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Abstract

Let P be a set of n points in the plane in general position. The order type of P
specifies, for every ordered triple, a positive or negative orientation; and the z-type
(a.k.a. crossing type) of P specifies, for every unordered 4-tuple, whether they are in
convex position. Geometric algorithms on P typically rely on primitives involving the
order type or x-type (i.e., triples or 4-tuples). In this paper, we show that the x-type
of P can be reconstructed from the compatible exchange graph G;(P) of noncrossing
spanning trees on P. This extends a recent result by Keller and Perles (2016), who
proved that the x-type of P can be reconstructed from the exchange graph Go(P) of
noncrossing spanning trees, where Gi(P) is a subgraph of Go(P). A crucial ingredient
of our proof is a structure theorem on the maximal sets of pairwise noncrossing edges
(MSNEs) between two components of a planar straight-line graph on the point set P.

1 Introduction

Let P be a set of n points in the plane in general position (i.e., no three points are collinear),
and let K(P) be the straight-line drawing of the complete graph on P. The crossings
between the edges of K (P) have a rich combinatorial structure that is not fully understood.
For example, the rectilinear crossing number, ¢r(K,), is the minimum number of crossings
between the edges of K (P) over all n-element points sets P in general position [1, 2]. For a
given graph G, computing ¢r(G) is known to be NP-hard; although approximation algorithms
are available [8, 11].

The order type of P specifies, for every ordered triple in P, a positive or negative ori-
entation. The crossing type (for short, z-type) of P specifies, for every unordered pair of
edges in K (P), whether they properly cross; which in turn determines, for every unordered
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4-tuple in P, whether the four points are in convex position (i.e., whether they span two
crossing edges). Clearly, the order type determines the x-type of a point set, but an x-type
may correspond to up to O(n) distinct order types [4, 18]. There are exp(©(nlogn)) order
types realized by n points in the plane [12]. Nevertheless, there are efficient algorithms to
decide whether two (unlabeled) point sets have the same order type [6] or x-type [18]. The
x-type also uniquely determines the rotation system of a point set, which specifies the cyclic
order of edges of K(P) incident to each point in P [16, Proposition 6]. Geometric algorithms
typically rely on elementary predicates involving a constant number of points (such as ori-
entations or convexity). It is a fundamental problem to understand the relations between
these predicates [15].

In this paper, we wish to reconstruct the x-type of a point set P from relations between
noncrossing subgraphs of K(P). Let 7 = T (P) be the set of all noncrossing spanning trees
of K(P). There are n"~? abstract spanning trees on n > 3 labeled vertices [9]; but the
number of noncrossing straight-line spanning trees on n points is in O(141.07") [13] and
Q(6.75™) [3, 10].

Let Gy = Go(P) be the graph on the vertex set 7 where a pair of trees {7}, 75} forms an
edge if we can obtain T from 77 by exchanging one edge for another (i.e., the symmetric
difference of the edge sets of 77 and T has cardinality 2). The graph G, is called the
exchange graph of the trees in 7. It is derived from the well-known exchange property of
graphic matroids.

Recently, Keller and Perles [14] proved that the x-type of P can be reconstructed from
the (unlabeled) graph Gy(P). In particular, they showed that the set system of maximal
cliques in Gy(P) already provides enough information to reconstruct the x-type of P.

Over the last few decades, several graphs have been introduced on the noncrossing span-
ning trees 7, besides the classic exchange graph Go(P). A compatible exchange between
Ty and Ty exchanges two edges that do not cross each other. See [17] for the hierarchy of
five relations. Each of these relations defines a graph on 7. In particular, we denote by
G1 = G1(P) the compatible exchange graph. By definition, G;(P) is a subgraph of Gy(P).
Both Gy(P) and G,(P) are known to be connected, and their diameters are bounded above
by 2n —4 [7].

Our results. Our main result (Theorem 3) is that the compatible exchange graph G;(P)
determines the exchange graph Gy(P), and hence the x-type of P. The key ingredient of our
proof is Theorem 1, which is a structural theorem about maximal sets of pairwise noncrossing
edges (for short, MSNEs) between two geometric graphs. An MSNE is a bipartite variant of a
triangulation, but (unlike triangulations) MSNEs do not necessarily have the same cardinality,
and they need not be connected under edge flip operations.

