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Compressive Sensing—Based Reconstruction of Sea
Free-Surface Elevation on a Vertical Wall

Valentina Laface'; Giovanni Malara?; Alessandra Romolo®; Felice Arena®;
and loannis A. Kougioumtzoglou, M.ASCE®

Abstract: Measuring the free-surface displacement on a vertical wall of a marine structure is not a trivial problem. In this context, the efficacy
of ultrasonic probes is affected by the interaction between the signal emitted by the sensor and the vertical wall, whereas image-based techni-
ques are computationally demanding, especially if long-time series are utilized. Considering these difficulties, this paper proposes a novel
approach for measuring the sea surface elevation on vertical breakwaters. The proposed methodology involves the use of pressure measure-
ments and a reconstruction algorithm based on a compressive sensing (CS) technique in conjunction with a generalized harmonic wavelet
(GHW) basis. In particular, a constrained CS optimization approach is proposed by utilizing the known values of the free-surface data to
reconstruct all other missing data while adhering at the same time to prescribed upper and lower bounds at all time instants. The reliability of
the methodology was assessed against field data pertaining to a vertical wall equipped with pressure transducers recorded at the Natural Ocean
Engineering Laboratory of Reggio Calabria. It was shown that direct application of an unconstrained GHW-based CS optimization approach
yielded physically inconsistent minima and maxima values; thus, it was inadequate for reliably reconstructing the free surface. These draw-
backs were removed by the constrained GHW-based CS. Furthermore, examination of the reconstructed sea surface profiles in the vicinity of
extremely high wave crests or wave troughs showed that they are in agreement with pertinent theoretical data obtained by using the nonlinear

quasi-determinism theory. DOI: 10.1061/(ASCE)WW.1943-5460.0000452. © 2018 American Society of Civil Engineers.

Author keywords: Compressive sensing; Vertical wall; Measurement; Constrained optimization; Extreme waves.

Introduction

Surface wave data are fundamental both for conducting experimen-
tal activities and for designing coastal and offshore installations, as
well as for determining operational conditions of any structure/
device deployed in the sea. However, direct measures of sea surface
elevation in certain specific conditions may be difficult to achieve
due to instrumentation limitations. For instance, ultrasonic wave
gauges may be used for direct recording of sea surface elevation,
but they often fail when measuring rough seas with strong wind and
breaking waves. Furthermore, due to their working principle, they
are not suitable for measuring waves close to or directly on
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structures. To overcome these limitations, one of the most common
approaches is to derive indirectly the sea surface elevation by means
of pressure measurements (Baquerizo and Losada 1995; Bishop
and Donelan 1987; Deconinck et al. 2012; Kuo and Chiu 1994,
1995; Tsai et al. 2005; Tsai and Tsai 2009), or video image process-
ing in the case of wave flume experiments (Lee and Kwon 2003;
Viriyakijja and Chinnarasri 2015).

