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The physics associated with leading-edge flow reattachment and tip vortex roll-up in crossflow are incorporated

into a simple theory that enables the improvedpredictionof the lateral static stability derivativeClβ of thin low-aspect-

ratiowings at lowReynolds numbers. The theory is validated against experimental stability derivativemeasurements

of a total of 13 flat-plate wings. Accurate prediction ofClβ is obtained to lift coefficients as high as 0.7. Results indicate

that the tip vortex, and its expedited roll-up over thin low-aspect-ratiowings at lowReynolds numbers, is destabilizing

in terms ofClβ . In addition, leading-edge flow reattachment at low lift coefficients, whether in the formof a separation

bubble for wings with unswept leading edges or an elongated separation region on wings with swept leading edges,

may be stabilizing or destabilizing in terms ofClβ based onwhether thewing has forward or backward quarter-chord

sweep.

Nomenclature

= aspect ratio; b2∕S
b = wingspan
CL = lift coefficient
Cl = roll moment coefficient
Clβ = lateral static stability derivative, rad−1

ct = tip chord
c = root chord
q = dynamic pressure
Re = Reynolds number based on root chord
S = wing area
U∞ = freestream velocity
�y = lateral center of pressure
α = angle of attack, deg
β = sideslip angle, deg
Γ = characteristic circulation
Λ = quarter-chord sweep angle
λ = taper ratio; ct∕c
ρ = density of air

Superscript

� = nondimensional through division by b∕2

I. Introduction

LOW-LEVEL control of fixed-wing unmanned aerial vehicles

(UAVs) requires regulating aircraft rolling moment at a wide

range of operational points. This consists of flight segments associated

with takeoff, climb, cruise, loiter, descent, recovery, and maneuvering

flight, to name a few. Within this flight profile, the aircraft may

experience fully attached and/or separated flow over its lifting surfaces

while being subject to energetic background flows, such as

atmospheric wind gusts, the turbulent airwake of an aircraft carrier,

neighboring aircraft, and buildings as in urban flight.Across these flow

regimes and these flight conditions, an accurate knowledge of the
aircraft’s lateral dynamics is imperative for mission success.
Modeling the aircraft dynamics during unaccelerated flight at low

“attached-flow” angles of attack and high Reynolds numbers is the
hallmark of classical aircraft mechanics. In this flight regime,
low-order potential flow methods such as lifting-line methods for
high- lifting surfaces and lifting surface and vortex lattice methods
for low- lifting surfaces have been shown to accurately predict the
dynamics of aircraft under small disturbances. Although there have
been new developments in these fields such as incorporating
unsteady effects associated with wind gusts and wing deformations
[1], generally these methods neglect viscous effects associated with
separated flows and therefore are not equipped to predict the
dynamics of aircraft during large-amplitude maneuvers and high-
angle-of-attack flight. Moreover, as will be shown next, these
methods are unable to predict the lateral dynamics of thin low-
wings at low Reynolds numbers even during operation at low angles
of attack, which becomes important in light of recent trends toward
the miniaturization of fixed-wing UAVs.
To exemplify the breakdown of classical vortex models for thin

low- wings at low Reynolds numbers, consider the classical
Weissinger vortex arrangement [2] in Fig. 1 used to model
rectangular wing in sideslip. Weissinger placed an infinite series of
skewed, horseshoelike vortices along the c∕4 line, where each vortex
element in the vortex system consists of a c∕4 vortex, chordwise
bound vortices, and trailing vortices. The bound vortices stem from
the c∕4 line and extend along the chord to the trailing edge of the
wing. The trailing vortices begin at the wing’s trailing edge and
extend to downstream in the direction of the freestream velocityU∞.
Using this vortex model, Weissinger employed the Kutta–

Joukowski theorem to obtain a linear equation for the lateral static
stability derivative Clβ ≡ �∂Cl∕∂β� as a function of lift coefficient CL.
Here, Cl is the roll moment coefficient, and β is the sideslip angle
defined asβ ≡ sin �v∕U∞�−1,wherev is the crossflowvelocitydefined
positive out the right wing. The derivativeClβ is commonly referred to
as the “dihedral derivative” because, upon satisfying the stability
criteria Clβ < 0, a stabilizing roll moment is generated in the presence
of crosswind,whichwould drive the aircraft towardwing’s level flight.
The slope obtained by Weissinger, or �Clβ∕CL�Weissinger

, is

where and λ are the aspect ratio and taper ratio of the wing,
respectively. The theory of Weissinger fixes the value of κ to 1.5;
however, it was noted that a κ value of 1 was more accurate when
comparing with experiments of wings tested at the time. The lateral
static stability of the unswept wing was shown to stem solely from the
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chordwise bound vortices under the small sideslip assumption.
Modifying the vortex representation of Weissinger to incorporate the
effects of quarter-chord sweep angle Λ, Queijo [3] recovered an
equation for the slopeClβ∕CL using a similarmethodology. The theory
of Queijo is

which reduces to that of Weissinger [Eq. (1)] with κ � 1.5 for
rectangular wings (Λ � 0 deg, λ � 1).
The Queijo andWeissinger theories [Eqs. (1) and (2)] were shown

to be in good agreement with both low- and high- wings at high
Reynolds numbers. This is exhibited in Fig. 2, which displays the
slopeClβ∕CL as a function of for rectangularwings as predicted by
Eq. (2) and compared with the high-Reynolds-number experiments
of Goodman and Brewer [4] and Letko and Goodman [5] on thick
rectangular wings with NACA 0012 and NACA 2312 airfoils,
respectively. However, when compared with recent low-Reynolds-
number experiments (Re ≈ 75;000) by the authors [6] on thin
(thickness-to-chord ratio <6%) flat-plate rectangular wings with a
5∶1 elliptical leading-edge profile, the predicted slope Clβ∕CL is
nearly double that of the measured value for the tested wings.
The breakdown of the vortex representation and accompanying

theory of Weissinger and Queijo for Clβ∕CL can be deciphered
immediately when comparing Figs. 1 and 3, where Fig. 3 displays
smoke-wire visualizations of Shields and Mohseni [7] on an

rectangular (Fig. 3a) and swept-tapered (Fig. 3b) wing at a
sideslip angle β � 10 deg and angle of attack α � 10 deg. The
thickness-to-chord ratio was 3% for these wings, and the Reynolds
number based on the root chord was 75,000. From Fig. 3, the
separated side-edge shear layer rolls up over the wing to form a
recognizable tip vortex, which is oriented in the direction of the
freestream velocity. These physics are not accounted for by the
Weissinger lifting-line-type vortex model nor conventional lifting-
surface or vortex latticemethods, inwhich chordwise-oriented bound
vortices are still placed near the windward wing’s side-edge in
sideslip.
The preceding case illustrates that, to accurately model the lateral

dynamics of thin wings at low Reynolds numbers, one must
acknowledge the effects of separated flows over the wing. In recent
years, there has been substantial progress in characterizing and
modeling separated flows to improve the prediction of aircraft
dynamics at low speeds. Investigations in this regard branch out into
two main research areas distinguished by whether the dynamics are
treated as steady or unsteady. To limit the scope of thiswork,we focus
on the influence of separated flow on steady flight at low Reynolds
numbers. Therefore, this work mainly pertains to fixed-wing aircraft
during flight segments involving climb, cruise, loitering, and
descend. In regard to the treatment of unsteady dynamics involving
separated flows, interested readers are referred to the work in the
following Refs. [8–14] among many others.
During steady flight at low-to-moderate angles of attack,

separation occurs from the leading and side edges of the thin wing.
The separation and subsequent roll-up of the separated side-edge
shear layer forms the tip vortex, which grows in size and strengthwith
increasing lift. Unlike the tip vortex, the organization of leading-edge
vorticity goes through various developmental stages from low to
high angle of attack [6]. At low Reynolds numbers in the range
O�104� −O�105�, the leading-edge flow at low angles of attack may
separate and transition over thewing, forming a separation bubble.At
higher angles of attack, the leading-edge vorticity tends to roll-up
over the wing, forming transitional vortices that shed downstream
into thewake aperiodically. At even higher angles of attack, wings of

Fig. 1 Weissinger vortex arrangement for the rectangular wing in
sideslip.
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Fig. 2 Experimental measurements of the stability ratio Clβ∕CL as a
function of aspect ratio for rectangular wings in comparison with the
theory of Queijo [3] [Eq. (2)].

Fig. 3 Smoke-wire visualization of tip vortex roll-up on sideslipped
low- wings. α � 10 deg, β � 10 deg, Re � 7.5 × 104.

LINEHAN AND MOHSENI 1453

D
ow

nl
oa

de
d 

by
 U

N
IV

E
R

SI
T

Y
 O

F 
FL

O
R

ID
A

 o
n 

Ju
ne

 1
1,

 2
01

9 
| h

ttp
://

ar
c.

ai
aa

.o
rg

 | 
D

O
I:

 1
0.