Organization. In Section 2, we distinguish two types of cliques of size 3 or higher in the
compatible exchange graph G;(P), and prove some of their basic properties. Since G;(P) is
a subgraph of Gy(P), many of these properties hold for the cliques of both Go(P) and G;(P).
In Section 3, we characterize the mazimal cliques of G;(P), which allows us to determine the



type of these cliques in many, but not all cases. Section 4 describes an algorithm for finding
all edges of the exchange graph Gy(P) that are not present in the compatible exchange graph
G1(P), and hence reconstruct both G,(P) and the x-type of the point set P. This is the main
result of our paper. We conclude in Section 5 with related open problems.

2 Preliminaries

Let P be a set of points in general position in the plane. A clique in Gy(P) can be formed
in the following two ways (refer to Fig. 1):

1. Let F' be a noncrossing spanning forest on P consisting of two trees A and B. Let
Eap be a set of all edges in K(P) between A and B that do not cross any edge of A
and B. Let C be a set of trees T' = (P, E), where E = AUBU{e} and e € Esp. The
intersection of the edge sets of any two trees in C' is the forest F'. The set C' induces
a clique in Go(P). We call C a clique of type 1.

2. Let G = (P, E.) be a noncrossing connected spanning graph with n edges. Then G
contains a unique cycle that we denote by U. Let C' be a set of trees T' = (P, E), where
E =FE.\{e} and e is an edge of U. The union of any two trees in the clique C' is the
graph G. The set C induces a clique in Gy(P). We call C' a clique of type 2.
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Figure 1: Top row: A noncrossing spanning forest /' = AU B; and the noncrossing spanning
trees obtained by adding an edge from E 5. Bottom row: A connected noncrossing spanning
graph with a unique cycle U; and the noncrossing spanning trees obtained by deleting an
edge from U.

It is easy to see that every clique of size three or higher in Go(P) is of type 1 or 2. We
provide a proof for completeness.

Lemma 1. Every clique of size 3 in Go(P) is either of type 1 or of type 2.



Proof. Let Cy be a clique of size 3 in Gy, whose vertices are the trees Ty = (P, Ey),
Ty = (P, Es), and T3 = (P, E3). Since the three trees are pairwise adjacent, the symmetric
difference of the edge sets of any two tress has size two. Since |Ey| = |Ey| = |E3| =n — 1,
we have

Since T and T are adjacent, there are edges e; € E; and es € F5 such that Fy = Fy—ej+es.
Similarly, there are edges €] € E; and e3 € FEj3 such that F3 = E; — €] + es. If ey, €],
es, and ez are pairwise distinct, then all four edges would be in the symmetric difference
Ey /A FEj3, contradicting the assumption that T, and T3 are adjacent in Go(P). We arrive at
two possibilities:

If e; = €/, then ey # e3 (since Ty # T3). In this case, |[Ey N Ey N Es| = |Ey — ey =n — 2.
The intersection of the three trees gives a forest of two trees, hence Cj is a clique of type 1.

If eo = e3, then ey # ¢ (since Ty # T3). In this case, |Ey U Ey U B3| = |Ey + ea] = n.
Then the graph G = (P, E; U Ey U Ej3) is connected and has a unique cycle, hence Cj is a
clique of type 2. n

Lemma 2. If a clique Cy in Go(P) contains a clique Cy of size 3, then Cy is of the same
type as Cs.

Proof. Let Cy be a clique in Gy(P) induced by k trees Ti,...,T € T. We have seen that
every triple {T1,T»,T;}, i = 3,...,k, induces a clique of type 1 or 2. It is enough to show
that all these triples are of the same type, and then all k trees are either supergraphs of the
forest F' = (P, Ey1 N Ey) and hence Cy is of type 1, or subgraphs of G. = (P, E; U E,) and
hence C} is of type 2.