There are some advantages in utilizing subsurface sensors to
measure surface waves. They do not need a supporting structure
penetrating the sea surface and may be installed on the seabed to
avoid damage by ships, fishing activities, and severe storms.
The oldest and most widely used approach for deriving sea surface
elevation from pressure measurements is the one based on
Archimedes’ relation using hydrostatic approximations (Dean and
Dalrymple 1991; Kundu et al. 2015). Another approach is that of
transfer function (TF), which is obtained by linearizing the equation
of motion around the quiescent water level and by obtaining a linear
relationship between the Fourier transform of the dynamic pressure
and the sea surface elevation (Baquerizo and Losada 1995, Escher
and Schlurmann 2008; Kundu et al. 2015; Kuo and Chiu 1994,
1995). Both methods are based on the linear wave theory and are
not able to capture the nonlinear effects that are expected to be sig-
nificant, for instance, in shallow waters. An improvement relates to
the introduction of the nonlocal relationship approach for nonlinear
sea surface reconstruction (Deconinck et al. 2012; Oliveras et al.
2012), whereas further enhancements of the classical TF approach
include the renormalized transfer function (RTF) (Oliveras et al.
2012). Constantin (2012) developed a fully nonlinear explicit
relation that may be applied for recovering sea surface elevation
starting from the bottom pressure and the wave celerity. It is valid
for solitary wave reconstruction only and is referred to as explicit
solitary wave reconstruction (ESWR). An overview of the method-
ology relying on the determination of sea surface from pressure
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measurements was given by Deconinck et al. (2012). To the best of
the authors’ knowledge, those approaches have never been applied
for measuring the sea surface on a vertical wall despite its relevance
in coastal engineering applications. Indeed, such a measurement
allows, for instance, determining the crest height distribution, and
thus characterizing a process with strongly nonlinear effects. In this
context, the aforementioned theoretical tools appear inadequate for
considering the reflected wave field in front of the structure.
Therefore, this paper proposes an approach for reconstructing the
free-surface elevation on a vertical wall by starting from pressure
measurements recorded at various levels (above and below the
mean sea level) on the structure and then processed via a harmonic
wavelet based compressive sensing (CS) technique. CS (Candes
and Wakin 2008; Donoho 2006) is a potent technique used in signal
and image processing. The technique was proposed in the field of
seismology (Claerbout and Muir 1973) and was recently revisited
based on a robust mathematical foundation by Candes and Tao
(2005, 2006) and Candes et al. (20064, b). Indicative recent work on
analyzing realizations of environmental (e.g., wind, earthquake,
and sea wave) stochastic processes with limited data can be found
in papers by Comerford et al. (2014, 2015, 2016, 2017) and Zhang
etal. (2015, 2018). Specifically, it was demonstrated that the power
spectral density function (either stationary or nonstationary) of
the associated signals was recovered via CS even in cases of
records with 85% missing data. Further applications in engineering
dynamics include structural system parameter identification, dam-
age detection, and health monitoring (Haile and Ghoshal 2012;
Harley et al. 2012; Huang et al. 2014; Klis and Chatzi 2017;
Kougioumtzoglou et al. 2017; Levine et al. 2012; Mascareiias et al.
2013; O'Connor et al. 2013; Perelli et al. 2015; Tau Siesakul
et al. 2015; Wang and Hao 2015; Yang and Nagarajaiah 2015; Zou
et al. 2015). The crux of the technique is the representation of a
given signal in a certain basis by invoking the concepts of sparsity
and incoherence. These properties allow utilizing highly sparse
measurements and, subsequently, a relatively small number of data
without the limits dictated by Shannon’s theorem (Shannon 1949).
Its potential for marine applications was further demonstrated
recently by Laface et al. (2017), who showed that a CS technique
allows for reliable reconstruction of sea surface elevation records
even with a fraction of missing data greater than 60%.

Herein, the CS-based reconstruction of the free surface on a ver-
tical wall is pursued and compared to a standard spline-based inter-
polation approach. Moreover, the signals reconstructed via har-
monic wavelet based CS methodologies are compared to the
nonlinear theoretical profile of the sea surface elevation given by
the quasi-determinism theory (Boccotti 1981, 1983, 1989, 2014;
Romolo and Arena 2013; Romolo et al. 2014). A further compari-
son is proposed by considering relevant numerical simulation
results.

Reconstruction of Sea Surface Elevation on a Vertical
Wall

This section describes the method for determining the time history
of the sea surface elevation on a vertical seawall by utilizing pres-
sure measurements. It involves two steps:
1. extrapolation of information about sea surface elevation at each
time instant, and
2. reconstruction of the sea surface elevation via CS.
This last step is implemented via both a direct application of gen-
eralized harmonic wavelet (GHW)-based CS and a constrained
GHW-based CS.
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Fig. 1. Schematic of a vertical breakwater equipped with pressure
transducers.
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Fig. 2. Pressure Transducers A and B are the upper and lower bounds,
respectively, of the instantaneous free-surface displacement on the ver-
tical wall.