25
14

/1
.J

05
71

60
 



sufficiently low aspect ratio experience a stable recirculation of
leading-edge vorticity over the wing and an attenuation of down-
stream vortex shedding. Operating an aircraft at each of these flight
conditions changes the aircraft’s lateral and longitudinal response in
ways that are only beginning to be explored.
Often an understanding of how certain key flow features on the

wing (such as the tip vortex and the separation bubble) affect the
dynamics of the aircraft can be useful when developing new
predictive models. Over the years, the tip vortex and separation
bubble have become readily understood for their impacts on the
longitudinal performance and stability of the wing. For example, the
separation bubble is recognized to degrade both airfoil [15,16] and
wing performance [17–19], whereas the additional lift associated
with the tip vortex is noted to attenuate this effect specifically for low-
aspect-ratio wings [20–25]. The tip vortex has also been recognized
to increase pitch stability [19,23,25] and to both increase lift and
delay stall due to its interaction with leading-edge flow [26,27].
More recently, the separated flows around the leading edge and

side edge of the wing have been investigated for their effects on the
lateral stability of wings at low Reynolds numbers. The free-to-roll
experiments of Gresham et al. [28,29] on rectangular, elliptical, and
Zimmerman wings of revealed undesired roll oscillations, or
“wing rock”, notably at angles of attack before stall. The oscillations
were noted to be driven by time-lag effects in the strength of the tip
vortices. Methods such as acoustic forcing [30], synthetic jet
excitation [31], and wing-tip bleed [32] have recently been shown to
suppress these oscillations. The tip vortex was also postulated as the
source of the strong coupling of roll moment and angle of attack on
sideslipped, low- wings and the large stabilizing lateral static
stability derivativeClβ at nominal trim angles [33]. The effects of the
tip vortex were shown to be passively mitigated by using a low-taper-
ratiowing or using end plates [34]. The stability cross-coupling of roll
moment and angle of attack was shown to result in new stability
modes such as “roll resonance” [35], which may result in roll
departure. At high angles of attack, the coupling of roll moment and
angle of attack for the sideslipped wing becomes nonlinear where the
magnitude of roll moment “stalls” notably at an angle of attack below
that of lift stall [33]. Linehan and Mohseni [6] directly measured the
three-dimensional flow in this nonlinear regime, revealing that the
formation of the recirculating leading-edge separation region at high
angles of attack was destabilizing in terms of Clβ . Moreover, this
work revealed that, for low- rectangular wings, the flow stalls from
the wing tips inward, which is an unfavorable handling quality near
stall and notably opposite to the favorable stall characteristics for
high- rectangular wings, where stall progresses from the midspan
outward.
In terms of the modeling of roll moments generated by low-

wings, recently a vortex model was developed by DeVoria and
Mohseni [36] to predict lift, drag, and roll moment, which accounted
for the effects of edge separation over thewing. In this work, DeVoria
and Mohseni theoretically derived a parabolic spanwise loading
distribution for rectangular wings using potential flow methods due
to the reattached leading-edge flow. The model was shown to
accurately predict lift and drag and provide fair prediction of roll
moment for rectangular wings in sideslip.
Evenwith the current knowledge of the stability of low- wings at

low Reynolds numbers, the impact of the tip vortex and leading-edge
flow reattachment on the roll stability of these wings is not clear and,
as will be shown in this paper, often nonintuitive. For example,
Shields and Mohseni [33] presumed that the tip vortex asymmetry
over the wing (see Fig. 3) is responsible for the large stabilizing
roll moments in sideslip on low- wings. In this work, we show the
opposite to be true, where the tip vortex asymmetry on the wing
actually reduces the lateral stability of the wing.
Therefore, the aim of thiswork is to understand the effects of the tip

vortex and leading-edge flow reattachment on Clβ and incorporate
these effects into a model that improvesClβ prediction of thin low-
wings at low Reynolds numbers. To accomplish this, experimental
stability derivative measurements are made on a total of 13 low-
aspect-ratio swept and tapered wings at low Reynolds numbers. The
Clβ curves are characterized in detail for two representative wings

with the assistance of particle image velocimetry measurements and
surface oil-flow visualizations. The purpose here is to diagnose the
impact of leading-edge flow reattachment on the trends between Clβ
andCL for thesewings, aswas previously done for rectangularwings.
Based on this analysis, we propose a new vortex model that more
accurately represents the flow physics and derive a new linear theory
for Clβ. To extend prediction of Clβ to higher lift coefficients, a
modification is thenmade to the linear theory to capture the nonlinear
effects associated with leading-edge flow reattachment. Ultimately,
the theory is shown to accurately predict nonlinear trends inClβ to lift
coefficients as high as CL � 0.7.
The paper is organized as follows. In Sec. II, the wind-tunnel

measurement facility and the stability derivative recovery experiment
and methodology are outlined. In Sec. III, a characterization of the
Clβ curves of two representative swept wings is made. In Sec. IV, the
new vortex model is presented followed by the derivation of an
analytical equation forClβ. A discussion of Reynolds number effects
is made in Sec. V. Last, Sec. VI incorporates concluding remarks.

II. Experiment and Methodology

A total of 13, flat-plate wings were investigated experimentally in
this study. These wings are shown in Table 1 and are organized into
wing sets by their taper ratio λ. The dotted line on each wing diagram
indicates the quarter-chord line. Wing set 1 contains four rectangular
wings of aspect ratio ranging from 0.75 to 3, with thickness-to-
chord ratios ranging from 2.8 to 6.6%. The data for these wings are
replotted fromLinehan andMohseni [6]. The experiments in [6]were
conducted in the same experimental facility as the current study.
Wing sets 2–4 can be inscribed in a 15.24 × 15.24 cm square

and maintained a combined taper ratio and aspect ratio of λ � 0.75
and ; λ � 0.5 and ; and λ � 0.25 and ,
respectively. The thickness-to-chord ratio of these wings was 3%.
Within wing sets 2–4, the quarter-chord sweep angleΛwas varied as
tabulated. One can organize thesewings also by leading- and trailing-
edge sweep angles. Analyzing the columns of the schematics of wing
sets 2–4, wings in the column A had a variable trailing-edge sweep
angle with a fixed and unswept leading edge. Swept wings in column
Bhad a leading and trailing-edge sweep angle thatwas varied in equal
amounts. Load measurements of these wings are replotted from
Shields and Mohseni [33]. These measurements were taken in a
different experimental facility from the current study. Last, the swept
wings in column C had a variable leading-edge sweep angle with a
fixed and unswept trailing edge. All wings in Table 1 had a 5∶1
leading-edge profile and square side and trailing edges.
The Reynolds number of the experiments are tabulated in Table 1

and range from 7.15 × 104 to 7.5 × 104. A discussion of Reynolds
number effects on lateral stability derivative measurements at low
Reynolds numbers is given in Sec. V.
The experimental facility at the University of Florida consists of an

Engineering Laboratory Design recirculating wind tunnel. The test
section has a 61 × 61 cm2 cross section and is 2.44 m in length. The
wind tunnel can achieve freestream velocities ranging from 3 to
91.4 m∕s and has a freestream turbulence intensity of 0.12% at the
tested speeds. Direct six-component force and moment measure-
ments were made in the ELD tunnel. The details of this experiment
are described next.

A. Force and Moment Measurements

Aerodynamic forces andmoments onmodel wingsweremeasured
using the Micro-Loading Technologies six-component internal sting
force balance, which has been used extensively by our research group
[6,33–37]. The angle of attack α and sideslip angle β of thewingwere
varied using a robotic positioning system [38]. Angle of attack was
realized by linearly actuating two vertical rods. Sideslip angle was
realized by turntable rotations of a motorized turntable. Images of the
measurement and positioning equipment are shown in Fig. 4, which
depict the model, sting force balance, positioning system, and
associated motor drivers and control system. The errors in angle of
attack and sideslip angle positioning were �0.2 and �1.4 deg,
respectively.
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Five sideslip angleswere tested for eachmodel: β � −10,−5, 0, 5,
10. At each sideslip angle, the model was swept through a range of
angles of attack α � −26–46 deg, in 2 deg increments. Upon
movement to the next angle of attack location, data acquisition was
halted for 4 s to allow for initial flow transients to subside, after which
16,384 samples were taken on each channel of the force balance at
4096 Hz, resulting in a total sampling time of 4 s. An identical sweep
was made beforehand with the wind off, which acted as an inertial
“tare” set. Strain-gauge wind-on data were first subtracted from tare
data to isolate the aerodynamic loads from the average inertial loads.
Tared strain-gauge data were then converted to aerodynamic loads
using techniques outlined by the AIAA strain-gauge standard.
The aerodynamic quantities of interest in thispaper are lift coefficient

