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We present a novel method which enables us to perform shell-model calculations with several major
shells (e.g. sd+pf). We present various observables, giving the first shell-model description for the
island of inversion without two-body matrix elements fitted to experiment. Multiple particle-hole ex-
citations over the N=20 magic gap is shown to be crucial for the structure of 30,31Mg, as an example.
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1. Introduction

Exotic nuclei are located far from the β-stability line on the Segré chart, exhibiting very short
life times, mainly due to an unbalanced ratio of proton (Z) and neutron (N) numbers. They differ
remarkably from stable nuclei and their properties provide us new insights in understanding atomic
nuclei and nuclear forces.

The nuclear shell model(SM) and shell-model calculations provide a unified and successful de-
scription of both stable and exotic nuclei. Shell-model calculations handle the nuclear forces in terms
of single-particle energies (SPEs) and two-body matrix elements (TBMEs), which is often referred
as effective interaction.

Obviously, for most of nuclei in the Segré chart, direct solution of full many-body problem can-
not be obtained. Then we apply so-called model space, where necessary degrees of freedom for the
specific problem are included. The ultimate goal of this direction is, of course, that effective inter-
actions are derived from nuclear force for all possible model space so that we can calculate all the
nuclei in the Segré chart, including stable and unstable exotic nuclei. Theoretical framework has been
developing so far in this line.

In early days, effective interactions were determined empirically to reproduce selected experi-
mental observables. A well-known example is the effective interaction for p-shell nuclei by Cohen
and Kurath [1]. A breakthrough towards more microscopically-derived TBMEs was achieved by Kuo
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and Brown for sd-shell nuclei [2]. Although basic features of the nucleon-nucleon (NN) force for the
SM calculation are included in these effective interactions, empirical adjustments of TBMEs were
needed in order to reproduce various observables [3].

These effective interactions were all derived for a Hilbert space represented by one major oscilla-
tor shell. This is partly because computer power at that time is not enough, partly because microscopic
theory is not ready, to handle more than one major shell.

As experimental techniques and computational capability had been developed, our interests moved
to exotic nuclei both from experimental side and theoretical side. Then, some new features and phe-
nomena arise. A notable example is significant particle-hole excitations across the major shell gap,
for example, in Z=8-14 neutron-rich exotic nuclei [4–6]. To describe many of these phenomena nat-
urally, it is required that we handle more than one major shell, which means we need the technique
of large-scale SM calculation and a new microscopic theory.

Deriving SM effective Hamiltonians is a challenge to nuclear theory. Several attempts have been
made recently in this direction while the issue of two major shells is still unsettled.

In the proceedings, we will first present the novel method called Extended Kuo-Krenciglowa
method (EKK) to derive the effective interaction within more than one major shell. Then, we will
derive SM interaction for the model space consisting of the sd and p f shells based on the so-called
Extended Kuo-Krenciglowa (EKK) method. Secondly, we apply this interaction to our studies of
exotic neutron-rich Ne, Mg and Si isotopes. These are nuclei in and around the so-called “island of
inversion”, where the degrees of freedom of sd and p f shells are essential. Three-nucleon forces
(3NFs) are also included since they play an important role in reproducing basic nuclear properties.

2. Extended Kuo-Krenciglowa method

In this section we will propose a newmethod called Extended Kuo-Kurenciglowa (EKK) method.
This method is designed to derive effective interactions in non-degenerate model space, in this case,
model space represented by more than one major oscillator shell [7–9]. Many-body perturbation
theory (MBPT) has been the model of choice for deriving effective interactions for the shell model,
see for example Refs. [10,11]. Conventional MBPTs, such as Kuo-Kurenciglowa (KK) method [10],
are constructed for degenerate single-particle states in the model space. Let us introduce KK method
first.

Suppose we describe a quantum system by the following Hamiltonian

H = H0 + V, (1)

where H0 is the unperturbed Hamiltonian and V is the perturbation. In a Hilbert space of dimension
D, we can write down the many-body Schrödinger equation as

H|Ψλ⟩ = Eλ|Ψλ⟩, λ = 1, · · · ,D. (2)

In shell-model calculations, however, the dimension D of the Hamiltonian matrix increases exponen-
tially with the particle number, limiting thereby the applicability of direct diagonalization procedures
to the solution to Eq. (2).

