n

)

]

, (21)

where c = m2
M/4P 2

z and f+ =
√

1 + 4c + 1. The remaining higher-twist effect is of

O(�2
QCD/P 2

z ), which is small at our largest 2 momenta used in this work.

3.2. The renormalon ambiguity

The analogy of HQET is used in two different parts in this work, one is the subtraction of 

the power divergence using the δm counterterm, where the Wilson line is described using the 

HQET language, the other is the matching between quasi-DA and DA. Here we discuss whether 

the renormalon ambiguity will affect each of them.

For the first part, the subtraction of power divergence using the δm counterterm, if we were 

doing the subtraction perturbatively, then the IR renormalon ambiguity could arise and give an 

O(�QCD) uncertainty to δm. However, this subtraction is done non-perturbatively, so the renor-

malon ambiguity does not enter [51].

For the second part, the relation between quasi-DA to DA is similar to that of the quark mass 

in QCD and the pole mass in HQET, with matching and power corrections involved in both 

cases. In the quark mass case, a perturbative computation of the matching coefficient has the IR 

renormalon ambiguity which is completely canceled by the corresponding ambiguity from power 

corrections. Therefore the IR physics of the full theory remains the same as that of HQET. This 

is exactly the same as in the DA case. The IR renormalon ambiguity in the matching kernel can 

be removed systematically by performing the power corrections consistently. In this work, the 

renormalon ambiguity arising in the kernel is numerically O(�2
QCD/P 2

z ), which is of the same 

order as the twist-4 effect. Here we have neglected this effect because it is parametrically a small 

effect. But in an improved calculation, the renormalon ambiguity at O(�2
QCD/P 2

z ) can also be 

removed by computing the twist-4 contribution consistently.

3.3. Kaon distribution amplitude

Let us now consider the first results for the kaon DA from lattice QCD. The left-hand side of 

Fig. 5 shows a comparison of φ̃
imp
K (x) (improved quasi-DA shown in blue), φ̃

imp,match

K− (x) (after 

matching quasi-DA to lightcone DA shown in green) and φK−(x) (DA with meson mass correc-

tion added, shown in red) from our largest meson momentum. The distribution after applying the 

one-loop matching φ̃
imp,match

K− (x) changes quite significantly from the quasi-distributions. Further 

treatment with the meson mass correction yields φK−(x) which is very close to φ̃
imp,match

K− (x). 

This is expected with the large momentum used here.

The right-hand side of Fig. 5 shows the momentum dependence of φK−(x). Note that 

the higher-twist correction is not extrapolated away as in our previous work due to the non-

monotonic behavior in Pz. However, we expect its effect to be small at the largest two momenta 
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Fig. 5. (Left) Improved kaon quasi-DA, φ̃
imp

K− (x) (blue), kaon DA with one-loop matching applied, φ
imp,match

K− (green), 

and φK− (red) with the meson-mass correction, which is a very small effect, further added. The asymptotic DA is shown 

as the purple dashed line. (Right) DAs for K− after the one-loop matching and mass corrections but not higher twist 

corrections are shown with each Pz we study in this work.

used in this work, since their difference is small. φK− is skewed towards large x since its valence 

s quark is heavier than its valence ū quark. However, the distribution outside the region x ∈ [0, 1]
is still quite sizable (though shrinking when Pz is increased). Given that the DA for the largest 

2 momenta are already quite close to each other, it seems unlikely that the residual effect in the 

unphysical region is totally due to higher-twist power corrections in 1/Pz that are not accounted 

for. Given the large one-loop matching correction seen in the left-hand side of Fig. 5, it will be 

important to investigate the two-loop matching contributions in the future to check their size. 

In addition, the truncation of zPz in the Fourier transformation can yield nonzero distribution 

outside x ∈ [0, 1]. This has become more visible in this work than our previous work in the pion 

case because of the larger momentum reach.

Finally, we compare our φK− result (labeled “Lat LaMET”) with Pz = 8π/L with a few 

selected results in the literature in Fig. 6: the result from fitting a parametrization to the lowest 

few moments calculated in lattice QCD [52,53] with pion mass ranging 330–670 MeV (labeled 

“Lat Mom”), Dyson–Schwinger equation calculations [54] (“DSE-1” and 2), and a calculation 

with a light-front constituent quark model [55] (“LFCQM”).