CL � �2L∕ρU2
∞S�, roll moment coefficient Cl � �2l∕ρU2

∞Sb�, and
the lateral stability derivative Clβ ≡

∂Cl

∂β , where U∞ is the freestream
velocity, ρ is the fluid density, S is thewing area, and b is thewingspan.
Estimates of uncertainty for coefficient quantities were obtained
by applying the Taylor series method for uncertainty propagation
as described in Coleman and Steele [39] to an example
test case. The test case was the wing at β � −10 deg and

α � 10 deg subject to uniform fluid velocity U∞ � 7.57 m∕s and
constant fluid density ρ � 1.194 kg∕m3. The measured lift force L
and rollmoment l at this conditionwere 0.297Nand 0.258N-cm lb-in.
Because of the large number of samples, only uncertainties associated
with bias errors are considered in this analysis. The absolute bias errors
of measured variables U∞, b, and c are 0.1 m∕s, 0.79 mm, and
0.79mm, respectively. Relative bias errors of l andL are 4.2 and 2.3%,
respectively. Bias errors of lift and roll moment were obtained by
loading the sting balance with known weights resulting in loads and
torques of comparable magnitude to those experimentally measured.
The maximum bias error of a set of five repeated known-load
experiments is used as the measurement uncertainty for roll moment
and lift. The relative and absolute (in parentheses) uncertainties for lift
coefficient, roll moment coefficient, and the lateral stability derivative
are computed to be 3.5% (ΔCL � 0.0133), 5.1% (ΔCl � 0.0011),
and 5.2% (ΔClβ � 0.0063), respectively.
Blockage effects from streamline curvature, wake, and solid

bodies were corrected for based on methods presented by Rae and
Pope [40]. Velocity corrections, as a percentage of the freestream
velocity, ranged from O�10−2� at α � 0 deg to O�100� at
α � 46 deg. Corrections to angle of attack were generally less than
0.5 deg throughout the tested angle-of-attack range. Coefficient
corrections became substantial at high angles of attack. For example,
the maximum lift coefficient CLmax

and the maximum roll moment
coefficient Clmax

for the , λ � 0.75, Λ � −7.1 deg wing
were reduced by 8.3 and 2.1%, respectively. This case represents the
largest coefficient correction in CLmax

and Clmax
out of all wings

experimentally tested in this study.
Figure 5 displays representative data for the λ � 0.25,

backward- and forward-swept wings of sweep angle −20.6 and
48.4 deg, respectively. Lift and rollmoment, expressed as coefficients
CL and Cl, respectively, are plotted as a function of angle of attack at
all tested sideslip angles. Included in the lift coefficient plots are
theoretical predictions of the lift slope for each wing at zero sideslip
as obtained from Helmbold’s equation [41]:

where a0 � 2π.
From Fig. 5, the lift curve for each wing at low angles of attack

remains approximately linear with a slope well approximated by

Fig. 4 Experimental facility for stability derivative recovery. Equip-
ment consists of a four-degree-of-freedom robotic positioning system and
a six-component strain-gauge force balance.

Table 1 Experimental parameters of wings in this study

Rec cr, cm b, cm λ Λ, deg
Set 1

A 0.75 7.66 × 104 15.24 11.43 1 0
B 1 7.66 × 104 15.24 15.24 1 0
C 1.5 7.15 × 104 12.7 19.05 1 0
D 3 7.72 × 104 6.35 19.05 1 0

Set 2

A 1.14 7.5 × 104 15.24 15.24 0.75 −7.1
B 1.14 7.5 × 104 15.24 15.24 0.75 7.1
C 1.14 7.5 × 104 15.24 15.24 0.75 20.6

Set 3

A 1.33 7.5 × 104 15.24 15.24 0.5 −14.0
B 1.33 7.5 × 104 15.24 15.24 0.5 14.0
C 1.33 7.5 × 104 15.24 15.24 0.5 36.9

Set 4

A 1.6 7.5 × 104 15.24 15.24 0.25 −20.6
B 1.6 7.5 × 104 15.24 15.24 0.25 20.6
C 1.6 7.5 × 104 15.24 15.24 0.25 48.4
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Eq. (3). The effect of sideslip angle onCL is isolated to high angles of

attack near stall. Here, the sensitivity of CL to sideslip angle differs

for each wing. For the backward-swept wing, increasing the

magnitude of sideslip reduces prestall lift at angles of attack in the

range 18 deg < α < 32 deg and further decreases CLmax
. In contrast,

increasing the magnitude of sideslip of the forward-swept wing

reduces lift only at poststall angles of attack α > 40 deg.
In steady sideslip, a lifting wing experiences a roll moment about

its midspan due to asymmetric flow over thewing. At positive angles

of attack before lift stall for the wings tested in this study, the sign of

the roll moment is generally such that a negative sideslip angle

produces a positive roll moment and vice versa. This trend is

stabilizing because it would assist in driving the aircraft to wings-

level flight in real flight. As observed in the roll moment coefficient

measurements of Fig. 5, the magnitude of roll moment generated in

sideslip is sensitive to the angle of attack, sideslip angle, and the

geometry of the wing. The combined sensitivity of roll moment to

both angle of attack and sideslip is in stark contrast to lift production

of these wings, which is largely insensitive to sideslip (except at high

angles of attack near stall). The roll moment curves for each wing at a

nonzero sideslip angle exhibit several distinct breaks, or changes in

the slope of roll moment with respect to lift coefficient, throughout

the tested angle of attack range. Although it is customary for wings to

exhibit nonlinear trends in roll moment generation at high angles of

attack in sideslip, these trends are usually accompanied by distinct

changes in the lift curve slope CLα
because they are attributed to an

asymmetric progression of stall over the wing in sideslip. In the

current measurements of thin, low- (LAR) wings at low Reynolds

numbers, nonlinearities in rollmoment curves initiate at lowangles of

attack α ≈ 4–10 degwell below that of lift stall and are accompanied

by onlyminor changes in the lift slope. It is these peculiar trends in the

roll moment curves at low angles of attack that motivate the

current work.
To further elucidate the trends in roll moment generation in

sideslip, the lateral static stability derivative Clβ was computed at

each angle of attack by fitting a line toCl versus β curves at each angle
of attack (not shown). Because of the negligible sensitivity of CL to

sideslip angle at angles of attack below lift stall, one can directly plot
Clβ as a function of CL;β�0 deg, where CL;β�0 deg is the lift coefficient
at zero sideslip. Hereafter, we will drop the subscript β � 0 deg for
notational brevity and CL � CL;β�0 deg unless otherwise noted.
Throughout this work, the slope Clβ∕CL as reported is found by
fitting a line to the Clβ versus CL curve at jαj < 5 deg or jCLj < 0.2.
The slope is computed from Clβ measurements at such low lift
coefficients due to the nonlinear effects noted to occur at jCLj > 0.2
specifically, on the swept wings. These nonlinear features are
characterized next with the assistance of qualitative and quantitative
flow imaging.

III. Characterization of Clβ Curves

Because of the scarcity of low-Reynolds-number stability
derivative measurements in the literature, we take the time here to
analyze the unique stability trends of the swept tapered wings in
Fig. 5. The data previously presented in Fig. 5 can be represented
more clearly if−Clβ is plotted as a function ofCL as is done in Fig. 6.
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Fig. 5 Lift coefficient (left) and roll moment coefficient (right) as a function of angle of attack for two swept wings of and λ � 0.25 at various
sideslip angles. Insets depict planform geometry.
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Fig. 6 Lateral static stability curves forwingswith planformgeometries
as indicated.
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By plotting −Clβ , increases along the y axis correspond to increases
in the lateral static stability of the wing, indicating that a wing when
perturbed in sideslip will generate a restorative roll moment.
The stability curve of the rectangular wing is provided in Fig. 6 for

reference. A detailed classification of the low-Reynolds-number
stability curve for rectangular wings of low was made in previous
work by the authors using stereo digital particle image velocimetry
[6]. A relevant finding of this work was that, as CL is increased for
sufficiently low- wings, there exists a lag (in terms ofCL) between
the advancement of leading-edge flow separation and the downwash
on the wing. This feature results in highly unsteady transitional
leading-edge flow over the wing at initial lift coefficients involving
leading-edge separation CL ≈ 0.35 because the downwash on the
wing is of insufficient strength to steadily reattach such flow back to
the wing. However, at higher lift coefficients CL > 0.7, a steadier
reattachment of leading-edge flow occurs and a circulatory leading-
edge vortex exists on the wing because the tip vortex downwash is
sufficient to curb the downstream shedding of leading-edge vorticity.
The occurrence of transitional separated flow over the wing at
CL ≈ 0.35 does not result in a significant change in the slope
−Clβ∕CL in this lift coefficient range for the rectangular wing (see