Information on the Instantaneous Free Surface from
Pressure Measurements

Consider a vertical wall standing in a wave field and assume that the
wall is equipped with pressure transducers located along a certain
cross section (Fig. 1). This equipment is characterized by the fact
that the transducers located under the free surface provide a mea-
surement value different from zero, whereas the rest of the trans-
ducers provide null values. Overall, two types of information are
obtained:
1. upper and lower bounds of the location of the instantaneous
free surface, and
2. values of the instantaneous free surface at specific time instants.
The first type of information is obtained by analyzing two con-
tiguous transducers, say A and B, characterized by the fact that A
provides a null value and B provides a measurement different from
zero at a certain time instant. In this context, the level of B is a lower
bound, whereas the level of A is an upper bound (Fig. 2). The sec-
ond type of information is obtained by identifying two consecutive
samples recorded by a certain pressure transducer characterized by
the fact that one sample provides a null value, whereas the other one
provides a measurement. This condition occurs when the free sur-
face is crossing the sensor level. Therefore, it is an indirect measure
of the instantaneous free-surface level (Fig. 3). Obviously, the

J. Waterway, Port, Coastal, Ocean Eng.

J. Waterway, Port, Coastal, Ocean Eng., 2018, 144(5): 04018010



Downloaded from ascelibrary.org by Columbia University on 06/25/18. Copyright ASCE. For personal use only; all rights reserved.

O

Free surface
displacement at
time instant t+Al\
Free surface

displacement
at time instant t\

C—

Q-

Fig. 3. Free surface level is under the central pressure transducer at
time ¢, whereas it is above it at time 7 -+ Az. Therefore, the free-surface
level between these time instants is equal to the sensor level.

precise time instant associated with the sensor crossing cannot be
identified. However, the error in its identification is of the same
order of the sampling time.

Once the information on the surface elevation level at each time
instant is determined, two different approaches can be adopted for
reconstructing the sea surface elevation. The first is to process only
the time instants at which the free-surface displacement is known.
In this context, the information concerning the upper and lower
bounds is not invoked. Thus, the rest of the free-surface data are
regarded as missing data, and the free-surface time history is proc-
essed by the standard GHW-based CS technique (Comerford et al.
2014, 2016). The second approach is to formulate a constrained
optimization problem by enforcing the CS technique to include the
information about the upper and lower bounds as well. These meth-
ods are described in the next subsections.

GHW-Based CS

CS is arecently developed technique used in signal and image proc-
essing and has been shown to be quite effective for reconstructing
signals even in cases of missing data (Comerford et al. 2016).

The method consists of expanding the recorded signal in a given
basis where the signal is sparse and in determining the expansion
coefficients by solving a system of linear equations

y=Ax (1)

where A = so-called sampling matrix; y = measurement vector con-
taining the values of the recorded signal; and x = vector of the
expansion coefficients to be determined. Regarding missing data,
let Ny be the original sample size and N,, the number of missing
data, A is a (Ng — N,,,) by Ny matrix, whereas y and x have lengths
(No — N,,,) and Ny, respectively. In this regard, the system of linear
equations given by Eq. (1) is underdetermined, and a sparse solution
of x is obtained by an L,—norm (0 < p < 1) minimization procedure
(Comerford et al. 2014, 2016; Zhang et al. 2018).
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Fig. 4. Sampling matrix construction with GHW basis. IFFT denotes
the Inverse Fast Fourier Transform.

The technique requires that both the signal and the sampling
matrix satisfy certain properties (Candes and Wakin 2008).
Specifically, the signal must be sparse in the selected basis. That
is, it can be represented by a number of coefficients smaller than
that determined at the Shannon-Nyquist rate (Nyquist 1928;
Shannon 1949). Furthermore, the sampling and transformation
domains must have high incoherence, which implies a nonsparse
representation of the signal in the sampling domain. In addition to
signal sparsity and incoherence, the sampling matrix must satisfy
the restricted isometry property (RIP), which implies that if the
signal has sparsity K (i.e., it can be represented by K nonzero
coefficients), any matrix obtained by K randomly selected col-
umns of A should have full rank and be nearly orthonormal. The
implementation of the CS technique requires two main steps:

* construction of the sampling matrix (A), and
e L,norm (0 <p < 1) minimization procedure for determining x.