We stress that systematics from unphysical pion mass, nonzero lattice spacing and finite vol-

ume have not been quantified and included in this first calculation. Likewise, the systematics 

of other approaches are likely not fully taken into account either. Therefore, it is premature to 

draw firm conclusions based on the comparison shown in Fig. 6. With this in mind, we observe a 

broader distribution than the one from LFCQM, without making the assumption on the distribu-

tion form of xα(1 − x)β . Our φK− noticeably has smaller peak near x = 0.5; this is mainly due 

to the sizable distribution outside the [0, 1] region, since the integral of the kaon DA is normal-

ized to 1. Therefore, the DA has to have a smaller peak to produce the same integral. We plan 

to study the higher-loop matching as well as go to large Pz to reduce the Fourier-transformation 

truncation effects.

3.4. SU(3) symmetry in meson distribution amplitudes

In this work, we also update our previous study [32] of the pion DA and make the first study 

of the ηs case. Fig. 7 shows both DAs obtained after the one-loop matching and mass corrections 

(but not higher-twist corrections at O(�2
QCD/P 2

z )). Larger boost momentum (with specifically 

tuned momentum-smearing parameters) and higher statistics are used in this work for φπ . The 
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Fig. 6. Comparison of φK− of this work (“Lat LaMET”) to a few selected works in literature. This includes a 

parametrized fit to lattice moments (“Lat Mom”) [52,53], the Dyson–Schwinger equation calculation (DSE-1 & -2) [56], 

and a light-front constituent quark model (LFCQM) [55]. The error in the “Lat LaMET” curve is statistical error only. 

A broader distribution than the one predicted in LFCQM is clearly preferred; further studies are planned to investigate the 

nonzero distribution outside x ∈ [0, 1] together with the systematics from unphysical pion mass, nonzero lattice spacing 

and finite volume.

Fig. 7. DAs of π (left) and ηs (right) as functions of Bjorken-x after the one-loop matching and mass corrections with 

different Pz . The errors in the lattice calculation are statistical errors only. The asymptotic form φ(x) = 6x(1 − x) is 

shown as the purple dashed lines.

dominant systematic uncertainty, due to the counterterm δm using a single spacing in the pre-

vious study, is significantly improved with the use of 3 lattice-spacing determinations in this 

work. We also observe that both φπ and φηs are symmetric with respect to x = 1/2 due to 

charge-conjugation symmetry. As in the kaon case in the previous subsections, there is sizable 

distribution outside x ∈ [0, 1]. As discussed earlier, we suspect finer lattice spacing and higher-

loop matching in future studies may improve these properties.

Fig. 8 shows a comparison of our current results for φπ with earlier results in literature. Again, 

systematics from unphysical pion mass, nonzero lattice spacing and finite volume have not been 

quantified and included in this calculation and one should not draw a confirm conclusion based 

on this comparison. In the left panel, we show our φπ result along with a result using Dyson–

Schwinger equation (DSE) [56], truncated Gegenbauer expansion fit to the Belle data for the 

γ γ ∗ → π0 form factor (Belle) [57], and from parametrizations to lattice-QCD lowest-moment 

calculations [58] to extract the pion DA. For the fit to the Belle data, the Gegenbauer-polynomial 

expansion up to the eighth moment given in Ref. [57] was used at scale 2 GeV. For the fit to 

the lattice-moment distribution, two different parametrizations are shown here. The first one is 
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Fig. 8. Comparison of φπ from this work (“Lat LaMET”) to previous determinations in literature. In the left panel, this 

includes the results from parametrized fits to the lattice moments (“Lat Mom 1” and “Lat Mom 2”) [58], a calculation 

from the DSE analysis (DSE) [56], one from the LFCQM (LFCQM) [55], a fit to the Belle data (Belle) [57], and the 

asymptotic form 6x(1 − x) (Asymp). The error in the “Lat LaMET” curve is statistical error only. In the right panel, 

we have converted our result on φπ to the prediction for the scalar-pseudoscalar current correlator (blue curve), and 

compared with the lattice data for the same correlator in Ref. [44] (dark, gray and white circles, which correspond 

to | 
P | = 1.08, 1.53, 1.88 GeV, respectively, μ is the renormalization scale). Systematics from unphysical pion mass, 

nonzero lattice spacing and finite volume have not been quantified and included in this calculation.

a simple truncation of the Gegenbauer-polynomial expansion to the pion DA parametrization 

to the second order φ(x) = 6x(1 − x)[1 + a2C
3/2
2 (2x − 1)] (“Lat Mom 1”) with the value of 

a2 taken from Ref. [58]. The second distribution is φ(x) = A[x(1 − x)]B with A and B deter-

mined from the normalization condition and the lattice calculations of the second moment (“Lat 

Mom 2”) [58]. The two parametrizations using lattice moment calculations yield significantly 

different pion DA. The difference between them can be viewed as a rough estimate of errors due 

to the moment truncation. With more lattice moment data the parametrization dependence may 

improve; however, with individual distributions the systematic error is currently underestimated. 