Fig. 6). It is only at very high lift coefficientsCL > 0.7 for which the
Clβ curves begin to behave nonlinearly due to the occurrence of

recirculatory flow over the wing.
Although the stability curve of the unswept wing remains linear up

until a lift coefficientCL ≈ 0.7, the swept wings experience a distinct
change in slope Clβ∕CL, or “break”, in their stability curves at lift
coefficients CL ≈ 0.2 and CL ≈ 0.5. Similar observations were made
by Polhamus and Sleeman, Jr., [42] in terms of the difference in the
lift coefficient corresponding to breaks in the Clβ curves between
unswept and swept wings. However, tests in that work were
conducted at higher Reynolds numbers Re� 105 − 106, and the lift
coefficients of the breakswere substantially higher than in the current
study. For example, the swept wing in the Polhamus and Sleeman, Jr.,
study experienced the first break at CL ≈ 0.6 as opposed to CL ≈ 0.2
as in the current study. This furthermotivates the current investigation
into the cause of breaks in the stability curves of thin wings at low
Reynolds numbers specifically at low lift coefficients. Although the
breaks in the stability curve at CL ≈ 0.2 and CL ≈ 0.5 are explicitly
identified here for the tapered wings shown, they occur for all tested
wings at approximately the same lift coefficient. As is shown and
explained in later sections of this work, what differs betweenwings is
not the lift coefficient of these breaks but the change in Clβ∕CL

associated with each break. We will show this to be a direct function
of the sweep angle of the wing.
To investigate the observed breaks in the stability curves at CL ≈

0.2 and CL ≈ 0.5 of Fig. 6 as well as additional breaks that occur at
higher lift coefficients, surface oil-flow visualizations were
conducted on the forward- and backward-swept wings at both zero
and nonzero sideslip angles at select angles of attack. For surface oil-
flow visualizations, a replica sting balance was mounted to the
pressure side of the wing, and tape was used to cover mounting holes
on the suction surface to leave a clean top surface for pigment
transport. The oil mixture consisted of paraffin oil and commercially
available fluorescent pigment (Art ‘NGlow pigment powder, particle
size 30–50 μm). The mixture was applied to the wing with a brush,
with the wing mounted to the positioning system at zero pitch angle.
Brush strokes were made perpendicular to the leading edge of the
forward-swept wing and perpendicular to the left leading edge of
the backward-swept wing. After coating the wing, the wing was
commanded to the desired pitch angle via the positioning system,
and the tunnel velocity was rapidly ramped up to the prescribed
freestream velocity. After > 5 min of run time, the pigment was
charged with a UV flashlight, and the wing was imaged at
inclination with a 12 megapixel camera with the wind tunnel still
running.
For the forward-swept wing, surface oil-flow visualizations were

supplemented with streamwise particle image velocimetry (PIV)
measurements taken at the midspan of the wing at zero sideslip at
select angles of attack. The PIV measurements were taken using the
samewingmodel and mounting rig and at the same flow speed as the

stability derivative measurements. For the current measurements,
386 images were taken at 100 Hz, which corresponds to 3.86 s
of sampling time. Spanwise vorticity was computed from the
instantaneous velocity fields using the local circulation method [43].
The stability curve of the forward-swept wing is shown in Fig. 7.

Here, −Clβ is plotted as a function of CL until CLmax
. At select lift

coefficients, spanwise vorticity contours and time averaged velocity
fields, displaying every other measured velocity vector, are inset.
Included below the stability curve are surface oil-flow visualization
images taken at the labeled lift coefficients. The top and bottom rows
correspond to surface-oil patterns obtained for thewing at β � 0 deg
and β � 10 deg, respectively.
At low lift coefficients in the range 0 < CL < 0.2, the flow remains

laminar over the chord of the wing and is attached in the averaged
sense. Here, vorticity is confined to thin boundary layers, which are
not resolved by the PIV measurements taken at lift coefficients
marked by A. The absence of surface-oil patterns over the wing at
A further corroborates this attached-flow condition. The slope
−Clβ∕CL is nearly zero for this wing, which is in stark contrast to the
rectangular and backward-swept wing at this lift coefficient range
(recall Fig. 6).
At lift coefficients in the range 0.2 < CL < 0.5, a distinct break

change in slope −Clβ∕CL occurs. In this lift coefficient range, −Clβ

increases with lift coefficient at a faster rate than at lower lift
coefficients. PIV measurements and surface oil visualizations
suggest that the change in stability is attributed to the initial existence
of separated and subsequently reattached leading-edge flow. PIV
measurements taken in this range, specifically at B, display strong
concentrated vorticity near the leading-edge of the wing and a thick
diffusive boundary layer aft, collectively indicating transitional flow
in the form of a separation bubble. Surface flow patterns corroborate
the occurrence of a separation bubble because, at B, a clear separation
line (as marked by the yellow line) is observed on both the wing at
zero and nonzero sideslip angle. The carrier fluid, driven by pressure,
gravitational, and shear forces, puddles above this line as it cannot
penetrate the reverse flow associated with the separation bubble. The
effect of sideslip is to break the spanwise symmetry of the bubble
across the span of the wing.
At higher lift coefficients in the range 0.5 < CL < 0.7, the slope

−Clβ∕CL increases yet again for this wing. Analysis of PIV
measurements and surface oil visualizations suggest that the cause of
increased lateral stability in this regime is associated with the
spanwise variation of separated flow across the wing. At the lift
coefficientsmarked byB, vorticitymeasurements stemming from the
leading-edge takes the form of a “free” shear layer in the sense that it
is lifted off the wing and more nearly aligned with the freestream
velocity vector. Analysis of movies of the instantaneous vorticity
fields display highly unsteady and intermittent flow reattachment
associatedwith transitional vortex shedding at this lift coefficient.We
suspect that the downwash over the wing is insufficient to stably
reattach the leading-edge flow at themidspan of thewing. Surface-oil
patterns depict significant spanwise variation across the wing. The
lack of downstream shear and the unsteadiness of flow reattachment
at the midspan results in the puddling of carrier fluid (dark regions
observed at C) centered on the wing. At spanwise locations outboard
of themidspan, the surface-oil patterns transition into a single distinct
separation line, reminiscent of that observed on the wing at the lower
lift coefficient, marked by B; this pattern was attributed to the
separation bubble. Surface-oil patterns of thewing in sideslip depict a
leeward shift of those observed on the wing at zero sideslip. These
patterns in sideslip suggest that the leeward portion of the wing
experiences more advanced stages of leading-edge flow separation
than the windward wing. This asymmetry in leading-edge flow
reattachment across the span of the wing would contribute to a
negative roll moment at this positive sideslip angle, which is
stabilizing by the definition of lateral stability (i.e., −Clβ > 0).
At lift coefficients CL > 0.7, −Clβ now decreases with increasing

lift untilCL ≈ 0.98. PIVmeasurements and surface oil visualizations
suggest that this trend is connected to themore stable reattachment of
leading-edge flow at the midspan and the subsequent formation of a
leading-edge separation region on the wing at these lift coefficients.
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From the flow measurements in Fig. 7 at D and E, the leading-edge
shear layer curves back toward the wing, and strong reverse flow is
evident near the suction surface of the wing. At E, movies of
instantaneous measurements depict the recirculation of leading-edge
vorticity above the wing as opposed to the downstream shedding of
leading-edge vorticity measured to occur at lower lift coefficients.
The more stable reattachment of leading-edge flow forms a leading-
edge separation region and establishes an effective bound circulation
[27] around the wing, composed of the bound circulation of the wing
itself and the circulation of the leading-edge separation region, which
sustains the lift-generating ability of the wing to higher angles of
attack. The oil-surface flow visualizations conducted on the wing,
specifically at E, depict what the authors believe to be the surface
footprint of the leading-edge separation region. This structure is

observed to shift toward the leewardwing. Similar to thatmeasured to
occur on rectangular wings [6], a leeward shifting of the leading-edge
separation region would tend to increase lift on the leeward wing
favoring a roll moment that is destabilizing in terms of Clβ (i.e., a
positive roll moment at a positive sideslip angle). This is consistent
with the measured reduction in lateral stability on this wing from
0.7 < CL < 0.98, suggesting that the formation of a leading-edge
separation region on the wing in this lift coefficient range is a
plausible cause of this trend. AtCL > 0.98, the magnitude of−Clβ is
measured to recover just before CLmax

