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A B S T R A C T

The probability distribution of the nonlinear, up to the second order, crest height on a vertical wall is determined

under the assumption of finite spectral bandwidth, finite water depth and long-crested waves. The distribution is

derived by relying on the Quasi-Deterministic representation of the free surface elevation on the vertical wall. The

theoretical results are compared against experimental data obtained by utilizing a compressive sensing algorithm

for reconstructing the free surface elevation on the wall. The reconstruction is pursued by starting from recorded

wave pressure time histories obtained by utilizing a sequence of pressure transducers located at various levels.

The comparison demonstrates an excellent agreement between the proposed distribution and the experimental

data, while, notably, the deviation of the crest height distribution from the Rayleigh one is considerable.

1. Introduction

The probability distribution of the crest heights in a sea state is a

fundamental quantity for designing any coastal structure. The first

investigation on the statistical properties of ocean waves was proposed

by Longuet - Higgins (1952), who proved that linear crest heights are

distributed according to the Rayleigh distribution in case of narrow-band

spectra. Successively, Boccotti (1989, 2000, 2014) showed that the

highest waves are distributed according to a Rayleigh distribution also

for finite spectral bandwidths. In real seas, waves behave nonlinearly and

this implies that their wave profile is modified strongly with respect to

the linear case. Indeed, nonlinearity produces sharper and larger wave

crests and flatter and smaller wave troughs.

Tayfun (1980, 1986a, 1986b, 1990) and Tung and Huang (1985)

investigated the statistical properties of the nonlinear crest and trough

wave amplitudes in an undisturbed wave field for the case of

narrow-band spectra. A more general study was proposed by Arena and

Fedele (2002) who introduced a bi-parametric family of non-linear sto-

chastic processes representing the sea surface elevation and the wave

pressure fluctuation both for progressive waves and for waves interacting

with structures. Specifically, the exceedance probability of the absolute

maximum and of the absolute minimum was derived for narrow-band

processes, up to the second order. The case of finite spectral bandwidth

in undisturbed wave field was developed theoretically and validated by

both experimental data and numerical simulations by Forristall et al.

(2000), Prevosto et al. (2000) and Fedele and Arena (2005). Tayfun

(2006) investigated the statistics of nonlinear wave crests and wave-crest

groups in deep and transitional water depths, using theoretical expres-

sions describing the statistics of nonlinear wave crests and their groups in

the form of a second-order transformation of well-known results on linear

waves. Fedele and Tayfun (2009) presented a second-order model for

weakly nonlinear waves and developed theoretical expressions for the

expected shape of very large surface displacements. Arena and Guedes

Soares (2009) developed analytical solutions of the nonlinear crest and

trough amplitudes in bimodal sea states. Specifically, they extended the

expression developed by Fedele and Arena (2005) by modifying the

distribution parameters to account for sea states with double peaked

spectra. Arena and Ascanelli (2010) derived the nonlinear crest heights

distribution for three dimensional waves in a finite water depth. More

recently, Zhang et al. (2015a) investigated the statistical properties of

long-crested nonlinear waves measured in an offshore basin, in terms of

surface elevation, wave crest and trough, and wave period and Wang

(2018) proposed a transformed Rayleigh distribution of trough depth for

stochastic ocean waves, using as transformation model a monotonic

exponential function, calibrated such that the first three moments of the

transformation model equal those of the real process.

Pelinovsky et al. (2008) derived a solution for the nonlinear shallow

water equation of the wave field in front of a vertical wall and determined
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the crest height as a function of the incident wave height. Then, they used

this solution to determine the exceedance probability of crest and trough

amplitudes on the vertical wall. They demonstrated that freak wave events

can occur at the breakwaters. In such conditions, nonlinearities are more

relevant and high order models could be needed (Zhang et al., 2016).

This paper addresses the problem of determining the nonlinear wave

crest amplitude distributions on a vertical wall at a finite water depth.