To construct the sampling matrix (A), an appropriate basis has to
be selected. Herein, the GHW was considered, which is expressed
in the frequency domain as (Newland 1994)

iwkTo

ein—m; mAw < w < nAw

lP(m‘n)‘k(w) = m
0; elsewhere

2

where T, = total time duration of the signal under consideration;
m and n = integer numbers defining the frequency band; and

Aw = 2m/Ty. The complex harmonic wavelet coefficients are
given by
+00
n—m .
Wit 0] = O 0w, ®
(m.n) To (mn),

Once the basis has been selected, a full Ny by Ny sampling matrix
is generated by implementing the algorithm in Fig. 4. The GHW
bases are generated by inverse fast Fourier transform, and then each
of them is shifted (n — m) times in the time domain to form an or-
thogonal basis. When the construction of A is completed, N,,, rows
corresponding to the position of the missing data are removed and
the system of linear equations [Eq. (1)] is solved by an L,—norm
(0 <p < 1) minimization procedure. Finally, the reconstructed sig-
nal is obtained by multiplying the full Ny by Ny sampling matrix by
the solution x.
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Fig. 5. Experimental layout: small-scale model of the breakwater and location of the vertical piles in the undisturbed wave field.

Constrained GHW-Based CS

In the “GHW-Based CS” section, additional available information
relating to upper and lower bounds of the sea surface was not uti-
lized in the reconstruction methodology. Therefore, in this section,
it is proposed to take into account both the known values of the free
surface and the upper/lower bounds of the free surface in the prob-
lem formulation. Specifically, the equality constraint given by
Eq. (1) is considered for the N, time instants at which the exact val-
ues of the sea surface are identified. For the remaining N;, time
instants, the fact that the sea surface level is confined within a given
range is expressed by an inequality of the form

Yinf < Ajpx < Ysup 4

where A;,, = N;, by Ny matrix obtained from the full Ny by N, sam-
pling matrix by removing the rows associated with the N, known
values of the free surface; and yjnr and yg,, = vectors of length N;,,
providing the lower and upper bounds, respectively. Thus, such a
problem constitutes a constrained optimization problem of the
form

) Ax =y
min/; such that 5)
* Yinf < A,',,)C < Ysup

which can be solved by trust-region-reflective or interior-point
algorithms (Byrd et al. 2000; Waltz et al. 2006). For this purpose,
the objective function minimized by the algorithm is the /; norm of
x. The procedure is initiated by starting from the solution x,
obtained by the standard harmonic wavelet based CS as described
in the “GHW-Based CS” section.

Results

This section discusses a data analysis concerning the reconstruction
of the free-surface displacement from pressure measurements. The
input data were field data collected at the natural basin of the
Natural Ocean Engineering Laboratory (NOEL) of Reggio Calabria
(Italy). First, the layout of the experiment is described. Next, the nu-
merical results are discussed. In this context, the proposed CS pro-
cedure is compared with a simple cubic spline-based interpolation
for highlighting the limitations associated with standard interpola-
tion schemes.
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Fig. 6. Cross section of the breakwater equipped with pressure
transducers.

Experimental Setup

The NOEL laboratory is a natural test site with wind conditions
generating sea states of pure wind waves that are small-scale
models in a Froude similarity of ocean sea states. The data col-
lected during an experiment conducted on a small-scale model of
a vertical breakwater were utilized herein for assessing the reli-
ability of the proposed technique. The experimental setup was
described by Boccotti et al. (2012), who ran the experiment to an-
alyze wave forces and pressure distributions on the vertical wall.
The breakwater utilized in the experiment had a height of 3 m, a
length of 16.2 m, and was installed on a water depth of approxi-
mately 1.9 m (Fig. 5). In this regard, note that the tidal variation
was within =0.15 m.