. Additional measurements are
needed in this regime to resolve this stability trend.
Figure 8 plots the stability curve of the backward-swept wing up

until CLmax
. Surface oil-flow patterns of the wing both at zero and

nonzero sideslip are also included. The top and bottom row

0
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0.15

C
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B

D

E

0 0.2 0.4 0.6 0.8 1 1.2

Fig. 7 Lateral stability curve and corresponding flow visualizations for the forward swept wing ( , λ � 0.25,Λ � −20.6 deg) at β � 0 deg and
β � 10 deg.
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Fig. 8 Lateral stability curve and corresponding surface-oil visualizations for the backward swept wing ( , λ � 0.25, Λ � 48.4 deg) at
β � 0 deg and β � 10 deg.
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correspond to β � 0 deg and β � 10 deg, respectively. The
moderate quarter-chord sweep angle (48.4 deg) and strong tapering
of this wing make it geometrically similar to a nonslender delta wing.
Therefore, it is instructive to briefly recall the key features of the flow
over nonslender delta wings. Gursul et al. [44] provide a great review
of such literature. For sufficiently thin wings, boundary-layer
separation occurs at the leading edges of the wing, resulting in the
formation of three-dimensional shear layers. Unlike slender delta
wings, where the shear layers roll into a pair of counter-rotating
primary vortices, the shear layers on nonslender delta wings form
elongated regions of separated flow. Each separation region can
consist of a primary vortex or a primary and secondary vortex, with
the latter dual-vortex structure being formed due to the interaction of
secondary flow and the primary shear layer. At the current Reynolds
number of 75,000, the separation region is likely to be transitional.
With this framework of nonslender vortical flows in mind, we turn

to analyzing the surface-oil patterns over thiswing (Fig. 8). For visual
assistance, secondary separation lines are marked by a yellow line;
this line is placed immediately inboard of the actual separation line.
Tertiary separation lines can also be distinguished outboard of
the secondary separation line at certain lift coefficients. Primary
attachment lines cannot be distinguished in the surface-oil visuali-
zations. Nevertheless, it will be shown that critical changes in the
lateral stability curve of this wing can be explained by analyzing
asymmetries in the existence and/or distortion of the secondary
separation line.As such, analysis of other separation/attachment lines
is considered outside the scope of the current work.
Turning attention to Fig. 8, at low lift coefficients 0 < CL < 0.2,

−Clβ increases with lift coefficient for this wing. The increase in
lateral stability with lift coefficient in this range is in stark contrast to
the previously discussed stability curve of the forward-swept wing
(recall Fig. 7). Surface-oil patterns on the currentwing at zero sideslip
at the lift coefficient marked by A suggest that the flow remains
attached to thewing due to the absence of any distinct surface pattern
on the wing. However, for the corresponding sideslip case, a distinct
separation line is evinced near the windward wing tip of the wing,
indicating separated flow over the wing in the form of a wing-tip
vortex. The orientation of the separation line suggests that this tip
vortex convects over the wing in the direction of the freestream,
similar to what was observed for the wings in Fig. 3 via smoke-wire
visualizations. In this lift coefficient range, we expect a modified
Queijo theory [Eq. (2)] to be able to accurately capture the slope
−Clβ∕CL so long as the tip vortex effect is addressed.
At higher lift coefficients in the range 0.2 < CL < 0.5, the slope

−Clβ∕CL gradually decreases. Surface-oil patterns taken at B
display two distinct secondary separation lines on each semispan of
the wing, suggesting the separation, reattachment, and subsequent
secondary separation of leading-edge flow. Based on this obser-
vation, we attribute the initial change in slope −Clβ∕CL in this lift
coefficient range to the occurrence of separated leading-edge flow
over the wing. Unlike the forward-swept wing, which experiences
an increase in −Clβ∕CL due to the initial existence of flow
reattachment, the backward-swept wing experiences decrease in
−Clβ∕CL. The surface flow patterns at B on this wing in sideslip
reveal a break in symmetry of the separation lines on thewingwhere
the secondary separation lines on both the leeward and windward
portions of the wing shift in the direction of the crossflow
introduced over the wing. The separation line previously attributed
to the tip vortex can no longer be made out at this lift coefficient.
At 0.5 < CL < 0.7, the slope −Clβ∕CL is now negative, and the

magnitude of Clβ , or the lateral static stability of the wing, begins to
gradually decrease with increasing lift coefficient. Surface-oil
patterns at C for the wing in sideslip display strong asymmetry in
the location of the secondary separation line on the wing where the
windward secondary separation line is located more inboard on the
wing than at the lower lift coefficient marked by Bmost notably near
the aft portion of thewing. From 0.8 < CL < 1,Clβ decreases with lift
at a much faster rate. In this lift coefficient range, Clβ actually
becomes negative starting at CL ≈ 0.9, indicating that the wing is
statically unstable in roll at these lift coefficients. Surface-oil patterns
at D (CL ≈ 1) display asymmetry in the existence of the secondary

separation line on the wing. Specifically, the separation line on the
windwardwing has vanished, suggesting that thewindwardwing has
stalled. The presumed asymmetry in reattached/stalled flow on the
leeward and windward wing, respectively, would contribute to a
reduction in lateral static stability −Clβ as well as a reduction in lift.
Both of these trends are observed to occur in loadmeasurements, with
the former trend being reflected in the stability curve in Fig. 8 and the
latter trend being reflected in lift measurements presented in Fig. 5.
Therefore, the stability reversal observed for this wing is likely
caused by asymmetric wing stall. At higher lift coefficients short of
lift stall,−Clβ begins to increasewith increasing lift coefficient as the
windwardwing progresses toward stall which reduces the asymmetry
in flow conditions over the windward and leeward portions of
the wing.
From this characterization of the lateral stability curves of two

representative wings, we have observed that the existence of
separated but reattached leading-edge flow contributes to nonlinear
trends in the lateral stability curves at lift coefficients as low as
CL ≈ 0.2. For initial lift coefficients greater thanCL ≈ 0.2, the effects
of reattached flow on the lateral static stability of the wing could be
stabilizing, such as the case for the unswept wing, or destabilizing,
such as the case for the swept wing. Because accurate prediction of
changes in lateral stability with changing lift is necessary to predict
looming changes in an aircraft’s roll response at different flight
conditions, one cannot ignore the effects of flow reattachment on
stability trends. In a later section, we will attempt to model the early
developmental stages of leading-edge flow reattachment, specifically
CL < 0.5, and its effects on lateral stability.

IV. Modeling of Clβ for Thin Wings at Low
Reynolds Numbers

In this section, we propose a series of modifications to the Queijo
model to improve the prediction of the lateral static stability
derivative Clβ of thin low- wings at low Reynolds numbers. We
limit the scope of this work to predicting Clβ at both low lift
coefficients, where separated flow is limited to the wing tips and
moderate lift coefficients involving the initial existence of separated
but reattached leading-edge flow. The corresponding lift coefficient
ranges are CL < 0.2 and 0.2 < CL < 0.5, respectively, for the tested
wings. These two regimes are depicted in the surface oil-flow
visualizations of the moderately tapered swept wing in Fig. 9, where
the secondary separation lines are indicated with solid lines, and in
the previously presented surface oil visualizations in Figs. 8 and 7 at
lift coefficients marked by A and B.

A. Accounting for Tip Vortex Roll-Up

We seek a new vortex element to represent thewing in sideslip that
accounts for the roll-up of the tip vortex over thewindward portion of
the wing (recall Figs. 3 and 9). The separation lines associated with
the windward tip vortex in Fig. 9 take on an angle δ (relative to the
chord of the wing) slightly less than β at α � 2 deg and nearly
equivalent to β at α � 8 deg, with the latter point suggesting that the
windward tip vortex is oriented in the direction of the freestream
velocity vector. The orientation of the tip vortex in sideslip will

Fig. 9 Surface oil visualizations of the , λ � 0.5, Λ �
36.9 deg wing at β � 10 deg. Angle of attack is as marked.
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modify the flow tangency condition on the wing such that the flow

near the windward wing tip will be directed approximately in the

direction of the freestream velocity as opposed to the chordwise

direction. To accommodate this feature for modeling purposes, the

windward bound vortex on the proposed element is now oriented

parallel to the freestream velocity vector.

Figure 10 depicts the new vortex element, placed next to the vortex

element of Queijo [3]. By reorienting the windward bound vortex in

the direction of the freestream velocity, this vortex segment now

behaves like a “free vortex” in the sense that it does not contribute to a

lift force in sideslip. As such, the windward bound vortex no longer

contributes to the Clβ of the wing. Clearly, this small modification to

thewindward bound vortex element would only effectClβ prediction

of wings for which a substantial portion of the increment in lift due to

sideslip stems from chordwise bound vortices (i.e., low-aspect-ratio

untapered wings). This will be shown to be the case.

To demonstrate the improvement in stability derivative prediction

using this new element, we derive an equation for the stability

coupling ratio Clβ∕CL using a single vortex element and compare its

predictive ability against experimental stability derivative measure-

ments and the theory of Queijo [Eq. (2)]. The derivation ofClβ∕CL is

described next.