Specifically, the crest height distribution is derived within the framework

of the second order Stokes’ wave theory in a reflected wave field via a

solution based on themethod discussed by Romolo and Arena (2008) and

validated by means of experimental data recorded at Natural Ocean

Engineering Laboratory (NOEL) of Reggio Calabria.

2. Theoretical distribution of nonlinear crest and trough

amplitude on a vertical wall

The crest height distribution is derived by considering the Quasi-

Deterministic representation of the free surface displacement in a re-

flected wave field at the seawall. This representation was given by Boc-

cotti (2014) for a Gaussian sea, and by Romolo and Arena (2008) by

approximating the free surface to the second order in a Stokes’ expansion

(a similar problem was addressed via a different approach by Sun and

Zhang (2017)). In this context, if we consider a very high crest occurring

at point y0 at time t0, the first and second order components of the free

surface displacement are given by the equations
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where A�
ij1, A

�
ij2, A

þ
ij1, A

þ
ij2 are the interaction kernels of the nonlinear free

surface displacement, Ξ is a coefficient obtained by enforcing that the

mean free surface displacement is zero in the time domain at any fixed

point y0 (see Appendix for their analytical formulae), S(ω) is the frequency

spectrum of the incident free surface displacement, h0 is the linear crest

height which is assumed to be very large with respect to the mean wave

crest amplitude (i.e. h0/σR →∞) and σR
2 is the variance of free surface

elevation in a reflected wave field to the first order in a Stokes' expansion.

From eq. (1) and eq. (2), if we assume that the nonlinear crest

amplitude hC occurs at y0¼ 0, T¼ 0, it can be expressed as
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where δij is 1, for ωi¼ωj, or 0 otherwise.

The Quasi Deterministic representation utilized in this paper is used

for the free surface displacement in a Gaussian sea state in the vicinity of

a very high (compared to the mean wave crest amplitude) wave crest. As

a corollary of the underlying theory, Boccotti (2014), in agreement with

Longuet - Higgins (1952), proved that in a Gaussian sea state, crest and

trough amplitudes follow the Rayleigh distribution even for finite spec-

tral bandwidths. Therefore, considering that the nonlinear second order

crest height hC is a quadratic function of the linear crest height h0, its

exceedance probability can be easily determined by means of the Ray-

leigh distribution of h0.
According to Eq. (3), the dimensionless wave crest ξcrest¼ hC/ση, with

ση being the standard deviation of the free surface displacement(η¼ η1R
þ η2R), can be written as (Fedele and Arena, 2005),

ξcrest ¼ uβ þ αðSÞβu2; (4)

where u¼ h0/ση is the linear dimensionless wave crest, α(S) is a param-

eter representing the magnitude of the second order effects, and

β ¼
σR

ση

: (5)

In Eq. (5) σR and ση are the standard deviations of the linear and

the corrected up to second order free surface displacements,

respectively.

Next, starting from Eq. (5), the analytical distribution Pðξcrest > ξÞ is

determined by obtaining the formal roots of the variable u from Eq. (4)

and finding the conditions on u that satisfy the inequality ξcrest > ξ. The

following expression is obtained:
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Clearly, the determination of the probability distribution (6) relies on

the calculation of the parameters α and β. The former is estimated by

utilizing the representation (3) in conjunction with the dimensionless

amplitude (4) yielding
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The latter is calculated by eq. (5). For this purpose, it is seen that,

given the representations of the linear and of the nonlinear free surface

displacements in a random reflected wave field at a given point y* in the

time domain,
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and if the wall is considered (y*¼ 0), the parameter β is given by the

equation,

where g is the acceleration due to gravity, k is the wave number and d is

the water depth.

3. Parametric analysis

The probability distribution model proposed herein depends on the

spectral shape, the water depth and the wave steepness. This section

proposes a parametric analysis for investigating the effects of these

quantities on the distribution parameters α and β and on how their var-

iations may affect the deviation of the nonlinear crest height distribution

from the Rayleigh law.