Suppose, to the contrary, that {77,75,7;} is of type 1 and {7},75,7}} is of type 2, for
some ¢ # j. Then there exist edges e¢; € E; and e; € E;UE, such that E; = (E1NEy)+e; and
E; = (Ey U Ey) — ej. Since the unique cycle in Ey U E5 contains at least two edges between
the two components of F1 N Fs, the set of these two edges is exactly F1AFE,. Consequently,
E,AE; = (E;AE,) U{e;, e;}, contradicting the assumption that 7; and 7} are adjacent in
go(P). Il

Corollary 1. For every k > 3, every clique of size k in Go(P) is either of type 1 or of type 2.

Remark 1. Since Gi(P) is a subgraph of Go(P), Lemmas 1 and 2 as well as Corollary 1
hold for the cliques of G1(P), as well.

Lemma 3. If cliques Cy and Cy in Go(P) intersect in a clique Cs of size 8 or more, then
their union induces a clique in Go(P).

Proof. By Lemma 1, Cj is a clique of either type 1 or type 2. By Lemma 2, C; and C, are
of the same types as Cs.

If C1, Oy, and C5 are of type 1, then the intersection of the trees in (5 is a noncrossing
forest F of two trees, A and B, such that every tree in C3 consists of F' and an edge between
A and B. The same holds for every tree in Cy and in Cy (with the same forest F'). Hence
any two trees in C; U Cy are adjacent in Go(P).
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It ¢4, Cy, and Cj5 are of type 2, then the union of the trees in C3 form a plane graph
G with n edges and a unique noncrossing cycle U such that all trees in C3 are obtained by
deleting an edge from U. The same holds for every tree in C; and in Cy (with the same
graph GG). Hence any two trees in C; U Cy are adjacent in Gy(P). O

Remark 2. Keller and Perles [14] show that in the exchange graph Go(P), every edge T)T,
s part of at most two maximal cliques: at most one clique of type 1 and at most one clique
of type 2. The maximal cliques of type 1 (resp., 2) in Gy are called I-cliques (resp., U-
cliques). This observation plays a crucial role in their method for determining the types of
all mazimal cliques in Go(P), and ultimately reconstructing the z-type of P. The compatible
exchange graph Gi(P), however, does not have this property: An edge Th'Ty in G1(P) may
be part of many maximal cliques of type 2. In particular, if two mazximal cliques in Gy (P)
intersect in a single edge T1Ty, then both cliques might be of type 2.

For this reason, the proof strategy in [14] is no longer viable for compatible exchange
graphs. Instead, we analyse the interactions of maximal cliques of type 2, and show how to
reconstruct the maximal cliques of Go(P) from the mazimal cliques of Gy (P).

3 Properties of the Compatible Exchange Graph

Let P be set of n points in the plane in general position, and F' a spanning forest on P
consisting of two trees, A and B. Let E p be a maximal set of pairwise noncrossing edges
(for short, MSNE) between A and B that do not cross any edges in F. Let C be a set of trees
T = (P,E), where E = AUBU/{e} and e € E4p. This set C of trees induces a clique in
G1(P), that we call a T-clique.

Lemma 4. Every T-clique of size 3 or higher is a mazimal clique in G, (P).

Proof. Suppose, to the contrary, that C' is a T-clique that contains at least 3 trees but is not
maximal. Then C' is part of a larger clique C’. Since C'is of type 1, C’ is also of type 1 by
Lemma 1. Then the intersection of any two trees in C” is a forest F' composed of two trees
A and B, and the trees in C” are obtained by augmenting F' with an edge from a set E', 5 of
segments between A and B. Then the T-clique C' is defined by the same forest F', and an
MSNE Eyup, Eap C F)p.

Let Th € C"\ C be a tree Ty = (P, Ey), Ey = AU B U {eo}, where ey € E'j5 \ Eap.
Because of the maximality of Ep, ey crosses some edge e; € E4p. Then there is a tree
T, = (V,Ey) where £} = AU B U {e;}. Since ¢y and e; cross, there is no compatibility
exchange between T and 7. This contradicts the assumption that both Ty and 7} are in a
clique of the compatible exchange graph G(P). ]

Lemma 5. Every mazimal clique in G1(P) of size three or higher is either a U-clique (i.e.,
a mazimal clique of type 2 in Gy) or a T-clique.

Proof. Let C' be a maximal clique in G;(P). By Corollary 1, then C' is either of type 1 or
type 2. We distinguish between two cases.