The midsection of the breakwater was equipped with pressure
transducers located on a vertical bar. Specifically, 16 sensors were
placed below and above the mean water level. In this regard, consid-
ering the fact that free-surface oscillations are supposed to occur
mainly around the mean water level, the distance between the sen-
sors was kept minimal near the mean water level and slightly larger
near the sea bottom, as shown in the schematic in Fig. 6. Fig. 5 also
shows two piles located 25 m from the breakwater. The piles were
equipped with a pair of ultrasonic probes and were used for record-
ing the incident wave field. Each recorded sea state was sampled at
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10 Hz over a 5-min time span. Thus, each record was composed of
3,000 samples per sensor.

Two sea states were analyzed in the next subsection. The first sea
state had a peak spectral period of 2.21 s, a mean spectral period of
1.63 s, a dominant wavelength of 7.7 m, and a dominant direction of
8° (where 0° means waves orthogonal to the breakwater). The sec-
ond one was characterized by a peak period of 2.37 s, a mean period
of 1.53 s, a dominant wavelength of 8.3 s, and a dominant direction
of 3°. Thus, the ratio between the breakwater length and the wave-
length was approximately equal to 2, so that the pressure measure-
ments were considered representative of a fully reflected wave field.
These records were chosen because one possessed a very high crest
and the other one, a very deep trough. Thus, they allowed testing the
proposed methods in conjunction with severe events. Finally, note
that the wave reconstruction in the numerical examples refers to the
time domain only (as opposed to the joint time-space domains), and
thus, the effect of wave angle is irrelevant.

Data Analysis

The exact values of the free-surface elevation were extrapolated
from pressure measurements via the procedure described in the
“Reconstruction of Sea Surface Elevation on a Vertical Wall” sec-
tion. Next, the reconstruction was pursued first by interpolating the
data via a cubic spline scheme (Fig. 7). Specifically, MATLAB’s
spline function was used (de Boor 1978), which involved the solu-
tion of a tridiagonal linear system of equations for determining the
coefficients of the involved cubic polynomials in the interpolating
spline. Fig. 7(a) shows the full reconstruction for a time window of

50 s, during which both large- and small-amplitude waves occurred.
It is seen that the spline interpolation rendered a good approxima-
tion of the wave profile in the proximity of the larger-amplitude
waves, but it was not capable of capturing the oscillatory nature of
smaller-amplitude waves as it led to a flat signal. This problem was
observed at 10 and 20 s, and relates to the fact that the free surface
oscillated around the level of one transducer only. Therefore, a
standard interpolation scheme was inadequate to handle this practi-
cal problem. Furthermore, if one or more sensors experienced a fail-
ure, this problem may be significantly more evident. In this regard,
an example is shown in Fig. 7(b), where the dashed line represents
the level of the sensor that was not working. Comparing Figs. 7(a
and b), it can be easily noticed that if just one sensor fails, the num-
ber of known values of the free surface decreases significantly, and
the performance of the spline interpolation becomes even worse,
leading to additional flat regions at 35 and 45 s. For these reasons,
more sophisticated mathematical tools are needed. Specifically, a
reconstruction method working efficiently even with a relatively
large percentage of missing data is required. For this purpose, the
GHW-based CS technique was considered herein, which has al-
ready been applied efficiently for reconstructing records of sea sur-
face elevation in an undisturbed wave field with more than 60% of
missing data (Laface et al. 2017).

Next, for each record, the analysis considered a time window of
few tens of seconds in the vicinity of the largest-amplitude wave.
The data were processed by following the procedure described in
the “Information on the Instantaneous Free Surface from Pressure
Measurements” section to identify the exact values of the sea sur-
face elevation and its range of variability at the time instants when
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Fig. 7. Free surface elevation reconstructed by a cubic spline. The horizontal lines denote the sensor levels: (a) interpolation conducted by using all
sensors; and (b) interpolation conducted by simulating the failure of one sensor (denoted by the dashed line).
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no exact information was available. Next, the sea surface was

reconstructed via two different approaches:

e classical GHW-based CS technique in the case of missing data
(see the “GHW-Based CS” section) and a /; norm minimiza-
tion, and

e constrained GHW-based CS technique (see the “Constrained
GHW-Based CS” section).