Fig. 1 shows the comparison of the probability distributions obtained

by considering three different spectral shapes, all of them characterized

by the same peak frequency. Specifically, Pierson-Moskowitz (Pierson

and Moskowitz, 1964), mean JONSWAP (Hasselmann et al., 1973)

(γ¼ 3.3) and narrow JONSWAP (with γ¼ 7) spectra are considered. The

figure elucidates the fact that the spectral bandwidth has a relatively

small influence on the magnitude of the deviation from the Rayleigh law.

However, it is observed that the deviation increases as the spectral

bandwidth is reduced.

Next, the effect of the relative water depth d/Lp is investigated, with

d being the water depth at the breakwater and Lp the wave length at the

breakwater depth associated with the peak spectral period Tp. Fig. 2a

shows parameters α and β as a function of the relative water depth. It is

seen that the parameter α decreases for increasing values of d/Lp, while β

increases in shallower waters (0.1< d/Lp< 0.15) and is kept almost

constant at higher values. Further, it is observed that both of them tend to

be almost constant for d/Lp greater than 0.3; thus, rendering their effects

more relevant in intermediate water depths. The effect of this variability

on the crest height distribution is shown vis-�a-vis the Rayleigh distribu-

tion (Fig. 2b), thus demonstrating that at the finite water depth the de-

viation of the distribution from the Rayleigh one is considerable.

The same analysis is carried out by considering different wave

steepness ε¼Hs/Lp, with Hs being the significant wave height of the

given sea state and Lp the wavelength associated with the peak period of

the spectrum at the breakwater water depth. The results are illustrated in

Fig. 3a and 3b for the parameters and the distribution, respectively. It is

seen that α increases with the wave steepness because of the fact that the

nonlinearities are more relevant as the wave steepness increases. The

parameter β takes values less or equal than 1. Specifically, the figure

shows that β exhibits an almost constant trend up to a wave steepness of

0.045. Then, it decreases. Regarding the probability distribution, larger

Fig. 1. Influence of the spectral bandwidth on the probability distribution.

Fig. 2. a) Distribution parameters α and β as a function of relative water depth

d/Lp, b) nonlinear crest height distribution for different values of d/Lp.
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wave steepness parameters lead to a larger deviation of the crest height

distribution from the Rayleigh one.

Further analysis is conducted taking into account the Ursell number

Ur, defined as (Forristall et al., 2000)

Ur ¼
Hs

k21d
3
; (11)

where k1 is the wave number related to a frequency of 1/T1, with T1
being the mean wave period calculated from the ratio of the first two

moments of the wave spectrum, m0/m1. This parameter is used for

characterizing the combined effects of water depth and of wave steepness

on wave nonlinearities. The results are shown in Fig. 4a and 4b for the

parameters and the distribution, respectively. The parameter α increases

with Ur, while β is slightly decreasing. Fig. 4b demonstrates that an in-

crease of the Ursell parameter leads to an increase of the deviation from

the Rayleigh distribution as it has been observed considering the effects

of wave steepness and the relative water depth.

4. Model validation via experimental data

Experimental data of free surface elevation on a vertical wall are used

for validating the analytical distribution derived in section 2. The mea-

surement of such a quantity is not a trivial task, because of the presence of

the vertical wall, which prohibits the use of conventional ultrasonic

probes. Therefore, the method proposed by Laface et al. (2018) is utilized

for extrapolating indirectly the time history of the free surface

displacement. The method relies on the use of pressure transducers

distributed on a vertical bar placed at a certain cross-section of the ver-

tical wall (see Fig. 5a). Specifically, the approach is implemented by

determining the values of the free surface displacement by observing

which instruments are recording a non-zero value of the water pressure.