Case 1: C is of type 1. The clique C' is the set of trees that contain a forest F' of two
trees, A and B, and an edge from a set F 5. Since any two trees in C' are compatible, no
two edges in F 4 cross each other. If E4p is not a maximal set of noncrossing edges, then it
is a proper subset of some MSNE between A and B, hence C' is proper subset of a T-clique,
contradicting the maximality of C.

Case 2: (' is of type 2. The noncrossing spanning graph G is the union of all trees in
the clique C. Note that G determines a U-clique in Gy, which contains C'. That is, G has a
unique (noncrossing) cycle U, and all trees in C' are obtained by deleting an edge from U.
Since U is noncrossing, the exchange between any two of its edges is a compatible exchange,
and so C' equals this U-clique of Gj. O

Definition 1. (Special Configurations) A noncrossing straight-line graph G = (P, E)
i1s spectal if G consists of two connected components, A and B, that contain edges ajay €
A and biby € B such that the vertices (ay,b1,be,as) are on the boundary of conv(P) in
this counterclockwise order, both a;by and asbs are edges of conv(P), and the interior of
conv{ay, by, be,as} does not contain any point of P (see Fig. 2(left)). Note thatTy = (P, AU
BU{aib}) and Ty = (P, AU BU/{azgby}) are noncrossing spanning trees; and Ty and Ty are
adjacent in Gy(P). We call the edge TyTy of Gi(P) a special edge.

Figure 2: Left: A special edge is 1175, where T} = (P,AU BU {a1b;}) and T, = (P,AU
BU{aybs}). Right: The edge T1T5 is in three T-cliques: C; (solid edges), Cy (dotted edges),
and C3 (dashed edges), where Co N Cy = {11, 1> }.

Remark 3. For the pair of trees, A and B, in the configuration of a special edge, there are
precisely two MSNEs between A and B: E'y5 = {a1b1, a1ba, asbs} and E'y 5 = {a1by, asby, azbs}.
The sets E'yz and E'\ 5 define two T-cliques, each of size 3. The edge TyT5 is a part of both
T-cliques.

If T1T5 is a special edge of the compatible exchange graph Gy, then it is part of precisely
two T-cliques. We next prove the converse: if an edge of G; is part of precisely two T-cliques,
then it is special (Corollary 2). We first prove a crucial property of MSNEs, which may be of
independent interest, since MSNEs are considered a bipartite variant of triangulations.

Theroem 1. Let G = (P, E) be a noncrossing straight-line graph with two connected com-
ponents, A and B. Then one of the following holds:

6



1. there is a unique MSNE between A and B,
2. G is special (and there are precisely two MSNEs between A and B, cf. Definition 1), or

3. for every MSNE Ep between A and B, there exists another MSNE E', 5 such that Eap
and E' share at least three edges (i.e., |Eap N EYp| > 3).

Proof. if there is a unique MSNE between A and B, or if G is special, then the proof is
complete. We may assume that neither A nor B is a singleton (otherwise there would be a
unique MSNE), consequently every MSNE between A and B has at least three edges. Assume
that E'y 5 and E’}5 are two distinct MSNEs between A and B. It suffices to show that there
exists a MSNE E'p such that |E); N EYg| > 3. If |E)yz N EYp| > 3, then we can take
EYy = ENz. Hence we may assume that |E/yz N E’ 5| < 2. We distinguish between two
cases.

Case 1: A and B each have a vertex on the boundary of conv(P). Since both A
and B are connected, the boundary of conv(P) contains precisely two edges between A and
B. These two edges are contained in every MSNE between A and B (since convex hull edges
do not cross any other edges). We may assume that Ez N Ef 5 = {e1,e2}, where both e,
and e, are convex hull edges.

We claim that there exist edges e3 € E'yp5 \ {e1,e2} and ey € Ei 5 \ {e1,e2} (possibly
es = e4) such that ez and e; do not cross each other, and they cross neither e; nor e,.
Assuming the claim is true, there is a set {ej, es, €3, €4} of at least three pairwise noncrossing

"

edges between A and B. We can augment this set to an MSNE, denoted by E', as required.
Suppose, to the contrary, that the claim is false. This implies the following:

Every edge in E';5 \ {e1,e2} crosses all edges in £} 5 \ {e1,ea}. (%)

Let e; = a1by, where a; € A and by € B. We claim that there is an edge in £’y 5\ {€1, €2}
incident to a; or by. (Similarly, there is an edge in E’ 5 \ {e1, €2} incident to a; or b;.)