A linearly tapered swept wing, defined by its quarter-chord sweep

angle Λ, taper ratio λ ≡ ct∕c, and aspect ratio , is replaced

with a single skewed vortex element of circulation Γ, as shown in

Fig. 11. The total lift of the wing is determined by summing the lift

contribution of each of the vortex segments. The lift per unit length of

a vortex element of constant circulation in a fluid of density ρ is given

by the Kutta–Joukowski equation dL � ρU⊥Γdδ, where U⊥ is the
component of the velocity that is perpendicular to the vortex axis. The
equation reduces to the following formula for vortex segments of
finite length δ and constant Γ:

L � ρU⊥Γδ

For each semispan, the c∕4 vortices experience a lift force Lc∕4
equal to

Lc∕4 � ρU∞ cos�Λ� β�Γ
�

b∕2
cos�Λ�

�
(4)

where �b∕2∕ cos�Λ�� is the length of the c∕4 vortex segment on one
semispan. The� in the preceding equation corresponds to the left and
right semispan, respectively. The force due to sideslip for the bound
vortex on the leeward wing’s side edge, or LSE, is given by

LSE � −ρU∞ sin�β�Γ
�
3�crλ�

4

�

where the length of the vortex segment is 3�crλ�∕4. Note that the
windward bound vortex and trailing-edge vortex do not contribute to
lift because these vortices are oriented parallel to the freestream
velocity. Expanding the trigonometric term in Eq. (4), employing the
small sideslip assumption [cos�β� ≈ 1 and sin�β� ≈ β], then taking
the partial derivative of the lift force with respect to sideslip, we
obtain the increment in lift due to sideslip for these vortex segments as

�Lβ�c∕4 � ρU∞�cos�Λ�∓β sin�Λ��Γ
�

b∕2
cos�Λ�

�

� ∓ρU∞ tan�Λ�Γ�b∕2�

for the c∕4 vortex, where∓ corresponds to the vortices on the left and
right semispan, respectively, and

�Lβ�SE � −ρU∞βΓ
�
3�crλ�

4

�

for the side-edge vortex. We note that, for the rectangular wing
with its unswept leading edge (i.e., Λ � 0 deg), the side-edge
vortex is the sole contributor to an increment in lift due to side-
slip. Nondimensionalizing by standard aerodynamic definitions
CL � �2L∕ρU2

∞S�, we obtain

�CLβ
�
c∕4 � ∓

Γ
U∞S

tan�Λ��b∕2� (5)

and

�CLβ
�
SE

� −
Γ

U∞S

�
3�crλ�

4

�
(6)

We are left to determine a relation for the characteristic circulation
Γ of the vortex element. This circulation should be equivalent to
that which is required to sustain the total lift generated by the wing.
For simplification, we assume that the total lift of the wing and
corresponding characteristic circulation remains unchanged at small
sideslip. This assumption is the same employed by Weissinger
and Queijo and is further corroborated by analyzing the lift curves
shown in Fig. 5, which show that the lift generated before stall
remains unchanged at small sideslip jβj ≤ 10 deg. This feature is
representative of all wings tested in this study.
Employing this assumption, Γ � Γβ�0 deg, where Γβ�0 deg is the

characteristic circulation of the wing at zero sideslip. At zero sideslip,
the lift generated by the wing stems solely from the c∕4 vortices
because the bound vortices and trailing vortices remain parallel to the
freestream. The total lift of the wing at zero sideslip Γβ�0 deg is
therefore the summation of lift contributions of the c∕4 vortices and is
given by

Fig. 10 Comparison between the vortex elements of Queijo [3] and the
current work.

Fig. 11 Vortex model for the wing in sideslip.
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Lβ�0 deg � ρU∞Γβ�0 degb

Upon nondimensionalization, and rearrangement, an expression for
the characteristic circulation Γ in terms of CLβ�0 deg

is obtained as

Γ � CLβ�0 deg

b
U∞S (7)

Here, we have employed the approximation Γ � Γβ�0 deg.
Incorporating Eq. (7) into the lift derivatives due to sideslip [Eqs. (5)
and (6)] results in

�CLβ
�
c∕4 � ∓

1

2
CLβ�0 deg

tan�Λ� (8)

and

Note that our interest is in the change in roll moment due to sideslip.
Therefore, our task now is to determine the proper moment arm for
which the various loads act. The moment arm for the side-edge vortex
is trivial and is taken as thewing’s semispanb∕2. Themoment armdue
to the c∕4 vortex segments is less trivial. For now, let us denote the
moment arm for the c∕4 vortices as �y. We will revisit this shortly.
The roll moment due to sideslip or the lateral static stability

derivative Clβ is given in terms of the increment in lift due to sideslip
of the c∕4 and side-vortex elements as

Clβ �
1

b

�
−2j�CLβ

�
c∕4j �y� �CLβ

�
SE

b

2

�
(10)

Note that the 1∕b term arises from the nondimensionalization of
roll moment, which isCl � �2l∕ρU2

∞Sb�. The absolute value is used
due to the reflective symmetry of �CLβ

�
c∕4, where a positive

increment in lift due to sideslip occurs on the windward wing, and
negative increment in lift due to sideslip occurs on the leeward wing,
resulting in a roll moment about the midspan of thewing that is in the
same (−xb) direction.
In the distributed vortex model of Queijo, the moment arm of the

c∕4 vortex was denoted as �y and was referred to as the centroid of
angle-of-attack loading. Recovery of �y requires knowledge of the
distribution of the additional load on the wing due to angle of attack
changes. With knowledge of this load distribution, one can compute
the bending or “roll” moment increment distribution and obtain the
total root bending moment upon integration of the bending moment
distribution across the span. One can then compute the spanwise
center of pressure ( �y) through simple statics using knowledge of the
total load on the wing. Values of �y�, where the asterisk refers to
nondimensionalization by the wing semispan b∕2, were calculated
for a wide range of wings by various authors [45]. Using these data,
Queijo [46] compiled look-up tables that tabulated �y� as a function of
sweep, aspect ratio, and taper ratio. Upon analyzing these look-up

tables of �y�, the spanwise center of pressure �y� varies only slightly
within the range 0.4–0.45 for low-aspect-ratio wings of
having sweep angles ranging from Λ � −45 to 60 deg and taper
ratios ranging from λ � 0.25–1. As an approximation, a �y� value of
0.425 is used both for the current theory and that of Queijo when
comparing to experimental measurements of the wings in this study.
Combining Eqs. (8) and (9) with Eq. (10) and employing

the definition of aspect ratio for linearly tapered
wings, , we obtain an expression for
the slope Clβ∕CL as

Here, the asterisk implies the following nondimensionalization:
�y� � � �y∕b∕2�. Note that we have dropped the subscript in CLβ�0 deg

.
Notice that, if we did not account for the tip vortex effect, the side-

edge vortex contribution or �Clβ∕CL�SE would be twice that in
Eq. (11). Therefore, the effect of the tip vortex is to reduce the
magnitude of −Clβ∕CL over the same wing for which the tip vortex
roll-up did not occur. In this sense, the roll-up of the tip vortex over
thewing is a destabilizing feature in terms of the lateral static stability
of a wing.
Figure 12 compares the current theory of Eq. (11) to experimental

measurements for the limiting case of the rectangular wing
(Λ � 0 deg, λ � 1). Because Λ � 0 deg, the lateral static stability
of the rectangular wing stems solely from the chordwise oriented
bound vortex or �Clβ∕CL�SE; therefore, Eq. (11) reduces

to . Also included is the theory of Queijo

[Eq. (2)], which for the rectangular wing is equivalent to that of
Weissinger [Eq. (1)], with κ � 1.5. Figure 12a plots the stability ratio
Clβ∕CL directly as a function of aspect ratio for the rectangularwings.

The current theory is more accurate than the theory of Queijo for the
wings of the current study because it accounts for the effect of the tip

vortex onClβ . Figure 12b plots the product as a function of lift

coefficient. When plotted this way, the stability curves of the various
aspect ratio wings collapse to a single line, which is accurately
predicted by the current theory. Equation (2) does not predict the
collapse due to the additional term of 0.05 in the equation. Note that
this value is placed by Queijo and Weissinger to account for the
change in circulation due to sideslip associatedwith the occurrence of
bent trailing vortex sheet in sideslip.We do not incorporate this effect
because the force measurements indicate that the total lift of the wing
remains unchanged at small sideslip angles. It is likely that the change
in circulation with sideslip associated with the bent trailing vortex
wake is attenuated by the sharp edge effects of the thin wings used in
this study. Recall that the wings that were used for validation by
Queijo [3] were generally thick, t∕c � 12%. Therefore, the collapse
of the stability curves may simply be a feature of thin wings and not
necessarily associated with Reynolds number effects. More work is
required to further investigate this feature.