Then, the data are processed via a harmonic wavelet based compressive

sensing technique (Comerford et al., 2014, 2016, 2017; Zhang et al.,

2015b; Laface et al., 2017) in conjunction with a constrained optimiza-

tion problem. The main concept driving this procedure is based on the

fact that the transducers under the water provide a non-zero measure-

ment, while those above the free surface give null values. Thus, at each

time instant, two kinds of information can be obtained indirectly:

1. Upper and lower bounds of the location of the instantaneous free

surface;

2. Values of the instantaneous free surface at specific time instants.

The first kind of information can be achieved by analyzing two

neighboring transducers, say A and B, characterized by the fact that A

provides a null value and B provides a measurement different from zero

at a certain time instant. In this context, the level of B is a lower bound,

while the level of A is an upper bound (see Fig. 5b). The second kind of

information requires analyzing two successive time instants of a pressure

time history. When the sea surface crosses the transducer level, the

pressure transducer gives a null value at time t and provides a certain

measurement at time tþΔt (see Fig. 5c) (and vice-versa when the free

surface is moving downwards). Thus, the free surface level at time t is

assumed equal to the sensor level. This approach provides an indirect

measure of free surface level and therefore it may be affected by error due

Fig. 3. a) Distribution parameters α and β as a function of wave steepness

ε¼Hs/Lp, b) nonlinear crest height distribution for different values of ε¼Hs/Lp.

Fig. 4. a) Distribution parameters α and β as a function of Ursell number Ur, b)

nonlinear crest height distribution for different values of Ur.
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to the fact that the exact time instant associated with the sensor crossing

cannot be identified. However, the maximum error is of the same order of

the sampling time. The free surface time history extrapolated in this

manner is processed via a harmonic wavelet based compressive sensing

(CS) technique (Laface et al., 2018; Comerford et al., 2016) with con-

straints. The classical CS that is usually implemented for a case dealing

with missing data is slightly revisited by considering that the time series

do not have time gaps. Instead, they have known exact values at few time

instants and only upper and lower bounds in the remaining time instants.

This last element requires the introduction of appropriate constraints in

the associated optimization problem.

The CS method with missing data essentially consists in expanding

the time history in a given basis where it is sparse and in determining the

expansion coefficients by solving a system of linear equations,

y ¼ Ax; (12)

where A is the so called sampling matrix, y is the measurement vector

containing the recorded values and x is the vector of the expansion co-

efficients to be determined. If N0 is the original sample size and Nm the

number of missing data, A is a (N0 - Nm) by N0 matrix, while y and x have

lengths (N0 - Nm) and N0, respectively. According to this system (12) is

underdetermined and the sparsest solution of x is obtained by an

Lp–norm (0< p� 1) minimization procedure (Comerford et al., 2014;

Zhang et al., 2017). The technique requires that both the signal and the

sampling matrix satisfy certain properties (Candes and Wakin, 2008).

The construction of the samplingmatrixA, requires the selection of an

appropriate basis. Herein, the generalized harmonic wavelet (GHW) is

considered (Newland, 1994). Detailed information on the methodology

and the construction of A may be found in Comerford et al. (2016).

The equality constraint given by eq. (12) is considered for the Neq

time instants at which the exact values of the sea surface are identified.

For the remaining Nin time instants, the upper and lower bounds con-

straints are expressed by means of the following inequality (Laface et al.,

2018):

yinf � Ainx � ysup (13)

where Ain in is a Nin by N0 matrix obtained from the full Nin by N0 sam-

pling matrix by removing the rows associated with the Neq known values

of the free surface and yinf and ysup are vectors of length Nin giving lower

and upper bounds. Thus, the following constrained optimization problem

arises:

min
x

l1 such that

�

Ax ¼ y

yinf � Ainx � ysup
(14)

The experimental activity has been carried out at the Natural Ocean

Engineering Laboratory of the Mediterranea University (www.noel.

unirc.it). At this site the wind, blowing on a 10 km fetch, generates sea

states with significant wave height Hs between 0.2m and 1m and with

peak spectral period Tp between 2 s and 4.3 s. The data used for the

analysis are pressure measurements recorded at a sampling frequency of

10 Hz. Each sea state is composed by 3 000 samples per instrument. Thus,

each record has a total duration of 5min. The sensors are placed on a

vertical wall installed at a water depth of 1.8m. Fig. 6 shows the location

of the sensors on the vertical breakwater.