In this situation, we introduce a P-space (model space) of a tractable dimension d that is a sub-
space of the large Hilbert space of dimension D. Correspondingly, we define the projection operator
P onto the P-space, and Q = 1 − P onto its complement. We require that the projection operators P
and Q commute with the unperturbed Hamiltonian H0,

[P,H0] = [Q,H0] = 0. (3)

We start our explanation by introducing an energy-dependent effective Hamiltonian. By use of the
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projection operators P and Q, we can express Eq. (2) in the following partitioned form (λ = 1, · · · ,D):(
PHP PVQ
QVP QHQ

) (
|ϕλ⟩

|Ψλ⟩ − |ϕλ⟩

)
= Eλ

(
|ϕλ⟩

|Ψλ⟩ − |ϕλ⟩

)
, (4)

where |ϕλ⟩ = P|Ψλ⟩ is the projection of the true eigenstate |Ψλ⟩ onto the P-space. Then we can solve
Eq. (4) for |ϕλ⟩ as

HBH(Eλ)|ϕλ⟩ = Eλ|ϕλ⟩, λ = 1, · · · ,D. (5)

where we have introduced the following Bloch-Horowitz effective Hamiltonian HBH defined purely
in the P-space

HBH(E) = PHP − PVQ
1

E − QHQ
QVP. (6)

Note that Eq. (5) requires a self-consistent solution, because HBH(Eλ) depends on the eigenenergy
Eλ. This is not a desirable property for the shell-model calculation.

To remove this unwanted energy dependence, following infinite series can be utilized,

V (n)
eff = Q̂(ϵ0) +

∞∑
k=1

Q̂k(ϵ0){V (n−1)
eff }k, (7)

where we have defined Q̂-box and its derivatives as follows:

Q̂(E) = PVP + PVQ
1

E − QHQ
QVP, Q̂k(E) =

1
k!

dkQ̂(E)
dEk . (8)

In the limit of n → ∞, Eq. (7) gives Veff = V (∞)
eff , if the iteration converges, see Ref. [11] for more in

detail. This can be intuitively understood with an analogy of Taylor expansion of an function

f (x) = f (ϵ0) +
∞∑
k=1

1
k!

f (k)(ϵ0) · xk. (9)

We stress here that the above KK method can only be applied, by construction, to a system with a
degenerate unperturbed model space that satisfies PH0P = ϵ0P. It cannot be applied, for instance, to
obtain the effective interaction for the model space composed of sd and p f -shells.

EKKmethod is invented to overcome this difficulty. Detailed derivation of EKKmethod is written
in Ref. [9], but in this proceedings, we will explain intuitively following the same analogy of Taylor
expansion above. In EKK method, we utilize following division of the same Hamiltonian,

H = H′0 + V
′

=

(
E 0
0 QH0Q

)
+

(
PH̃P PVQ
QVP QVQ

)
, (10)

where H̃ ≡ H − E. Then, because of the property of Taylor expansion, we can change the origin of
expansion from ϵ0 to any value (in this case E) and we get the following:

H̃(n)
eff = H̃BH(E) +

∞∑
k=1

Q̂k(E){H̃(n−1)
eff }k, (11)

where tilde exhibits subtract E, which is the same manner as H̃. With this method, we do not need to
set our P-space to degenerate one. Therefore, we can derive effective interaction for more than one
major shell, for example, sdp f -shell.
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3. Numerical results and comparisons to experimental data

In this section, we will present the numerical results of the application of the EKK method to the
nuclei located into “island of inversion”, including comparisons to latest experimental findings (see
for example Ref. [12], more in detail). By utilizing EKK method, we derived a effective interaction
for sdp f -shell. We added effective two-body force derived from Fujita-Miyazawa three-body force
with its strength given by a standard π-N-∆ coupling [14, 15]. We call this new interaction as EEdf1
interaction hereafter. Then, we calculated Z = 8− 14 isotopes with EEdf1 interaction to see if we can
describe the properties of island of inversion.
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Fig. 1. (Left) Ground state energies of Ne, Mg, Si isotopes. (Middle) Energies of first excited 2+ and 4+

states and (Right) B(E2) values of Ne, Mg, Si isotopes.

Figure 1 shows various observables of Ne, Mg and Si isotopes. Left figure indicates the ground
state energies are well reproduced when 3NF effects are included. It is also worth noticing that the
repulsion due to the 3NF grows as N increases in all the isotopic chains. This is consistent with earlier
studies [15]. We point out that this repulsion becomes stronger also as Z increases, suggesting that the
present 3NF contribution is repulsive also in the proton-neutron channel. We also present predictions
for the drip lines by arrows.