A direct measurement of the free-surface displacement was not
available. Therefore, to test the effectiveness of the proposed meth-
odology, the reconstructed sea surface elevations were compared
with that obtained by means of the second-order solution given by
the quasi-determinism theory presented by Romolo and Arena
(2013) (see the appendix for a concise description of the theory). In
addition, a comparison with relevant results from numerical simula-
tions is proposed, as it allows straightforwardly comparing the
reconstructed free surface to a target (known) simulated free-
surface elevation.

The quasi-determinism theory is used for describing the free sur-
face in the vicinity of the highest wave of the record. The

comparison between the reconstructed and theoretical sea surface
elevations is given in Figs. 8 and 9 for the cases of high crest and
deep trough, respectively. It is seen that, in both cases, the recon-
struction pursued via standard GHW-based CS led to a signal with
considerable level of noise. Furthermore, the reconstruction was
characterized by physically inconsistent local minima between two
consecutive samples having the same (known) levels. Similar con-
siderations held for the reconstruction of the trough as well.

The two problems encountered in the reconstruction via standard
GHW-based CS were overcome via the constrained GHW-based
CS. Indeed, the reconstruction was not affected by unexpected local
maxima/minima. In this context, a comparison with the nonlinear
quasi-determinism (QD) theory showed that there was a good
agreement between reconstructed and theoretical sea surface eleva-
tions in the vicinity of the largest-amplitude wave.

Finally, the proposed technique was compared to the spline-
based interpolation. The results are shown in Fig. 10, which consid-
ers the cases of both fully operative sensors and one failed sensor. It
is shown that this methodology clearly reproduced the salient
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Fig. 8. Comparison between reconstructed and theoretical free-surface elevations in the vicinity of an extremely high wave crest. The small windows
show that the classical reconstruction by CS may lead to physically inconsistent local minima in the highest wave. QD = quasi-determinism; HW =
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Fig. 11. Comparison between the free-surface elevation obtained by the numerical simulation (continuous line) and the reconstructed free surface

obtained by the constrained GHW-based CS.

features of the wave profile and overcame the aforementioned prob-
lems (e.g., flat regions) associated with the standard interpolation
schemes, such as splines.

A further test of the proposed methodology was pursued by com-
paring the result of the reconstruction with a numerical simulation
of the free-surface elevation at the seawall. A 5-min realization of
the free-surface elevation was synthesized under the assumption
that the underlying sea state was compatible with a mean Joint
North Sea Wave Project (JONSWAP) frequency spectrum
(Hasselmann et al. 1973) having a peak frequency of 1.9 rad/s and
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significant wave height of 0.6 m. Then, the known values and the
interval of possible values of the free surface were identified a pos-
teriori to simulate the operation of given pressure transducers
located on the wall. Such a procedure provided the input data to the
constrained CS algorithm that was thus utilized for reconstructing
the free-surface elevation. The result is shown in Fig. 11 for a time
window of 100 s in conjunction with the known values of the free
surface and the pressure transducer levels. Even in this case, it is
seen that the reconstructed signal was in quite good agreement with
the simulated one.
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Concluding Remarks

In this paper, a method was developed for measuring the sea surface
elevation directly on a vertical breakwater. A new approach was
proposed, which consists of predicting sea surface elevation values
by utilizing pressure measurements recorded at different levels
along the vertical wall. The proposed method determines, for cer-
tain time instants, the exact values of the sea surface elevation
through the identification of pressure transducer crossings and, for
the remaining time instants, the range of variability. Then, these
data are used as input for a full reconstruction of the sea surface ele-
vation via two distinct approaches: standard GHW-based CS and
constrained GHW-based CS. The reconstructed sea surface
obtained via the reconstruction methods mentioned earlier was
compared to the numerical results obtained by means of the nonlin-
ear (second-order) quasi-determinism theory. Results showed that
the standard GHW-based CS reconstructed a free-surface profile
characterized by a considerable noise level and by inconsistent local
minima and maxima in the time domain. These limitations were
overcome by the constrained GHW-based CS reconstruction, which
rendered the free-surface profile consistent with the information
provided by the pressure measurements and in agreement with the
QD profile in the vicinity of the extreme crest/trough. Furthermore,
comparisons with a standard spline-based interpolation scheme
demonstrated the inadequacy of the splines to capture salient fea-
tures of the wave profiles, and justified the utilization of more so-
phisticated methodologies, such as the herein-proposed CS-based
one.