Given the pressure time histories on the breakwater, the approach

described above is implemented for determining sea surface elevation

records on the wall. Then, the crest height probability distribution is

estimated from the crest data normalized with respect to the standard

Fig. 5. a) Scheme of a vertical breakwater equipped with pressure transducers;

b) scheme for identifying the upper and lower bounds of the instantaneous free

surface displacement on the vertical wall; c) scheme for identifying values of the

free surface at a specific time instant (free surface level is under the central

pressure transducer at time t, while it is above it at time tþΔt).

Fig. 6. Scheme of the sensors' location on the vertical breakwater.

Fig. 7. Crest height distribution at seawall: comparison between theoretical

results and experimental data.
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deviation of the sea surface elevation of their own sea state (see Fig. 7).

More precisely, the crest exceedance probability for a fixed threshold h/σ

is estimated as the ratio between the number of normalized crests

exceeding h/σ and the total number of waves (note that h/σ is fixed and it

varies from 0 to 5.25 with a step of 0.25). The experimental dataset used

for this analysis is composed by approximately 12000 waves whose

significant wave height Hs in undisturbed wave field ranges between

0.2m and 0.4m. Table 1 shows the ranges of the recorded sea state

parameters.

The parameters of the theoretical distribution are calculated by

assuming that the sea waves are compatible with a mean JONSWAP

spectrum (Hasselmann et al., 1973), which is the typical spectrum of the

sea waves recorded at the NOEL. In this regard, considering typical wave

conditions, a peak spectral frequencyωp equal to 2.33 rad/s (Tp¼ 2.7 s) is

assumed. The results of both data and theoretical distributions are shown

in Fig. 7. The figure demonstrates a quite good agreement between

experimental and theoretical distributions. As expected, the crest height

distribution deviates from the Rayleigh distribution. Specifically, for a

fixed level of exceedance probability the related dimensionless crest

height is greater than that given by the Rayleigh distribution.

5. Conclusions

In this paper, an analytical crest height distribution valid in a re-

flected wave field has been derived and validated against experimental

data. Specifically, the case of long crested waves interacting with a

breakwater deployed at finite water depth has been considered.

The experimental validation has been pursued by exploiting data

recorded in a natural basin and pertaining to a breakwater deployed at a

certain water depth. Specifically, the free surface data on the breakwater

are measured indirectly via a compressive sensing technique involving a

harmonic wavelet based representation of the signal in conjunction with

a constrained optimization problem. The results show an excellent

agreement between the theoretical and the experimental distributions.

As anticipated, the crest height distribution deviates considerably from

the Rayleigh distribution, due to the crest and trough asymmetries in

nonlinear seas.

Further, the effect of spectral shape, relative water depth and wave

steepness on the distribution has been investigated showing that the

degree of deviation from the Rayleigh law is strictly connected to those

parameters.