-1
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-0.8

-0.6

-0.4

-0.2

0

0

0.2

0.4

0.6

0.8

1

a) b)
Fig. 12 Representations of the lateral static stability derivative as a function of lift coefficient and wing for rectangular wings.
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Let us take a moment to analyze the physical ramifications of the
scaling of the roll moment coefficient Cl for unswept wings. From
classical aircraft mechanics, it is customary to express the non-
dimensional roll moment asCl � �l∕qSb� using the span of thewing
b as the reference length,where q is the dynamic pressure. In the
context of unswept wings, a more physical length scale should be the
chord of the wing. This stems from the fact that the magnitude of roll
moment due to sideslip (i.e., crossflow over the wing) is solely
dependent on the lift of chordwise bound vortices on unswept wings.
To exemplify this, consider the static roll moment coefficient of a
rectangular wing in symmetric flight. To first order, Cl can be
expressed as

Cl � Clβ β

Combining with Eq. (11) for rectangular wings (Λ � 0 deg,
λ � 1), Cl becomes

Multiplying both sides by , one obtains

Analyzing the left-hand side of the Eq. (12), we can define a new
nondimensional coefficient of roll moment as C�

l as

where the term l∕qSb stems from the classical nondimensionali-
zation of roll moment l. Employing the definition of for
rectangular wings, , C�

l becomes

C�
l � l

qSc
(13)

Equation (13) depicts a more physical nondimensionalization of
roll moment for rectangular wings, which uses the chord of the wing
as reference length instead of the span of the wing.
Turning our attention back to Fig. 12b, the linearity and scaling of

Clβ is lost for CL > 0.7. For the wing, this corresponds to lift
stall. For the wings, this corresponds to the formation of a
recirculatory leading-edge separation region. The flow physics in this
nonlinear regime was studied extensively by the authors in [6]. Note
that separated leading-edge flow still exists over thewing at lower lift
coefficients CL < 0.7; however, the linearity between Clβ and CL is
still maintained. As was shown in Sec. III, this is not the case for
swept wings where this linearity is lost at CL ≈ 0.2 due to separated
leading-edge flow. This leaves the current linear model for Clβ of
limited use for swept wings. We now seek to accommodate the
physics of the separation bubble into our model.

B. Accounting for the Early Stages of Leading-Edge Flow
Reattachment

To assist in explaining the impact of separated leading-edge
flow at low lift coefficients on lateral stability, Fig. 13 displays
cross-stream vorticity contours at β � 0 deg and β � −10 deg

on an rectangular wing at α � 10 deg. These data

were adapted from Linehan and Mohseni [6]. The leading-

edge vorticity shifts in the direction of the crossflow while

remaining attached or aligned with the chord of the wing. In

this sense, although the vorticity associated with the separated

flow will continue to contribute to the total lift of the wing

(due to its inclination relative to the freestream velocity), it

will not contribute to an increment in lift due to sideslip, or

Lβ, as it yields to the crossflow. Therefore, the flow associated

with the leading edge of the wing should not contribute to

Clβ∕CL of the wing in this lift coefficient range. Similar

features associated with the shifting of leading-edge flow in

the direction of the crossflow velocity are expected to occur

for the swept wings. This is believed because the surface oil

visualizations conducted on swept wings in sideslip in this lift

coefficient range depict a leeward shift in the separation lines

on the wing. A modification to the current model that

accounts for these physics should extend the predictive ability

of the model to higher lift coefficients for wings tested in

this study.

To account for this in the framework of the current model, the

sideslipped wing at 0.2 < CL < 0.5 is modeled as shown in

Fig. 14. Specifically, the c∕4 vortex is oriented such that it no

longer generates an increment in lift due to sideslip, i.e.,

�Lβ�c∕4 � 0, specifically for small sideslip angles. This mirrors

the fact that the vorticity associated with separated flow at this lift

coefficient would not contribute to Lβ as it yields to the crossflow.

Although the c∕4 vortex does not contribute to Lβ, it still

contributes to the total lift of the wing. In fact, the total lift of the

vortex system remains unchanged from that which would be

generated by the vortex arrangement used for lift coefficients in

the range 0 < CL < 0.2.
Based on the above arguments, the only contributor to Clβ∕CL

at lift coefficients in the range 0.2 < CL < 0.5, is the leeward

side-edge vortex. The equation for Clβ∕CL becomes piecewise-

linear as

to accommodate the different flow physics at lift coefficients

involving attached leading-edge flow and lift coefficients involving

initial lift coefficients involving leading-edge flow reattachment.

Equation (14) states that, at low angles of attack, the slopeClβ∕CL

will be dictated by the sweep angle, aspect ratio, and taper ratio,

Fig. 13 Cross-stream vorticity contours obtained via stereo-digital
particle image velocimetry at several streamwise measurement planes

spanning the wing at both zero and nonzero sideslip. Adapted
from [6].
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whereas at initial angles of attack involving the formation of a
separation bubble, the slope Clβ∕CL will be solely dictated by the
wing aspect ratio and taper ratio. In this representation, the effect of
the separation bubble is stabilizing for the forward-swept wing as the
slope −Clβ∕CL increases in magnitude in this lift coefficient range
over that which occurs at the lower lift coefficient range. For the
backward-swept wing, flow separation is destabilizing as −Clβ∕CL

decreases in magnitude. The magnitude of the change in slope
−Clβ∕CL in this regime is proportional to the sweep of the wing. For
the unswept wing, the separation bubble has no effect on the lateral
static stability trends of the wing.
Figure 15 plots Clβ versus CL for the various swept wings tested.

Columns designate wings of constant aspect ratio and taper ratio as
noted. Within each column, the sweep angle of the wing increases
with increasing row. For eachwing,Clβ is plotted up untilCLmax

. Also
included are theoretical predictions of the current theory [Eq. (14)]
and that of Queijo [Eq. (2)]. The current theory more accurately
predictsClβ over the theory of Queijo for all wings in this study. This
consists of both low lift coefficientsCL < 0.2, for which the leading-
edge flow is attached, and initial lift coefficients involving separated
but reattached flow, 0.2 < CL < 0.5.
The core rationale for the improvement in stability derivative

prediction is the acknowledgment of separated flow over thewing. At
low lift coefficients, the flow separates over the windward portion of
the sideslipped wing in the form of a tip vortex oriented in the
direction of the freestream (recall Figs. 3 and 9). We accommodate
this feature by reorienting the bound vortex on the windward wing to
satisfy the flow tangency condition imposed by the tip vortex. In
doing so, the stability contribution of the bound vortices of our model
is always less than that of the Queijo model. We believe the Queijo
model to be valid for lifting surfaces for which tip vortex roll-up
occurs in thewake, likely thick wings at high Reynolds numbers. For
the highly swept wing with the largest aspect ratio (Fig. 15g), the
distinction between the two theories at low lift coefficients is very
small. This is because, as the aspect ratio and sweep angle of thewing
increase, the chordwise bound vortices contribute less to the stability
of the wing. Therefore, the current vortex model does not have a
significant impact on the prediction of stability derivatives of high-
swept wings at lift coefficients involving attached leading-edge flow.
The current theory, specifically at low lift coefficients, is mainly
important for the design of thin low- wings at low Reynolds
numbers.
At higher lift coefficients in the range 0.2 < CL < 0.5, flow

separates near the leading-edge of the wing and subsequently
reattaches to thewing. Depending on the sweep angle of thewing, the
occurrence of reattached leading-edge flow can further increase the
slope−Clβ∕CL or decrease it. The current theory captures this effect.
For the forward-swept wing (Fig. 15a), the effect of leading-edge

flow reattachment in this lift coefficient range is to increase the
magnitude of the slope −Clβ∕CL. In contrast, the backward-swept
wing (Fig. 15g) experiences a decrease in the magnitude of−Clβ∕CL

due to leading-edge flow reattachment. Moreover, for wings of low
sweep angle and low (Fig. 15f), the change in −Clβ∕CL is minute
because the sweep angle is small, and the stability of the wing is
dominated by chordwise vorticity.

V. Discussion

It serves to begin this sectionwith a brief discussion of the effect of
Reynolds number on the reported stability derivative measurements
and overall applicability of the current model. Angle-of-attack
sweeps were repeated atRe � 100;000 and 125;000 for the forward-
sweptwing (planform is shown in Fig. 16) at sideslip angles of β � 0,
−5, and −10 deg. Experiments at higher Reynolds numbers could
not be obtained due to force balance limitations. The results are
presented in Fig. 16a. Here, −Clβ is plotted againstCL up until CLmax

for each tested Reynolds number.
From Fig. 16a, both the trends with respect toCL and magnitudes

of Clβ are insensitive to Reynolds number in the tested range for
CL < 0.5 (α ≤ 10 deg). This lift coefficient range corresponds to
the applicable range of the current model [Eq. (14)]. At higher
Reynolds numbers (CL > 0.5), the Clβ versus CL stability curve
depicts a rightward shift for the two highest Reynolds number cases
relative to the lowest Reynolds number case. Figure 16b depicts lift
coefficient at zero sideslip angle, CL, (markers only) and roll
moment coefficient at β � −10 deg (lined markers) for the lowest
and highest tested Reynolds number cases (the intermediate
Reynolds number case falls in between the two curves and is
omitted). Roll moment coefficient is expressed as 10 times its actual
value to use a single scale. As exhibited by Fig. 16b, the rightward
shift of the lateral stability curve of Fig. 16a for the high-Reynolds-
number cases is a result of the increase in lift at high angles of attack
at the higher Reynolds number condition. Notably, the roll moment
generated in sideslip is minimally effected by Reynolds number
changes in the tested range.
The insensitivity ofClβ toReynolds number at low-to-moderate lift

coefficients is consistent with previous investigations on thin low-
wings at low Reynolds numbers, which report that aerodynamic
loads are relatively insensitive to Reynolds number in the range
5 × 104 to 1 × 105 [7,23]. These Reynolds number effects at low-to-
moderate lift coefficients are therefore expected to be largely
representative of the wings tested in this study; however, additional
experiments should be conducted to verify this. The insensitivity
of lateral stability derivative measurements to Reynolds number
are not expected to hold at higher Reynolds numbers outside of the
transitional regime as the separation bubble is lost. Distinguishing
the changes that occur in the lateral stability curves between the