Our distribution has a lower peak at x = 1/2 mainly due to the nonvanishing contribution outside 

the [0, 1] region, since the integral of the distribution over all regions is normalized to 1 by defi-

nition. Given the smallness of the mass corrections and that our curves at Pz = 6π/L and 8π/L

are very close to each other, we expect the higher-order matching kernel will play an important 

role in reducing the contribution in the unphysical region. Also higher boosted momentum will 

help improve the truncation systematics in Fourier transform in zPz. This needs to be further 

investigated before we can draw a definite conclusion on the shape of φπ . In the right panel, 

we also compare our result on φπ with the calculation using Euclidean current correlators in 

Ref. [44], where the lattice data was presented for the scalar-pseudoscalar current correlator. In 

order to make a direct comparison, we have convolved our result with the coefficient function up 

to O(αs) in Ref. [44], and then included the higher-twist contributions obtained there. Our final 

result is shown as the blue curve. The dark, gray and white circles are the lattice data in Ref. [44]

for | 
P | = 1.08, 1.53, 1.88 GeV, respectively, μ is the renormalization scale. As can be seen from 

the plot, both approaches yield consistent results at small 
P · 
z.

Finally, we investigate the leading SU(3) flavor breaking effect predicted using ChPT. In this 

work, we did not calculate φη directly; as discussed in Sec. 2.3, at the largest boost momentum 

Pz = 8π/L we can approximate φη from φπ and φηs :

φη = (φπ + 2φηs )/3. (22)
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Fig. 9. Results for flavor SU(3) symmetry breaking: δSU(3),1 = (φK− − φK+ )/2 (left) and δSU(3),2 = (φπ + 3φη −
2φK+ − 2φK− )/8 (right) using the corrected distribution of Pz = 8π/L. Our results support the ChPT [7] prediction 

|δSU(3),1| > |δSU(3),2|.

Since φπ and φηs are quite close to each other, φη is similar to the distribution shown in Fig. 7. 

We are interested in verifying the following SU(3) symmetry breaking relations:

δSU(3),1 = (φK− − φK+)/2, (23)

δSU(3),2 = (φπ + 3φη − 2φK+ − 2φK−)/8. (24)

ChPT [7] predicts the magnitude of δSU(3),1 to be O(mq) while the magnitude of δSU(3),2 is 

O(m2
q); thus, the lattice results should see |δSU(3),1| > |δSU(3),2|.

Fig. 9 shows the Bjorken-x dependence of both δSU(3),1 (left) and δSU(3),2 (right) at the largest 

boost momentum Pz = 8π/L. δSU(3),1 shows a clear sign of the skewness in the kaon. |δSU(3),1| >
|δSU(3),2| within x ∈ [0, 1] (except when x is close to 1/2 where δSU(3),1 = 0), so the ChPT 

prediction is indeed supported by our lattice study. In addition, δSU(3),2 is consistent with zero 

within the statistical errors at the pion mass of 310 MeV. Future studies at lighter pion mass can 

check the quark-mass dependence directly.

Finally, we discuss a possible cause of the non-monotonic Pz dependence in our extracted 

DA’s after we have corrected for the one loop matching kernel and the all order mass corrections. 

Here we take the asymptotic DA 6x(1 − x), Fourier transform it to the z space, truncate the 

region outside of z = [−L/2, L/2], then Fourier transform it back to the x space. The resulting 

truncated asymptotic DA is shown in Fig. 10 where a non-monotonic Pz dependence is seen at 

x = 1/2, similar to other meson DAs we obtained above. This example demonstrates that the 

truncated Fourier transform could cause an error that is non-monotonic in Pz which needs to be 

taken into account in the Pz → ∞ extrapolation.