Appendix. Nonlinear Quasi-Determinism Theory for
Standing Wave Groups

The quasi-determinism theory was proposed in the 1980s for
describing the evolution of sea waves in the vicinity of extremely
high crests, troughs, or crest-to-trough wave heights. Its physical
interpretation as well as its implementation in conjunction with
marine-related problems was pursued by Boccotti (1982, 1983,
1989), and experimental validations through laboratory and satel-
lite data were proposed in the 1990s (Boccotti et al. 1993; Phillips
et al. 1993a, b). The fundamental result of the theory is that, when
an extremely high wave crest of given height H,. occurs at a certain
point xo = (X, yo) at time instant f, in a random stationary
Gaussian wind-generated sea state, the free-surface elevation near
the extreme wave is well approximated by the deterministic
equation

YX, T
N(xg+X,t0+T) = Hcﬁ (6)

where W = autocovariance of the free-surface displacement pro-
cess in which the exceptionally high crest elevation occurs, and it
is defined as

W(X,T) =< 1(x0. 1) n(xo + X, +T) > ™

The main properties of the theory are that it can be applied to a
nearly arbitrary bandwidth of the spectrum, and to sea waves prop-
agating either in an undisturbed wave field or in a diffracted wave
field. Therefore, it can be used for calculating the free-surface ele-
vation in front of a vertical seawall. The basic assumption of this
theory is that the wave crest (H¢) of the free-surface elevation has
to be exceptionally high with respect to the root-mean square sur-
face displacement (o) of the random wave field where it occurs.
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Experimental data have shown that an excellent agreement
between the theoretical profiles and the recorded data is reached
for ratios of Ho/o > 3.5.

Recently, the theory was further developed by Romolo and
Arena (2013) for sea wave groups interacting with a reflective
breakwater including second-order nonlinear effects. The approxi-
mation of the free-surface displacement derived by them and uti-
lized in this paper is the following:

N(xg+ X, 00 +T) =g, (Xg +X, 00+ T) + Mg, (xg + X, 00+ T)

3)
where
o0 277
_ Hc
an(J_CO+X,to+T)=4? J JS w,0)cos(kX sin§ — wT)
B9
x cos(k yg cos ) cos[k(yo + Y)
x cos 0]d0 dw ©)
0000272
_ 2H7
TIRZ(-KO'F)_(?tO_FT :0_—4 S(wl701 w2’02)cos(¢l)
R
0000

X cos(¢2){ [A] cos (a) —a2)
—I—A;cos(al + az)] . COS(/ll —/12)

+ [Al+ cos (e +ap) + A cos (a) — ag)}

x cos(A +/12)} d0,d0,dwsdw, — (E/g)
(10)

2
S(w, 0) cos (kyo cos 0)d6 dw (an

o0
2
O'R—G'Ryo 4J
00

where g = acceleration due to gravity; S(w, 0) = directional wave
spectrum of the incident waves; and the wave frequency () and
wave number (k) are related by the linear dispersion rule

2 — gk tanh(kd) (12)

S(w,,,0,) (n=1, 2) = directional wave spectrum of the incident
waves; and ¢, o, and A ,,, (n = 1, 2) are defined by relations

&, (kn, 00, ¥0) = knyo cost,
ay(ky, 0,50, Y) = kyco860,(yo+7Y), forn=1,2
Ak, 0,,X,T) =k, sin0,X — w, T (13)

and the coefficients A} (n = 1, 2) = interaction kernels of the non-
linear surface displacement, which are defined as