Fig. 14 Vortex representation for thewing in sideslip at lift coefficients involvingattached flow,0 < CL < 0.2, and lift coefficients involving separatedbut
reattached flow, 0.2 < CL < 0.5.
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transitional and high-Reynolds-number flow regime remains an open
research topic.
In light of the findings of this paper regarding the effect of

separated transitional flows on lateral stability, several new insights
into the stability and control of small-scale UAVs operating at low
Reynolds numbers can bemade. First, this type of aircraft is placed at
an inherent disadvantage in terms of its lateral static stability due to
the roll-up of the tip vortex over the wing. Here, the contribution of

thewing alone to the roll stability of the full aircraft is always less than
what it would be if the tip vortex roll-up occurred in the wake. To
ensure the proper lateral response, designers may need to employ
additional modifications to the aircraft to compensate for the lack of
the roll stability contribution of the wing. One must note, however,
that stability is generally antithetical to gust sensitivity. Because
UAVs tend to operate in turbulent environments, the reduced lateral
static stability associated with tip vortex roll-up may be favorable as
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Fig. 16 Representations of a) effect of Reynolds number on the lateral stability curve, and b) lift and roll moment coefficient curves.
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Fig. 15 Experimental measurement and theoretical prediction of the lateral stability curves for various swept tapered wings. Current theory is given by
Eq. (14). Queijo theory is given by Eq. (2).
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the susceptibility to uncommanded roll dynamics in turbulence is
reduced.
Second, flight at angles of attack involving separated leading-edge

flow can alter the aircraft lateral stability and associated roll response
most notably for aircraft employing wings with significant sweep.
Although this study focused on thin, flat-plate wings, modifications
to the airfoil geometry of the thin wing are not expected to drastically
change the general trends in the Clβ curves, but more so the lift
coefficient corresponding to breaks in the Clβ curve. This follows
the remarks of Polhamus and Sleeman, Jr., [42] regarding the stability
curves of wings at high Reynolds numbers. Ultimately, a lateral
controller must either be robust to modeling uncertainties associated
with separated leading-edge flow or have the capability to intelli-
gently schedule gains during flight in these regimes.
Aside from acknowledging the effects of leading-edge flow

separation on roll stability, it is of interest to understand the key
contributors of expedited tip vortex roll-up on thin low- wings at
low Reynolds numbers because this acts as a potential mechanism to
control the roll response of the wing. The literature suggests that
expedited tip vortex roll-up may be a result of a combination of the
thinness and side-edge geometry of the wing, the low- wing
geometry, and the low-Reynolds-number conditions. Regarding
thickness and side-edge geometry effects, sufficiently thin, sharp-
edged wings fix the separation point at the edge of the wing and
therefore encourage the roll-up of vorticity over thicker blunt-edged
wings. Thus, designing an aircraft with a thickness and wing-tip
geometry that discourages tip vortex roll-up may provide a way to
increase the lateral static stability of the wing.
One can obtain an understanding of the effect of on tip vortex

roll-up by considering the roll-up of an elliptically loaded inviscid
vortex sheet as treated by Moore [47]. From Moore [47], the
characteristic time for vortex-sheet roll-up is tc � 2�b∕2�2∕Γ0,
where b∕2 is the semispan, and Γ0 is the characteristic root
circulation for the elliptically loaded wing. Moore numerically
calculated that 50% of the vorticity is in the rolled-up portion at
0.12tc. In the classical manner, we can transform this unsteady two-
dimensional problem to a three-dimensional steady problem, here,
taking the convective time as �t � c∕U∞, where c is the root chord.
The ratio of these two time scales (i.e., 0.12tc∕�t) indicates the number
of chord lengths traveled by the vortex sheet for which 50% of
vorticity is rolled up. We can simplify the ratio as

0.12tc
�t

� 0.12

�
1

2

U∞

Γ0

b2

c

�
(15)

For the elliptically loaded wing

Γ0 �
2U∞SCL

bπ

and upon combining with Eq. (15), employing the definition
of , and simplifying, we obtain

Often a tapered wing is used to achieve a lift distribution that is
nearly elliptical. From the definition of aspect ratio for linearly
taperedwings, the ratio , where λ is the taper
ratio. Incorporating this definition into Eq. (16), we obtain

Equation (17) states that, at a given lift coefficient, the roll-up of
vorticity occurs over a shorter number of chord lengths for low-
wings than high- wings. From Eq. (17), the quick roll-up of the tip
vortex on low- wings may be further expedited for small-scale
UAVs employing low- wings because they tend to require higher
lift coefficients to trim.

With regard to Reynolds number effects on tip vortex roll-up,
Moore and Saffman [48] showed that the vortex core of an elliptically
loaded viscous laminar vortex increases with downstream distance
at a rate that scales with Re−1∕2, where Re is the Reynolds number
based on the wing chord. Here, the vortex core grows faster with
downstream distance at lower Reynolds numbers. A possible
rationale for the insensitivity of lateral stability derivative measure-
ments to Reynolds number at low lift coefficients for the wing in
Fig. 16 may be attributed to its highly tapered geometry. The effects
of Reynolds number on tip vortex roll-up will likely be amplified for
untapered wings of low aspect ratio as the stability of the wing
becomes more heavily dependent on chordwise vorticity and its
modification thereof.

VI. Conclusions

Small-scale unmanned aerial vehicles (UAVs) are faced with a
wide range of stability and control challenges that distinguish them
from their large-scale counterparts. For one, these aircraft often
incorporate low-aspect-ratio wings, which results in an inherent
cross-coupling of the aircraft stability axis that enables a vertical gust
or longitudinal mode to alter the vehicle’s roll response. Second,
these aircraft must maneuver in a low-Reynolds-number flow regime
dominated by flow separation and transition, the consequences of
which, in terms of aircraft stability, are just beginning to be explored.
The work presented herein acts as a first step into diagnosing and
incorporating low-Reynolds-number effects specifically into stability
derivative predictive theory.
In this work, we show that the classical stability derivative theories

of Queijo and Weissinger overpredict the lateral static stability
derivative Clβ on thin low- wings at low Reynolds numbers. The
discrepancy is attributed to the lifting-line-type vortex arrangement
used to model the wing in sideslip, which does not account for tip
vortex roll-up or leading-edge flow separation. To incorporate the
effect of tip vortex roll-up, the vortexmodel ofQueijo andWeissinger
for thewing in sideslipwasmodified by the authors by reorienting the
windward bound vortex in the direction of the freestream consistent
with the observed flow physics of the tip vortex in sideslip. The wing
in sideslip is then modeled using a single vortex element, and a linear
equation for Clβ is derived in terms of lift coefficient, aspect ratio,
sweep angle, and taper ratio. The theory is validated against experi-
mental low-Reynolds-number stability derivative measurements of
13 low- wings with combined sweep angles and taper ratios and is
shown to accurately predict Clβ in the linear range across all tested
wings. This work indicated that the effect of tip vortex roll-up on the
wing is to reduce the lateral stability contribution of thewing (reduce
the magnitude of −Clβ ).
The Clβ curves, specifically for highly swept wings, exhibited

significant nonlinear behavior at low lift coefficients CL ≈ 0.2,
leaving the former linear predictive theory forClβ to be of little use for

these wings. This is in stark contrast with the unswept wing whose
stability curve remains linear up to CL ≈ 0.7. A classification of the
stability curves, namelyClβ versusCL, was made with the assistance

of particle image velocimetry measurements and surface oil-flow
visualizations. The break or discontinuity in the stability ratioClβ∕CL

occurring at CL ≈ 0.2 was deemed to be a result of the initial
existence of leading-edge flow separation and subsequent reattach-
ment over the suction surface of the wing. The low levels of
circulation and associated downwash on the wing results in the
separated shear layer to yield to crossflow. In this sense, the leading-
edge flow does not contribute to an increment in lift due to sideslip
and thus would not contribute to Clβ . This effect and its influence on

the break in Clβ∕CL is incorporated into the model by no longer

allowing the c∕4 vortex to contribute to Clβ∕CL at CL > 0.2. The

incorporation of this effect into the stability derivative model extends
the predictive range of the previous linear theory from CL < 0.2 to
CL < 0.5 for highly swept wings. This work indicates that the initial
onset of leading-edge separation and subsequent reattachment is
stabilizing for forward-swept wings, such that it increases slope
−Clβ∕CL, but is destabilizing for backward-swept wings because it
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decreases −Clβ∕CL. Furthermore, leading-edge flow reattachment

does not influence Clβ for unswept wings at these lift coefficients.
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