Consider Gy = (P, AUBUFE;5), which is a noncrossing graph on P. In a triangulation of
G, the edge a,b; is incident to some triangle Aa by’ If ¢ € A, then by € E',5 because it
connects A and B and it does not cross any edge in F'; 5. Otherwise ¢ € B, and a,c € E'y.
Assume w.l.o.g. that ¢ € B, hence a;¢’ € E/;5. Since A is not a singleton, a,¢’ cannot be a
convex hull edge. Therefore a;¢’ € E'y5 \ {e1,e2}. By assumption (x), a;¢ crosses all edges
in B\ {e1,e2}.

Similarly, a,b; is incident to some triangle Aa;b;¢” in the triangulation of (P, AUBUE"; 5),
where a;¢” or bic” is in E'j5 \ {e1,e2}. Since a;¢’ and a1’ are adjacent, they do not cross.
By assumption (x), bic” € E'5 \ {e1, e2}, consequently ¢ € A. In particular ¢ # ¢”. Let d
be a vertex in A such that byd € E'iz \ {e1,e2} and Zaibid is minimal (Fig. 3).

Next we claim that every edge in E’y5 \ {e1, e} is incident to a;. Let uv be an edge in
E' 5\ {e1,ea}. Suppose for the sake of contradiction that neither u nor v is equal to a;. By
assumption, uv crosses byd. Let H; be the halfplane bounded by a1b; that contains all points
in P, and let Hy be the halfplane bounded by b;d that contains a;. Let W = H; N Hy and
note that it is a wedge with apex b;. Since uv crosses b1d, we can assume without loss of



Figure 3: The configurations described in the proof of Theorem 1, Case 1. Left: an instance
where a1, as, b1, and by are distinct. Right: another instance where a; = as.

generality that uw € Hy. Note that u € H; since all vertices are in Hy. We have that v € W
because it is in both H; and Hs.

Let P(ai,d) be a unique path in A between a; and d. Let Cy be the cycle P(ay,d) U
(d,b1,a1). Let C be the set of points in the interior or on the boundary of Cy. We want to
show that u € A. Suppose, to the contrary, that « € B. Then w is in the interior of Cy. That
means that there exists a path P(b;,u) in B. Since Cj has only one vertex in B, namely
by, this path lies inside Cy. Among all vertices of B in the interior of Cy, let v’ € B be a
vertex u' farthest from the line b1d (in Euclidean distance). Augment £ ; to a triangulation
arbitrarily. Since u’ lies in the interior of Cj, it has a neighbor ¢’ farther from the line b;d.
By the choice of u/, we have v € A, hence v'v' € E’,5. Since the edge u'v' lies inside Cj,
it does not cross byd, contradicting the assumption that every edge in E’y5 \ {e1, €2} crosses
bid. We have shown that every edge in E';5 \ {e1, €2} is incident to a;. Symmetrically, every
edge in E'y 5 \ {e1, €2} is incident to bs.

Overall, every edge in E'5 \ {e1,e2} equals to a1bs. Hence E'y 5 = {a1bs, €1, e2}. Analo-
gously, E'f 5 = {asb1, €1, e2}. Since these are MSNEs between A and B, we have aja; € A and
bibs € B. In this case, the edge 71175 is a special edge. This completes the proof in Case 1.

Case 2: A or B lies in the interior of conv(P). Assume without loss of generality that
B lies in the interior of conv(P). Let e; = a1b; and es = asby be two arbitrary edges in
E\ g, with a1,a2 € A and by,by € B. Let D = conv(B U {ay,as}). (See Fig. 4.) Note that
B U{ay,as} has at least three vertices that are not collinear since P is in general position.
Consequently, D has at least three extremal vertices. One of these vertices, denote it by bs,
is in B. Create a triangulation of AU B U E’;5. Since B is in the interior of the convex
hull P, vertex b3 is incident to triangles whose angles add up to 27. Since b3 is an extremal
vertex of D, it is incident to an edge in the triangulation in the exterior of D. Let one such
edge be e3 = bsa’. Since B is contained in D, a’ ¢ B, and therefore a’ € A. It is also clear
that bsa’ € E'y5 as bsa’ does not cross any edge in E') 5 because it is from a triangulation.
Note that also bsa’ # eq, e5 since both e; and ey are contained in D.