Middle figure shows the first excited 2+ and 4+ energies. Experimental levels are well repro-
duced by the present calculation, including both gradual and steep changes as a function of N. Most
importantly, the low excitation energy of the 2+1 levels in 30Ne and 32Mg indicates that these nuclei
are strongly deformed and that sd-to-p f particle-hole (ph) excitations over the N = 20 gap occur
significantly. In contrast, the higher-lying 2+1 level of 34Si suggests weaker degrees of ph excitations.

Right figure shows B(E2 : 0+1 → 2+1 ) values. With effective charges, (ep, en) = (1.25, 0.25)e,
calculated B(E2) values exhibit systematic behaviors in agreement with experiment. This agreement
is, however, not as good as that obtained for the energy levels. This probably indicates the need to
derive E2 operator using the same microscopic theory. While the N = 20 shell closure in Si isotopes
is evident also in B(E2) systematics, the B(E2) values of Ne and Mg isotopes are larger at N = 20
than at N = 18, a feature which is consistent with growing deformation seen in the 2+1 level.
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Fig. 2. Experimental and theoretical level scheme of 30Mg. Numbers attached to the levels are spectroscopic
factor of knockout reaction from ground state of 31Mg. This figure is taken from Ref. [13]

Next, we move to the comparison to latest experiment. Figure 2 shows the level schemes of
30Mg [13]. This nuclei is considered to be located at the west coast of the “island of inversion”.
Therefore, the properties of the wavefunction are of great interest. This experiment is a knockout
reaction from ground state of 31Mg. With this experiment the spins, parities and spectroscopic factors
are deduced. Two different theoretical calculations are shown for the reference, one of which is done
by our EEdf1 interaction. The other is sdpf-U-mix interaction [16], which is an extension of sdpf-U
interaction [17], allowing the np − nh excitation across the N = 20 gap. The sdpf-U is one of the
successful interactions to reproduce the experimental data by fitting the TBMEs. With both interac-
tion, 31Mg is intruder character, but the details are different. SDPF-U-MIX wave function consists of
90% of the 2p − 2h, while in the case of EEdf1, 66% of 2p − 2h and 29% of 4p − 4h. In short, the
wavefunction of EEdf1 includes more particle-hole excitation across the N = 20 gap. This tendency
also seen for the other isotopes [12]. Looking at Fig. 2, both interaction reproduced experimental 3
lowest levels fairly well. This difference appears to the spectroscopic factors. In EEdf1, spectroscopic
factor of 0+2 is smaller than 2+1 , whereas in sdpf-U-mix the situation is the opposite. Experimental data
of spectroscopic factor seems to support our calculation.
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Fig. 3. Experimental and theoretical level scheme of 31Mg.

Figure 3 shows another comparison to experimental data. Since 30Mg is on the boarder of the
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“island of inversion”, 31Mg is located inside. Then, it is known that positive parity states and negative
parity states are seen as the low-lying states. Our EEdf1 interaction reproduces the experimental level
scheme well, while other empirical interactions do not. This supports our wavefunction which has
large fraction of 2p − 2h and 4p − 4h configurations. The reason why empirical calculations do not
reproduce the experimental data might simply be lack of experimental information when the fitting
of TBMEs is executed. Especially since the experimental data of exotic nuclei are less abundant than
stable nuclei, it is difficult to fix the inter-shell TBMEs (in this case, sd-p f shell TBMEs) from the
experimental observations. The advantage of EKK method is that such fitting is not necessary and
one can avoid those difficulties. More discussions and detailed comparisons to latest experimental
data will be presented in Ref. [18].

4. Conclusion

First we presented a EKK method, which enables us to derive the effective interaction for the
shell model for more than one major shell. The essence of EKK method is explained by an anal-
ogy to Taylor expansion. We calculated the effective interaction for sdp f -shell, which is named as
EEdf1 interaction. Then, we presented numerical results of EEdf1 interaction and some compari-
son to experimental data. Ground state energies, energies of first excited 2+ and 4+ states and B(E2)
values of even-even nuclei and inside and near the “island of inversion” are well reproduced. It is
a characteristic feature of EEdf1 that its wavefunction exhibits large fraction of np − nh excitation
across the N = 20 shell gap. Detailed comparison to experimental data of 30Mg and 31Mg support
our wavefunction.
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