4. Conclusion and outlook

We have presented the first lattice calculation of the kaon distribution amplitude using the 

large-momentum effective theory (LaMET) approach with a pion mass of 310 MeV. Momentum 

smearing has been implemented to improve signals up to meson momentum 1.7 GeV. We subtract 

the power divergence due to Wilson line using the counterterm δm determined to 2% accuracy 

using multiple lattice spacings—a significant improvement over our previous pion-DA work. We 

clearly see the skewness of kaon from the asymmetric distribution with respect to x = 1/2 (or 

equivalently the nonvanishing φK− − φK+ ).
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Fig. 10. An example demonstrates that the truncated Fourier transform could cause an error that is non-monotonic in 

Pz . The asymptotic DA 6x(1 − x) is Fourier transformed to the z space, then Fourier transformed back to the x space 

with the region outside of z = [−L/2, L/2] truncated. The resulting truncated asymptotic DA is non-monotonic in Pz at 

x = 1/2.

We also present the first results on ηs DA (and an indirect determination of η), as well as 

an improved determination of the pion DAs. Similar to the kaon case, there are nonvanishing 

contributions outside the physical region [0, 1]. Without eliminating them, we are unable to draw 

a definite conclusion on the shape of the DAs, since the result in the physical region will be 

affected by the total normalization. With all 3 meson DAs, we are able to investigate the lead-

ing SU(3) flavor symmetry breaking in meson DAs suggested by ChPT [7], and clearly observe 

|δSU(3),1| > |δSU(3),2| for x ∈ [0, 1] except when x is close to 1/2 where δSU(3),1 = 0. The quark-

mass dependence can be studied in the future using lighter pion masses.

Given that some of these exciting results are being studied first time on the lattice, there are 

possible improvements for future work. Before a solid conclusion can be made, the calcula-

tion should use physical light quark masses, smaller lattice spacing, large enough volume, and 

matching kernels computed using lattice perturbation theory (or RI/MOM renormalization) on 

the quasi-DA side. We speculate, however, some of the effects will be small: for example, in 

view of the small difference between φπ and the φηs despite m̄ ≪ ms , the error from not using 

physical quark masses might be small for the meson DAs. Also, the correlators hM at large z

are already quite small as shown in Fig. 11, therefore, we do not expect the finite volume effect 

to be large. On the other hand, the simulation should be repeated at different lattice spacings to 

confirm the linear divergence has been fully removed, and the O(Pza) effect is under control 

when we increase Pz.

With the improved signal due to the usage of the momentum-smearing sources and better de-

termination of Wilson-loop counterterm δm, the distribution outside the x ∈ [0, 1] region remains 

sizable and not consistent with zero by a few standard deviations. This leads to a few possible 

directions to achieve more reliable meson DAs (removing the residual DA outside the [0, 1] re-

gion): Doubling the momentum on finer lattice spacing, say 0.06 fm, can reduce the systematics 

due to the truncation in zPz in Fourier transform from lattice nonlocal matrix elements. This will 

also reduce the size of higher-twist contributions, which seems to be more noticeable outside 

x ∈ [0, 1] than within. In addition, the finite meson-momentum correction using the one-loop 

matching kernel dominates the sums of all corrections (including the mass correction and the 

higher-twist estimation). This suggests that moving to higher-loop level for the matching kernel 

can have sizable contribution. We plan to work out the exact form in a future study.
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Fig. 11. The improved matrix elements HM (z, Pz) defined in Eq. (A.1) shown at three different values of Pz . Since the 

real (imaginary) part of HM (z, Pz) is even (odd) in z in definition, only the z > 0 part is shown. The magenta lines are 

derived from the asymptotic DA φ(x) = 6x(1 − x). The plots in the top, middle and bottom rows are for K− , π , and ηs , 

respectively. The imaginary part for kaon is not vanishing, which suggests skewness in the kaon DA.
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Appendix A. Skewness of the kaon distribution amplitude

There is another way to see the skewness of φK− in the lattice data. We can consider the 

following improved bare matrix elements:

HM (z,Pz) = e
i
2 zPz+δm|z|hM (z,Pz). (A.1)

Note that the linear divergence has been removed by δm. Using HM(z, Pz) to study the skewness 

removes any systematics due to the truncation in zPz Fourier transform, the matching or power 

corrections. We show the results of HM(z, Pz) for kaon (as well as for pion and ηs) in Fig. 11. The 

real (imaginary) part of the improved meson DA matrix elements HK−(z, Pz) is even (odd) in z; 

therefore, we only plot the positive-z region. The imaginary parts for Hπ and Hηs are consistent 

with zero due to charge-conjugation symmetry, which make φ̃
imp
π,ηs (x) and φπ,ηs (x) even functions 

of (x − 1/2). On the other hand, the nonvanishing imaginary part of HK−(z, Pz) leads to an 

asymmetry around x = 1/2 and shows the skewness of φK− (that is, φK−(x) �= φK−(1 − x)).
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