Similarly, there exists an a” € A such that bsa” € E'\ g, and bza” # ey, e9. Let ey = bga”.
Since ez and ey have a common endpoint, namely b3, they do not cross (possibly ez = ey).



Figure 4: The configurations described in the proof of Theorem 1, Case 2.

Therefore, we have a set {e1, e, e3,e,4} of at least three pairwise noncrossing edges between
A and B. We can augment this set into an MSNE, and denote it E’{5. By construction,

E\ 5N EYg = {e1,e2,e3}, as required. O O

Corollary 2. If an edge TyTy of G1(P) is contained in two or more T-cliques, then it is
either a special edge of Gy (P) or every T-clique containing Ty T intersects some other T-
clique containing 11T in at least three vertices.

Proof. Let T1T, be an edge in G;(P) contained in two or more T-cliques. Let Ty = (P, Ey)
and Ty = (P, Ey) such that Fy = Fy — ey +ey. Let F' = (P, Ey N Ey), which is a forest of two
trees that we denote by A and B. Every T-clique containing 717, corresponds to a set of
trees that contains the forest F' and one edge from some MSNE E 45 between A and B. The
T-cliques containing T,75, differ in the sets F 45, but share the same forest F'. Theorem 1,
applied for G = F, completes the proof: Either T1T; is a special edge of Gi(P), or every
T-clique containing 7775 intersects some other T-clique containing 7775 in at least three
vertices. [

Cliques of Type 2. It is easy to show that Go(P) and G; (P) have the same maximal cliques
of type 2 of size 3 or higher. Adopting terminology from [14], we call these cliques U-cliques.

Note, however, that Gy(P) may have a maximal clique of size 2, where the unique cycle
U has one crossing. Such a degenerate U-clique is no longer possible in G;(P).

Proposition 1. If T1T; is an edge of G1(P), then T\Ty is part of a unique U-clique.

Proof. The union of T7 and T5 is a connected noncrossing graph with n edges. Therefore it
contains a unique cycle u. If the edge 7175 belongs to any U-clique generated by a plane
graph G = (P, E,) with a unique cycle u, then we have F; C E, and Fy C E,. Therefore,
E,=FE UF,. O O

Proposition 2. Every U-clique has size at least three.

Proof. Every cycle in a graph has at least three edges. Therefore the U-clique constructed
from any cycle has size at least three. O]



Propositions 1 and 2 immediately imply the following.

Corollary 3. Every edge in G (P) is contained in at least one U-clique of size at least three.

4 Reconstruction of the Exchange Graph

Recall that the compatible exchange graph G; (P) is a subgraph of the exchange graph Gy(P).
In this section, we explore how the maximal cliques of the two graphs are related, and then
show how to find all edges of Gy(P) that are not present in G, (P).

Lemma 6. For every edge T\Ty in G1(P), the maximal cliques that contain T\Ty satisfy
precisely one of the following conditions:

1. TiTs 1s contained in exactly one mazximal clique, which is a U-clique.
2. T\Ty is contained in precisely two mazximal cliques: one U-clique and one T-clique.

3. T1Ts is contained in precisely three mazimal cliques, two of which are of size three and
the third of size four. The clique of size four must be a U-clique and the other two are
T-cliques. In particular, TVTy is a special edge.

4. T1Ts 1s contained in three or more mazximal cliques, one of which intersects the other
cliques in only 11Ty and, for all other cliques, there is another clique of size at least
three that intersects with them.

Proof. Let T1Ts be an edge in G1(P). It is contained in at least one clique of size 3 or higher
by Corollary 3. If it is contained in precisely one or two maximal cliques, then it satisfies
condition 1 or 2, respectively.