A, (01,02,01,02) =g 'D, +gw1‘1a)‘1B;
e Ty oforn=1,2
Al (w1, 0,01,0,) =g 'D} +gwi'w;'B

n

(14)

with coefficients DT (n = 1, 2) expressed by

J. Waterway, Port, Coastal, Ocean Eng.

J. Waterway, Port, Coastal, Ocean Eng., 2018, 144(5): 04018010



Downloaded from ascelibrary.org by Columbia University on 06/25/18. Copyright ASCE. For personal use only; all rights reserved.

ng2 klkZ

D (w1, w2, 01, 0,) 010,

(=1)

0 g kika
w]w

D:—(wtha 017 62) = (71)

In Eq. (14) the coefficients Bf (n=1, 2) are given by

cos [01 + (—1)'102} + (wl + a)z)z — 3w ws

,forn=1,2 (15)

Ccos [01 -+ (71)n02} + ((1)1 -+ (1)2)2 — wWiW)

A wior(0) — w)/g*

B:(wlv w7, 617 02) - -

(w1 — w2)* — g|K, |tanh (k! |d)

forn=1,2 (16)

A wio(0) + 02) /¢

B+(w17w2761702) ==

2 (@1 + w2)” — glk, [tanh ( [K;}|d)

with

3
wy

3
w3

A, (01, 02,01,0,) =— sinh? (krd)

sinh? (kyd)

— 2(1)1(()2((1)1 — (1)2)

—(—1)n2g2(wf1 - a);l)klkg cos [01 + (—1)"02]

3
wi

3
w3

,forn=1,2

A (o, 03,60,,0,) =— —
w (@1, 2,01, 62) sinh?(kyd)

sinh? (k»d)

+2a)1a)2(a)1 +w2) (I7)

+(=1)"28* (07" + @3 )kika cos [6; + (—1)"6,)

and

((4)17 wy, 01, 92) = (kl sin 01 — kz sin 02; k] COos 01 + (—l)nkz Ccos 02)

k,
K (w1, 02,01,0,) = (kysin 6 + kysin 6; ky cos 8, — (—1)"k; cos 65)

Finally, the constant = in Eq. (10) is given by the following relation:

) ® 2 2m
2H?

=8
OR

[1]

O —

being

2k,
sinh(2k,d)
0

F(w17w2761702) =

Egs. (9) and (10) refer to a frame of reference in which an abso-
lute Cartesian coordinate system (x,z) = (x,y,z) with origin on
the mean water level is such that the breakwater is placed on the
plane y = 0, where x represents the second (transversal) horizontal
direction, and z is the vertical direction, positive upward. 6 is the
angle between the y-axis and the direction of the wave propaga-
tion, which is O for orthogonal waves.

The input data required for estimating the free-surface time his-
tory are the directional spectrum [S(w, #)] and the linear crest
height (H.) [in Egs. (9) and (10)]. Furthermore, the location
(x0) = (xo0, yo) Where the highest wave crest occurs must be speci-
fied by introducing an auxiliary Cartesian coordinate system,
(X,2) = (X,Y,z),such thatx = x, + X.

In this paper, the directional spectrum S(w,6) was calculated
by applying the technique proposed by Boccotti et al. (2011) by
considering the measurements of the gauges located on two piles
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, forn=1,2 (18)

J J JS(wl,Bl)S(a)z,ﬁg)F(wl,wz,01,02)d02d01da)2dw1 (19)
000

if w] = W)y and 01 = (92 (20)

ifwl#wz and 017&92

in an undisturbed field (shown in Fig. 5) far from the breakwater.
The linear crest height (H,), occurring on the breakwater at the
point (xp) = 0, was calculated by enforcing the equality between
the absolute maximum of the reconstructed free-surface elevation
and the maximum of the nonlinear 7 [Eq. (8)], so that the ratio
between the highest crest height and the standard deviation of the
reconstructed surface elevation was equal to 3.7 and 4.0 for the
records of Figs. 8 and 9, respectively. The corresponding values of
H_ o were assumed equal to 3.1 for the case of Fig. 8 and 3.5 for
that of Fig. 9.
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