The proposed distribution can be useful for assessing the risk asso-

ciated with the occurrence of extreme waves on vertical breakwaters and

has the desirable feature of incorporating into the computation spectral

effects that, to the authors’ knowledge, is not captured by other models

available in the open literature. Further, it is emphasized that the solu-

tion is developed under the assumption of intermediate water depth and

long crested random waves.
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Appendix A

The coefficients A�
ij n and Aþ

ij n mentioned in eq. (2) are the interaction kernels of the nonlinear free surface given, respectively, by the equations,
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fωjk
2
i

�

1� tanh2ðkidÞ
�

þ ωik
2
j

�

1� tanh2
�

kjd
��

g
�

ωi þ ωj

�2
� g
�

�ki � ð � 1Þnkj
�
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�
�

�ki � ð � 1Þnkj
�

�d
�

n ¼ 1; 2:

þ
2
�

ωi þ ωj

�2
ki kj

�

� ð � 1Þn � tanhðkidÞtanh
�

kjd
��

�

ωi þ ωj

�2
� g
�

�ki � ð � 1Þnkj
�

�tanh
�
�

�ki � ð � 1Þnkj
�

�d
�
:

(A.5)

Table 1

Sea state parameter ranges in the available experimental data.

Hs [m] Tp [s] Hs/Lp d/Lp Ur

0.2–0.4 1.9–2.7 0.03–0.054 0.19–0.33 0.012–0.078
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Finally, the constant Ξ in eq. (2) is given by

Ξ ¼
2gh20
σ4
R

Z

∞

0

Z

∞

0

SðωiÞS
�

ωj

�

F
�

ωi;ωj; y0
�

dωjdωi; (A.6)

where

F
�

ωi;ωj; y0
�

¼

(

cos2ðkiy0Þ

�

�
2ki

sinhð2kidÞ
þ

2ki

tanhð2kidÞ
� cosð2kiy0Þ

�

if ωi ¼ ωj

0 if ωi 6¼ ωj

(A.7)

and

σ2
R ¼ σ2Rðy0Þ ¼ 4

Z

∞

0

SðωÞ cos2ðk y0Þ dω: (A.8)
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Nomenclature

α; β: ¼ parameters of nonlinear crest height distribution

γ ¼ : peak shape parameter of the JONSWAP spectrum

ε¼ : wave steepness

εm : ¼ random phases

η¼ : free surface displacement of reflected wave field corrected up to the second order

η1R: ¼ linear component of Quasi-Deterministic free surface elevation in a reflected wave

field at the seawall

ηR1: ¼ linear free surface displacements in a random reflected wave field

η2R: ¼ second order component of Quasi-Deterministic free surface elevation in a reflected

wave field at the seawall

ηR2: ¼ second order free surface displacements in a random reflected wave field

ξcrest¼ : dimensionless wave crest

σ2η : ¼ variance of corrected up to second order free surface displacement of reflected wave

field

σ2R: ¼ variance of linear component of sea surface of reflected wave field

ω¼ : angular frequency

ωp¼ : peak spectral frequency

Δt¼ : sampling rate

A: ¼ sampling matrix

Ain¼ : reduced sampling matric

A�
ij1
; A�

ij2
; Aþ

ij1
; Aþ

ij2
: interaction kernels of the nonlinear free surface displacement

B�
ij1
; B�

ij2
; Bþ

ij1
; Bþ

ij2
: interaction kernels of the nonlinear velocity potential

d¼ : the water depth

g¼ : acceleration due to gravity

h0¼ : linear crest height of reflected wave field

hC¼ : nonlinear second order crest height

Hs¼ : significant wave height

k¼ : wave number
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k1¼ : wave number related to T1
N0¼ : sample size

Neq¼ : number of known values of the free surface surface

Nin¼ : number of bounds identified for reconstructing the free surface

Nm¼ : number of missing data

qm : ¼wave amplitudes

S(ω)¼ : frequency spectrum of the incident free surface displacement

T, t¼ : time variables

t0: ¼ time instant at which the high crest height h0 occurs

T1¼ : mean wave period

Tp¼ : peak spectral period

u¼ h0/ση : ¼ linear dimensionless wave crest

Ur¼ : Ursell number

x: ¼ expansion coefficients vector

y: ¼measurements vector

y0: ¼ point at which the high crest height h0 occurs

yinf, ysup¼ : vectors of length Nin giving lower and upper bounds of the sea surface
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