Assume 1775 is contained in three or more maximal cliques. One of them is a U-clique
by Propositions 1 and 2. Since 7775 is contained in a unique U-clique, all other cliques
that contain it are T-cliques. By Corollary 2, either 7175 is a special edge or each of these
T-cliques intersects some other T-clique that contain 71775 in three or more vertices. If 1775
is a special edge, then the U-clique is of size 4, hence T)7T; satisfies condition 3. Otherwise,
condition 4 is satisfied. O

Lemma 7. If T\T, is an edge of the exchange graph Go(P), but not an edge of the compatible
exchange graph G,(P), then:

1. Ty and Ty are elements of two T-cliques, C7 and Cy respectively, that intersect in three
or more vertices; or

2. Ty and Ty are elements of two T-cliques, C; and Cy respectively, that each intersect
some T-clique C3 in three or more vertices; or

3. Ty =(P,AuUBU{e}) and Ty = (P,AU BU{es}) where e; = a1by and ey = asby are
the two crossing diagonal edges of the special configuration (Fig. 2).
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Proof. Let T1T» be an edge in Go(P). Then T = (P, Ey) and T, = (P, Ey) and there exist
edges e; € E; and ey € FE, such that £ = F; — ey + e3 and E; = Ey — e + e1. Since
T1T5 is not an edge in the compatibility exchange graph, e; and ey cross. The edge T1T5 of
Go(P) is contained in a unique maximal clique of type 1, which is called an I-clique (see [14,
Section 2.3]). Denote by Cy this I-clique in Go(P), and note that it corresponds to a forest F
of two trees, A and B, and the set E4p of all edges between A and B (which may cross each
other, but do not cross edges in F'). An MSNE between A and B is a T-clique contained in
Cy. Let e; = a1by and ey = asby, where aq,a, € A and by, by € B. Let x be the intersection
point of e; and ey. Let P, be the shortest path between a; and by homotopic to (aq,x,bs)
w.r.t. F' (possibly, P; = (a1,b3)). Let P5 be the shortest path between as and b; homotopic
to (ag, x,by) w.r.t. F (possibly P, = (agby)). The paths P, and P, each contain an edge
between A and B. Denote two such edges by f; and fs, respectively. By construction,
neither f; nor f; crosses e; and ey. (See Fig. 5.)

Figure 5: The shortest paths P; and P,, respectively, homotopic to (aq,x, bs) and (as, v, b)
with respect to F' in the proof of Lemma 7.

Similar to the proof of Theorem 1, we distinguish between two cases based on the position
of A and B relative to conv(P).

Case 1: A and B each have a vertex on the boundary of conv(P). Every MSNE
contains two convex hull edges between A and B. Since e; and e, cross, they are not convex
hull edges. If E;; is an MSNE that contains e; and E’ ; is an MSNE that contains es, then
|E 5 N E%gl > 2. We would like to find edge sets E’;; and E’{z such that they share at
least three edges.

Let E' 5 be an MSNE that contains ey, fi, and fo. Let E%{5 be an MSNE that contains
e, f1, and fo. If fi or fo is not a convex hull edge, then |E 5 N E’ 5| = 3 because their
intersection is f;, fo, and a convex hull edge. This implies that T} and T, are elements of
two T-cliques, C and Cj, respectively, that intersect in three or more vertices.

Assume that both f; = a;b; and fo = agby are convex hull edges. If ajas and bby are
edges of A and B, respectively, then we are in the case that e; = a;by and es = asb; are the
two crossing diagonal edges of the special configuration.

Assume without loss of generality that ajas is not an edge in A. We want to choose a
point az € A that is not equal to a; or as such that the line segment asx does not cross any

11



edge in A. There is a unique path P(aj,as) between a; and as in the tree A. Let R be the
region enclosed by P(aj,as) U (ag, z,ay). Triangulate R. Let az be the third vertex adjacent
to ayxz. Let P3; be the shortest path between asz and b, homotopic to (ag,x,b;) (possibly
Py = a3by). Let P, be the shortest path between az and by, homotopic to (ag, x, bs) (possibly
Py = (a3, by)). These paths each contain an edge between A and B. Denote two such edges
by f3 and fy, respectively. By construction, f3 does not cross e; (but may cross ey) and f;
does not cross ey (but may cross e;). These edges are distinct, i.e., f3 # fi, as they lie on
opposite sides of a1b; and asbs.

Let S1 = {ex, fi1, fa, f3}, So = {ea, f1, f2, fa}, and S5 = { f1, f2, f3, f1}. Note that each set

contains pairwise noncrossing edges. Let 5, E' 5, and E’{; be MSNEs that contain Sy, Ss,

and Sz, respectively. We then have that T and T3 are elements of two T-cliques C’ and C”,
respectively, that each intersect some T-clique C"” in three or more vertices in G;(P).

Case 2: A or B lies in the interior of conv(P). Assume without loss of generality
that B lies in the interior of conv(P). Similar to the proof of Case 2 of Theorem 4, we find
vertices a’ € A and b3 € B such that the edge a’bs does not cross any of the edges in A and
B as well as does not cross the edges ey, es, f1, and fo. Let E';5 and E’5 be MSNEs that
contain {ey, f1, fo,a’bs} and {es, f1, f2,d’bs}, respectively. Then 77 and Ts are elements of
two T-cliques, C’ and C” respectively, that intersect in three or more vertices. H

Theroem 2. The compatible exchange graph Gi(P), for a point set P, determines the ex-
change graph Go(P).

Proof. Our proof is constructive. We are given G;(P), which is an unlabeled graph. We can
find all special edges 7175 in G;(P) based on the characterization in Lemma 6(3), that is,
T,T; is contained in precisely 3 maximal cliques, two of which are of size 3 and the third of
size 4.

1. Find all maximal cliques of G, (P).
2. Find all special edges T1T5 in G;(P).
3. Put H =G, (P).

4. For every special edge e = T1T, in G1(P), let T5(e) and Ty(e) be the 3rd vertices of
the two cliques of size 3 in G;(P) that contain 7775; and augment H with the edge
Ts(e)Ty(e) (if it is not already present in H).

5. While H contains two maximal cliques that intersect in three or more vertices, augment
‘H with the edge to merge them into a single clique.

6. Return H.

The “dual” special edges added in step 2 are in Go(P) by Lemma 6. Edges added in the
merge steps are in Go(P) by Lemma 3. We see that the algorithm returns a subgraph of
Go(P). Conversely, the algorithm adds all edges in Gy(P) \ G1(P) by Lemma 7. Therefore it
returns Go(P), as required. O
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The combination of Theorem 2 with [14] readily implies our main result.

Theroem 3. The compatible exchange graph Gy (P), for a point set P in the plane in general
position, determines the x-type of P.

5 Future Directions

We have shown (Theorem 3) that the compatible exchange graph G;(P) determines the
exchange graph Gy(P), and hence the x-type of the point set P. Our results and our proof
techniques raise several interesting problems. We list a few of them here.

1. Can the x-type of a point set P be reconstructed from any of the more restrictive
relations, e.g., the rotation graph or the edge slide graph on T (P) (see [17] for precise
definitions)? While all these graphs are known to be connected, the edge slide graph
of T(P), for example, may have vertices of degree 1 [5], hence its clique complex is a
1-dimensional simplicial complex.

2. By Corollary 3, the compatible exchange graph G;(P) is biconnected for |P| > 3 (in
fact, the clique complex of G;(P) is a 2-dimensional simplicial complex). However, the
minimum degree is €2(n). It remains an open problem to find tight bounds for the
diameter, the minimum degree, and the vertex- and edge-connectivity of Gi(P) over
all n-element point sets P.

3. T-cliques played a crucial role in the proof of our main result (cf. Theorem 2), but
the underlying geometric structures raise intriguing open problems. Every maximal
T-clique corresponds to a MSNE E,p between A and B, which are two trees in a
noncrossing spanning forest ' = (P, AU B). The set Esp can be thought of as a
bipartite analogue of straight-line triangulations on a point set P (which is a maximal
set of pairwise noncrossing edges in K (P)). It is well known that every triangulation
on P has the same number of edges, and the space of triangulations on P is connected
under the so-called edge flip operation. For a forest F' = (P, AU B), we can define
the collection €45 of all maximal sets of pairwise noncrossing edges between A and
B. Two sets in €45 may have different cardinalities, and there is no clear operation
that would generate all sets in £4p5. It remains an open problem to understand the
combinatorial structure of £45.
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